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We investigate monotonicity properties of extremal zeros of orthogonal
polynomials depending on a parameter. Using a functional analysis method
we prove the monotonicity of extreme zeros of associated Jacobi, associated
Gegenbauer and ¢-Meixner-Pollaczek polynomials. We show how these re-
sults can be applied to prove interlacing of zeros of orthogonal polynomials
with shifted parameters and to determine optimally localized polynomials on
the unit ball.
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1 Introduction

Monotonicity properties of zeros of orthogonal polynomials have been extensively studied
for several decades from different perspectives. The most well-known tool to prove the
monotonicity of all the zeros with respect to a parameter is due to Markov (cf. for
example [13], [6]). It only requires the derivative of the weight function and can be easily
applied to the classical orthogonal polynomials. Other approaches include the Hellmann-
Feynman theorem or using second-order ordinary linear differential equation techniques
(for an overview see [9] and [6], Chapter 7).

Unfortunately a lot of non-classical orthogonal polynomials, like the associated or g¢-
orthogonal polynomials often have complicated weight functions and differential equa-
tions which makes Markov’s theorem and the differential equation methods difficult or
impossible to apply. However, even in these cases one can obtain information about the
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monotonicity of at least the extreme zeros using an idea of Ismail, which is based on the
Hellman-Feynman theorem and which uses only the coefficients of the three-term recur-
rence relation. In [5] the theorem is proved for birth and death process polynomials, here
we state it generally for monic orthogonal polynomials.

Theorem 1.1. Let P,(x,7), n > 0 be a family of monic orthogonal polynomials on [a, ]
(—o0 < a < b< o) depending on the parameter T and fulfilling the three-term recursion
formula

(1) xPp(x,7) = Ppi1(x,7) 4+ an(7) Py (z,7) + by (1) Pyev (2, 7), n>1,
Py(z,7) =1, Pi(x,7) =2 —ap(1),

with by (1) > 0. Assume that the coefficients a,(T) (n > 0) and b,(T) (n > 1) are differ-
entiable monotone decreasing (increasing) functions of the parameter 7. Then the largest
zero of the polynomial P, (x,T) is also a differentiable monotone decreasing (increasing)
function of the parameter 7.

On the other hand, if the coefficients b, (T) are monotone decreasing (increasing) and the
coefficients an(T) are monotone increasing (decreasing) functions, then the smallest zero
of P,(x,T) is differentiable monotone increasing (decreasing).

Using the symmetric three-term recurrence relation of the orthogonal polynomials, The-
orem 1.1 was applied in a similar form in the articles [7], [10], [11], [12] and in some of the
references therein to prove the monotonicity of the extremal zeros for a lot of well-known
families of classical and g-orthogonal polynomials. For the sake of completeness, we give
a short proof of Theorem 1.1 using a formula from [6].

Proof. Let A(7) be the largest zero of P,(x, 7). Clearly, all zeros of P, (x,7) are differen-
tiable functions of 7. Using the coefficients of the three-term recurrence (1) in formula
(7.3.8) of 6], we get

T2 P2 T)VANT) SR PN T) ,
(2) (;) - Ck ) dr - o kT (ak(T)Pk(A7 T) + bk(T)Pkfl()‘a T))

where aj, and b}, denote differentiation with respect to 7 and ( = Hi?:l bi(T). Since
the polynomials P,(x,7) are monic, it is easy to show that Pg(b,7) > 0. Moreover,
since A(7) is the largest zero of P,(x,7), we have due to the interlacing property of the
polynomials Py(x,7) that Py(\,7) > 0 for & = 0,...,n — 1. Therefore, if a;(7) and
b (7) are decreasing (increasing) functions of the parameter 7, then the right hand side
of equation (2) is negative (positive) and the first statement of the Theorem is shown.
A similar argument for the smallest zero (keeping in mind that sign(Py(a,7)) = (=1)%)
implies the second statement. ]

In the following, we apply this theorem to the associated Jacobi, associated Gegenbauer
and ¢-Meixner-Pollaczek polynomials and show how the results can be used to prove
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interlacing of the zeros of different orthogonal polynomials with shifted parameter val-
ues. As another application, we use the monotonicity results of the associated Jacobi
polynomials to determine higher-dimensional polynomials on the unit ball that are in a
certain sense best localized at the center of the ball.

