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,p®Få�È�±³ÜQ±Ç¯�È�® EF � � ��" õ SfGa_�DQU`S[UbXIS�\[OQEHOYXaXHS[EHKAGaXIK]\4D�JLKNMN·FOY_`PRURDc¸HG õ4ø>÷Yö � IJ# ÷cø I õ4öÛö #JG õ
ö ÷ �LK õ � ö õ ξ ∈ TxM � ø|ø � � � ö õ�M � õoõ �$��� ö õ�M

χ(x, ξ) = lim
t→∞

1

t
log
‖DxΦtξ‖
‖ξ‖

í ´ ï

 <  <]¢ qpÈîÆQ²`ÎT¯�Ï�²L°áÐT±ÇÆQ¯�Å³²L°c®
C+DQU�GaK]JLS[EHK]OYZ�D/KAi9\TOQGID½JRK�PRU|à DQEH�RK>XHOp_�STEIKADLJLK]\[O½JLK9_�S[EHKAD�JRD

τ
�eK>UËþbPRSfG�XHD½\TOQGID½iÇà OY_Ló

_RiAKA\TOYºTK>DFURS�XjOYUR¿FS[UbXISkÿkPRU/DQ_�S[EjOcXHDQEHS�i>KAURSfOYEHS6GIP
TxM
����PR_`_�DFURKAOQZ�De_�S[E?GaSTZ�_Ri>K]\4K>XHÁ

\j�RS
DxΦτ

OY�R�RK]O
n = dimM

OYPRXIDc¸cOYiADQEHK
λ1, . . . , λn

ôb\[DQU |λ1| > |λ2| > . . . > |λn|
S

GIKAOQURD
u1, . . . , un

K`EHK]Ga_�S4XIXIKA¸bK�OYPLXHDc¸QS[XaXIDFEIKÛ�1ghi>iADQEjO@_�S[E9DF¿QURK
k > 0

S�_�S[E
1 ≤ i ≤ n GIKOá¸�EHÁ

DxΦkτui = λki ui
S@_REISTU`JLSTU`JLDoK>i�iAK>Z�K>XIS�JLSTi>i]O�GaDQXaXIDbGaP�\[\4SfGIGIKADQURS

t = kτ, k ∈ NGIK�_RPR�&\4DFU`\4iAP`JLSTEIS@\j�RS

χ(x, ui) =
1

τ
log |λi| =: χi(x).

g�U�OYiADQ¿FOQZ�S[UbXISFôRGaS
1 ≤ r ≤ n

ô`_REHSTGID�PRUB¸QS[XaXIDFEIS
ξ = crur + . . .+ cnun

ô�GaS
cr 6= 0i]O�EaóýSTGIKAZ�O�\[DQZ�_�DQURSTUFXHS2JLDFZ�K>U`O&SeGaK��`O

χ(x, ξ) = χr(x)
�@C+DFU`GIKAJLSTEIK]OYZ�D&OQi>iADQEjOoiAO

GIS[¿QP`S[UbXIS�GISTþbPRS[U`ºTOoJLKNGIDYXaXHDFGI_`OYºTK
L1 ⊃ L2 ⊃ . . . ⊃ Ln

JLK
TxM
ôRJLS��`URK>XHO�JRO

L1 =< u1, . . . , un >= TxM
L2 =< u2, . . . , un >���
Ln =< un >

í § ï

¾



JLDc¸FS
< u1, . . . , uk >

KAU`JLK]\[OpKAi�GaDQXaXHDFGI_`OYºTK>Dp¿QSTURS[EjOcXHD/JRO
u1, . . . , uk

� ¼ U`O½GaP�\[\4SfG�ó
GIK>DFURS�JLKNGIDYXaXHDFGI_`OYºTK

E = L1 ⊃ L2 ⊃ . . . ⊃ Lm, m ≤ n = dimE

JLKvJLKAZ�S[U`GIK>DFURS�JLST\[EISfGI\[S[UbXISFô�ÿ�JLS4XIXHO�N ø ö G ÷PO ��#!� õ JRS[iAi>D½Ga_�OYº[KAD&¸FS4XaXHDQEHKAOQi>S E ��g�iAiADQEjOi]Om_REHST\[STJLSTUbXISBí § ïhÿ�PRU�O/_�OYEIXIK]\4DQi]OYEHSQ��iÓXHEHOQº[KADQURS�JLK
TxM

S�EHKAGIPRi>XHOpKAU�þbPRSfG�XHDp\TOQGID
χ(x, ξ) = χi(x)

GIS
ξ ∈ Li \ Li+1

í³JLDF_�D&Oá¸FS[E¡_�DbG�XHD
Ln+1 = {0} ï �

 <  < × .4ÅòÆF²RÎT¯ ä�®�È1®b°c²RÅÇ®
��S�iÛà DFEI�`KÓXjO�URDQU½ÿ�_�S[EHK>DLJLK]\[OoURDFUBÿ�_�DbGIGIK>�`K>iAS�EIKA_�S4XISTEIS�KAi|EjOY¿FK>DFU`OYZ�S[UbXHD2_REHST\[STJLSTUbXISQô
_�S[Ej\j�RÞ@iAO�Z�OY_`_`O�i>KAURSfOYEHS

DxΦt
¸cO�JRO

TxM
O
TΦt(x)M 6= TxM

ôRZ�S[UbXIEHS�¿QiAKNOYPRXIDYó
¸cOYiADQEHK`GIDQURDeJRS��`URK>XIK�KAUFXHEIKAU`GIST\TOYZ�S[UbXISkGaDFi>D�_�S[E¡Z�OY_R_�ShiAK>U`STOYEHK�J`O�PRURDeGI_`OQº[KAD�i>KAURSfOYEHS
KAU½GIÿQ�
^ à OQiÓXHEHO2_`OYEIXIS6ÿ@_�DbGIGIKA�RK>iAS@PR¿QP�OYiAZoSTUbXIS@OQGHGaSTEIKAEISkiÇà STGIK]G�XHS[URºfO2JLSTi>i]OR�`i>XIEjOYº[KADQU`SkKAU/DF¿QURK
_RPRUbXHD�JRK

x ∈M Oo_`OYEIXIKAEIS�JROoPRU�O�JLS��`U`K>ºTK>DFURS@_REIDc¸�¸�K]GaDFEIK]O�JLK χ(x, ξ)
ô�_RK��BJLST��DFi>SF�

χ(x, ξ) := lim sup
t→∞

1

t
log ‖DΦtxξ‖

íÇ¾Fï

\j�RS¡_�STEIZ�S[XaXIS?JLKLEHKAUb¸�K]OYEHS9KAiL_REHDQ�RiAS[Z�O6JLS[iAiÇà STGIK]G�XHS[URºfOkJLSTiLi>KAZ�KÓXHS�í�DFiÓXHEISòOkOá¸FS[E�DQZ�STGHGID
iÛà KAEIEHKAi>ST¸áOQUbXIS@JLS[URDFZ�K>U`OYXIDFEIS ‖ξ‖ ï � ^ O2XHOQi>S�JLS��`URKAº[KADQURS�GIS[¿FPRS�\j�RS

