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Abstract The aim of this note is to shed some light on the relationships among some
notions of positivity for vector bundles that arose in recent decades. Our purpose is to
study several of the positivity notions studied for vector bundles with some notions
of asymptotic base loci that can be defined on the variety itself, rather than on the
projectivization of the given vector bundle. We relate some of the different notions
conjectured to be equivalent with the help of these base loci, and we show that these
can help simplify the various relationships between the positivity properties present in
the literature. In particular, we define augmented and restricted base loci B+(E) and
B−(E) of a vector bundle E on the variety X , as generalizations of the corresponding
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notions studied extensively for line bundles. As it turns out, the asymptotic base loci
definedhere behavewellwith respect to the naturalmap induced by the projectivization
of the vector bundle E .
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1 Introduction

The aim of this note is to shed some light on the relationships among some notions of
positivity for vector bundles that arose in recent decades.

Positivity properties of line bundles have long played a major role in projective
geometry; theyhaveonce again becomea center of attention recently,mainly in relation
with advances in birational geometry, especially in the framework of the Minimal
Model Program. Positivity of line bundles has often been studied in conjunction with
numerical invariants and various kinds of asymptotic base loci, see for example [2,5].

At the same time, many positivity notions have been introduced for vector bundles
of higher rank, generalizing some of the properties that hold for line bundles.While the
situation in rank one is well-understood, at least as far as the interdepencies between
the various positivity concepts is concerned, we are quite far from an analogous state
of affairs for vector bundles in general.

In an attempt to generalize bigness for the higher rank case, some positivity prop-
erties have been put forward by Viehweg (in the study of fibrations in curves [18]),
and Miyaoka (in the context of surfaces [14]), and are known to be different from the
generalization given by using the tautological line bundle on the projectivization of
the considered vector bundle, cf. [11]. The differences between the various definitions
of bigness are already present in the works of Lang concerning the Green–Griffiths
conjecture, see [10].

Our purpose is to study several of the positivity notions studied for vector bundles
with the help of asymptotic base loci that can be defined on the variety itself, rather
than on the projectivization of the given vector bundle. We relate some of the different
notions conjectured to be equivalent with the help of these base loci, and we show
that these can help simplify the various relationships between the positivity properties
present in the literature.
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On positivity and base loci of vector bundles 231

In particular, we define augmented and restricted base loci B+(E) and B−(E) of
a vector bundle E on the variety X , as generalizations of the corresponding notions
studied extensively for line bundles. As it turns out, the asymptotic base loci defined
here behave well with respect to the natural map induced by the projectivization of
the vector bundle E , as shown in Sect. 3.

The relationship between these base loci with the positivity notions appearing in
the literature goes as follows.

Theorem 1.1 Let X be a smooth projective variety and E a vector bundle on X. Then:

(1.1.1) E is ample if and only if B+(E) = ∅;
(1.1.2) E is nef if and only if B−(E) = ∅;
(1.1.3) E is pseudo-effective if and only if B−(E) �= X;
(1.1.4) E is weakly positive if and only if B−(E) �= X, see Sect. 5;
(1.1.5) E is V-big if and only if B+(E) �= X, see Sect. 6;
(1.1.6) Assume that E is a nef vector bundle. Then E is almost everywhere ample if

and only if B+(E) �= X, cf. Sect. 8.

The paper is organized as follows: in Sects. 2 and 3 we give the definition and basic
properties of the asymptotic base loci for vector bundles, and relate these loci with the
ones on the projectivizations. In Sect. 4 we recall the various positivity properties for
line bundles and their relationship with asymptotic base loci. Section 5 is devoted to a
studyof positivity properties of vector bundles related to the restricted base locus,while
Sect. 6 is given over to an investigation of connection between positivity properties
of vector bundles related and augmented base loci. In Sects. 7 and 8 we study almost
everywhere ampleness and relate it to V-bigness.

2 Definitions and first properties

Convention Throughout the paper we are working with vector bundles of finite rank,
but for various reasons we find it more convenient to work with the associated sheaf of
sections which is a locally free coherent OX -module. We will follow the usual abuse
of terminology and while exclusively using this associated sheaf, we will still call it a
vector bundle. If, rarely, we want to refer to a vector bundle and mean a vector bundle
we will call it the total space of the vector bundle.Wewill also work with line bundles,
which of course refers to a locally free sheaf of rank 1. For a line bundle L we will
denote by c1(L) the associated Weil divisor on X .

With that convention fixed we are making the following notation that we will use
through the entire paper.

Notation Let X be a smooth projective variety over the complex numbers, and E a
vector bundle (i.e., according to the convention really a locally free sheaf) over X .
For a point x ∈ X , Ex = E⊗OX OX,x denotes the stalk of E at the point x and
E(x) = E⊗OX κ(x) where κ(x) is the residue field at x . Clearly, E(x) is the fiber of
the total space of E over the point x . In particular, E(x) is a vector space of dimension
r = rk E .
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232 T. Bauer et al.

Definition 2.1 We define the base locus of E (over X ) as the subset

Bs(E) = {
x ∈ X : H0(X, E) → E(x) is not surjective

}
,

and the stable base locus of E (over X ) as

B(E) =
⋂

m>0

Bs(SymmE).

Remark 2.2 The assertions below follow immediately from the definition:

(2.2.1) As Bs(E) = Bs
(
Im

(∧rk E H0(X, E) → H0(X, det E)
))
, these loci are

closed subsets, and carry a natural scheme structure.
(2.2.2) For any positive integer c > 0, B(E) = B(SymcE), and the same holds for

B− and B+ defined below.