2 Monotonicity of the largest zero of the associated Jacobi polynomials

First of all, we use Theorem 1.1 to investigate the behavior of the largest zero of the as-
sociated Jacobi polynomials P,(La’ﬁ ) (x,c), when the parameter « is altered. The following
Theorem is an extension of [12], Corollary 10 to a larger parameter area.

Theorem 2.1. Let, ¢ >0, « > 0 and B > —1/2 and assume that § < max{%,Qa} and
2c+a+ >0 ifc>0. Then, the largest zero () of the associated Jacobi polynomials

Rga”B)(a?, c) is a decreasing function of the parameter c.

Proof. We consider the monic associated Jacobi polynomials PT(LO"B ) (z,c). The coefficients

an(a) and by () of the three-term recurrence formula of the polynomials pieP) (z,c) are
given by (see, for instance, [4, p. 29|)

62_a2
2n+2c+a+B)2n+2c+2+a+B)’ nz0
An+c)(n+ec+a)(n+ec+pB)(n+c+a+pP)
2n+2c+a+ 82 2n+2c+a+B+1)2n+2c+a+B—1)

9

an(a) :== (

bp(a) :=

To prove the statement of Theorem 2.1, we have to check that the assumptions of The-
orem 1.1 hold. In particular, we have to check that the coefficients a,(«) and b, («) are
decreasing functions of the parameter «.

First, we consider the derivative a} (). For n >0, ¢ > 0, or n > 0, ¢ > 0, we have

(_20‘ - (2n+;;fj+ﬁ) - (2n+2024:20fa+ﬁ)>
2n+2c+a+pB)2n+2c+2+a+5)
@am+qﬂﬁm+@@a+m+ﬁﬁ+4LHMa+mﬂ

(2n+2c+a+B)(2n+2c+2+a+ B)?

ay(a) =

Since a > 0, f > —1/2 and 2¢ + a + > 0 if ¢ > 0, the term on the right hand side is
always nonpositive. It remains to check the case n = 0, ¢ = 0. In this case, we have
2(1+B)
!/
ag(a) = ——————= < 0.

(@) (+ B +2)?
Thus, a,(«), n > 0, is a monotone decreasing function of the parameter « if the assump-
tions of the theorem are satisfied.
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Next, we examine the derivative b/, (). For n > 1, we get

1 1 2
ntcta ntctatB mt2tatp

() = bufa)

1 1
_2n+2c+a+ﬁ+1_2n+2c+a+5—1>'

< B < 2a. We get the upper bound

N[ —

We consider first the case when o > % and —

(@) <tnte) (b )

n+c+a n+c+a+ph 2n+2c+a+p
~2(n+c)a+ (8 +a)(8 ~ 20) <0
(n+c+a)n+c+a+pB)2n+2c+a+p) ~

= bp()

Hence, b/, (a) is negative if o > %, —% < B <2a,c>0andn > 1. Next, we consider the
case 0 < a < % and —% <p< % In this case, we get the estimate

2

8 52
(n+ctaty)- Intdctiat2p

2 2
n+2c+a+p 2n+2c+a+ﬁ—2n+2§+a+5>

b,(a) = bu(a) (

B 2

—bn(O‘)( 2
(n+0+0¢+§)—4n+4ﬁw
2

1 1
(2n +2¢ + o+ B — prgeioates) + Tracioates

2
(2n+2c+a+ 6 — prgsates) — mracaasp )

<b )( 2 = )
S Opl& 2 - B 1 ’
(ntcta+5) - tmrmrm M TCT ST 9) — sirsetaats

2
. 1 .
Since (n+c+a+ g) >(n+c+ 5+ g) and 4n+4£_4a+25 < Sntserdarap We get also in

this case by, , (o) < 0.

