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Based on a result of Rosler and Voit for ultraspherical polynomials, we
derive an uncertainty principle for compact Riemannian manifolds M. The
frequency variance of a function in L?(M) is therein defined by means of the
radial part of the Laplace-Beltrami operator. The proof of the uncertainty
rests upon Dunkl theory. In particular, a special differential-difference op-
erator is constructed which plays the role of a generalized root of the radial
Laplacian. Subsequently, we prove with a family of Gaussian-like functions
that the deduced uncertainty is asymptotically sharp. Finally, we specify
in more detail the uncertainty principles for well known manifolds like the
d-dimensional unit sphere and the real projective space.
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1 Introduction

The most common mathematical description of the uncertainty principle is the following
classical formulation, referred to as Heisenberg-Pauli-Weyl inequality (cf. [7], [8], [13]).

Theorem 1.1. If f € L*(R) with o f(z), f',xf (x) € L*(R) and a,b € R, then

[e-ariropa [ @-vfepa > 2 )
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Equality is attained if and only if f(t) = Ce*™(t-0)e=1=0 for O € C and v > 0.

*Institute of Biomathematics and Biometry, Helmholtz Zentrum Miinchen, German Research Center
for Environmental Health, Ingolstddter Landstrafse 1, D-85764 Neuherberg, Germany. The main part
of the research was supported by the DFG through the Graduate Programme Applied Algorithmic
Mathematics. E-mail: wolfgang.erb@helmholtz-muenchen.de



1 Introduction

In signal analysis, f(¢) denotes the amplitude of a signal at a point ¢t and the Fourier
transform f describes how the signal is build up from different frequencies. Inequality
(1) states that a signal can not be well-localized simultaneously in the space and the
frequency domain. The quantum mechanical interpretation of inequality (1) formulated
in Heisenberg’s pathbreaking work [14] is similar. In any quantum state, the values of
two conjugate observables such as position and momentum can not both be precisely
determined.

If the function f is defined on a manifold different from R¢, the question of how to
formulate an uncertainty principle like (1) becomes more difficult. On the unit circle T,
an interesting approach was pursued by Breitenberger in [2]|. If one sets the frequency
variance of a function f € L?(T) as varp(f) = (f', f')r — (f’, )3 and the mean value as
e(f) = = fo% e f(e")|?dt, then it is possible to prove (cf. [2], [21], [23]) the following
uncertainty principle:

Theorem 1.2. If f € AC(T) C L*(T) with f' € L*(T) and ||f||r = 1, then

(1~ |=(DP) - vare(f) > {le(HI )

The constant % on the right hand side is optimal.

As the Heisenberg-Pauli-Weyl inequality, also (2) has a physical interpretation. If one
reads the value )
_ 1—1e(f)]

varsl) = e

as the angular variance of a periodic function f (see Figure 1 for the geometric interpre-
tation), then inequality (2) states that the values of the two observables angular position
and angular momentum can not both be exactly determined at the same time.

Based on inequality (2), there have been similar attempts to construct uncertainty prin-
ciples on the unit sphere S?. Remarkable in this context are the papers of Rosler &
Voit [27], Narcovich & Ward [20], Goh & Goodman [12] and Freeden & Windheuser [9].
Of special interest for the present article are the techniques developed in [27|. Therein,
Rosler & Voit proved the following uncertainty principle for radial functions on the unit
sphere.

Theorem 1.3. If f € L2(SHNC?(SY), || fllse = 1, is radial with respect to a point p € S¢,

i.e. f(z) = F(x-p), define the spherical mean value by e(f,p) = [gu(x - p)|f(2)|*dp(x)
as well as the frequency variance by varp(f) = (—Agaf, f)ga, where Aga denotes the
Laplace-Beltrami operator on S%. Then

2
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and the constant % on the right hand side is optimal.
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Figure 1: Geometric interpretation of the angular variance varg(f) on the unit circle T.

The function f is chosen such that e(f) = 2i and varg(f) = L.

In the present work, we are going to extend the uncertainty principle (3) to compact
Riemannian manifolds M. The corresponding frequency variance of a function f €
L?(M) relies on the radial part of the Laplace-Beltrami operator Aj;. To define a space
variance on M, we use, similarly as in (2) and (3), an appropriately introduced mean
value (f,p). The proof of the uncertainty inequality itself is based on an operator
theoretic approach as described in [7], [8] and [29]. For this approach to work, we need
the root of the radial Laplace-Beltrami operator which can be obtained in a generalized
form by means of Dunkl theory. In a further step, we are going to prove the asymptotic
sharpness of the introduced uncertainty inequality. This is done by constructing an
appropriate family of Gaussian-like functions on the manifold M. Finally, we discuss in
more detail the uncertainty principle on some special manifolds like the unit sphere S¢
and the real projective space RP<.

The paper is organized as follows. In Section 2, some preliminaries on compact Rie-
mannian manifolds are introduced. The main result of the paper together with the
formulation of the uncertainty principle can be found in Section 3. Herein, also the
Dunkl operator, essentially for the proof of the uncertainty, is defined. In Section 4,
we proof the asymptotic sharpness of the uncertainty inequality. In the final sections,
we give some examples and additional information on special aspects of the uncertainty
principle.