{
χ(x, cξ) = χ(x, ξ)
χ(x, ξ + ξ′) ≤ max {χ(x, ξ) + χ(x, ξ′)}

_�S[E¡DQ¿QU`K
ξ, ξ′ ∈ TxM

S
c 6= 0
��M1O�_REHKAZ�O2EHS[i]OYº[KADQU`S�ÿk��OYU`OQi>S>�F_�S[Eòi]OeGIST\4DFU`JROe�`OQGaXHO

P`GHOYEHS?iAOeJLS��`U`K>ºTK>DFURShJLK�i>KAZ=GaPR_NôFGIST\4DFU`JLD�i]O�þbP`OYiAS�_�S[E+DQ¿QU`K
ε > 0

STGIKAGaXIS
Tε > 0

XHOQi>S
\j�RS

t−1 log ‖DΦtxξ‖ < χ(x, ξ) + ε
_�S[E�DF¿QURK

t > Tε
ôRS�OYU�OYiADQ¿FOQZ�S[UbXIS6_�STE

ξ′
�9JRO�þbPRSTGaXHO�JLK]GIPR¿QP`OQ¿QiAKAOQURºTOoGIS[¿QP`S6KAUL�³OYXaXIKÛô

_�S[E
t > Tε

ô

t−1 log ‖DxΦt(ξ + ξ′)‖ ≤ t−1 log(‖DxΦtξ‖+ ‖DxΦtξ′‖)
≤ t−1 log[2 max(‖DxΦtξ‖, ‖DxΦtξ′‖)]
= t−1[max(log ‖DxΦtξ‖, log ‖DxΦtξ′‖) + log 2]

≤ max(χ(x, ξ), χ(x, ξ′)) + ε+ t−1 log 2,

J`O�\4PRK�i]O�GaSf\4DFU`JROR��SkPRSfG�XHS@JRPRS�EISTiAOQº[KADQURK�Z�DFGaXIEjOYU`Do\j�RS�_�S[E?DF¿QURK
ϑ ∈ R

L(ϑ) := {ξ ∈ TxM : χ(x, ξ) ≤ ϑ}
ÿ�GaDQXaXIDbGa_�OYº[KAD/JRK

TxM
� ¹ U�_`OYEIXIK]\4DFiAOQEISoGaK��`O½\j�RS�GaS

ϑ′ < ϑ
OQi>iADQEjO

L(ϑ′) ⊂ L(ϑ)
ô

OYU`º[KÛôFGIS�STGIKAGaXIS
ξ ∈ L(ϑ)

XHOYiASh\j�RS
χ(x, ξ) = ϑ

ô�OYiAi>DFEHO
ξ /∈ L(ϑ′)

ôbDc¸b¸FS[EHDkiÛà K>U`\[i>P�GaKADQURS
ÿ&_REHDQ_`EIK]O½S

dimL(ϑ) > dimL(ϑ′)
�T��S&URSp\4DFU`\4iAP`JLSm\j�`S/OYi+¸cOYEHKAOQEIS&JLK

ξ 6= 0
K>U

TxM
i]O/þbP`OQUFXHKÓXjÁ

χ(x, ξ)
OFGIGIPRZ�S

m ≤ n
¸cOYiADQEHK�JRKAGaXIKAUbXIK

χ∗1(x) > . . . > χ∗m(x)
� ¹

À



GIDYXaXHDFGI_`OYºTK
Lk := L(χ∗k), 1 ≤ k ≤ m ôR\[DFGaXIK>XIPRK]GI\[DQURD�i]OR�`iÓXHEHOQº[KADQURS�\[S[Ej\[OcXjOR�

TxM =
L1(x) ⊃ . . . ⊃ Lm(x)

\[DQU iAS½_REHDQ_REHK>S[XHÁ�\j�RS
χ(x, ξ) = χ∗k(x)

GIS/SWGIDQiAD�GIS
ξ ∈

Lk(x) \ Lk+1(x)
�

g��`�RKAOQZ�D�JRK>Z�DFGaXIEjOcXHD2KAiNGIS[¿FPRS[UbXISF�
)¡®b¯�°c®�ÊË² VU õ GW#�KX�Y�

x ∈M M
� ùe÷Yø I ÷ G�� ÷ G õZ� �

ξ
� �
TxM

ø>÷@[�\`÷ � ö � öC] χ(x, ξ) �Qõ N��^� öý÷ � �`_Ca�b ÷ �$� \c��õd\ �e� \c��õ G�#Nf�Y� ö # m ≤ n � ��I ÷cø #!G�� � ��� ö � � ö �

χ∗1(x) > χ∗2(x) > . . . > χ∗m(x);

� � ù2õ ����� öýõW\ � ÷ N ø ö G ÷gO ��#!� õ�� �
TxM

� �
m

��# öÛö #J�0h ÷gO � M
TxM := L1(x) ⊃ L2(x) ⊃ . . . ⊃ Lm(x),

í³Àbï
ö ÷cøAõ "$i õ

ξ ∈ Li(x) \ Li+1(x)⇒ χ(x, ξ) = χ∗i (x), i = 1, . . . ,m;
í�jQï

� � � ù ��� ÷ (e1, . . . , en) \ � ÷ekH÷ � õQ� �
TxM

ö ÷cø>õ "li õ h õ Gm#�KX�Y�
i = 1, . . . ,m M � ø � \c��õ G�#

�Fõ �nI õ[öÛö #!G�� � � öý÷Yø>õmkj÷ � õ "li õ�÷ hXh ÷ G ö õ �LKL#J�o# ÷ Li(x)\Li+1(x) p νi = dimLi−
dimLi+1

ù2qkø ø #!G ÷ �$�ni ÷
n∑

i=1

χ(x, ei) ≤
n∑

i=1

χ(x, fi),

� #JI õ (f1, . . . , fn) p \ � ÷rkj÷ � õ�[�\`÷cø ��� ÷ ��� � �
TxM
ù

M�à�PRi>XIKAZ�Dt_RP`UFXHDtGIS[¿FPRSmJROQi+�³OYXaXHDt\j�RS/iAO8�`OQGIS
(e1, . . . , en)

�`O8_�STEo\[DFGaXIEHPRº[KADQURSmK>i
Z�OY¿F¿QKADQE6UbP`ZoSTEID½_�DFGHGaKA�RKAi>S&JRK�¸QS[XaXIDFEIKvU`S[¿QiAK�GI_`OYºTK9\4DFUtKAU`JLK]\4S&OQiÓXHD`ô1JRPRU`þbPRS&\4DFU

χ�`OFGIGIDY��_�S[E�iÛà SfGaK]GaXIS[U`ºTOoJLK�XHOQi>S���OQGIS@GIK�EHK>U�¸�KAOoO½û ¾áüÛ�
,p®Få�È�±³ÜQ±Ç¯�È�®8¢Es ø � \c��õ G�# νi = dimLi(x)− dimLi+1(x) p �Qõ[öÇö #�Z�DFiÓXHS[_RiAKA\[KÓXjÁ � �
χ∗i (x) ù U #!�Y� ÷J� #t� �o# øÓö G õ

χi(x) := χ(x, ei),

� #!I õ (e1, . . . , en) p kj÷ � õt� �
TxM

"$#J� ø>÷ hoGl#lhoG�� õ[öC]T�Fõ ��"�G�� öÇö ÷ � õ[ø h \ � ö #u_v� � � ù b �Fõ4ø
ö õ #!G õ���÷ hoG õ " õ$�Qõ � ö õeõ χ(x, ξ) p �Fõ Nf�Y� ö # �Q÷ _Ca�b ùwmx � �Y��� õ���õ

Sp(x) := {χ1(x), . . . , χn(x)},
p �Qõ[öÇö #&GI_�S[XaXHEID �Fõ K ø �zy|{ w � õ[ø h \ � ö # x ∈M ù
}2�$� õ G�I ÷gO ��#J� õ �¡iADmGa_�S4XIXIEHD�URS[i1_RPRUbXID x GIK|_RPR�&DQXaXHS[URSTEIS�PR¿FP`OYiAZ�S[UbXISe_REISTU`JLSTU`JLD�KAUDQEjJLKAURS�\4K]OQGH\4P`URD�JLS[K1¸áOQi>DFEIK|JRKAGaXIKAUbXIK