In total, b/, (o) < 0 and by () is a monotone decreasing function of the parameter « if
the conditions on « and 8 are fulfilled. Hence, Theorem 1.1 yields the statement for the

associated Jacobi polynomials P}f“’ﬁ) (z,¢). O

Remark 2.2. Let ¢ >0, a > —1/2, >0, a < max{%,Qﬂ} and 2c+a+ 8 > 0if ¢ > 0.
Then, since Pflo"ﬁ)(—x,c) = (=" {82) (z,c), Theorem 2.1 implies that the smallest

zero of Rga’ﬁ) (z,c¢) is an increasing function of the parameter 3.
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Remark 2.3. Similar to Theorem 2.1, it can be shown that the largest zero A(v) of the
v)

associated Gegenbauer polynomials Cy /' (z,¢), ¢ > 0, v > %, is a decreasing function of
the parameter v. This was first proven in [11].

The monotonicity of the extreme zeros also holds when two parameters are shifted si-
multaneously.

Theorem 2.4. For v > 1/2 and 0 < 7 < ¢, the largest zero A(T) of the associated

Gegenbauer polynomials C’,SJZH_T) (x,c — T) is a decreasing function of the parameter T,
while the smallest zero is an increasing function of T.

Similarly, for a« >0, 8 > —1,0 < o0 < ¢ and 2c+ a+ 8 > 0, the largest zero \(o)

of the associated Jacobi polynomials P7(la+2‘7’ﬂ)(

parameter o.

x,c— o) is a decreasing function of the

Proof. We consider first the associated Gegenbauer polynomials C’S’JFT) (z,c — 7). The
coefficients a,(7) and b, (7) of the three-term recursion are given by

an(7):=0, n>0,
— 2 —1
bu(r) = n+c—T1)n+c+2v+717-1)

4d(n+c+v)in+ec+rv—1)
For the derivatives, we get

) =0, B () = bu(r) (

, n>1.

1 1
ntc+20—1+7 ntc—rt

N

)SO it v>

Thus, due to Theorem 1.1, the largest zero of C,(lwﬁ) (x,c — 7) is a decreasing function
and the smallest zero is an increasing function of the parameter 7.

Next, we consider the associated Jacobi polynomials P7(La+20’6 )(

of the three-term recursion formula are given by
2 2
B* — (a+ 20) o,
2n+2c+a+B)2n+2c+2+a+P)
dn+c—o)(n+ct+a+o)(n+c+pf—-0o)(n+c+a+p+0)
2n+2c+a+B)P@2n+2cta+pB+1)2n+2c+a+f—-1)
So, for the derivatives, we get
i (o) = —4(a + 20)
" 2n 4 2c+a+B)(2n+2c+2+a+B)’
1 1 1 1
b, (o) = by(o) - (— + + >

n+tc—oc n+cta+o n+c+f-0 nt+cta+ph+o

x,c—0o). The coefficients

an(o) = (
bp(o) =

n>1

——b()< a+ 20 N a+ 2 >
= TOn\g (n+c—o)n+c+ta+o) (n+cta+p+o)n+c+p—0))"
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Both a, (o) and b/,(c) are nonpositive, if « >0, 8 > —1,0< o <cand 2c+a+ 3 > 0.
Thus, the largest zero of the polynomial P,(LaJrZG’B )(az, ¢ — o) is a decreasing function of
the parameter o. O

If 6 < % and ¢ > %, we can have a stronger statement about the monotonicity of the zeros

of the associated Jacobi polynomials P7(La+20"8 ) (z,c — o). Using the Hellmann-Feynman

approach, we can show that all the zeros are decreasing with respect to o. For this end,
we need the following auxiliary result concerning a particular chain sequence. For the
definition of a chain sequence see [1], Definition 5.1.