2 Preliminaries on Riemannian Manifolds

In this preliminary part, we summarize some basic facts about Riemannian manifolds
and introduce the necessary notation for the upcoming sections. The details can be
found among other standard references in [1], [4] and [10].
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In the following, we denote by M a compact and connected Riemannian manifold without
boundary and by M, the tangent space at a point p € M. A distance metric d(p, q)
between two points p and ¢ on M can be introduced by setting

b
dp.q) =it [ w' Ol

where w ranges over all piecewise differentiable paths w : [a,b] — M satisfying w(a) = p
and w(b) = ¢q. The metric d(-,-) turns M into a metric space.

Since the compactness of M implies the geodesic completeness [4, Theorem 1.7.2|, there
exists for every p € M and £ € M, an unique geodesic 7¢ : R — M satisfying 7¢(0) = p
and 7¢(0) = §. Moreover, the Hopf-Rinow-Theorem [4, Theorem 1.7.1] ensures that any
two points p,q € M can be joined by a minimal geodesic with length d(p,q). Through
the geodesic ¢, one can define the exponential map exp,, : M;, — M by

exp, t§ 1= Ye(t),

for all t € R and § € M,,. For p € M and 0 > 0, we introduce on M the open ball and
the sphere with center p as

B(p,0) :={x € M, d(x,p) < ¢},
S(p,d) :={x e M, d(xz,p) =0}.

By the same token, we define on the tangent space M,

B(p,0) :={& € My, [I¢]|l < d},

S(p,6) :={¢ € My, ||€]| = 6},
S, = 6(p,1).

Now, we turn to the notion of a cut point. For £ € &, we define

R(&) :=sup{t > 0: d(p,e(t)) =t}

as the maximal distance in direction { for which exp, is isometric. The point v¢(R(§)) is
referred to as the cut point of the point p along the geodesic ¢(t). Since M is compact,
one can show that the function R(&) is Lipschitz continuous [15] and strictly positive on
6S,. Thus, also the ratio

is a well defined Lipschitz continuous function on &,. The set €, := {R({){: € € 6,}
is called the tangential cut locus of p in M, and C,, := exp, €, the cut locus of p in M.
The point set {p} has measure zero, but moreover, one can prove that also the cut locus
C, is a set of Riemannian measure zero. If we define the sets ©, := {t{ € M,: 0 <t <
R(£), £ € 6,} and D, := exp, D, then, as a consequence of the Hopf-Rinow-Theorem,
we get the decomposition (cf. [10, Prop. 2.113|)

M =D,UC,.
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Through the exponential map exp,, we can introduce the geodesic spherical coordinates
on M (we use GSC as a shortcut). If a coordinate system { = £(u) is given on the
unit sphere &, where u varies over a domain in R%"!, then every point ¢ € M can be

described in the GSC as q(t,&(u)) = exp,(t&(u)), where 0 <t < R(). In the geodesic

spherical coordinates, the Riemannian measure on M can be determined as [4, 111.3]

dV (exp, (t€)) = O(t, §)dtdp, (),

where O is a well defined smooth weight function on [0, R(§)] x &, and dp, denotes the
standard surface measure on &,. The weight function © is zero for ¢ = 0 and strictly
positive for all points (¢,€) € (0, R(§)) x &,.

For an integrable function f, the integration on M can be written in the GSC as

/fdv F(exp, )0t €)dtdpny(€) / / F(exp, 1€)0 (1, €)dtdpy (©).
Dp Sp

To simplify the notation, we write f(t,§) instead of f(exp,t{). To get rid of the term
R(&) in the integral boundaries, we modify the GSC through the coordinate transform
7 = k(£)t. In this modified version of the GSC (denoted as MGSC), every point ¢ € M
can be written in the form ¢(7,§) = exp,(;77¢€(u)), where (7,€) € [0, 7] x G, The points
q(7,&) with 7 = 0 represent the point set {p}, and the points ¢(7,§) with 7 = 7 describe
the cut locus C), of p. In the MGSC, the integration on M reads as

/Mde - /6 /;K%&)G)(%?&)%dﬁup(&

To switch easily between the two coordinate systems GSC and MGSC, we introduce the
functions f and © on [0, 7] x &, by

fr.0)=1(75€) and 6(r.6) = =0(75-6).

Finally, we define the space of square integrable functions on M as
L*(M) := {f:MH(C: / ]f]de<oo}.
M

Endowed with the scalar product (f, g)n := [, fgdV, the space L*(M) is a Hilbert space

with the norm || f||» := /(f, f) . In the GSC and the MGSC, the scalar product reads
as

R(¢)
(gt = /6 / F(t, gt E)O (1, ) dtdp, (€)
_ /6 /0 * F(r 7m0 ) drdyny(©).
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3 Radial Uncertainty Principles on Compact
Riemannian Manifolds

A function F' on M is called radial with respect to a point p if, in the GSC centered
at p, it depends solely on the distance variable ¢. Radial functions of some Riemannian
manifolds are deeply linked to special functions and orthogonal polynomials (see [30] for
a general overview). On the unit sphere S¢, for instance, the radial functions can be
written in terms of Gegenbauer polynomials. Exactly for these radial functions having
an expansion in Gegenbauer polynomials, Rosler & Voit [27] proved the uncertainty
principle (3). Later on, these results were extended to spherical Bessel functions [28], to
Jacobi polynomials [17], and to Laguerre and Hermite polynomials [18]. In the present
work, we will adopt the theory developed in those papers, especially the Dunkl theory
used therein, to prove a radial uncertainty principle on compact Riemannian manifolds.