χ∗i (x), i = 1, . . . ,m
ô`S�EIKA_�S4XISTU`JLDFi>D�PRUBU�PRZ�STEID

JLK|¸FDQi>XIS6_`OYEHK|OYiAi]OoGIP`OoZ�DQi>XIST_Ri>K]\4K>XHÁ
νi
�

� KAZ�OQURSpK>i?_REHDQ�`i>STZ�OtJLK?þbP`OYU`JRDtKAiòi>KAZ-GIPR_ JLSTi>i]O�JLS��`U`K>ºTK>DFURS/_`EIDc¸�¸�KAGIDQEHK]O í³¾Fï
GIKAO2S���S4XIXIKA¸áOQZ�S[UbXIS@PRUpi>KAZ�KÓXHS�S�þFP`K>U`JRK|GaK�_RPR��P`GHOYEHS6iAOoJLS���URK>ºTK>DFURS�í ´ ï � µ U�PRU`\[KAOQZoD
þbPRKAU`JLK|PRUpXHS[DQEHS[Z�Oe��DQU`J`OYZ�S[UbXHOQi>S�JLDc¸�PLXHDoOmâ6GIS[iASTJRST\kURS[i ´ ßQÃFÕmû Àcüý�

j



)¡®b¯�°c®�ÊË²t¢ F � ÷ (M,µ,Φ) \ �~����� öýõ���÷H� � � ÷J� ��"$# M "l#!�
M

I ÷ G�� õ4öC] G�� õ���÷ �Y�^� ÷ � ÷Qù
qkø ø #!G ÷ h õ G [�\`÷ ���|#lK!�^�

x ∈ M õ h õ G�#lK!�^�Z��# öÛö #J��h ÷PO ��# E ⊂ TxM
õ ����� ö õ Nf�Y� ö #�� ø

ø � � � öýõ _.�$b�� �u"$#!G�G����0hY#J� �Qõ � Of÷p÷ #lK!�^�
ξ ∈ TxM ù

d�S[E?i]O�JLK>Z�DbG�XHEHOQº[KADQURS@GaKNEIKAU�¸bK]OoO/û ¾cü

��0� � uaw��k��z �h�Rx��k�`}�z|����y�z|{9uI} � r��

• ì6iAK µ C¡M χi(x)
GaDFURDp\[DFGaXHOQUFXHKvJLS[ivZ�DYXHDY�|P�GIOQU`JLDpi>S�EHS[¿QDFi>SoJLK�\4DFZ�_�DbGaKAº[KADQURS

JRS[i�&`P�GIGIDtSBJLSTi>i]O�Z�OY_R_`OtXjOYUR¿FS[UbXIS½GaST¿QPRSB\j�RS
χ(Φt(x), DxΦtξ) = χ(x, ξ)JRK>EHS4XIXHOYZ�STUFXHS�JROYiAi]OoJRS��`URKAº[KADQU`SQ�

• d�STEBPRU�GaK]G�XHS[Z�O K>UbXHS[¿QEjOY�`K>iASQô@\j�RS��`O XIPLXIXIK2K�ZoDQXIKeþbP`OFGaK>óý_�STEIKADLJLKA\[K�GaP XIDFEIKKAU�¸cOYEHKAOQUFXHKÇôL¿Fi>K µ C¡M GaDFURDoXIPLXIXIK|U�PRiAi>KÛ�

• d9EISTU`JLS[U�JLD�PRU½¸QS[XaXIDFEIS6KAURK>ºTKAOQi>S�\TOQGIP`OYiAS�GaK�XHEIDc¸cO χ∗1(x)
\4DQU½_REHDQ�`OQ�RKAi>K>XHÁ ´ �

¹ UR�³OcXaXHKÇô`_�STE¡i]O2_REIDF_REHK>S[XHÁmí�jQï4ô
χ(x, ξ) = χ∗1(x)

GaS@S6GIDQiAD2GIS
ξ ∈ TxM \L2(x)

�
V8OtGIKA\T\4DFZoSpOW_`OQEaXHS

L1(x) = TxM
¿Fi>KòOYi>XIEHK¡GIDYXIXIDbGa_`OQº[Kò\j�RS/\[DFGaXIK>XIPRK]GH\4DQU`D

i]OT�`i>XIEjOYº[KADQU`S/�`OQURURD \4DLJLKAZ�S[U`GIKADQURS½_�DFGIKÓXHK>¸cO�SBþFP`K>U`JRK�Z�KAGIPREjOtJLKkM|S[��STGI¿QP`S
n
ó JLKAZ�S[U`GIK>DFU`OYiAS�U�PRiAiAO`ô`_REHSTGID�PRUB¸QS[XaXHDQEHS�\[OQGIP`OQi>SFô`\4DFUB_REIDF�`OY�`K>iAKÓXjÁ ´ GaKNXIEHDc¸cO
χ∗1(x)
�

^ OYi6_RPRUbXHD JLK@¸�KAGaXHOØ\4DQZ�_RPRXHOYºTK>DFU`OYiAS8OQU`\j�RS8GIKk_�OYEIXIK]GIGIS8\4DFU"PRU
¸FS4XIXIDQEHS
ξ′OQ_R_`OQEaXHS[URSTUFXHSe_�S[E6STGIS[Z�_RKAD/O

L2
OYiAi>DFEHO�K�_REHKAZoK�S[EHEHDQEHKNU�PRZ�S[EHKA\[K¡íÇOYU`\j�`S2GIDQiAD

iÛà OYEHEIDQXIDQU�JROYZ�S[UbXHDbï�\[DQU`JLP`EIEHS[�R��S[EHD?KAURS[¸�K>XHOY�`K>iAZ�S[UbXISòOYiL\[OQiA\[DQiADhJLK
χ∗1(x)

S9URDQU
JRK
χ∗2(x)
�dSkPRSTGaXIDoÿkP`U&�³OcXIXID2��DQU`J`OYZ�S[UbXHOQi>S6S@G�XjO2OQi>i]O��`OFGaS6JLS[iAiÛà OQi>¿FDQEHKÓXHZoDoJLK

\TOYi]\4DFi>D�JLS[¿Fi>K µ C¡M��

• �LS
µ
ÿ?i]OkZ�K]GaP`EHO@JLK`MNS[��STGI¿QPRSFôQOYiAiADQEjO ∑n

i=1 χi(x) = 0
_�S[E�þbP`OFGaKLDF¿QURK

x ∈M �

• �LS�K>iNGIK]G�XHS[Z�O
ẋ = X(x)

URDQUp�`O�_RP`UFXHKNGaXHOYºTK>DFU`OYEHKÛôbOQi>iADQEjO
χ(x,X(x)) = 0

�

• ^ OcXHD&PRU8GIK]G�XHS[Z�O��`OQZoKAi>XIDQU`KAOQURD (M,µ,Φ)
ô�Dc¸QS

µ
ÿ�i]O�Z�KAGIPREjO&JLK�M|KADQPR¸�KAi>iAS�S

n
ÿeK>i�U�PRZ�S[EHD&JLK1¿FEHOFJLKNJLK1i>KA��S[EIXHÁRô�iADmGa_�S4XIXIEHDmJLST¿QiAK µ C¡MØ�`O�_�S[E6DQ¿QU`K|_RPRUbXID
P`U`O�_`OYEIXIK]\4DFiAOQEIS6GaKAZ�Z�S4XIEHK]OR�

Sp(x) = {χ1(x), . . . , χn−1(x), χn(x),−χn(x),−χn−1(x), . . . ,−χ1(x)},
JRDc¸QS@K|JLPRS�¸cOYiADQEHK|\4STUbXIEjOYiAK