1 1

Lemma 2.5. The sequence (ay)72, defined by aj, = %‘F 6 DD s a chain sequence.
2 2

Proof. We use as parameter sequence (hy)3°, with coefficients hy, = %(1 — ﬁ) Then,
ho:0,0<hk§%fork21andweget

k? 1
(2k—1)(2k+1) 4

1

1
ar = (1 — hp—1)h, = Em
3 3

_l’_

O]

Theorem 2.6. For a > 0, —1/2 < < 1/2,2¢>1,0< o0 <canda+oc >0

P,S,a—i_%’ﬂ) (z,c— o) of associated Jacobi polynomials depending on the

Oc+2<7ﬁ)(

consider the family

parameter o. Then, all the zeros of P7(L x,c — o) are decreasing functions of the

parameter o.

Proof. We use the same notations as in Theorem 2.4. Moreover, we introduce the matrix

ao(J) \/51(0) 0
W= O VR

0
0

0
0
Vbs(o)
: .. '.' '.' 0
0 cee 0 \/bn_Q(O') an_l(a) bn_l(O')

0 e e 0 bn-1(c)  an(o)

According to [9], all the zeros of the polynomial P,(LCH_%’B) (x,c — o) are decreasing, if
the derivative LJ, (o) is a negative definite matrix. According to Theorem 6 of [9],
the matrix -£J, (o) is negative definite if and only if the diagonal coefficients a/, (o) are
negative and




W. Erb, F. Toékos Monotonicity of extremal zeros of orthogonal polynomials

defines a chain sequence. We have already seen in Theorem 2.4 that a,(c) < 0. For the
coeflicients in the sequence, we get

2
(% 5(0))  (2n42+a+B-2)2n+2+a+5+2)
() 16(2n+2c+a+B+1)2n+2c+a+B—1)
( (n+c—o)(n+c+a+o) (n+c+a+ﬂ+o)(n+c+5—0)>

X + 2+

(n+ct+a+pB+o)(n+c+p5—o0) (n+c—o)(n+c+a+o)

B
116( n+c+5—a)(1_(n+c+a+6+a))+2

+<1+n—|—f—a><1+ (n+c—fa—|—a)>>

1 N B%(2n + 2¢ + a + B)?
4 16(n+c—o)n+cta+o)(n+c+B—-0o)(n+c+a+B+o0)

Since 0 < ¢c— o0 < 2c+ q, it is easy to see that

(n+c—o)(n+c+a+o)>nn+2c+a),
(n+c+B-o)ntctatfto)>(n+pB)(n+2e+atp).

Thus, we get

i

- B2(2n 4 2c+a + B)?
(or)a’n (o) — 4 16n(n+2c+a)(n+B)(n+2c+a+p3)

Now, for —1/2 < < 0 and since 2¢ + « > 1, one can check that
(3) (2n+2c+a+pB)2(n+1/2) <4n(n+2c+a)(n+2c+a+p), n>1

Indeed, setting y := 2¢ + «, (3) is equivalent to

2(y — 1)n® + y(2n® + 3yn + 26n — 2n — %y —pB) — B(Bn+2n + %ﬂz) >0
and here all three terms are nonnegative, since y > 0 and —1/2 < 5 <0.
On the other hand, if 0 < 5 < 1/2, one can also see that
(2n 4 2c+ a+ B)? < 4(n+2c+ a)(n+ 2c+ a + B).

In total, we get for —1/2 < 3 < 1/2 the estimate
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2

a5/ bn(0)

Since the coefficients T (o) Are dominated by the coefficients of the chain sequence
n n—1

of Lemma 2.5, they also form a chain sequence (see [1], Theorem 5.7). Therefore the
matrix %Jn(a) is negative definite. O

Corollary 2.7. For —1/2 < < 1/2, a > 0, the zeros of PT(LaJrQU’ﬁ)(x,l — o) are

interlacing with the zeros of Péi’lﬁ) (x) for all0 <o < 1.