Remark 2.3 The rank of the natural linear map H0(X, E) → E(x) induces a stratifi-
cation of X into locally closed subsets.

Definition 2.4 Let r = p/q ∈ Q>0 be a positive rational number, and A a line bundle
on X . We will use the following notation:

B(E+r A) = B
(
SymqE⊗ Ap), B(E−r A) = B

(
SymqE⊗ A−p).

Note that if r = p′/q ′ is another representation of r as a fraction, then q ′p = p′q,
hence

Symq ′(
SymqE⊗ Ap) � Symq ′qE⊗ Aq ′p � Symq ′qE⊗ Ap′q

� Symq(Symq ′
E⊗ Ap′)

,

and therefore, by (2.2.2),B(SymqE⊗ Ap) = B
(
Symq ′

E⊗ Ap′)
and henceB(E+r A)

is well-defined. A similar argument shows that B(E−r A) is also well-defined.
Let A be an ample line bundle on X , we define the augmented base locus of E as

B
A+(E) =

⋂

r∈Q>0

B(E−r A),

and the restricted base locus of E as

B
A−(E) =

⋃

r∈Q>0

B(E+r A).

Remark 2.5 The definitions above yield the following properties:

(2.5.1) The loci B
A+(E) and B

A−(E) do not depend on the choice of the ample line
bundle A, so we canwriteB+(E) andB−(E) for the augmented and restricted
base locus of E , respectively.
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On positivity and base loci of vector bundles 233

(2.5.2) For any r1 > r2 > 0 we have B(E+r1A) ⊆ B(E+r2A) and B(E−r2A) ⊆
B(E−r1A).

(2.5.3) In particular, for any ε > 0 we have B(E+εA) ⊆ B(E) ⊆ B(E−εA).
(2.5.4) Therefore we have

B+(E) =
⋂

q∈N
B

(
E − 1

q
A

)
, B−(E) =

⋃

q∈N
B

(
E + 1

q
A

)
.

(2.5.5) It follows that B+(E) is closed, but even for line bundles, the locus B−(E)

is not closed in general: Lesieutre [13] proved that this locus can be a proper
dense subset of X , or a proper dense subset of a divisor of X .

3 Asymptotic invariants for vector bundles

In the following sections we will relate augmented and restricted base loci for vector
bundles to various positivity notions found in the literature. In order to achieve a
better understanding of these positivity properties and the relations between them, it
is necessary to investigate the dependence of asymptotic base loci for vector bundles,
and the corresponding loci of the tautological quotient line bundles on the appropriate
projectivizations.

Let E be a vector bundle on a smooth projective variety X , π : P(E) → X the
projective bundle of rank one quotients of E , and OP(E)(1) the universal quotient of
π∗E on P(E). Then we immediately have

π
(
B(OP(E)(1))

) ⊆ B(E).

In fact, if the evaluation map H0(X, E)⊗OX → E is surjective over a point x ∈ X ,
then the map

H0(
P(E),OP(E)(1)

)⊗OP(E) = H0(X, E)⊗OP(E) → π∗E � OP(E)(1)

is surjective over any point y ∈ P(E) such that π(y) = x , and a similar argument
applies to SymmE .

More precisely, we have π
(
Bs(OP(E)(1))

) = Bs(E): if a point x ∈ X does lie in
Bs(E), then the image of themap H0(X, E) → E(x) is contained in some hyperplane
H ⊂ E(x), where the hyperplane H corresponds to a point y ∈ π−1(x) contained in
Bs(OP(E)(1)).

It is not clear whether the inclusion π
(
B(OP(E)(1))

) ⊆ B(E) of stable loci is strict
in general. However, as we will show right below, some useful connections rely on
properties of augmented and restricted base loci, which exhibit a more predictable
behavior with respect to the map π .

Proposition 3.1 Let E be a vector bundle on a smooth projective variety X,
π : P(E) → X the projective bundle of one dimensional quotients of E, andOP(E)(1)
the universal quotient of π∗E on P(E). Then
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π
(
B−(OP(E)(1))

) = B−(E).

Proof Let us fix H ∈ Pic(X), a sufficiently ample line bundle such that A =
OP(E)(1)⊗π∗H is very ample on P(E). Then

B−(OP(E)(1)) =
⋃

a∈N
B

(
OP(E)(a)⊗ A

) =
⋃

a∈N

⋂

b∈N
Bs

(
OP(E)(ab)⊗ Ab)

and

B−(E) =
⋃

a∈N

⋂

b∈N
Bs

(
SymabE⊗Hb).

(⊆) The easier inclusion is π
(
B−(OP(E)(1))

) ⊆ B−(E). In order to show this,
suppose that x ∈ X and that x /∈ B−(E). Then for any integer a > 0 there exists
b > 0 such that the vector bundle SymabE⊗Hb is generated by its global sections at
x ∈ X . Then for all a > 0 the line bundle O(2(a − 1)b)⊗ A2b = O(2ab)⊗π∗H2b

which is a quotient of π∗(Sym2abE⊗H2b
)
is generated by its global sections (defined

over the whole space P(E)) on any point of the fibre π−1(x), so the fibre π−1(x) is
contained in the complement of B−(OP(E)(1)).
(⊇) Let us show now that π

(
B−(OP(E)(1))

) ⊇ B−(E): Let x ∈ X be a point
such that x /∈ π

(
B−(OP(E)(1))

)
. Then for any a > 0 there exists b > 0 such that

OP(E)(2(a − 1)b)⊗ Ab is generated on any point y ∈ π−1(x) by its global sections
(defined on the whole P(E)).