χn(x)
GaDFURD�UbP`i>iAK�_�STE�i]O2_`EIDF_REIKAS4XjÁe_`EISf\4STJRS[UbXISF�

¹ U2¿QSTURS[EjOYiASQôf_�STE1P`UeGaK]GaXIS[Z�Oh�`OYZ�KAiÓXHDQURK]OYURD�ôTiADkGI_`OQº[KADhJLS[iAiAS��³OQGIKbURDQU�ÿ¡\4DFZo_�OcXaó
XHD`��d�DFGHGIDQURD&_�S[EH�mSfGIGIS[EHS2\[DQZ�_`OYXaXIS2i>S�GIPR_�STE���\4KvJLK�i>KA¸QSTi>iAD/JRS[iAiÇà �`OYZ�KAiÓXHDQURK]OYU�O
H
ô�\j�RSmGIDQURDBKAU�¸áOQEIK]OYUbXHK0�vKAU XHOQi¡\TOQGIDBiAOWEISfG�XHEIKAº[KADQURS&JRS[id&`P`GHGaD8OQi>iASmGIPR_�S[E���\4K
JRK|i>KA¸QSTi>iAD�JLK

H
ÿ@PRUBGIKAGaXISTZ�O2JLKAU`OQZoK]\4D�\[iAOFGIGIKA\[D`�vì6i>KNSTGI_�DFURS[UbXIK�JLK1M|·FOQ_RPRURDc¸

GIDQU`DtDFEHO8K>U UbP`ZoSTEID�JLK]Ga_�OYEHKÇô�GIS[Z�_REHSpGIKAZoZ�S[XIEHKA\[KÇô¡JLK?\4PRK�þbPRSTi>iAD�\[S[UbXIEjOYiASmÿ
U�PRiAiAD`�vd�S[E?i]O�JLK>Z�DbG�XHEHOQº[KADQURS@GaKNEIKAU�¸bK]OoO/û ¾cüý�

Ã



� � �W�4«+éW�4éÔ¨�ê�� ¬òè�ª4«¡éÂ©/¬����X��¬��	�té�¨p¬?¨2ç1¬����W�	�Nªg� é
���� � u�{9x��`} �R��x!�ò�h��z|�`}Iw�x
C+DQU�GaK]JLS[EHK]OYZ�DòK>iFXIKA_RK]\4Dk\TOQGID?K>U2\4PRKFK>i>&`P`GHGaD

Φt
ÿ+JLS��`U`KÓXHDkJRO?P`U�K>U�GaKAS[Z�S9JLKbSTþbP`OQº[KADQURK

DQEjJLKAU`OYEHKAS6JLSTi>i]O2��DQEHZ�O
ẋ = X(x)\4DFU

x = (x1, . . . , xn) ∈ U ô1JLDc¸FS U ÿ�P`U�OQ_�STEaXHDBJLK Rn
���LPR_R_�DQURK]OYZ�DWJLK9GHOY_�S[E

KAUFXHS[¿FEHOQEIS6U�PRZ�S[EHKA\TOYZ�S[UbXIS�þbPRSfG�XHS�STþbP`OYºTK>DFURKÛô�XIEHDc¸áOQU`JLD�iÛà ST¸QDQiAPRºTK>DFURS6XIS[Z�_�DQEjOYiAS�JLS[i
&`P`GHGID

x(t) := Φt(x0)
S/JLSTiò¸QS4XIXIDFEIS�XjOYUR¿FS[UbXIS

ξ(t) := Dx0Φtξ0
_�STEoJROYXIK¡K>U`K>ºTKAOQi>K

OQGHGIS[¿QU�OcXIK
x0
S
ξ0

��K>U _`OQEaXHKA\[DQi]OYEHSW_�STEWGaK]GaXIS[Z�K@�`OQZoKAi>XIDQU`KAOQURK@STGIKAGaXIDFURD OQi>¿FDQEHKÓXHZoK
\4DbGaK]JRJLS[XaXHK|GaKAZ�_Ri>S[XaXHKA\[K1\j�RS@¸QSTEIEjOYU`URD�XHEHOYXaXHOYXIK�_RK'�BOá¸cOYUbXIKÛ�
^ STGH\4EHK>¸�K]OYZ�DhDFEHOhPRU2Z�S[XIDLJLD�G�XjOYU`J`OYEjJ�_�STEvK>iL\TOYi]\4DQiADkJRS[iLZ�OQGHGaKAZ�D µ C¡M�ôcKAUFXHEIDLJLDQXaXHD
URSTi ´ ßbÒYÃ8JRO� ¡S[URS[XaXHK>U õ[ö2÷cø>ù � d�S[EoXHEIDc¸cOYEHS χ∗1(x) = χ1(x)

¸QDFEIEHS[Z�Z�D8OY_`_Ri>K]\[OQEIS
JLKAEIS[XaXjOYZ�S[UbXIS@i]O�JLS��`U`K>ºTK>DFURSQ�

χ1(x) = lim
t→∞

1

t
log ‖ξ(t)‖

JLDc¸FSkKAiN¸FS4XaXHDQEHSkKAURKAº[K]OYiAS
ξ
_`PR��STGHGaSTEIS�GH\4STiÓXHD�O�\TOQGID2_�S[EhiAOoXHS[EHºTOoDFGHGaSTEI¸cOQº[KADQURSkURS[iAiAO

_REHST\[STJLSTUFXHShGIS[º[KADQU`S�ShJLDc¸FS
ξ(t)
EjOY_`_REISfGaSTUbXHO6iÇà S[¸FDQiAPRº[KADQU`S?XISTZo_�DQEjOYiAShJLK

ξ
�9C+K�GIK�OF\ ó

\4DFEI¿FS�_�S[EH����STUm_REHSTGaXIDo\j�RS�XjOYiASh_REHDL\4SfJLK>Z�STUFXHDeURDFU&ÿ��³OYXaXHK>�RKAiASQ� ¹ UL�³OYXaXIKÛôR\4STEaXjOYZ�S[UbXHS
GIS
χ1(x) > 0

ô�iAOWURDQEHZ�OpJRK
ξ(t)
_RPR�8\[EISfGI\[S[EHSoSfGa_�DQU`S[URºTKAOQi>Z�S[UbXHSQô�EHOQ¿Q¿QKAPRUR¿FS[U`JRD

iÛà Dc¸FS[E�&`DJ�îJLK|Z�OQ\T\j�RKAU`OR�
d�S[E�Dc¸�¸�KAOQEIS�O/XHOQi>S&JLK�D&\4DFiÓXjÁp\[K9GIS[EH¸bKAEHS[Z�DpJRS[iAiAOp_REHDQ_REHKAS4XHÁ½JLK+\4DQZ�_�DFGIK>ºTK>DFURS�JLS[iAiAO
Z�OY_R_�OeXjOYUR¿FS[UbXISF���L\4ST¿QiAKAOQZoDoPRUp¸QS[XaXIDFEIS

ξ
JLK|URDFEIZ�O ´ S@PRU½_�S[EHK>DLJLD

τ
GIPcD&\4KAS[UbXHS4ó

Z�S[UbXIS@_RK]\[\[DQiAD�S�_REIDL\[STJLK]OYZ�DoK>U`JRPLXaXHK>¸cOYZ�STUFXHS�URS[i1GaST¿QPRSTUFXHS@ZoDLJLD��
GIS
x0
ÿ�K>i�JROYXID½KAURK>ºTKAOQi>S�S

ξ0
KAiv¸QS[XaXIDFEIS2XHOQUR¿QSTUbXIS�K>U`K>ºTKAOQi>SFô|_�DFURK]OYZ�D

s0 = 0
So_�DQKÛô

_�S[E
k ≥ 1

xk = Φτ (xk−1)