To define a frequency variance, Rosler & Voit used in [27] the second order differential
operator of the Gegenbauer polynomials. The analog on a Riemannian manifold M is
the Laplace-Beltrami Operator Aj;. For a radial function F' on M, the Laplace-Beltrami
Operator Ay, assumes locally at p the particular form |1, Proposition G.V.3]

Bu)(6.8) = 70 + 2 L r),

dt?
where 0,0 denotes the partial derivative of the weight function © with respect to the
variable t. This operator can be extended to the whole manifold M and used globally
for functions f on M. In the GSC, we define
0? 0,0(t,&) 0
t,¢)

For radial functions, the operator A,; corresponds locally with the Laplace-Beltrami
operator Ays. Therefore, the operator A, ; is referred to as radial Laplace operator. As
a domain of the radial Laplace operator, we use the set

0 9,
5100 = 2/ (REQ.=0.c€6,}. ()

Since M is compact, D(A,;) is a dense subset of L*(M). If we switch to the MGSC,
the radial Laplacian reads as

D(A,,) = {f e C*(M) :

9% . 0.0(1,€) 0 -
SO+ T ().

(8yud ) (r.8) = w6 ( 56 o

With these preliminaries, we introduce the (radial) frequency variance varg,(f) of a
function f € D(A,;) C L*(M) as

varpy(f) == (=Bpef, flu- (6)
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Since in (6) only the radial frequencies of the function f are used to determine the
frequency variance, the subsequent uncertainty principle will also have a predominant
radial character.

For the proof of the uncertainty principle, we will use an operator theoretic approach.
For this purpose, we have to express the frequency variance (6) as the squared norm of
an operator acting on f. Hence, we are searching for the root of the operator —A,,;. In
a generalized form, such a root can be obtained by means of Dunkl theory.

In [27], Rosler & Voit extended L*-functions on [0, 7] to even periodic functions on
(—m, 7] and used the resulting symmetry to define a differential-difference operator on
(—m, ). This so called Dunkl operator turned out to be a generalized root of the second
order differential operator of the Gegenbauer polynomials.

Proceeding in a similar way, we extend a function f on M onto a twofold copy X of
M. Using the MGSC, this is done by doubling the range of 7 and considering 7 as a
periodic variable. The set X is defined as X = (—m, 7| x &, where the points (7, &) and
(—m, &) are identified with each other for all £ € &,,. The weight function O is extended
symmetrically onto X, i.e.

O(r,¢) = O(I7],€),  (1.€) € (~m,7] x &, (7)
The extension of the derivative 9,0 onto X is defined such that it is odd in 7, i.e.
aTé(_Ta 5) = _aTé(Tu 5)7 (T’ 5) S (—7T,7T} X GP' (8)

In this way, 9.0 can be seen as the Radon-Nikodym derivative of the symmetric ex-
tension © with respect to the variable 7. Next, we define a volume element on X by
dV = 30(r,§)drdpu,(§). Moreover, we introduce the Hilbert space of square integrable
functions on X as

L*(X) = {g X —-C: /X|g|2dV < oo}

with scalar product (g1, g2) x := [ 9192dV and the subspace of even functions as

LX) = {g € L3(X) 1 9(r.&) = g(-7.&) ae.}.

For a function f € L?*(M) and an even function g € L*(X), we can define in the MGSC
the even extension operator and the restriction operator as

e: LA(M) — LX(X), e(f)(r.€) = f(I].€), (9)
i Le(X) = LAM), r(9)™(7.€) = g(7,¢). (10)

In particular, these operators constitute isometric isomorphisms between L?(M) and
L?(X). Similar as in [27], we introduce now the following differential-difference operator
on L?*(X), referred to as Dunkl operator:

L)) = w(6) a% D) agyg) (9(7.€) —29<—T, 5>)>7 0
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(1,€) € (—m, ] X &,, defined on the domain

0
D(T;) = {g € C(X) g€ C(X )}
By (9) and (10), the Dunkl operator 7’ and the radial Laplacian A, ; are related by

—Apif = r((iT,)%e(f)), for f € D(A,4). (12)

Thus, the operator T is the desired generalized root of —A,;. For the proof of the
uncertainty principle, it is essential that 7). is symmetric.

Lemma 3.1. The operator 1T, is symmetric and densely defined on L*(X).

Proof. We essentially follow the proof of Lemma 3.1 in [27]. To check the symmetry of
iT., we take f, g € D(T,). Integration by parts with respect to the variable 7 yields

L. | e etm 08t i) =~ [ _Wfﬂ 2 (s 86(7.))drdy(€)

o(r,¢)

Sty )T OTdnc).