Then the line bundle

L = OP(E)(2ab)⊗π∗H2b � OP(E)(2(a − 1)b)⊗OP(E)(b)⊗π∗Hb

⊗OP(E)(b)⊗π∗Hb

� (
OP(E)(2(a − 1)b)⊗ Ab)⊗ Ab

is the product of a line bundle which is generated by global sections (on P(E)) at
any point of the fiber Y = π−1(x) = P(E(x)) with a very ample line bundle, so
its global sections (on P(E)) define a closed immersion of Y into a projective space.
In other words, the linear system H0(P(E), L) defines a rational map ϕ : P(E) ���
P(H0(P(E), L)) = P

N which is a regular immersion on Y . Then in particular, for
m  0 the multiplication map SymmH0(P(E), L) → H0(Y, Lm |Y ) is surjective.

It follows that the map π∗
(
SymmH0(P(E), L)⊗OP(E)

) → π∗(Lm) is surjective
at the point x ∈ X . As π∗(Lm) = Sym2abmE⊗H2bm we may conclude that for any
a > 0 and m large enough the vector bundle Sym2abmE⊗H2bm is generated at x by
its global sections, hence x /∈ B−(E). ��

The analogous claim holds for augmented base locus, with a similar proof.

Proposition 3.2 Let E be a vector bundle on a smooth projective variety X, with the
same notations as in Proposition 3.1, we have
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π
(
B+(OP(E)(1))

) = B+(E).

Proof Let H ∈ Pic(X) be a sufficiently ample line bundle such that A =
OP(E)(1)⊗π∗H is very ample on P(E). Then

B+(OP(E)(1)) =
⋂

a>0

B
(
OP(E)(a)⊗ A−1) =

⋂

a>0

⋂

b>0

Bs
(
OP(E)(ab)⊗ A−b)

and

B+(E) =
⋂

a>0

⋂

b>0

Bs
(
SymabE⊗H−b).

In order to show that π
(
B+(OP(E)(1))

) ⊆ B+(E), observe that if SymabE⊗H−b

is globally generated at a point x ∈ X , then π∗SymabE⊗π∗H−b is generated at all
points in π−1(x), hence OP(E)(ab)⊗π∗H−b = OP(E)((a + 1)b)⊗ A−b is globally
generated at all points in π−1(x).

To show the other inclusion, set U = X \π
(
B+(OP(E)(1))

)
and observe that(

OP(E)(ab)⊗ A−b
)
is generated by its global sections at the points of π−1(U )

for a and b sufficiently large. Let us consider b > 0 a sufficiently large posi-
tive integer, a = (b − 1)k > 0 a sufficiently large multiple of b − 1, and set
c = ((a − 1)b + 1)/(b − 1) = kb − 1 = a + k − 1. Finally, let L be the line bundle

L = OP(E)(c(b − 1))⊗π∗H−(b−1) = OP(E)((a − 1)b + 1)⊗π∗H−(b−1)

�
(
OP(E)(ab)⊗

(
OP(E)(−1)⊗π∗H−1)b

)
⊗(OP(E)(1)⊗π∗H)

� (
OP(E)(ab)⊗ A−b)⊗ A.

Nowforb and k large enough L is the product of the very ample line bundle Awith a line
bundlewhich is generated by global sections onπ−1(U ), so it is very ample on the open
subsetπ−1(U ). Furthermore,we have thatπ∗(L) = Symc(b−1)E⊗H−(b−1) and sowe
can apply the same argument as in the proof of Proposition 3.1 to finish the proof. ��

4 Positivity properties for line bundles

We recall here how augmented and restricted base loci are involved with various
positivity notions of line bundles, as well as loci defined by negative curves:

Definition 4.1 Let L be a line bundle on a smooth projective variety X . Fix an ample
line bundle A and a rational number ε > 0. We define

(4.1.1) T A
ε = {x : ∃C ⊆ X curve on X such thatx ∈ C, c1(L) ·C < ε ·c1(A) ·C}

to be the non-AEA locus of L with respect to A and ε;
(4.1.2) T(L) = ⋂

ε>0 T
A

ε to be the stable non-AEA locus of L , and
(4.1.3) T

0(L) = {x : x ∈ C such that L ·C < 0} the negative locus of L .
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Proposition-Definition 4.2 For a line bundle L on the variety X we have the follow-
ing:

(4.2.1) T
0(L) ⊆ B−(L), the inequality can be strict, cf. [2, Remark 6.3].

(4.2.2) T(L) ⊆ B+(L).
(4.2.3) L is ample iff B+(L) = ∅.
(4.2.4) L is semiample iff B(L) = ∅.
(4.2.5) L is nef iff B−(L) = ∅ iff T

0(L) = ∅.
(4.2.6) L is big iff B+(L) �= X.
(4.2.7) L is psef (pseudo-effective) iff B−(L) �= X.
(4.2.8) L is almost nef iff T

0(L) is contained in a countable union of proper closed
subsets of X.

(4.2.9) L is AEA (almost everywhere ample) if T(L) �= X.
(4.2.10) L is weakly positive if B−(L) �= X.

Proof Points (4.2.1)–(4.2.6) are well-known statements. The claims (4.2.8)–(4.2.10)
are the definitions of respective notions according to [2,14,18], respectively. The only
statement in need of a proof is (4.2.7).