Proof. By [2|, we know that the zeros of pletzp) (x) are interlacing with the zeros of
P,Eilﬁ )(33) Moreover, it is a classical result (see [1], p. 86, Theorem 4.1) that the zeros
of the associated polynomial Pé“"ﬁ ) (x,1) are also interlacing with the zeros of Pflif ) (x).
Due to the monotonicity proven in Theorem 2.6 the zeros of P,(LQHU’B ) (x,1—0) are lying

in between the zeros of P{*>7) (z) and pled (z,1) for 0 < o < 1. (The particular case
a = 0 = 0 not covered by Theorem 2.6 can be easily verified separately.) Therefore, the
Corollary is proven. O

3 Extreme zeros and interlacing of the ¢g-Meixner-Pollaczek polynomials

Theorem 1.1 can be used to establish interlacing results for other classes of orthogonal
and g-orthogonal polynomials as well. In particular, it can help in determining the exact
order of zeros in an interlacing pattern, which is especially useful in cases where the
weight function is complicated, hence Markov’s theorem on monotonicity is difficult or
impossible to apply. Here we present the g-Meixner-Pollaczek polynomials as an example.

The ¢-Meixner-Pollaczek polynomials are defined by

(a% Q)n g ", aetl0+2¢)  ge—if

where z = cos(f + ¢), and they are orthogonal on [—1, 1] when 0 < a < 1.
The three-term recurrence relation for the monic polynomials p,(z) := p,(x;alq) is

nfl)

Tpn () = ppi1(x) + aq™ cos gpp(z) + %(1 — ") (1 —a*¢" Mpp_1(z).

Set a = ¢ and p&(z) := pp(z;q°|q).

Lemma 3.1. Let 0 < ¢ < 1 and a > 0. If cos¢ > 0 then the smallest zero of the
q-Meizner-Pollaczek polynomials is a decreasing function of «. Similarly, if cos¢ < 0,
then the largest zero is an increasing function of «.
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Proof. The coefficients are
an(a) = ¢""cos¢p, n >0

bufa) = ¢

While b, («) is always an increasing function of «, a,(«) is decreasing if cos¢ > 0 and
increasing if cos ¢ < 0. Thus, the statement of the Lemma follows from Theorem 1.1. [

(1—g"(1—¢"™* 1), n>1

Now set P = P, (z;4%|q).

Corollary 3.2. Let 0 < ¢ < 1 and o > 0. If |cos ¢| > ¢ then the zeros of PS, PoT!
and P;f‘fll interlace. More precisely, let

0<z1<x9 <...<mY bethe zeros of P;L"‘H
O0<y1 <ya <---<yYn_1 be the zeros of P;f‘fll and
0<ty <ty<...<ty, bethezeros of Py

Then

(4) <t <y <we<ty<...<Tp_1<tph1<Yn-1<xp<ty
holds if cos¢ > 0 and

(5) <<y <ta<zg<...<tp1<Tpn-1<Yn1<tn<Tn.

holds if cos ¢ < 0.

Proof. The (triple) interlacing property was proved in [8], Theorem 3.1. From this it is
easy to see that either (4) or (5) holds. Therefore the corresponding order of the zeros
follows from Lemma 3.1. O

Remark 3.3. The standard way of proving the monotonicity of (all) the zeros is applying
Markov’s Monotonicity Theorem (see e.g. [13], Theorem 6.12.2 and [6], Theorem 7.1.1).

This would require determining the monotonicity of the quotient wl(um(ztj_)l) or that of the

logarithmic derivative W with respect to a, where w(x, «) is the weight function
of the ¢-Meixner-Pollaczek polynomials:

h(z, Dh(z, ~1)h(z,¢"/*)h(z, —¢"/?)

Wl ) = e e, )
where -
h(zx,t) = H(l — 2tagh + 12¢%).
k=0

However, with the method used above, the monotonicity of the zeros follows easily based
on the information on the largest (or smallest) zeros.



W. Erb, F. Toékos Monotonicity of extremal zeros of orthogonal polynomials

Remark 3.4. The above method can be used for other classes of g-orthogonal polyno-
mials as well, e.g. the Al-Salam-Chihara, ¢-Laguerre or Al-Salam-Carlitz II polynomials.
Corresponding results for the monotonicity of the extremal zeros can be found in [10]
and [12].