- [ s f)(a o(r,€) + 9r O S
Now, we get by definition of the operator T’ :

/6 | 6T D 786 rdin€) -

=i [ wte) [ (16095009 + s O 5 ) ot

(7, ¢)
. T8~ [(-7.8) -5 0-0(m.8)
wi [ wte [ FROSIEERm g0 m 6 i)

P

— i 0 )+ () 0,0(1,6) 4
= —Z/GP K(§) /Tr (f(T,f)Eg(T,f) + 5 9(7’5)W>@(T=5)d7dﬂp(f)

g(_7-7 6) 87:(:)(7-7 g)
o(r,¢)

:-z‘/@p K(€) /7r (f(T,ﬁ)aaTg(ﬂf)Jrf(T’f)g(T’g) v

-7

)6(r.&)drdp (€)

_/6 _“ f(T,f)mé(T,f)drdﬂp(@'

|

Uncertainty principles in a Hilbert space can, in general, be formulated by using the
commutator of two densely defined operators (cf. [7], [8], [29]). As underlying Hilbert
space we consider the space L?(X). As a position operator A : L?(X) — L*(X), we
fix an arbitrary function h € D(T}) and set Ag := hg for g € L*(X). As frequency
operator B : L*(X) — L*(X), we take the Dunkl operator i1}, i.e. Bg := iT,g. Clearly,
A is a normal operator and B is symmetric due to Lemma 3.1. Also, both operators
are densely defined in L*(X). Therefore, we can use an operator theoretic approach
involving a symmetric and a normal operator (cf. [29, Theorem 5.1]) to prove the
following uncertainty:
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Theorem 3.2. For an even function g € L*(X) N D(T}), a function h € D(T,), and
a € C, b eR, the following uncertainty principle holds:

I(h— a)gllx - 6T — gl > 5l{o- Th, )] (13

Proof. Since A is a normal operator and B is symmetric, we have due to |29, Theorem
5.1]

1
I(A = a)gllx - (B = b)gllx = SK[A, Blg, 9)x]|
for all functions in D(AB) = D(BA) = D(T}). For the commutator of A and B defined
on D(T;), we get

0.0(7,€) (h(r.8) = h(-T,9))
o(r,¢€) 2

A, Blg(r, ) = ~in(€) (w=h(r, )g(r,€) + o(-7.9).

Thus, for an even function g € L?(X), we have [A, Blg = —g - iT,h. O

The minimum of ||(A — a)g||x and ||(B — b)g||x is attained at (cf. [8], [29])

A B
{ g7g2>x and b= g7g>x
g/l lgll%

, (14)
respectively . Since the derivative g of an even function g € D(T,) N L3(X) is odd,
i.e. it satisfies 8%9(7, £) = —8%9(—7, €) a.e., we get (Bg,g)x = i(T-g,9)x = 0. Hence,
the minimum of ||(B — b)g||x is attained at b = 0. For the special values (14) of a and
b, the uncertainty product (13) reads as

[(hg, g)x|?
lgll%

For a function f € L?*(M), we take now the even extension e(f) € L(X) and use
inequality (15) to get an uncertainty principle for compact Riemannian manifolds. For
the function h characterizing the position operator, we set, similarly as in [27] and [17],
h(t,€) = €. Of course, also other choices for h are possible (cf. [29]), but in general
e’ is a reasonable option. In fact, the function e'” is well defined on X, is periodic in
the variable 7 and lies in the domain of the Dunkl operator T.. Next, we define the
generalized mean value as

1

(Ilhgli% — ) - ITegle = ZHg - Toh, g)xl® (15)

()= (el e =5 [ [Tl )iy (€
= [ [ sl eroi i@

R(E)
- /6 /O cos(k(E)D)|f (1, ) 2O (L, €)dtdyu, (). (16)



3 Radial Uncertainty Principles on Compact Riemannian Manifolds

If the function f is normalized such that || f||,s = 1, then the value €(f,p) lies between
—1 and 1. The generalized mean value is an indication on how well the function f is
localized at a point p. The closer e(f,p) gets to 1, the better f is localized at p. We
formulate now our main result.

Theorem 3.3. If f € L*(M) ND(A,;) with ||f|lar = 1, then the following uncertainty
principle holds:

(1 N €(f,p)2> (—=Dpif, [ar i‘((/@(f) cos (k()t) + 0O(t,¢)

ot ¢)

sin (5(©)0) ) . f)|
(17

Proof. If f € L*(M) ND(A,,), then the even extension e(f) € D(T,) is an element of
the domain of the Dunkl operator T,. As a multiplier function h in inequality (15), we
choose h(t,&) = €. Then, h € D(T,) and in inequality (15), we get

Ihe(N) 1% = le(HIx = IIF13, = 1,
[(he(f), e(f))x]* = [{eTe(f), e())x|* = e(f.p)*,

iTTh(T,f):m(§)< e ~—sin(7‘)>.

9-0(7.£)
o(r€)

Further, since sin(7) is an even function in 7, we conclude

; iT 67'(:)(7—7’5) :
(e() T e ) = =(x(€) (€ + S5 sinm) el el

_ L K i el 7aTé(T’£)sinT e(f)(r 3(r, &)dr
=5 [ O [ (¢ TG0 i) ) OOy ¢

- [~ | ”(cos<f>+aé(?ff§f> in(r)) (7, )6 (7 E)drdy (€

R(E)
/ | (@ cos(steye) + 2010 sin (s(€10) 1, O PO e €

O(t,¢)
00(t, &) .
f<( ) cos (K(§)t) + @(il? sin (K(f)t))f,f>M

Finally, using the symmetry of i} and relation (12), we get for f € D(A,;):
(—Dpifs Fha = —((T:)%e(f), e(f))x = I Tre(f)lI%-