Note that a line bundle is pseudo-effective precisely if its numerical equivalence
class lies in the closure of the effective cone in the real Néron–Severi group. Hence
the line bundle L is psef if and only if for all m > 0, L + (1/m)A is effective,
or, equivalently, if for all m > 0, B(mL+ A) �= X . Therefore B−(L) �= X as it is
contained in a countable union of proper closed subsets of X . Conversely, if B−(L) �=
X , then the class of L is a limit of effective classes. ��
Remark 4.3 Positivity properties related to asymptotic base loci are best summarized
in the form of a table.

B−(L) B−(L) B(L) B+(L)

= ∅ nef nef semiample ample

�= X pseudo-effective weakly positive effective big

Remark 4.4 See Sect. 8 and in particular Remark 8.1 for more details about non-AEA
loci and their relationship with the augmented base loci.

Furthermore, as we mentioned earlier, Lesieutre [13] proved that there exist line
bundles which are pseudo-effective but not weakly positive. In particular, B−(L) is
not necessarily closed.

Proposition 4.5 A line bundle L is almost nef if and only if it is pseudo-effective.

Proof One implication is obvious by (4.2.1). The other implication follows from [2],
as if L is not pseudo-effective then there exists a reduced irreducible curve C ⊆ X ,
such that c1(L) ·C < 0 and C moves in a family covering all X , so T

0(L) cannot be
contained in a countable union of proper (Zariski) closed subsets. ��
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The following theorem will be proved in Sect. 7.

Theorem 4.6 A line bundle L is big if and only if it is AEA.

A recent result of Lehmann [12] gives a characterization of the relationship between
the non-AEA locus and the diminished base locus. We will use the following when
describing all the relationships.

Definition 4.7 Let X be a smooth projective variety over C and let D be a pseudo-
effective R-divisor on X . Suppose that φ : Y → X is a proper birational map from a
smooth variety Y . The movable transform of D on Y is defined to be

φ−1
mov(D) = φ∗D −

∑

E φ-exc.

σE (φ∗D) ·E .

For a pseudo-effective line bundle L define φ−1
mov(L) as the line bundle associated to

φ−1
mov(c1(L)) on Y .

Note that themovable transform is not linear and is only defined for pseudo-effective
divisors.

Remark 4.8 In the above, σE is the asymptotic multiplicity function introduced by
Nakayama [16, Section III.1]. If X is a smooth projective variety, L a pseudo-effective
R-divisor, E a prime divisor on X , then

σE (L) = lim
ε→0+inf

{
multE L

′ : L ′ � 0 and L ′ ∼R L + εA
}
,

where A is an arbitrary but fixed ample divisor.

Remark 4.9 Following [12, Definition 1.2], we call an irreducible curve C on X to be
a mov1-curve, if it deforms to cover a codimension one subset of X .

Theorem 4.10 ([12]) Let X be a smooth projective variety over C and D a pseudo-
effective R-divisor. D is not movable if and only if there is a mov1-curve C on X and
a proper birational morphism φ : Y → X from a smooth variety Y such that

φ−1
mov(D) ·C < 0,

where C is the strict transform of a generic deformation of C.

The following reformulation is easy to see.

Theorem 4.11 Let X be a smooth projective variety and D a pseudo-effective R-
divisor. Suppose that V is an irreducible subvariety of X contained in B−(L) and let
ψ : X ′ → X be a smooth birational model resolving the ideal sheaf of V . Then there
is a birational morphism φ : Y → X ′ from a smooth variety Y and an irreducible
curve C on Y such that φ−1

mov(ψ
∗D) ·C < 0 and ψ ◦ϕ(C) deforms to cover V .
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Remark 4.12 Let L be any line bundle on X smooth projective, then

B−(L) =
⋃

f : Y→X

f
(
T
0( f −1

mov(L)
))

.

There are several examples for which the loci T
0(L) and B−(L) do not coincide, and

in some cases the difference is divisorial.

Question 4.13 Is it true that B−(L) is contained in a proper closed subset of X (i.e.,
L is weakly positive) if and only if the same holds for T

0(L)?

Remark 4.14 In [2, Question 7.5] the authors ask if for a vector bundle E ,
B−(OP(E)(1)) does not dominate X if and only if neither does T

0(OP(E)(1)).

5 Restricted base loci for vector bundles

Here we explore the connections between the positivity properties of a vector bundle
and the associated asymptotic base loci. We will start recalling some classical defi-
nitions for vector bundles. Note that these definitions do sometimes appear slightly
differently in the literature, but we will try to follow and indicate specific selected
references each time.

Definition 5.1 Let E be a vector bundle on a smooth projective variety X ,π : P(E) →
X the projective bundle of one dimensional quotients of E , andOP(E)(1) the universal
quotient of π∗E on P(E). We say that E is

(5.1.1) nef if OP(E)(1)) is a nef line bundle, i.e., if B−(OP(E)(1)) = ∅;
(5.1.2) almost nef if π

(
T
0(OP(E)(1))

)
is contained in a countable union of proper

closed subsets of X , cf. [2];
(5.1.3) pseudo-effective if B−(E) �= X , cf. [2];
(5.1.4) weakly positive if B−(E) �= X , cf. [18].

From Proposition 3.1 we have immediately the following two statements.

Proposition 5.2 A vector bundle E is nef if and only if B−(E) = ∅.
Proposition 5.3 A vector bundle E is pseudo-effective if and only if OP(E)(1) is
pseudo-effective and π

(
B−(OP(E)(1))

) �= X.

Remark 5.4 The proposition above is the same as [2, Proposition 7.2]. Observe that
the locus Lnonnef in [2] is what we call B−(L) here (we are in the smooth projective
case).

The following proposition is immediate.