ξ∗k = Dxk−1
Φτξk−1

αk = ‖ξ∗k‖
ξk = ξ∗k/αk
sk = sk−1 + logαk.

g?J�DQ¿FURKv_`OQGHGID½þbPRKAU`JLK��³OQ\[\[KAOQZ�DpST¸QDFi>¸FS[EHSeKAi�_RPRUbXIDBKAURKAº[K]OYiAS�S�K>i9¸QS4XIXIDFEISoXHOQUR¿QSTUbXISX�
URDFEIZ�OYiAKAº[ºTOQU`JLD�_�S[EHKAD�JRKA\TOYZ�S[UbXIS

ξk
S[¸�K>XIK]OYZ�D6K>iL_REHDQ�`i>STZ�Oh_REHST\4SfJLS[UbXHS+S?\4DFU

sk
GaDFZ2ó

Z�KAOQZ�DpK9i>DF¿FOYEHK>XIZ�KvJLKvXHOQi>KvU`DQEHZoSF�&g�iAi>DFEHO`ô|_�DQK]\j�RÞ�GaS
v ∈ TxM

¸cOYiAS
DxΦt+sv =

DxsΦ
t ◦DxΦs(v)

ô�GaST¿QPRS�\j�RS

Dx0Φkτ ξ0 = αk . . . α1ξk
S�þbPRK>U�JLK

χ1(x, kτ) =
1

kτ

k∑

j=1

logαj =
1

kτ
sk

Ò



JLDc¸FS
χ1
ÿ@��PRURº[KADQU`S@JRK

x
S�JLS[i�XHS[Z�_�DWí

kτ
ï �

��0� � u�{9x��`} �R��}�~b�kuI} ���R}a�h{î��z|�Ëu4�Ç}a�+�Lz|{��Rs��|}�x+��z yk}6z	�ò��s��|}�x9�k}�yh}a���
�jz|�RzN�h�|}�svua}

^ OcXHOkPRU|à STþbP`OQº[KADQURSòJLK���STEISTURº[K]OYiAS¡DQEjJLK>U�OYEHKAOkJLS[i�_REHK>Z�D@DQEjJLKAURS
ẋ = X(x)

K>U�JLKA\j�`KAOQZoD
\4DFU

Φh
KAi|GaPRDW&`P`GHGaD�OYi�XHS[Z�_�D

h
� ¼ Uu� � ö õ KXG ÷Yö #!G õQ� �f#!G � � � õ �6_�STEòXHOYiAS6STþbP`OYºTK>DFURShÿ

PRU`OoZ�OY_`_`O�JLKAGH\4EHS4XjO
Ψh XHOYiAS�\j�RSQ�

Φh = Ψh + o(hs+1)

JLDc¸FSk�½Þ@K>iN_`OQGHGaD�J�à K>UbXHS[¿QEjOYºTK>DFURSQ�
¹ Z�S4XIDLJLK�GI_Ri>K>XaXHK>U`¿e_�S[E9i]O�\[DFGaXIEHPRº[KADQURS�JRK`XjOYiAK`KAUFXHS[¿FEHOYXIDQEHKR�`OQURURDe\TOYEjOcXIXIS[EHK]G�XHKA\j�RS?\j�RS
iAK`EHS[U`JLDFURD�KAU`GIDFGaXIK>XIPRKA�RKAi>K�_�STE9PRU�O�\4STEaXjO@XIKA_�DFi>DF¿QK]O�JLK�_REIDF�RiAS[Z�KÇ� µ GHGIK�GIK�_�DFGHGaDFURD�PLXHKÓó
iAK>ºTºTOYEHS9þbP`OQU`JLD�KAiL\[OYZ�_�D�¸QS[XaXHDQEHKAOQi>S9\j�`S+JLS��`URK]GI\[S9iÛà SfþFP�OYº[KADQU`S�_RPR�kSTGHGaSTEIS9GH\4DFZ�_�DbG�XHD
KAUtPRU�O/GIDQZ�Z�OmK�\[PRKvOQJRJRS[U`JLK�GIDQU`D/_RK'��GaSTZo_`i>K]\4KvJROpKAUFXHS[¿FEHOQEISF��d�K���_REHST\[KAGHOYZ�S[UbXHS
GIKAOBJROYXIDWKAiòGaK]G�XHS[Z�O

ẋ = X(x), x ∈ M
ôvGa_�OYº[KADWJLSTi>iAS&�³OFGaKÛ�2KAi9Z�S[XIDLJLDtGI_RiAKÓXIXIKAUR¿8GIK

\4DbG�XHEIP`KAGH\4S6K>UpXHEIS@Z�DQZ�S[UbXHKÇ�
´ �òGH\4STiÓXjO�JLK|PRU½KAU`GaKAS[Z�S�JLK|\TOYZ�_RK|¸FS4XIXIDQEHK]OYiAK

Xi
ô�XHOQi>KN\j�`S

X =
∑

iXi
�

§ �¡KAUbXIST¿QEjOYº[KADQU`SkSfGIOYXaXHO�JLKNDQ¿QU`K
Xi

�
¾`�ò\[DQZ�_�DFGIK>ºTK>DFURS�JLKNþbPRSTGaXIS�GIDQiAPRº[KADQU`K�_�STE?DYXaXHS[URSTEIS@iÛà KAUbXIST¿QEjOcXIDFEIS6_�S[E

X
�

��PR_`_�DFURKAOQZ�D�_�STE�STGIS[Z�_RKAD�\j�RS?K>i�\[OYZ�_�D�¸QS[XaXIDFEIK]OYiAS
X
GIK]O@PR¿QP`OQi>S?OQi>i]O@GaDFZoZ�O�JLK

X1S
X2
ôQS?\j�RS

X1
S
X2
GIKRGHOY_R_RK]OYU`DkKAUbXIS[¿FEHOQEIS¡STGHOcXIXHOQZoSTUbXISX�FGaK]OYURD

Φh1
S

Φh2
KREHKAGI_�S4XaXHK>¸�K

&`P`GHGIK9OYivXHS[Z�_�D
h
ô�_`OQGHGID½JRK9KAUFXHS[¿FEHOQº[KADQURSF�/C+DQZ�_�DFURK]OYZ�D½K9JLPRS�&�P`GIGIK�S�XHEIDc¸�K]OYZ�D

Ψh = Φh1 ◦ Φh2
��XHOQi>S�Z�S[XIDLJLDBÿ&JLS[XaXIDWJRK w � õ��g� G�# öÛöýõ GmSfJ�ÿ&JLS[i�_`EIKAZ�DBDQEjJLK>U`SQ����S