4 Optimally localized polynomials on the unit ball B¢

In this section, we adopt Theorem 2.1 and 2.4 to solve an optimization problem for
orthogonal polynomials on the unit ball B = {z € R?: |z| < 1}. First, we need some
preliminaries concerning orthonormal Jacobi polynomials and the corresponding Jacobi
matrices.

To define orthonormal sets of polynomials on B¢, one needs the orthonormal Jacobi poly-

nomials pl(a’ﬁ ) (x), x € [-1,1], defined by the symmetric three-term recurrence relation
(see [4], Table 1.1)

(6) \/bl_,_lpl(j_’ﬁ) () =(x—a))p ’ﬁ) fpl (), 1=0,1,2,3,...

a, 1
p( 17/3)( ) =0, pé 5)(x> _

Vbo'
with the coefficients
M a= B o ,
Ql+a+B)C+at+B+2)
A+ a)l+B)(l+a+B)
Q+a+p)2Q2+a+8+1)2+a+5-1)
2a+5+1f(a—|—1) (B+1)
MNa+p+2)

Further, for ¢ > 0 (if ¢ > 0, assume that a+ /3 # —2¢), the associated Jacobi polynomials
(a.B)
b (

1=0,1,2,...

(8) b= 1=1,2,3,...

bo

x,c) are defined on the interval [—1, 1] by the shifted recurrence relation

(9) V c+l+1 pH_ﬂ) xr,c (aj - ac-i-l)pl Y c+ pl l’ C L= 07 17 2a R
P, ) =0, ’%m) =1

For m € N, the associated polynomials pl(a’ﬁ ) (z,m) can be described with help of the

symmetric Jacobi matrix J(a, £)*, 0 < m < n, defined by

am Vb 0 0 - 0
Vbmt+1  amy1 /Ome2 0 0

W) Jeap=| 0 Ve eme Vo

0
0 0 bn—l an—1 \/E
0 0 \/771 G

10
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If m = 0, we write J,,(, 8) instead of J%(a, 3). Then, in view of the three-term re-
currence formulas (6) and (9), the polynomials pl(a’ﬁ)(a:) and pl(a’ﬁ)(a:,m), [ >1, can
be written as (this can be shown analogously as in [6], Theorem 2.2.4 for the monic
polynomials)

1

l 2
(11) P (@) = (H bk> det (z1; — J(a, B)1-1)
k=0

[

l 2
(12) P\ (,m) = (H bk> det (21, — J(a, B)1_1)
k=1

where 1; denotes the [-dimensional identity matrix. Moreover, the zeros of the polyno-
mials pl(a”g ) () and pl(a’ﬁ ) (z,m) correspond exactly with the eigenvalues of the matrices

J(a, B)i-1 and J(a, B)[},,_1, respectively.

Now, turning back to the unit ball B¢, we introduce on the interval [0,1] the weight
function wg(r) by
1
Wﬁ(T) = (]‘ - T2)B7 B > _57
and denote by L?(B? wﬁ) the space of functions with finite weighted L?-norm || f||5 :=
(Jga | f(z) wg(\;r|)da:) The space L?(B¢,ws) endowed with the inner product

(13) (f, g)p = / F(@)g(@)ws (o)) d

is a Hilbert space.

By II;(B?) we denote the subspace of functions on B? which are polynomials of degree
less or equal to [ in x, and H;(B) the orthogonal complement of IT;_1 (B%) in II;(B¢) with
respect to the inner product (:,-)g. Then, it is well known (see [3|, Proposition 2.3.1)
that the polynomials

d 4242042 (452 +k,8) 0<k<Il, [|—keven,
BB (@) =2 2l =21 (1) 0252 N1 k)

form an orthonormal basis of the space H;(B?), where the functions Y} ; denote the
(d—1)-dimensional orthonormal spherical harmonics of order &k and the value N(d—1, k)
denotes the dimension of the space spanned by the spherical harmonics Y}, ; of order k.