Proposition 5.5 A vector bundle E is almost nef if and only if there exists a countable
union T = ⋃

i∈N Ti of proper closed subsets of X, such that for any curve C ⊆ X not
contained in T the restriction E |C is a nef vector bundle.
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Remark 5.6 It follows from the definitions and propositions above that

E weakly positive �⇒ E pseudo-effective �⇒ E almost nef.

Wehave seen that the first implication is not an equivalence,while it is an open question
whether, for vector bundles, being almost nef is equivalent to being pseudo-effective,
as in the line bundle case, cf. [2, Question 7.5].

Question 5.7 Does E being almost nef imply that E is pseudo-effective?

If E is almost nef, then the line bundleOP(E)(1) is almost nef, hence pseudo-effective.
In order to have that E is pseudo-effective, one needs to show that B−(OP(E)(1)) does
not dominate X .

6 Augmented base loci for vector bundles

Definition 6.1 Let E be a vector bundle on a smooth projective variety X ,π : P(E) →
X the projective bundle of one dimensional quotients of E , andOP(E)(1) the universal
quotient of π∗E on P(E). We say that

(6.1.1) E is ample if OP(E)(1) is ample on P(E);
(6.1.2) E is L-big if OP(E)(1) is big on P(E);
(6.1.3) E is V-big (or Viehweg-big) if there exists an ample line bundle A and a

positive integer c > 0 such that SymcE⊗ A−1 is weakly positive, i.e., such
that B−(SymqE⊗ A−1) � X , cf. (5.1.4).

Directly from Proposition 3.2 we have

Proposition 6.2 A vector bundle E is ample if and only if B+(E) = ∅.
Remark 6.3 It is well-known that a line bundle L is big if and only if B+(L) �= X ,
equivalently, if there exist A ample and a positive integer c > 0 such that L⊗c⊗ A−1

is pseudo-effective. Next we will prove that the same equivalences hold for V-bigness
for vector bundles of arbitrary rank.

Theorem 6.4 Let E be a vector bundle on a smooth projective variety X. Then the
following properties are equivalent:

(6.4.1) E is V-big.
(6.4.2) There exist an ample line bundle A and a positive integer c > 0 such that

SymcE⊗ A−1 is pseudo-effective.
(6.4.3) B+(E) �= X.

Proof The implication (6.4.1)⇒ (6.4.2) is clear; let us consider (6.4.2)⇒ (6.4.3).
Suppose there exist A ample and c > 0 such that SymcE⊗ A−1 is pseudo-effective,
i.e.,

B−
(
SymcE⊗ A−1) �= X.
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Then

⋃

q>0

B

(
E − 1

c
A + 1

q
A

)
=

⋃

q>0

B

(
E − q − c

qc
A

)
�= X.

Now for q  0 and (q − c)/(qc) > 1/(2c), one has

B+(E) ⊆ B

(
E − 1

2c
A

)
⊆ B

(
E − q − c

qc
A

)
� X,

hence the validity of the desired implication.
Next we verify that (6.4.3)⇒ (6.4.1). If E satisfies B+(E) �= X , then there exists

q > 0 such that B(E − (1/q)A) � X is a closed proper subset. Consequently,

B−(SymqE⊗ A−1) ⊆ B
(
SymqE⊗ A−1)

� X. ��

Corollary 6.5 If E is V-big, then it is L-big as well.

Proof Theorem 6.4 yields B+(E) �= X , therefore B+(OP(E)(1)) �= P(E) via Propo-
sition 3.2. As a consequence OP(E)(1) is big on P(E), equivalently, E is L-big.

Remark 6.6 L-big vector bundles are not necessarily V-big, as the example of
OP1⊕OP1(1) on P

1 shows, see [8, p. 24].
The key difference between V-big and L-big vector bundles is that being L-big

means that OP(E)(1) is ample with respect to an open set V ⊆ P whereas E is V-big
if we can take V to be of the form V = π−1(U ), U ⊆ X open.

Remark 6.7 A V-big vector bundle E on a variety X is also called ample with respect
to an open subset, cf. [8, Chapter 3] and [9]. A similar notion to V-bigness, strong
bigness, has been defined by Brotbek for vector bundles, cf. [3].

Remark 6.8 In the case where E = 
X is the cotangent sheaf of a variety X , the
definitions and Proposition 3.2 imply the following inclusion B+(
X ) ⊇ DS(X, TX ),
where DS(X, TX ) is the Demailly–Semple locus.

The work of Diverio and Rousseau [4] therefore provides examples of complex
projective varieties of general type X where 
X is a semistable L-big vector bundle
with a big determinant, which is nevertheless not V-big.

7 Almost everywhere ampleness

The notion of almost everywhere ampleness was first defined by Miyaoka in the
context of his work on vector bundles on surfaces; the definition goes through in all
dimensions verbatim.
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Definition 7.1 ([14]) Let X be a smooth projective variety, E a rank r vector bundle on
X . Consider the projectivized bundle P = P(E)with projection morphism π : P → X
and tautological bundle OP(1). We say that E is almost everywhere ample (AEA for
short), if there exists an ample line bundle A on X , a Zariski closed subset T ⊂ P,
whose projection π(T ) onto X satisfies π(T ) �= X , and a positive number ε > 0 such
that

c1(OP(1)) ·C � ε ·π∗(c1(A)) ·C

for all curves C ⊂ P that are not contained in T .

For line bundles, this notion coincides with bigness.

