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Summary

Time-domain Galerkin BEM for 2D wave propagation:

Exterior Dirichlet Problem
Exterior Neumann Problem
Discretization and Performance of Quadrature Schemes

Numerical Results



2D Dirichlet exterior problem

® Dirichlet Problem

0u(x,t
@ég ) _ Agu(z,t) =0, zeR2\T, te(0,T),
u(x,0) = ug(x,0) =0, reR?\T,
u(x,t) = g(x,t), (x,t) € Xp =T x [0,T]
* Representation Formula rcR2\T te€|0,T]

uwt) = [ [ Gla—et=moe. ) dredr = (Vo))

1  H[t — |z]] Ou(z,t)

with G(z,t) = 5— (2 — [2]2)1/2 on,

and gb:{

] across I

* Boundary Integral Equation

(Vo)(z,t) =g(x,t) z€l te|0,T]



Energetic weak formulation

* Laplace transform methods [C. Lubich (1994), T. Ha Duong (2003)]

e Time stepping methods [R. Kress (1997), M. Costabel (2004)]

o . 2 ion [A. Frangi (2000 i
* Space-time integral equations Collocation | ra,ngl( ) — .Nume.rllclal
» [2-weak formulation[E. Bécache (1993)] Instabilities

* Energy ldentity

1 du(x,T)" 5 B ou ou
E(T;u) —§/n (T + |V u(z,T)|" | de = o E(az,t) o (,t) dy,dt

e Bilinear Form ag(¢,¥) ;:/ (V@) drydt

YT

* Energetic Weak Formulation associated to BIE (V¢)(z,t) = g(z, 1)

/ (V@) drydt :/ g dry, dt
YT

X



Theoretical Analysis

ag(9, ) =< V@),V >r2n)=< 9t, ¥ >12(27)
* 1D Problem
a s continuous and coercive —— stability and convergence

[A. Aimi and M. Diligenti
“A new space-time energetic formulation for wave propagation analysis in layered media by BEMSs.”
Int. J. for Num. Meth. In Eng., 2008]

* 2D Problem
ag continuous and coercive w.r.t. L - norm under a constraint on space oscillation

[A. Aimi, M. Diligenti, C.Guardasoni, |. Mazzieri, S. Panizzi
“An energy approach to space-time Galerkin BEM for wave propagation problems.”
Internat. J. Numer. Methods Engrg., 2009.]



2D Neumann exterior problem

* Neumann Problem

2
a%ﬁ’” —Agu(z,t) =0,  zeR*\T, te(0,7),
u(x,0) = ug(x,0) = 0, z € R\,
) (2.1) € Br =T x [0, ]

* Boundary Integral Equation (Dqﬁ)(w t)=g9(z,t) zel te€]0,T]

o). = [ f TG et = ol aredr

1 H[t— |z|]
27 (12 — |z[2)1/2

and ¢ = |u] across I'

* Energetic Weak Formulation: &(T;u) = / M(ac,t) 6)—u(ac,t) dydt
S ot on

/ (Do)t dy dt = / g drydi
S 2T



Numerical approximation

* Uniform decomposition of (0,T) At =T/Nr, tr =kAt, k=1,---
* Decomposition A, ={ei,...,en.} onT

Np Np—1
o Pz, t) 2 Y amdi(x)dr(t), ik ~ G(Ti, tkt1)

1=1 k=0

¢;(x) basis polinomial functions; Gile; =: ¢; local function on e;

*if ¢ = {%} Or(t) = H[t — tp] — H[t — try1],
it ¢ = [u]
Bult) = B Hlt — ta) — 25 HE — te] + 2 HE — o),



Numerical approximation

* The resulting linear system matrix element is
T t
[ [ &@an) [ [ K6t ndi@dnriredrara
rJo rJo

* Two analytical integrations in time

* Two numerical integrations in space

* The resulting linear system matrix has a Toeplitz structure

* Block forward substitution being M, symmetric and positive definite.



Numerical approximation

* Two analytical integrations in time

Dirichlet Problem:

1
Dy (—1)Q+B/F$j($)/FB(T,th+a,tk+5)5¢(€)d7§d’7x, where 1 = ||z — |2

a,3=0

B(r. ty, ty) = % H](t, — tx) — 7] {1og [ (tn — t&) + /(o —tx)% — 72| —loglr]}

Neumann Problem:

1
Z (_1)a+5+5/r9gj(37)/rc(7“, thtas thrpts)Pi(€)dyedys,  where

a,3,0=0

C(?“, th,tk) = L H[(th — tk) — 7“] (n§ . nx)

4 At -
: {log {(th —t) + \/(th — ty)2 — 7“2} _log[r] — (th — tk)\/(;g —tg)2 —7 }

DN, H[(th — tk) _ ’I“] (I' . Ilg;?)aQ(I‘ . ng) (th — tk>\/(fag L tk>2 — 2

_|_

e Space integral singularities as in elliptic problems



Element by element technique: coincident elements ;1 rﬁi,%j Zi
2
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Element by element technique: coincident elements ;1 rﬁi,%j Zi
2,
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Element by element technique: coincident elements ;1 rﬁi,%j Zi

21,
I
/ @-(s)/ log | (t — ti) + /(tn — t)2 = [s — 22| ¢(2)dzds
€; €;
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* Quadrature formulas for space integrals [A. Aimi, M. Diligenti, G. Monegato, (1997)]



Numerical approximation: Quadrature formulas

* Regularization technique  [Monegato G., Scuderi L., 1999]

/f ds—/f with

ol5) = <pp+1>q<;—1)1> / e, g

e®0)=0, ©W1)=0, i=1,.,p—1, j=1,...,q—1

* Hadamard finite part rules [Monegato G., 1994]