For even and normalized functions in the weighted Hilbert space L?([—m, 7], w), the
following uncertainty principle was shown in [12] by Goh and Goodman:

1—(f07rcos (O1f (®))Pw tdt
(S5 1f@®)]2(cos(t)w(t) 4 sin(t)w dt / AL

»bl’—‘

10
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Our uncertainty inequality (17) presented above resembles this weighted uncertainty
(18). This is not surprising, since in both cases the theory and the techniques used
are conceptually the same. In contrast to [12], we considered even L2-functions defined
on the higher dimensional compact set X = (—m, 7] x &, and a weight function )
which depends both on the variable 7 and the direction . Therefore, (17) can be
considered as an extension of (18). Moreover, in our case the weight function O plays
a more substantial role since it contains implicitly information on the geometry of the
Riemannian manifold M. Similar to the inequalities (17) and (18) is also the uncertainty
principle [18, Corollary 7| developed by Li and Liu in which the weight function w is
linked to a Sturm-Liouville operator.

Another interesting uncertainty principle for compact Riemannian manifolds based on
a different approach can be found in the work [19] of Martini. Here, it is shown that for
all a, 8 >0 and f € L*(M) with null mean value the following inequality holds:

o p|| 3P 8 1337
£ 1lar < Capllt* FIT - 1(=L20) > fll37

This inequality is a special case of a more general theory treating uncertainty principles
on abstract measure spaces (see also [5] and [26]). The proof of this inequality is mainly
based on the spectral theorem and on estimates involving the heat semigroup generated
by the Laplace-Beltrami operator Ay,. In contrast to (17), the constant C, 5 in the
above inequality is not explicitly known.

Turning back to the frequency variance in inequality (17), formula (12) implies that

(et £ = e = s Zer)[| = | 2]

for f € D(A,+). So, instead of (6) we could have defined the frequency variance also as

e = |21,

This formula illustrates that the frequency variance in our notion is completely de-
termined by the radial derivative of the function f. Many authors (see for instance
[12] or [19]) prefer to use the full Laplace-Beltrami operator for the frequency vari-
ance (i.e. varp(f) = (—Aunf, f)m) instead of the radial approach (6). However, since
varg,(f) < (—Anf, f)u for functions f that are locally supported at p € M, we get a
more stringent inequality in (17) if we use the radial Laplacian.

(19)

Using the alternative definition (19) of the frequency variance, inequality (17) can be
proven for a larger class of functions, namely for

(@)= {recun: Trecon, Tio =2 sne) -0 ces,)

Similar as in the case of the Breitenberger uncertainty principle, Theorem 3.3 motivates
the definition

s () = o

[((5(8) cos(k(€)t) + s sin((€)0) £, f)al?

(20)

11
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for the position variance of f € L?*(M) at p € M. Then, we get the uncertainty inequality

varg,(f) - varg,(f) = (21)
for all normalized functions f € D(A,;), provided that the right hand side of inequality
(17) is not zero.

The expectation value of a density f € L2(M), ||f|lar = 1, can be found by means of
the generalized mean value £(f,p). We have already remarked that for all points p the
value e(f, p) is a measure on how well the function f is localized at p. The closer (f, p)
gets to 1, the more the mass of f is concentrated at p. The point at which f is localized
best is then the point py where e(f,p) gets maximal, i.e.

py = argsup £(f,p).
peEM

If py is uniquely determined, we call it the expectation value of f.

4 Sharpness of the Uncertainty Principle

In this section, we show that the uncertainty inequalities (17) and (21) are asymptotically
sharp. In particular, we construct a family H, of Gaussian-like functions on the manifold
M such that, for A — 0, we attain equality in (17) and (21). For this purpose, we need
some properties of the Gaussian bell. First of all, we have for £k € Ny and 0 € R the
well known moment formulas (cf. [22, p. 110])

> 2k £ _ ﬁ(2k>‘ 2k+1
/0 t*ve Uzdt = 74k—]€'0 s (22)

/OO t%ﬂe_c%dt = %!0%“. (23)
0

On [0, 00), we define now for d € N, d > 1, the Gaussians

2
[2 a8 e ifd =2k + 1,
Gd,a<t> = 5 1 _ 42 .
\/;me if d = 2k + 2.

The moment formulas (22) and (23) imply that G4, is a function in the weighted Hilbert
space L = L*([0, 00),t?~"dt) normalized such that ||Gq,|1z = 1. Moreover, we get the
following result:

12
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Lemma 4.1. Consider Gy, as an element of the Hilbert space L3. Then

d? d—1d d1
<( - @ - T%)Gd,aa Gd,o>L3 - 5;7 (24)
d
<t2Gd,UaGd,G>L3 = 50-27 (25)
d d d1
- il g = —— 2
<dtGd,O'7 dtGd,U)Ld 20_2 ( 6)

Proof. We prove equatio (24) by direct calculation and using the formulas (22) and
(23). For d odd and k = %1, we get

2 _
<(_% - %%)Gd,aa de)Li =

<8

9 41 P 2%k dy 2 N
_<___ )6 20620t dt

o VTR e\ a2 Tt at

© 9 4kpl 1

t? Ly -2 o
: Tww<—;+(2k‘+l);>e 2t

1k 2k+2)11 Lkt >1 o d1
A2k (k+1)! o2 o2 202
On the other hand, for d even and k = %=, we have
: 2 1 @ 2%k+1dN 2 X
((~ = 548Gz Caciy = / B —g2k+2(— ) e
2 1 t? LN -2 o
:/0 Em<—;+(2k+2)ﬁ>e o2t dt
(k111 1 dl
2k + 2 =——.
K o * ) 202
Similarly, equations (25) and (26) follow by direct calculation. O