The aim of this section is to find those polynomials P € II;(B¢) which localize the center
of the unit ball in an optimal way. For a function f € L?(B¢, wg), we define the position
variance with respect to the center 0 of B¢ as

(14) vl () = [ JaP (@) Pws(fal)da

11
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Further, we introduce the polynomial spaces
n
= @Hl(Bd), for even m,n € N, m <n,

II,(B%) := HO (Bd) for even n € N,

with the unit spheres

sy = {P e By : |Pls =1}

n

Now, the optimization problem we want to solve is the following;:

(15) P = arg IgngI}n Varg‘d (P).

To find the optimal polynomials P, we need first of all an auxiliary result concerning
the position variance vargd(P) of a polynomial P € S]'. From now on we assume that
m and n are even.

Lemma 4.1. Let P € S} be a polynomial given by

I N(d—1k)

(16) Z Z Z ki b z/w z).

l — k even

Then, the position variance Vargd(P) can be written as

N(d—1,k)

a 1 1 [& m_|k|
vard'(P) = - = > [ o [3(%52 + k.8) e en,
2 2 5151 ’
k=0 j=1
n  N(d—1,k)
(17) Z CkH,j [J(dgz + K, 5)%_[51} Ck,j
=m-+ j=1
with the coefficient vectors
T
Ck‘,j (Cm,k,ja Cm+2,k7j7 s 7cn,k,j) 9 0 S k S %7 k even,
T
Cr,j = (Cmt1ks Cm43 k> -2 Cn—1kyj) » O0< k<, k odd,
T
Cr,j = (Cok k> Cokt2,kjr- -1 Cnikyj) » 5 +1<E< S,k even,
T
Crj = (Cokg1,kjs Cokt3,kjs- > Cn—1kj) » 5 +1<k<L, Kk odd,

m_ |k
and the Jacobi matrices J(u + k, ﬂ)f [L,f% and J(% + k,ﬁ)ﬂi[ﬁ] associated to the
2713 2712

;2
Jacobi polynomials pl( o ”8)( T, — L%J) and pl( z ThF) (x).
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Proof. Consider the polynomial P € S} given by (16). Using the definition (14) of the
variance var]gd and changing to spherical coordinates (r, &) = (|z|, ﬁ), we get the formula

1
' (P) = [ aPIP@Puselde = [ [ PGP ws(rdraute),

where 4 denotes the standard Riemannian measure on the unit sphere and r?~1 corre-

sponds to the Jacobian determinant of the transform in spherical coordinates. Since P
is an element of S and therefore normalized with respect to the norm || - || 3, the above
expression can be rewritten as

1
' (P) =5 =5 [ [ A= 2PeeRr ) drdue).

Now, with the coordinate change t = 1 — 272, ¢t € [~1, 1], we get
d 1 1 1 1 L d=2 P
el (P) =5 - ¢ [ [ APCEOR (45T (1) dedu(o)
Sd-1J -1
Next, we insert the explicit representation of the polynomials P with

Bd //1—t\1 d+2k+26+2 4
PL (5 =21 (5
Then, using the orthonormality of the spherical harmonics Y}, ; and rearranging the order
of summation, we get

y 11 e & e NC )
SRR Y N D Sl DD DI TRTRIG SLEI S
- - [=m ! —kk':eoven j:1 ’
n l N(dflvk) & ( _2+l€ 6)
AX T T w05l P emiue
l=m k=0 j=1

Il — k even

4=24k.8 d—2
| arspiz V) |- 0T+ 0

l=max{m,k}
I — k even

13
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Finally, we use the three-term recurrence relation (6) and the orthonormality of the

Jacobi polynomials pl( 2 thP) to conclude

n N(d—1,k)

Varg‘d(P):f—fZ Z / Z Clk,j ( l—2k (% 2+k’8
=1

l=max{m,k}
Il — k even

(X cl,k,jpSTW))(l—t) (14 ) dt

l=max{m,k}
I — k even

m N(d—1.k)
1 m_ |k
- > el [J(% k) 2 e

The optimization problem (15) can now be solved explicitly as follows.

