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Introduction

Rhodonea curves and spherical Lissajous

curves can be used as sampling trajectories to
create novel nodes for spectral interpolation
on the disk or the unit sphere. Using a parity-
modi�ed double Fourier basis as generating el-
ement for the interpolation space these nodes
give a promising spectral interpolation scheme
that can be implemented in a simple, e�cient
and numerically stable way.

Rhodonea nodes in the disk

For m = (m1,m2) with coprime m1,m2 ∈ N,
consider for t ∈ R the rhodonea curve

ρ(m)(t)=
(

cos(m2t) cos(m1t), cos(m2t) sin(m1t)
)
.

The rhodonea nodes RD(m) are given as

RD(m) =

{
ρ(m)

( lπ

2m1m2

)∣∣∣ l ∈ {1, . . . , 4m1m2}
}
.

Fig 1. The nodes RD(2,3) (left) and RD(5,6) (right).

Theorem 1 (Characterization of nodes)

Letm1,m2 be coprime andm1+m2 odd.
Then, the set RD(m) is the union of all
self-intersection and all boundary points
of the 2π periodic curve ρ(m). RD(m)

contains 2m1m2 + 1 nodes in the disk:
• The center (0, 0), traversed 2m2

times in one period,
• 2(m1−1)m2 ordinary double points
distinct from (0, 0),

• 2m2 points on the boundary circle.

Further properties of ρ(m) and RD(m):
• ρ(m) is an algebraic variety of order

2m1 + 2m2 given in polar coordinates as{
x(r, θ)

∣∣Tm1
(r)2 = cos2(m2θ)

}
.

• RD(m) is given as{
x(r, θ)

∣∣Tm1(r)2 = cos2(m2θ) ∈ {0, 1}
}
.

• RD(m) is the union of two disjoint Cheby-
shev grids in polar coordinates.
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Spectral interpolation scheme for rhodonea nodes

Using a parity-modi�ed Chebyshev-Fourier

basis in polar coordinates (r, θ)∈ [0, 1]×[0, 2π) [1]

Xγ(r, θ) =

{
Tγ1(r) cos(γ2θ), γ ∈ Γ(m), γ2 ≥ 0,
Tγ1(r) sin(γ2θ), γ ∈ Γ(m), γ2 < 0,

we generate the interpolation spaces as

Π(m) = span
{
Xγ

∣∣∣γ ∈ Γ(m)
} (‡)

.

Here, Tγ(r) denotes a Chebyshev polynomial of
degree γ ∈ N0 and Γ(m) ⊂ Z2 a spectral index
set. In order to obtain a unique interpolant for
the nodes RD(m), the set Γ(m) has to be chosen
properly. A suitable choice is

Γ
(m)
� =

γ ∈ Z2

∣∣∣∣∣∣
0 ≤ γ1 ≤ 2m1

−m2 < γ2 ≤ m2

γ1 + γ2 is even

 .
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Fig 2. The spectral set Γ
(2,3)
� (left) and the

corresponding basis for the space Π
(2,3)
� (right).

(‡) For a few γ at the border of Γ(m) it is necessary to use X(γ1,−γ2)
instead of X(γ1,γ2), see [3].

Theorem 2 (Uniqueness of interpolation)

Let f be a continuous function on the disk.
There exists a unique continuous function

P
(m)
f (x) =

∑
γ∈Γ

(m)

�

cγ(f)Xγ(x) (1)

in the space Π
(m)
� with the interpolation

property

P
(m)
f (z) = f(z) for all z ∈ RD(m).

• It is not trivial that P
(m)
f is continuous: the

basis functions Xγ have in general a discon-
tinuity at the center (0, 0).
• The coe�cients cγ(f) in (1) can be cal-
culated in O(m1m2 lnm1 lnm2) arithmetic

steps from the samples f(z), z ∈ RD(m),
using a 2D fast Fourier transform.

Theorem 3 (Numerical condition)

For the space Π
(m)
� , the Lebesgue constant

Λ
(m)
� = sup

‖f‖∞≤1
‖P (m)

f ‖∞ is bounded by

Λ
(m)
� ≤ C� ln(m1 + 1) ln(m2 + 1)

with a constant C� independent of m.

Spectral interpolation of images

To test the scheme, we interpolate data of the shadow of the black hole at the center of the galaxy
M87. We use the dataset "eso1907a" provided by the Event Horizon Telescope (EHT) collaboration.

We sample this dataset in a circular region at the rhodonea nodes RD(m) form = (8, 9),m = (21, 22)
andm = (61, 62). The interpolation results as well as the corresponding relative interpolation errors
are displayed in Fig 3.

Fig 3. Spectral interpolation (upper part) of the black hole data based on samples at the rhodonea

nodes RD(8,9) (left), RD(21,22) (middle) and RD(61,62) (right). In the lower part, the relative
interpolation error is illustrated. Credit for the orignal data: EHT collaboration et. al.
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