Proposition 7.2 For a line bundle L on a smooth projective variety X, the following
are equivalent:

(7.2.1) L is AEA, i.e, there is an ample line bundle A on X, a number ε > 0, and a
proper Zariski closed subset T ⊂ X such that

c1(L) ·C � ε ·c1(A) ·C

for all curves C ⊂ X not contained in T .
(7.2.2) For every ample line bundle A on X, there is ε > 0 and a proper Zariski

closed subset T ⊂ X such that

c1(L) ·C � ε ·c1(A) ·C

for all curves C ⊂ X not contained in T .
(7.2.3) L is big.

Proof Assume (7.2.3), and let A be any ample line bundle. Then, by Kodaira’s lemma,
there is a positive integer m such that we can write

mc1(L) = c1(A) + F,

where F is an effective divisor. Taking T to be the support of F , it follows for every
curve C ⊂ X not contained in T that

mc1(L) ·C = c1(A) ·C + F ·C � c1(A) ·C

and this implies (7.2.2) with ε = 1/m.
Obviously (7.2.2) implies (7.2.1), so let us assume condition (7.2.1) and show

that it implies (7.2.3). A curve C ⊂ X such that c1(L) ·C < ε ·c1(A) ·C cannot be
a movable curve (in the sense of [11, Section 11.4.C]), since these cover all of X
(by [11, Lemma 11.4.18]), whereas T �= X . So L must have positive intersection with
all movable curves. This implies that L lies in the dual of the cone of movable curves
Mov(X), which by the theorem of Boucksom–Demailly–Păun–Peternell [2] is the
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pseudo-effective cone Eff (X). In order to conclude that L is big—and thus to complete
the proof—it is therefore enough to show that L lies in the interior of that cone.

The assumption that L is AEA says that

(c1(L) − εc1(A))C � 0 for all C �⊂ T .

Therefore, writing c1(L) − εc1(A) = (c1(L) − εc1(A)/2) − εc1(A)/2, we see that
c1(L) − εc1(A)/2 is AEA as well. Moreover, every class in the open set

c1(L) − ε

2
c1(A) + Amp(X)

is AEA, and c1(L) lies in this open set. ��

Proposition 7.3 Let E be a vector bundle on a smooth projective variety X, let P =
P(E). If E is AEA on X, then so is OP(1) on P.

Proof For E to be AEA means that for every ample line bundle A on X , there exists
a Zariski-closed subset T ⊆ P not dominating X , and ε > 0 such that

c1(OP(1)) ·C � ε(π∗c1(A) ·C)

for all irreducible curves not contained in T .
Since OP(1) is π -ample, the line bundle π∗Am⊗OP(1) is ample for all m �

m0  0 by [11, Proposition 1.7.10]. Let us choose m0 a positive integer such that
π∗Am0⊗OP(1) is ample.

We will prove thatOP(1) is AEA on Pwith closed subset T � P, ample line bundle
π∗Am0⊗OP(1) on P, and a suitable ε′ > 0. We need that

c1(OP(1)) ·C � ε′(c1
(
π∗Am0 ⊗OP(1)

) ·C)
,

or equivalently,

c1(OP(1)) ·C � m0ε
′

1 − ε′ (π∗c1(A) ·C)

for all curves not contained in T . By our assumption on E , this holds whenever

ε′ <
ε

ε + m0
. ��

Corollary 7.4 If E is AEA, then it is L-big.

Proof Immediately from Propositions 7.2 and 7.3
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8 The bad AEA locus in the line bundle case

Throughout this section we will prove some relationships between the loci
T(L), B−(L), B+(L), and provide some examples.

Consider a line bundle L , and fix an ample line bundle A and a number ε > 0. We
defined the non-AEA locus of L with respect to A and ε as the subvariety

T A
ε =

⋃{
C : C curve on X with c1(L) ·C < ε ·c1(A) ·C}

.

The AEA assumption on L simply means that there exists ε > 0 such that T A
ε �= X .

For ε < δ we have Tε ⊂ Tδ , so that we can express the AEA condition equivalently
as saying that the intersection T(L) = ⋂

ε>0 T
A

ε is not all of X .

Remark 8.1 It is immediate that T(L) ⊆ B+(L). In fact, by the noetherian property
there are positive real numbers ε0 and δ0 such that

T(L) = T A
ε for all ε � ε0,

B+(L) = B(L − δA) for all δ � δ0.

Now choose ε < min(ε0, δ0), then

T(L) = Tε = {
x : x ∈ C curve on Xsuch that c1(L) ·C < ε ·c1(A) ·C}

.

If C is a curve such that (L − εA)C < 0 then C ⊆ B(L−εA) = B+(L) which is a
closed set.

Remark 8.2 A line bundle L is ample if and only ifT(L) = ∅. In general the inclusion
{
x : x ∈ C curve on X such that c1(L) ·sC � 0

} ⊆ T(L)

is strict, as shown by a strictly nef non ample line bundle L , where the first set is empty
but the second one is not. Examples of line bundles that are strictly nef (and even big)
and non ample have been first given by Mumford, cf. [7], and a complete description
can be found in [17].

Remark 8.3 A fewwords on the relationship betweenT(L) andB±(L). We will show
here thatT(L) �= B+(L) in general. A bit more precisely, we will try to understand the
relationship of T(L) to the augmented and restricted base loci of L when dim X = 2.
Recall that

B−(L) =
∞⋃

m=1

B

(
L + 1

m
A

)

for any integral ample divisor A on X .
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Let D be a big divisor on a smooth projective surface X with Zariski decomposition
D = PD + ND . Then [5, Examples 1.11 and 1.17] tell us that

B+(OX (D)) = Null(PD) =
⋃

C

{
C ⊆ X irred : PD ·C = 0

}
,

B−(OX (D)) = Supp ND .