Theorem 4.2. For —3 < 3 < d—2 and P € SI(B?), the minimum of Vargd(P) is
attained for the polynomial

%
m (432.8) my  (952:8)
Pr(@)=rY p " max §)pp 2 (1= 22,

where the value Apmax denotes the largest zero of the polynomial p(n mfi(aj %). The
2
constant k has absolute value

[\
N

max» %)

%
(452,8)
|’{’ = Z pl,Q
=3

The optimal polynomials are unique up to multiplication with a complex scalar of absolute
value 1. The minimum of the variance Vargd(P) with respect to polynomials P € S (B?)
can be determined as

1 - >\max
min {varlgd(P); Pe sde)} _ 17 Amax

14
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Proof. We consider polynomials P € S of the form (16). Then, by Lemma 4.1, the
variance Vargd(P) can be written as (17).

Therefore, minimizing the variance vargd(P) over all polynomials P € ST is equivalent
to minimizing the quadratic functional (17) over all coefficients ¢y ;j such that

N(d—1,k)

Z Z Z e =

lf k even

The quadratic functional (17) has a block matrix structure and the minimum is at-

tained for the eigenvector corresponding to the largest eigenvalue Apax taken over all
the symmetric matrices J(%%—k,ﬂ)g [L WJ 0 <k < m, and J(d 2 1k, B) rE]
m+ 1 < k < n. Moreover, by formulas ( 1) and (12), the largest eigenvalue of the
matrix J(452 + k ,B)m (L ]J
( 2 4k,f)

n— m+( 1Dk+1

corresponds precisely to the largest root of the associated

Jacobi polynomial p (o, 5 — L%J) and the largest eigenvalue of the matrix

=21k 8)

J(d 2 1k ,8)% rEy to the largest zero of the Jacobi polynomials pn T (z).

Now, the results of Theorems 2.1 and 2.4 on the monotonicity of the largest zero of the
associated Jacobi polynomials come into play. For —5 < 8 < d — 2, Theorem 2.1 and
the interlacing property of the zeros of the Jacobi polynomlals (see [13], Theorem 3.3.2)
state that the matrix J(d 21k ,6’) [k m < k < n, with the largest eigenvalue is

precisely the matrix J ( 24 m B)n m . To show this, one could alternatively also use
2
the interlacing results of [2]

Further, by Theorem 2.4, the matrix J ( + k ﬁ) L]

‘| )

eigenvalue is the matrix J ( , B) which appears only one time as a submatrix in

0 < k < m, with the largest

(17). Thereby, one has to dlstmgulsh between even and odd k and use Theorem 2.1 and

the interlacing property of consecutive polynomials to see that J( ,[3) has a larger

maximal eigenvalue than J (% +1,5) E_l.
2

For the index k = m, the matrix J(%2 + m, /B)n m coincides with J(%52 + m, B)iiLmJ.

2
Hence, combining the arguments above, the unlque overall submatrix in (17) with the
largest eigenvalue Apax is the matrix J ( ,,B) . Moreover, by formula (12), Apax

(32 ,B)(

corresponds to the largest zero of the associated Jacobi polynomial p;, nom g

). Due

( 2 75)((1:

to the three-term recurrence relation (9) of the polynomial p,, %, i1 %), the coefficients

15



W. Erb, F. Toékos Monotonicity of extremal zeros of orthogonal polynomials

of the corresponding eigenvector can be determined as

76 .
€21,0,1 :plf% (Amaxs 5), if <I1<%,
0

ck; =0, otherwise.

Finally, the coefficients are normalized by the constant x and the uniqueness of P} (up
to multiplication with a complex scalar of absolute value 1) follows from the fact that the

largest eigenvalue Apax of J (d_TQ, B) 2 is simple and that the monotonicity of the zeros
2
in Theorems 2.1 and 2.4 is strict. O

Remark 4.3. Theorem 4.2 is also valid for odd n, in that case only the calculation gets
a bit more complicated due to the fact that one has to use Gauss-brackets throughout
the proof.
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