Now, we choose § > 0 small enough such that B(p,d) C D, C M and introduce a
smooth cut-off function ;s : [0, 00) — [0,1] with ¢s(t) =1 for 0 <t < £, 0 < ps(t) < 1

for § <t <4, and @s(t) = 0 for t > 6. Further, we set ¢ = x(£)72 and define for
A €]0, 00| the following function in the GSC at p € M:

Gaeer(t)ps(t)

27
[Cacorall (27)

Hy(t,€) =

The function H, is compactly supported in B(p,d) an element of the domain of the
operator A, ;. If |G,| denotes the surface volume of the unit sphere &,, then we have:

13



4 Sharpness of the Uncertainty Principle

Proposition 4.2.

(1 —e(Hy,p)?) _ d

}\E% )\2 - 2’6 ’ s, /{(f)dﬂp(g), (28)
}\EIE)A2<AptH>\aH>\ 2|6 | d:up (29)

im ((x(6) cos((€)1) + (§7§))sm< (©)1 >)HA,HA -5 / (). (30)

A—0

In particular, the uncertainty inequalities (17) and (21) are asymptotically sharp.

Proof. Beside Lemma 4.1, we need two facts for the proof of Proposition 4.2. The first
one is a property of the weight function ©. If § > 0 is chosen small enough, we have for
t < ¢ the Taylor expansion (cf. [3, XII 8])

@(t, 5) — 2fd—l o Ric(€7 5) td+1 + O(td+2), (31)

(d+ 1) Ric(&, §)

0(1,6) = (d - >t“ -

tT 4+ O, (32)

where Ric(-,-) denotes the Ricci tensor on M, x M,. The second fact concerns the
Gaussian G .. Since the term ¢ = /{(5)_% is uniformly bounded above and below by
positive constants, there exists for 6 > 0 and € > 0 a A5, such that for all A < A\s;. and
§ € 6, we have

Gaeen(t)t™ 1 dt < e. (33)
§/2

We consider now the L?-norm of the function Gaceaps on M. Using the Taylor expansion
(31) of the weight function © and property (25) of Lemma 4.1, we get the estimate

1
i [Guceresly =l [ [ Guca 0700 i)
A—0 A—0 &, J0
1
i [ [ G0 (7 + O i (€
S, J0

< lim / / Guaeex(t)” (7 + O™ ) dtdp,(€)
&, Jo
= /l\ir% |6p| + O(/\2) = ‘617‘7

where |S,| denotes the volume of the d — 1 dimensional unit sphere &, in the tangent

14



4 Sharpness of the Uncertainty Principle

space M,. Using property (33), we get for an arbitrary € > 0 and A < \s.
p b
5
|G acereslar :/ / Gd,55)\(t)2905(t>2(td_1 + Ot dtdp,(€)
&, Jo

> / / Gacer(t)? (¢ + O dtdpay (€) — €[S,
&, Jo
=(1-9)[6,| +0(\?).
Therefore,
lin [[Gcagslli = 16, (31

We consider now equation (28). Using the Taylor expansion (31) of the weight function
© and equation (25), we get the upper estimate

) = g [ (0 o) G0

2
< e Jo 9, tGW Pty e
05 P

t2
S TGl —Gae(t)? (7 + O(™h)) dtdp,y (€
||Gdc5>\806||M /@,—p / dee(t (t571)) dtdp,(€)

d 1
:—AQ—/ K(E)dup(€) + ONY).
1 TCooeilBy Js, (E)dpp(§) + O(N)
Further, since (Hy,p) < 1, we have (1 +e(H,,p)) < 2. In total, we get
. 1—¢(Hy,p)? . 1—¢e(Hyp)
— <
W ST Sgg)) / E)elin(€ (35)

Next, we turn to equation (29). For the following estimate, we use the Taylor expansion
(31) and equation (26) of Lemma 4.1.

2 1 5.9 2
H&HA v m/ / ‘a(Gd,ch@)@&(t)) @(t7£>dtdﬂp(£>
- 8G c +2(0,G Orps oot
< 1 o ) [0Gua®l +20Guawiig)
T 1GacrONOslI2] (147 + OE*) ) dtdyay (€)
d 1 1 1
= d +0 ().
2 )\2 HGd,c&/\ﬁpé”?\/f /6p k(&) dpp(§) <)\>
Thus, we get
o 2
. 2 S T 20| 2

15



5 Uncertainty Principles on the Unit Sphere and the Real Projective Space

Finally, we take a look at equation (30). Due to (31) and (32), the function %%tg) sin(k(&)t)
has locally at p the Taylor expansion

8t@(t, 5)
o(t,¢)

Using (37) and property (33), we derive for an arbitrary € > 0 and A < As

9,0(t,€) .
ot r sm(/ﬁ(g)t))H)\, H)ar =

0,0(t, '
IGngmHM/ / )t“%smww)'