Example 8.4 Here we present an example where T(L) �= B±(L). Let X be a surface
that carries a big divisor D and an irreducible curve C ⊆ X satisfying C ⊆ Supp ND

and D ·C > 0. Then C �⊆ T(OX (D)), but C ⊆ B−(OX (D)) ⊆ B+(OX (D)). In this
case we have

T(OX (D)) �= B−(OX (D)), B+(OX (D)).

Surfaces carrying such D and C exist by [1]: Consider a K3 surface X , on which the
Zariski chamber decomposition does not coincide with the Weyl chamber decompo-
sition. The latter is by [1, Theorem 1] the case if and only if there are (−2)-curves
on X having intersection number 1. For a concrete example one can, as done in [1,
Section 3], take a smooth quartic surface X ⊂ P

3 that has a hyperplane section of the
form H = L1 + L2 + Q, where L1 and L2 are lines and Q is a smooth conic. Then
the divisors of the form

D = H + a1L1 + a2L2

with a1 � 1 and a2 � 1 have L1 and L2 in the support of the negative part of their
Zariski decomposition, but one can find a1, a2 such that D ·L1 > 0 and D ·L2 < 0 (for
instance a1 = 2, a2 = 4). (In the notation of [1], D lies in the Zariski chamber Z{L1,L2},
but not in the Weyl chamber W{L1,L2}, instead it lies in the Weyl chamber W{L2}.)
Example 8.5 In general T(OX (D)) is not contained in B−(OX (D)) either, where
L = OX (D) for a suitable integral Cartier divisor D. To see this, take a surface
where all negative curves have self-intersection −1. Then the intersection form of the
negative part of the Zariski decomposition of any big divisor is − Id, in other words,
no two curves in it can intersect. Consequently,

T(OX (D)) = B+(OX (D)).

This can be seen as follows: letC ⊆ B+(OX (D)) = Null(PD) be an irreducible curve.
Since PD is big and nef, the intersection form on P⊥

D is negative definite, which under
the given circumstances means that (C ·C ′) = 0 for every irreducible curve C �= C ′
coming up in ND . Therefore

D ·C = PD ·C + ND ·C = 0 + (� 0) = (� 0).

Consequently, C ⊆ T(OX (D)).
Take a non-stable (in the sense of [5, Definition 1.22]) big divisor D on X , then

B−(OX (D)) � B+(OX (D)) = T(OX (D)).
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9 V-big versus AEA

Let X be a smooth projective variety and E a vector bundle on X . There exist two
non-equivalent definitions for bigness in the literature: V-big and L-big vector bundles.
It is known that V-bigness implies L-bigness and that the converse does not hold if
rk E � 2, cf. Remark 6.8.

Throughout this section we will point out some differences (for example a different
Kodaira’s lemma) between L-big and V-big vector bundles, and compare V-bigness
and almost everywhere ampleness. In particular we will show that these positivity
properties coincide for nef vector bundles.

Remark 9.1 In the literature V-big vector bundles are also called ample with respect
to an open set U [9], with U ⊆ B+(E). We will refer to them in such way when
stating properties proven in [8], or when we want to stress the emphasis on the open
sets involved.

We have seen that if E is V-big, then E is also AEA: apply Remark 8.1 toT(OP(E)(1)).

Question 9.2 Does E being AEA imply that E is V-big? We will see that this is the
case if E is nef.

Remark 9.3 As pointed out in [8, Lemma 3.44], a vector bundle on a projective curve
is ample with respect to an open set (i.e. V-big) exactly if it is ample.

Next we will show that a strong form of Kodaira’s lemma is valid for vector bundles
that are ample with respect to an open set.

Lemma 9.4 (Kodaira’s lemma for vector bundles) Let X be a smooth projective vari-
ety, E a vector bundle, and A an ample line bundle on X. Then the following are
equivalent:

(9.4.1) E is ample with respect to an open subset.
(9.4.2) SymmE contains an ample vector bundle of the same rank for some m > 0.
(9.4.3) There exists m > 0 and an injective morphism

rk SymmE⊕
A ↪→ SymmE,

which is an isomorphism over an open subset.

Proof The equivalence of (9.4.1) and (9.4.3) is the content of [8, Lemma 3.42]; (9.4.3)
obviously implies (9.4.2), and (9.4.2) implies (9.4.1) holds since being ample with
respect to an open set is scale-invariant. ��
There is a useful characterization of ampleness with respect to an open subset in terms
of OP(E)(1).

Lemma 9.5 (cf. Proposition 3.2)With notation as above, E is amplewith respect to the
dense open set U ⊆ X precisely ifOP(E)(1) is ample with respect to π−1(U ) ⊆ P(E).

Here we have the following weaker version of the Kodaira lemma.
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Lemma 9.6 Let E be a vector bundle using the notation above.

(9.6.1) Assume that H0 (X,SymmE) �= 0 for some m > 0. Then for any ample line
bundle A on X and any k > 0, SymkE⊗ A is L-big.

(9.6.2) Assume that for some m > 0 and some x ∈ X the vector bundle SymmE is
generated at x by its global sections H0 (X,SymmE). Then for any ample
line bundle A on X and any k > 0, SymkE⊗ A is V-big.

(9.6.3) Conversely, assume that E is L-big. Then for any line bundle L on X,

H0 (
X,SymmE⊗L

) �= 0

for all m  0.
(9.6.4) Assume that E is V-big. Then for any line bundle L on X, SymmE⊗Lis

generically generated by its global sections for all m  0.