KAUb¸FST\[Sk_�DQURK]OYZ�D
Ψh = Φ

h/2
1 ◦ Φh2 ◦ Φ

h/2
1

í³ÃFï
OYiAiADQEjOeDQXaXISTURK]OYZ�D2KAi|Z�S4XHDLJLD&JLKn�bXHEHOQU`J�ôRJLSTiNGIST\4DFU`JLDoDQEjJLKAURSQ�
ì6iAK¡OQi>¿FDQEHKÓXHZoK¡Ga_`i>K>XaXHK>UR¿�¸QSTURURSTEIDWDFEIKA¿QKAU`OQEIK]OYZ�S[UbXHS�K>Z�_RKAS[¿bOcXIK¡_�S[EoiAO8i>DFEIDW¸FS[iADL\4K>XHÁRô
KAU�þbP`OQUbXID½Z�S4XIDLJLK9STGI_Ri>K]\4K>XIKÛôNDFiÓXHEIS�OQi>i]Opi>DFEID½OQ\T\4PREjOcXHS[º[ºfOmS&GaXHOQ�RKAi>K>XHÁ`� � S[¿Fi>KvP`iÓXHK>Z�K
OYU`URK¡GIKòÿp\TOY_RK>XIDtK>U`DQi>XIEHS/\j�RSpSTGHGaKòGIDQURDtPRUØZ�DLJLD8Z�DFiÓXHDt¿FS[URSTEHOQi>S&S�&`SfGIGIK>�`K>iASm_�S[E
\4DbG�XHEIP`K>EHS�K1\[DFGIKAJRJRS4XaXHKd� � öýõ KXG ÷cö #JG��zK õ # ��õ[ö G���"���í�¸LJ��Aû ÃYü ï�K>UB¿FEHOFJLD&JLK�_REHSTGIS[EH¸áOQEIS@_REHDYó_REHK>S[XHÁ@JLSTic&`P`GHGaD@DFEIKA¿QKAU`OYEHKADkþbP`OYiAKLi]O6GIKAZo_`i>S[XaXIK]\4K>XHÁ`ôFKAiR¸FDQiAPRZ�SòJRS[iAi>D�GI_`OYºTK>D@JLS[iAiASò�³OQGIKÇô
KAUFXHS[¿FEHOQi>K�S�GaKAZ�ZoS[XIEHK>SF� � S[ivURDbG�XHEID½\[OFGaDpOY�R�RK]OYZ�D½OYU`\j�`S2KAiv¸cOYUbXHOQ¿Q¿QKAD/\j�`SoJROYXHO/iAO
Z�OY_R_�O

Ψh
ô
DΨh

OQ_R_REHDFGHGaKAZ�O�iAO&Z�OQ_R_`O�XjOYUR¿FS[UbXIS�JRS[in&`P`GHGaD&\[DQUBiADmG�XHSTGHGaDmDQEjJLK>U`S
JLSTi>iÛà KAUbXIST¿QEjOcXIDFEISk_�STE

Φ
�

��0� � �`x��h�`}az��c�!y�z|{+ua}2s�ua{�x��`}��R��}e~b}I���ku�z|�b�R}Iw�}
d�S[E?GIKAGaXISTZoKN�`OYZ�KAiÓXHDQURK]OYURK�¿Fi>K|OQi>¿FDQEHKÓXHZoK�GIK>Z�_RiAS4XIXIK]\4KÛôRÿ@K>i|\TOQGIDoJRS[¿QiAK�OYiA¿QDFEIK>XIZ�K�Ga_`i>K>Xaó
XIKAUR¿B\4DFU`GIKAJLSTEHOYXIK�URS[iAi]OpGIS[ºTK>DFURSo_REISf\4SfJLS[UbXISFô��`OYU`URD/i]Op\[OYEjOcXIXISTEIK]G�XHKA\TOmJLK�\[DQU`GIS[EH¸cOYEHS
Z�DQi>XIDW��S[U`S/\4STEaXHS&_REHDQ_REHKAS4XHÁBJRS[i+GIK]G�XHS[Z�OBDQEHKA¿QKAU`OYEHK>D��eGIS[URºfOBS[UbXIEjOYEHS�URSTi¡JLS[XaXjOY¿QiAKAD

Õ



JLK]OYZ�DmDFEHOmOYi]\4PRURK��³OYXaXIK�_�S[E�JROQEIS�P`Ut\4STEaXHD/GIPR_R_�DQEIXIDpOYK�EIK]GaP`iÓXjOcXIK�DQXaXISTU�PLXIK�U�PRZ�S[EHKÓó
\[OQZ�S[UbXISF�
^ OcXHO�iÇà �`OYZ�KAiÓXHDQURK]OYU�O

H(p, q)
ô�\4DFU

(p, q) ∈ Rn ô�K>U�JLKA\j�`KAOQZoD2\4DQU ΦtH
KAi�GIPRDQ&`P�GIGID�OYi

XISTZ�_�D
t
� ¹ UWOYU�OYiADQ¿QK]Oo\4DQU½¿Fi>K1K>UbXIST¿QEjOcXHDQEHK�JRKNDQEjJLKAURS

s
JRS��`URK>XIK1URS[iAi]O�GaSTº[KADQURS�_REHST\[S4ó

JLSTUFXHS¡JRKA\[KAOQZoD6\j�RS¡PRUt� � öýõ KXG ÷cö #JG õ �$� � h øAõ4öÛö ��"$# � ��#JG � � � õ s ÿ+P`U`OhZ�OQ_R_`OhGIKAZo_`i>S[XaXIK]\[O
Ψε
ôLXjOYiAS�\j�RS

Ψε − ΦεH = o(εs+1)
d�S[EkK1URDbG�XHEIK1GI\[DQ_RK�\4K�GaSTEI¸FS�GIOQ_�STEIS�\j�RS2GaDQXaXIDmDQ_R_�DQEIXIPRU`S�K>_�DYXHSTGIKÇô�¸QSTEIK���\TOcXIS�KAUW_`OQEaó
XIK]\4DFiAOQEIS�_�S[EW¿Fi>KeOQi>¿FDQEHKÓXHZ�K�Ga_RiAK>XaXIKAUR¿!í³¸�J|��û ÃYü ï4ô�STGIKAGaXIS P`U`O ð�KAUbXIS[EH_�DQi]OYUbXIS�¸�KA\[K>U�Oáñ
�`OQZoKAi>XIDQU`KAOQU`O

Kε
XjOYiAS�\j�RS

Ψε − ΦKεε = o(εse−1/ε)

¹ URDFiÓXHEIS
Kε
ÿ@¸�KA\[K>U`O�O

H
�
Kε −H = o(εs)

�
� STi>iAD½G�XHP`JLKAD/U�PRZ�S[EHK]\4D/JRKvPRU�GIK]G�XHS[Z�O&�`OQZ�K>i>XIDFURKAOQURD/XIEjOYZ�KÓXHS2P`U8KAUFXHS[¿FEHOYXIDQEHSeGIK>Zoó
_RiAS4XIXIK]\4D�GaKLGIDFGaXIK>XIPRK]GH\4S¡iÇà DQEHK>¿FK>U�OYiAS9�`OQZoKAi>XIDQU`KAOQU`O

H
\4DFUePRU�Ok¸�K]\4KAU`O

Kε
Sòi]OkGIKR\[OQiA\[DQi]O

¸�K>EIXIP�OYiAZoSTUbXIS�\4DQUtURSTGHGIPRUtSTEIEHDQEHS/íòGIDQiAD/\[DQU�K>ivEHDQPRU�J�óÛDX��JRKvZ�OF\[\j�RKAU`Obï � µ à KAZ�_�DFEaó
XHOQUbXIS�K>i��³OYXaXHDW\j�RS�iÇà S[EHEIDFEIS2URS[iAi]Op\[DQU`GIS[EH¸cOYºTK>DFURS2JLSTi>iÛà S[URSTEI¿FKAO/ÿ�i>KAZ�KÓXjOcXIDBþbP`OFGaKvPRU`KÓó
��DQEHZ�S[Z�S[UbXHSmURSTi9XHS[Z�_�D��

H ◦ Φkε − H = o(εs), k ∼ ε1−se1/ε ��d�DFGHGaK]OYZ�D8þbPRKAU`JLKOQGI_�S4XaXjOYEj\4K�EHKAGIPRi>XHOcXHKNOcXIXISTU`JLKA�RK>iAKNOQU`\j�RS�GaP/XISTZ�_RK|iAPRUR¿Q�`KNJ�àRKAUbXIS[¿FEHOQº[KADQURSF�

� �����t¬òè�ª�� ¬?¨2ç1ªË¨�ê`� ¬òè�ª[«+ªX�!ª����t¬?¨p©péQ�4é��cé�è�ëd�@ç�é
���� � s��h�ks�yk} � x+}a�hw�s��¡ 
¹ i�_�S[U`JLDFi>D���DFEIºfOcXHD2ÿ@EHS4XaXHD&JROYiAiÛà SfþFP�OYº[KADQU`SkURDFUpOQPLXIDFURDQZ�O�JLSTi ¹a¹ DQEjJLK>U`S