(Gaear()ps()) O, €)dtdp, (€)
)
/6 w(€) / (Gaer(Dps()2 (141 + O ) ) dtdpy (€)

sin(k(§)t) = (d — 1)r(§) + O(t?). (37)

((1(6) cos(r(€)1) +

d

N Gacarpslis
d

> [ / (€ €)1~ + OO

Thus, we conclude

| 9,0(t,€)
}\IH(I)<(K(€) cos(k(&)t) + W

Now, inserting the inequalities (35), (36) and (38) in the uncertainty inequality (17),

sin(r(E)t ))HA,HA 2 / €)duy(€).  (38)

we get the same value on both sides, namely ﬁ ( /. S, k(&)dp, (€ ))2 Thus, inequalities
(35), (36) and (38) are in fact equalities and the statement is proven. O

5 Uncertainty Principles on the Unit Sphere and the
Real Projective Space

In this section, we consider two important examples of compact Riemannian manifolds,
the unit sphere S? and the real projective space RP2. For both, we derive an uncertainty
principle from the general inequality (17) and relate it to uncertainties known from the
literature.

We start with the d-dimensional unit sphere S. If p € S¢, we identify the tangent space
(S%), at p with the orthogonal complement p* of the linear vector space Rp in R¥!. An
arbitrary point # € S? can be represented as

= z(t,€) = cos(t)p + sin(t)¢,

where ¢ € [0, 7] and £ € &, is a unit vector in the hyperplane pt. Since for fixed ¢ the
functions v¢(t) = (¢, €) describe the geodesics on S¢ (see [4, I1.3]), the coordinates (Z, &)

16



5 Uncertainty Principles on the Unit Sphere and the Real Projective Space

correspond exactly with the GSC at p. The cut locus C), of p consists of the single point
{—p}. Further, R(£) = 7 for all £ € S?°!, and the weight function © can be determined
as |1, C.III]

O(t, &) = sin(t). (39)

Moreover, the Laplace-Beltrami operator on S? is given as (cf. |3, I1.5])

_ cos(t) 0 Aga-1(f (¢, §)se-1)
ASdf(t7 5) - af(ta g) + (d - 1) Sln(t) a (tv g) + sin2(t) . (40)
and the radial Laplace operator as
o7 cos(t) 0

The uncertainty principle on S? can now be formulated as follows:

Corollary 5.1. If f € L*(SY) N D(A,;) and ||f|lse = 1, then the following uncertainty
principle holds:

d2
(1=2(f.2)) - (= Bpaf. Pse = S e(hp)? (42)
The constant d; on the right hand side is optimal.
Proof. If we apply Theorem 3.3 to the unit sphere S? and use the respective weight

function (39), the only thing that remains to validate is the right hand side of inequality
(17). This can be done by the following simple calculation:

0,0(t, . t) . 2
(contty + %5y sin®)) 1.0 = (2000 + (d = D sinfo)f )
= (de(f.p)".
The optimality of the constant % is a consequence of Proposition 4.2. O

If we consider as a special case the radial functions on S¢, inequality (42) corresponds
exactly with the uncertainty principle (3) proven in [27] for functions having an expansion

d—1
in terms of the Gegenbauer polynomials C\ 2. This is not a surprising result, since

the polynomials C’f@%) constitute a basis for the radial, square integrable functions on
S? and the radial Laplacian (41) corresponds to the second order differential operator of
the corresponding Gegenbauer polynomials. The sharpness of inequality (42) is therefore
also a consequence of the sharpness of inequality (3).

Other works treating uncertainty principles on the unit sphere attained similar results,
but worked with slightly different techniques. In [20], Narcovich and Ward used a vector
valued differential operator to split the Laplace-Beltrami operator on S%. Also Goh and
Goodman [11], [12] worked with a vector valued differential operator to prove a similar
uncertainty principle on S¢.

17



5 Uncertainty Principles on the Unit Sphere and the Real Projective Space

If we adopt the general definition (20) of the space variance to the unit sphere, we get

_ 2
vy () =

In [6], [24] and [25], this definition of space variance was used to determine optimally
space localized band-limited polynomials and wavelets on the torus T and on the unit
sphere S°.

Let us now turn to the real projective space RPY. We consider the sphere S¢(2) with
radius 2 and define the antipodal map A : S*(2) — S?(2) as Ar = —z. The real
projective space RP¢ with diameter 7 is then defined as the quotient of S¥(2) under
the antipodal map. The identification of RP¢ with S%(2)/A allows the introduction of
geodesic spherical coordinates as in the case of the unit sphere. In this way, the volume
element on RP? can be deduced from (39) as

dV = 29 sin (%)d_ldtd,up(f), (43)

where the geodesic length ¢ varies between 0 and 7. The cut locus C,, on RP¢ corresponds
to the set of points lying on the equator of S%(2) with respect to the point p. Due to our
special construction, the distance R(£) from p to the cut locus C,, is, independently of
€, equal to 7. Due to (43), we have O(¢,£) = 2% !sin(£)4, and the radial part of the
Laplacian is given as

0> (d—1)cos() 0

Bpef(6,€) = 55 F(6) +

Now, an uncertainty principle for the real projective space can be formulated as follows:

Corollary 5.2. Let f € L*(RPY) N'D(A,,) and | fllgpe = 1, then the following uncer-
tainty principle holds:

(1) - (Bpef Prren = (2 T D).