Proof Toprove (9.6.1), assume that H0 (X,SymmE) �= 0 for somem > 0.Thismeans
that H0

(
P(E),OP(E)(m)

) � H0 (X,SymmE) �= 0, hence OP(E)(1) is Q-effective.
Then

OP(E⊗A)(1) � OP(E)(1) ⊗ π∗A.

By [11, Proposition 1.7.10], the Q-divisor ac1(OP(E)(1)) + π∗c1(A) is ample for
0 < a � 1. This implies that

c1(OP(E)(1)) + π∗c1(A) = (1 − a)c1(OP(E)(1)) + (
ac1(OP(E)(1)) + π∗c1(A)

)

can be written as the sum of an effective and an ample divisor, hence it is big.
To prove (9.6.2), assume that for some m > 0 and some x ∈ X the vector bundle

SymmE is generated at x by its global sections. Then B(E) �= X and hence B−(E) ⊂
B(E) �= X . Therefore E is weakly positive and for all H ample

B+
(
E + 1

m
H

)
=

⋂
B

(
E + 1

m
H − 1

n
H

)
⊆ B(E) �= X.

(9.6.3) is a reformulation of the Kodaira lemma on P(E), see [11, Lemma 2.2.6].
Finally, for (9.6.4), assume that E is V-big, H an ample line bundle, and L any line

bundle on X . We have that for m sufficiently large H − (1/m)L is ample, and as E is
V-big we have

B
(
SymmkE+L) = B

(
SymkE + 1

m
L

)
⊆ B

(
SymkE −

(
H − 1

m
L

))
�= X

for k big enough. ��
Remark 9.7 A line bundle is (V-)big if and only if it is ample with respect to an open
set. We have seen in Remark 6.6 that there exist simple vector bundles that are L-big,
but not V-big, and hence not ample with respect to an open set.
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The following proposition allows to identify the open sets involved in almost every-
where ampleness and ampleness with respect to an open subset.

Proposition 9.8 Let X be a smooth projective variety, E a vector bundle on X con-
taining an ample vector bundle A of the same rank. Then

(9.8.1) E is almost everywhere ample with respect to the closed subset T =
Supp(E/A).

(9.8.2) E is ample with respect to the dense open set X \T .
Proof Let H be an ample line bundle on X , and L = OP(E)(1) and C ⊆ P(E) an
irreducible curve. If C is contained in a fibre that maps to a point away from T , then

L ·C = π∗A ·C,

which verifies the intersection condition for almost everywhere ampleness. If C is
contained in a fibre mapping to T , then we do not care about the intersections numbers
at all.

We may now assume that C is not contained in a fibre of π . Let B = π(C) ⊆ X .
By restricting everything to B via base change along B ↪→ X , and passing to the
normalization of B, we may assume that X is a curve, and π |C : C → X is a dominant
morphism. Consider the short exact sequence of sheaves

0 → A → E → Q → 0,

where Q = E/A is a torsion sheaf on X with support T .
The vector bundle map π∗E → OP(E)(1) is surjective, hence π∗A maps surjec-

tively onto a sub-line-bundle B of OP(E)(1). Since π∗A is ample, so is the quotient
B. ��
Remark 9.9 In the case of a line bundle L , the largest open subset over which the
evaluation map

H0 (X, L) ⊗OX → L

is surjective is the complement of the stable base locus X \B(L).
An L-big vector bundle E is V-big ifB+(OP(E)(1)) is contained in a union of fibres

over a proper Zariski closed subset of X .

When L is a line bundle on a surface, then it is immediate from the intersection-
theoretic characterizations that

B+(L) = T(PD).

Since we would need something along these lines on P(E), which in interesting cases
has dimension at least three, the above observations can only serve as a pointer what
kind of statements we would like to prove in higher dimensions.

Lemma 9.10 Let X be an irreducible projective variety, L a nef line bundle on X.
Then
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B+(L) = T(L).

Proof We have already observed in Remark 8.1 that T(L) ⊆ B+(L) in general. To
prove the other direction in the case where L is nef, we use the main result of [15],
see also [6, Corollary 5.6]:

B+(L) =
⋃

V⊆X
Ld ·V=0

V .

We have to show that if V ⊆ X is an irreducible subvariety for which L|V is not big,
then V is contained in T(L). Let us fix an ample divisor A on X . We will show that V
is covered by curves C satisfying L ·C < εA ·C for ε small enough.

Let μ : V ′ → V ⊆ X be a resolution of singularities. Since L|V was pseudo-
effective and not big to begin with, then the same applies to μ∗(L|V ). As μ∗(L|V ) is
not big, it is not in the interior of the pseudo-effective cone, hence there must exist
a real 1-cycle 0 �= C ∈ N1(V ′) that is a limit of moving curves Cn ⊆ V with
μ∗(L|V ) ·C = 0.

Now let A be an ample divisor on X , then μ∗(A) is big on V ′, so μ∗(A) ·C > 0.
Then

lim
μ∗(L|V ) ·Cn

μ∗(A) ·Cn
= 0.

Thus, for n sufficiently large, μ∗(L|V ) ·Cn < εμ∗(A) ·Cn , hence by projection for-
mula L ·μ∗(Cn) < εA ·μ∗(Cn). And the class of μ∗(Cn) covers V , which implies
V ⊆ T(L). ��
Proposition 9.11 Let E be a nef vector bundle on an irreducible projective variety
X. Then E is AEA if and only if it is V-big.

Proof Both AEA and V-bigness imply that L = OP(1) is a big and nef line bundle.
By the previous lemma, B+(L) = T(L), hence

E is V-big ⇐⇒ π(B+(L)) �= X ⇐⇒ π(T(L)) �= X ⇐⇒ E is AEA. ��
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