7[11”(
0 8

1—|-£Uk )\k -
SO — wEh = = k=1,..,n wit = — E wik,
2 25y,

+Zw;§Rf )

. zeros of the Legendre polynomial of degree n

A Christoffel numbers associated with the n-point Gauss-Legendre formula



Element by element technique: contiguous elements

2Li=2Li+1=0.1 , th—tk=0.05 2Li=2Li+1=0'1 , th—tk=0.12
0.2} 0.2} | | '
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Element by element technique: contiguous elements

217; . 2li+1
= gb@(S) / (nz ‘g
0

=[S T g T ) - S r 02 |

0 4ArA

_»F(s,2)

Gir1(2) VA2 — 12

r2

r2

H[A — rldzds =

21, 21, 2 3
“di(s i+l HIA —7r z
= 4Z(A) (n, °ns)¥ F(s,z) —ZFZ(]“)(QL;,O)E dzds
0 T=2J0 4 k=0 '
a+ (0= — 2l; =2l;,1 =0.1 A =t;, —t =0.05
Relative Error I,
Nn=m p=q=1 p=q=2 p=q=3
8 1.051507-10% | 1.804700-10% | 2.610697-10°
Gauss+Reg.Tech. 16 3.925552-105 | 3.467667-105 | 1.969021-10°

6.156878-103

32

2.071282:10 2.857438-107

2.749069-108




Element by element technique: contiguous elements

I =

HFP
3.476736-10"

[o=
3 A7 A

Gauss-Legendre
2.261957-102

F(21;,0) /2li¢.(8)/2lz‘+1
ArA ¢ 0

F(21;,0) [2

Qa(s)

1
(n n)fr2 e ATt J, ¢(S)21¢—s i
n 1 2
Relative Error I, | 1.068267-102 | 1.232387-10-15
F/ 21 0 21; 2341 F/ 2[70 20,
B [Caw] e n Sdeds = =2 [ o) 0uloas
n 2 4 6

Relative Error I,
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1st numerical example (Dirichlet)

Boundary conditonon T' = {x € R? : x = (cosa,sina),a € [0, 7]}

. 92 .
sin“(4nt), if0<t<1/8
glant) = HIf(0) cosac flay={ J7 00 HD =12
Time interval (0,10), At = 0.1, x; = (cosE sin 2T) ¢ = 0,40
Limit for ¢t — oo g(a,t) = go = cosa

—Auge =0 in R2\T, wu(x)=0(1) for |x|2— oo
Uso = COsa on I

10 :

—transient
- - -static




2nd numerical example (Dirichlet)

Boundary condition:

I'={(z,0), x € [0,1]} Constant shape function
Time interval (0,4), At = 0.05, Az = 0.05

01 06 4

Time development of ¢ in x=1/2 T=2
15 ‘ . . 1 . .
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1o )0 . . .
0 1 2 3 4
5 T=3

o(1/2,1)
S
o o
OU'IOU'I -

T=4
1 1 . : ;
-10 05 ]
0 J\_
_150 ; 5 s 4 -0.5O 1 5 3 4

time(A t=0.05)



<

=]

>

o«

Q>



3rd numerical example (Neumann) [Bécache E., Ha Duong T. (1993,1994)]

Boundary condition: plane linear wave

' ={(x,0), z € [0,1]}
g(@,t) = —5 —f(t—k-x)|p, Time interval (0, 10),

k = (cos#,sinf), 0 =x/3 At = 0.025, Az = 0.05
f(t) =tH(t) Linear shape function

Time evolution in some point of I

0.6¢ . 0.67

05l ...."..::::::::::.-:.-.-,,,,,,,\éz0_4;0_6 |
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011/ - 0.1}

0 2 4 6 8 10 0 05 1 15 2 2.5
time(A t=0.025) time(A t=0.025)



3rd numerical example (Neumann) [Bécache E., Ha Duong T. (1993,1994)]

Limit for t — oo g(x,t) — g9 = sin
Aus =0 in R2\T Analytical static solution
%) :
= _ gy on T 95 = [uoo) = sin 0/2(1 — 2)
Ny
COD = [U]F
0.5 . .
0.4}
03}
= —t=4
= =5
0.2y —t=10
—— stationary solution
01}
% 02 04 06 08 1



4th numerical example (Neumann) [Bécache E., Ha Duong T. (1993,1994)]

Boundary condition: plane harmonic wave

g(z,t) = 8ixf(t—k X |F, I'={(x,0), x € [0,1]}
0 o1 <0 Time interval (0, 10),

() = { sin?(4) if 0<t<Z At = 0.025, Az = 0.05
sin(¢<t) if t>Z Linear shape function

k = (cosf,sinf), 0 =7/3, w=8x

Time evolutionin x = 0.4

fﬁﬂnnnnnnnnnnnﬂnnnnnﬂ )
= IR,

time(A t=0.025) time(A t=0.025)



4th numerical example (Neumann) [Bécache E., Ha Duong T. (1993,1994)]

Expected behavior for large times:

¢ harmonic with the same period p = 0.5 of Neumann datum

t*=1.125 t=3.625=t*+5p
2 2
~ 0 ~ 0
<2 i)
4 - -4 :
0 0.5 1 0 0.5 1
r r

t=6.125=t*+10p t=8.625=t*+15p

O AO/\

(1)
(

0 05 1 0 05 1



5th numerical example (Neumann) [F.J. Sanchez, U. Inturraran (2001), (2005)]

Boundary condition o .. ot {  Time interval(0, 4)
- _ At=01 Aa==
g /\ I - - Linear shape functions




Future works

* Complete the analysis of energetic bilinear form for 2D problems

* BEM-FEM coupling in 2D elastodynamic

* Energetic weak formulation to 3D problems in the context of applied seismology