The constants on the right hand side are optimal.

Proof. If we apply Theorem 3.3 to the space RP?, we get on the right hand side of
inequality (17):

,O(t, S) B d—1cos(3) . 2
(costt) + S sine)) . ey = (<000 + (5 () SO Pz
= (=(.0) + {55 (1 con(t)) £, Praze)
d—1 d + 1
= (5 etin)
The optimality of the constants in (44) follows from Proposition 4.2. O
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6 Uncertainty Principles on Curves

Through the relation [16, page 41|

on” (cos(3)) =

d—1
between the Gegenbauer polynomials C;,LT " of even order and the Jacobi polynomials
d—2 1
P22 one can check easily that the radial functions on RP¢ are exactly the functions

d—2 1
that have an expansion in terms of the Jacobi polynomials Py S, inequality (44)
restricted to radial functions on RP? is precisely the same as the uncertainty principle

d—2
proven in [17] for the Jacobi polynomials P,(LT’%).

6 Uncertainty Principles on Curves

If the manifold M is a one dimensional curve, we can simplify inequality (17) consid-
erably. We consider a C*®-differentiable Jordan curve v : (—R, R] — R? naturally
parameterized such that |y/(t)| = 1 for every t € (—R, R]. The geodesic distance on the
curve is then given as

(1), 7 () _‘/ (Dlde| = It — ts

and the length of the whole curve is 2R. Now, for the formulation of the uncertainty
principle, we adopt the notation of the previous chapters. Without loss of generality we
can assume that the point p where the uncertainty is referred to corresponds to v(0).
Then the cut locus corresponds to the point v(R) and the weight function © satisfies
O(t,&) =¥ (&) =1 for all t € [0, R] and £ € {£1}. The integration along the curve ~
can be written in the GSC as

/ B / Fr(en)d
ce{£1}
and the Laplacian A, translates to
2

A F(ED) = By f(1(60) = 75 FH(ED).

If we use the definition (19) for the frequency variance, we can formulate the uncertainty
principle (17) on the curve «y as follows.

Corollary 6.1. If f € D( )N L2 (y) with || f|l, = 1, then the following inequality holds:

(1_5(fp> Hdt

2 1 72

= e (45)
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7 Estimates of Uncertainty Principles using Comparison Principles

where

(= [ eos (o)l

The constant %1 on the right hand side of inequality (45)is optimal.

We remark that this result can also be shown in a different Way Since a smooth Jordan
curve v with length 2R is isometric to the circle with radius £, the uncertainty for
can directly be deduced from the Breitenberger uncertainty prlnmple [2]. Further, this
connection implies also the optimality of (45) (cf. [23| for the optimality on the torus).

7 Estimates of Uncertainty Principles using
Comparison Principles

For a general Riemannian manifold M with dimension d > 2, the right hand side of
the uncertainty product (17) is usually hard to determine. We can simplify this term
if some further information on the curvature of the Riemannian manifold is given. In
particular, if we assume that the Ricci curvature satisfies

Ric(¢,€) > ki(d - 1)[¢]*

for a constant k; > 0 and all tangent vectors ¢ in the tangent bundle T'M, then the
Bonnet-Myers Theorem [4, Theorem I1.6.1] states that the value R(£) is bounded from
above by o On the other hand, if we assume that all sectional curvatures are less

than or equal to a given constant x3, ko > k1, then Bishop’s comparison Theorem [4,
Theorem I11.4.1] states that

cos(kat)

99(t,)
( £

forall { € &, and 0 <t < =. Moreover the Morse-Schonberg Theorem |4, Theorem
I1.6.3] assures that in this case R(é’) +. Combining (46) and 1 < K(§) < k2, we get
the estimate

> (d —1)ks (46)

sin(kot)

cos(Kat)

——— 2 5in(k(&)t) > Ky cos(kat) + (d — 1)Ko sin(r1t)

?sin(kat)
> dky cos(Kat)

forall 0 <t <3 == . So, if we introduce

%mmaéAMwMMWMWWMWWM)
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as a modified mean value, then the above assumptions assure that

e(f,p) = e (f,p)

holds for all functions f € L?*(M) having compact support in B(p,ﬁ). Adopting
Theorem 3.3, we immediately get the following local uncertainty principle:

Theorem 7.1. Let M be a compact Riemannian manifold (d > 2) whose Ricci curvature
fulfills

Ric(€,€) > wi(d —1)[¢]”
for all tangent vectors & € T'M, and all of whose sectional curvatures are less or equal
to a constant K3, ke > K1 > 0. If f € LA (M)ND(Ay), || fllar = 1, has compact support
in B(p, i), then the following inequality holds:

(1 2alh0)?) - (=B D 2 82 F.0)" (47)

In the case that M is a d-dimensional sphere with radius %, we have K1 = K9 = K.
Inequality (47) then reduces to the well known principle

2

<1 - E(fa p)2> ’ <_Ap,tf7 f>M Z HZdZ‘C:(fu p>2

Thus, the point of Theorem 7.1 is that if M is a "sphere-like" manifold where the
curvature x? is not varying much, then also the resulting uncertainty principle is very
similar to the uncertainty of a d-dimensional sphere with curvature x2. In contrast to
the uncertainty principle (17), the sharpness of inequality (47) can not be guaranteed in
general.
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