ẍ = −ω2 sinx+ k cos Ωt

JLDc¸FS
t ∈ R S x ∈ S1 K>U�Z�DLJLDWJROp_�DYXISTEH\[K�EHKA\[DQU`JLP`EIEHSoOQi>iÛà K>UbXISTEI¸cOQi>iADtû−π, π ûA��d�S[EGIS[Z�_RiAKA\[KÓXjÁB\4DQU�GaK]JLS[EHK]OYZ�D/KAi9\TOQGID

ω = Ω = 1
ôNKA_�DYXISfGaK¡\j�RS�URDQU�ÿ�EHSTGaXIEHKÓXIXIKA¸cO½_�STE�K

URDbG�XHEIK|GH\4DF_RKÇ���L\[EIK>XaXHD�\4DQZ�S�GIKAGaXISTZ�O�OQPLXIDFURDQZ�D�JLS[i�_`EIKAZ�DoDFEHJRK>URS�JLKA¸QSTUbXHOR�




ẋ = v
v̇ = − sinx+ k cos t
ṫ = 1

íÛÒYï

¹ U"_`OQEaXHKA\[DQi]OYEHS/iADØGI_`OYºTK>D JLSTi>iASB�³OQGIKh��O JLK>Z�STU`GaKADQU`SW¾Rô?Z�O�URS[ik_�STU`GHOYEHSBi>SWDFEI�`KÓXHS
_�DFGHGaK]OYZ�D@EIK]\4DFU`JLPREj\4K�OYi`_`KAOQURD

xv
��K>UL�³OYXaXHK`_�S[E9KAiR�³OYXaXHDe\j�RS�KAi�GIST\[DQU`JLD@Z�S[Z2�REID�JRS[iAiAO

íÛÒQï6ÿ�_�STEIKADLJLK]\4DBJLK�_�S[EHK>DLJLD
2π
KAU
t
ô�K�_RP`UFXHK

(x, v, t)
S

(x, v, t′)
GaDFURDBJROcXHK�K>U`K>ºTKAOQi>K

JLKvPRU�OBG�XHSTGHGIO/DQEH�RK>XHO½GaS
t
S
t′
JLK���STEIK]GI\[DQURDp_�S[E�PRU�ZeP`iÓXHK>_RiAD½K>UbXHS[EHD½JRK

2π
��g�iAi>DFEHO

_�DFGHGaK]OYZ�D \4DbG�XHEIPRKAEHSBiAO \[DFGIKAJRJRS4XaXjO ��÷ hXh ÷¢� � U #!� �o" ÷ Gl£�JLS[i6GaK]G�XHS[Z�ORôòDc¸�¸QSTEID�PRU`OZ�OY_R_�O
Φ : S1 × R 7→ S1 × R \j�`S/OQJËDQ¿QU`K+_RP`UFXHD í x, v ï2OQGHGaDL\[KAOBKAi?GaP`D8S[¸FDQiAPLXIDOYi�XIS[Z�_�D

2π
�mg=DF¿QURKvDFEI�`KÓXjO/KAU`JLKA¸�KAJRP`OcXjOBJROYi9J`OcXIDBKAURKAº[K]OYiASWí

x0, v0
ï@EHSTGaXHO½þbPRKAU`JLK

OQGHGID�\[KAOYXHO P`U`OØGIP`\[\[STGHGaKADQU`S8JLK@_RPRUbXIK&í
xk, vk

ï ô
k ∈ N ô�XjOYiASt\j�RS (xk+1, vk+1) =

Φ(xk, vk)
�

ß



¹ XISTEHOQU`JLDhXHOYiAS¡Z�OQ_R_`Ok_�STEvJROcXHKbKAURKAº[K]OYiAKLJLK>¸FS[EjGaKb_�DFGHGaK]OYZ�DkJRKAGIS[¿FU`OYEHS9KAi�EIK>XIEjOcXIXIDhKAU2�³OQGIS
JLSTi�GIKAGaXISTZ�O@Sh¸QSTJRS[EHS�\4DFGHO�GIP`\[\[STJLS�OQi`¸cOYEHKAOQEIS?JLSTi>i]O@��DFEIºfOYUbXIS

k
��d�S[E

k = 0
OY�R�RK]OYZ�D

Dc¸�¸�KAOQZoSTUbXIS6PRU/_�S[U�JLDQiAD�GaSTZo_`i>K]\4SFô`\4DFUmK|Z�DYXHK|\4DFZo_`i>S[XHOYZ�STUFXHS@K>UbXIST¿QEjOY�RKAiAK�í¤�`¿`� ´ ï �
¹ U _`OQEaXHKA\[DQi]OYEHS�DFGHGaSTEI¸�K]OYZ�D½iÇà DQEH�RK>XHOWJLSTi>i]OWGIS[_`OQEHOYXIEHKA\[SQô1K¡\[PRK+Z�DQXIK9EjOY¿F¿QKAPRUR¿FDQURD½KAU
XISTZ�_�D�KAUc�`URK>XID�KAi�_`PRUbXID

(±π, 0)
ôLSfþFP`K>iAK>�`EIKADeKAU`GaXHOY�`K>iASX�LSfGIGHOeÿ@\j�RK]OYZ�OcXjO2\[DFGv�1_�STEH\j�RÞ

URSTi�EIK>XIEjOcXIXID�K>Up�³OFGaS�JLSTi>KAZ�KÓXjO�i>S@DQEH�RK>XIS�\j�RS�DbGI\[K>iAiAOQURD�JRO�þFP`S[iAi>S�\j�RS@EHPRDYXjOYURD��
g�iAiÛà OF\[\4STU`JLSTEHGIK`JLSTi>i]O@��DQEHºTOQUbXISòXIPRXaXHOá¸�K]O�KAi`EHKÓXHEHOYXaXID�\TOYZ2�RKAO@¿FEHOFJLP`OQi>Z�S[UbXHSQ� � S[iAiAOm�`¿`�
§ _�STE

k = 0.01
iÛà DQEH�RKÓXjOkJRS[iAiAO@GIS[_`OQEHOYXIEHKA\[S9GaKQðIOYiAi]OYEH¿FOáñ�¸�K]\4KAURD6OQi>iÛà STþbPRKAi>KA�REHK>D6K>U�G�XjOY�RKAi>SFô

Z�S[UbXIEHS�OYK`iAOYXIK`¸�K`GIS[Z2�REjOYURD@STGHGIS[Ej\4K`GIS[Z�_REHS?DQEH�RK>XIS�\j�RKAP`GISQôF\[DQZ�S�GIS?STGIKAGaXISfGIGIS�OYU`\[DQEjO
PRU½KAUFXHS[¿FEHOQi>S@JLS[iNZoDQXIDBí�iÛà S[URSTEI¿FKAObï �
MNOòðaEIST¿QKADQURS¡\[OYDQXIK]\[Ocñ¡\4EHSTGH\4SòOYiAiÇàYOQPRZ�S[UbXHOQEIS¡JLK

k
S?GaKb��DQEHZ�OYURDk��S[URDFZ�S[URKR\[DQZ�_RiAKA\TOcXIKÛô

\4DFU&i]Oe\4DFZ�_`OYEjGIOeJLKRð�K]GaDFi>SkJLK�G�XjOY�RKAi>K>XHÁcñkOYiAiÇà KAUFXHS[EHURD2JRK�P`U`O�EHS[¿FK>DFURSh\[OQDYXHKA\TORô�\4DQZ�S6GaK
¸QSfJLS@��STURS@URS[iAi]O��`¿`�v¾pô`OYU�\j�RS�GaS@DQi>XIEHS6iÇà OY_R_�OYEHS[URºfO2JLSTiNJLK]GaST¿QURDoi]OoGaXIEHPLXIXIPREjOoEISfOYiAS
ÿ@Z�DQi>XID�_RK'�½\[DQZ�_RiASTGHGIO`�

-3 -2 -1 1 2 3

-2

-1

1

2

��K>¿FPREHO ´ �
k = 0

´ ú
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��KA¿QPREjO § �
k = 0.01

��KA¿QPREjOo¾R�
k = 0.3

��KA¿QPREjO2À`�
k = 0.6

´Q´



��0� ¥ ���6u�zN��zN�+�Ls��|}�x9�hz
y�zNuIu4��svua{�x��`}��L��x
d�S[EkK>Z�_RiAS[Z�S[UbXjOYEHS�iÇà OYiA¿QDFEIK>XIZ�D�JLK�\[OYi]\4DFi>D�JLST¿QiAK µ C¡M JLSTGH\4EHK>XaXID�KAU § � ´ URSTi1\TOQGID&JLS[i
_�S[U`JLDFi>DØ��DQEHºTOYXID`ô?_�DFGHGIKAOQZoD PLXIKAiAK>ºTºTOYEHS8P`U
iAK>UR¿FP`OY¿F¿QKADËJLK@_REHDQ¿QEjOYZ�Z�OYºTK>DFURSW\4DFZ�S
KAi§¦�ôvD�KAiZ¨¡©>ª�«Lª¡¬X��Ød�S[E�KAUbXIST¿QEjOYEHS/U�PRZ�S[EHK]\[OYZ�STUFXHS/iÛà STþbP`OYºTK>DFURSBJLK���STEISTURº[K]OYiAS íÛÒYï
P`GIKAOQZ�D iÇà OYiA¿QDFEIK>XIZ�DËGIK>Z�_RiAS4XIXIK]\4D JRK|�bXHEHOQU`J K>iAiAP`G�XHEHOYXIDËU`S[iAiAOËGIS[ºF�Aí § � § ï4��d�DbGIGIK]OYZ�D
GIS[_`OQEHOQEIS?KAi�\[OYZ�_�D2¸FS4XIXIDQEHK]OYiASeíÛÒQï�_�S[EòSTGIS[Z�_RKADeU`S[i�GaST¿QPRSTUbXIShZ�DLJLD��

ż := (ẋ, v̇, ṫ) =
Z1(z) + Z2(z)

ô�\j�RS2GHOY_R_`KAOQZoD�KAUbXIST¿QEjOYEHS�\4DQU
Z1(x, v, t) = (x, 0, 1)

S
Z2(x, v, t) =

(0,− sinx+k cos t, 0)
ôcXIEHDc¸cOYU`JRD6\[DFGv�

Φh
1 (x, v, t) = (x+hv, v, t+h)

S
Φh

2 (x, v, t) =
(x, v − h(sinx − k cos t), t)

� ¼ GHOYU`JRD�i]O�EIST¿QDFiAO�JLKh\[DQZ�_�DbGaKAº[KADQU`S�íÇÃFïoDYXIXISTURKAOQZ�D
iÛà KAUbXIS[¿FEHOYXIDFEISF�

Ψh(x, v, t) =




hv
2 + x+ h

2 (v − h((−k) cos(h2 + t) + sin(hv2 + x)))
v − h((−k) cos(h2 + t) + sin(hv2 + x))

h+ t


 í³ÕFï

JROQi�þbP`OQi>SFô�JLS[EHK>¸cOQU`JLD/GIST\[DQU`JRDmiASeXHEISo¸cOYEHKAOQ�RK>iAK�DYXIXIS[U`KAOQZoDpJLKAEIS[XaXHOQZ�S[UbXISoiAO/Z�OY_R_�O
XHOQUR¿QSTUbXIS

DΦh(x, v, t) =




1− h2

2 cos(hv2 + x) h
2 + h2

2 (1− h2

2 cos(hv2 + x)) −h2

2 k sin(h2 + t)

−h cos(hv2 + x) 1− h2

2 cos(hv2 + x) −hk sin(h2 + t)
0 0 1


 í³ßFï

¹ iNGIKAGaXISTZ�O��`OoXIEHS�¿QEjOQJLK�JLK1i>KA��S[EIXHÁ�S�¿QiAKNGI_`OYºTK�XHOQUR¿QSTUbXIK|GIK|_�DbGIGIDQU`DoK]JLSTUFXHK®��\[OYEHS�\4DFU
R3 �§�LS2OY_`_Ri>K]\j�RK]OYZ�D�i]O�Z�OY_R_`OoXjOYUR¿FS[UbXIS2OYiN¸FS4XIXIDQEHS�KAURK>ºTKAOQi>S

e2 = (0, 0, 1)
DbGIGIS[EH¸�KÓó

OYZ�D�\j�RS6STGHGaDoEIKAZ�OYURS6KAUb¸cOQEIK]OcXHDeS�þbPRK>U�JLK�EISTU`JLS@U�PRiAi>DoK>i�EHS[i]OcXHK>¸FD µ C¡M9ôR\j�RS�\j�RK]OYZ�KÓó
OYZ�D

χ2(x)
� ¹ i9GaK]GaXIS[Z�O½KAUËþbP`OYUbXID½�`OQZ�K>i>XIDFURKAOQURDW\4DFU`GIS[EH¸áO/i]O½ZoK]GIPREHO½S�_�DFGHGIKAOQZoD

OYiAiADQEjO+PRXIKAi>KAº[ºfOYEHS�PRU|à DFGHGaSTEI¸cOQº[KADQURSvJLSTi>i]O?GaSTºQ� ´ � § ôf_�STENi]O�þbP`OYiASvKFXIEHS µ C¡M&GIDLJRJLK]G��³OQURD?iAO
EHS[i]OYº[KADQU`S

χ1(x)+χ2(x)+χ3(x) = 0
��C+K�EHK>Z�OYU`S+þbPRKAU`JLKLJRO6\[OYi]\4DFiAOQEIS

χ1(x)
��d�DFKA\j�RÞ

_�S[E�KAivXISTDQEHS[Z�O�í ´ ï
e2 ∈ L2

ô1GIS�_REHS[U`JLK]OYZ�D½PRU�¸QS[XaXHDQEHS
v = (v1, v2, 0) ∈ L1 \ L2XIEHDc¸QSTEISTZ�De\4DFUm_REHDQ�`OQ�RKAi>K>XHÁ ´ iÛà µ C¡M�Z�OFGIGIKAZoD�ôLOQGHGaDL\4K]OcXHDeOYi|GIDYXIXIDbGa_`OQº[KAD

L1
��g��R�`KÓó

OYZ�D�þbPRKAU`JLKNGH\4DF_�STEaXHD�\j�`S�URDQU½ÿ�EHSTGaXIEHKÓXIXIKA¸QD�\4DQU�GaK]JLS[EjOYEHS6PRU½¸QS4XIXIDFEIS@KAURK>ºTKAOQi>S�\[DQUpiAO
XISTEIºfO�\4DQZ�_�DQURSTUbXIS�U�PRiAiAO`�9d�S[E�EHK]JLPREHEIS@KAiNU�PRZ�S[EHD�JLKNDF_�STEHOQº[KADQURK|JRO�SfGaST¿QPRKAEHS@O�DF¿QURK
_`OFGIGID2_�DFGHGIKAOQZoD�\[OQiA\[DQi]OYEHSkiÛà µ C¡M JLS[iAi]O2Z�OQ_R_`O�JLK|d�DQKAU`\TOYEHÞkKAU�¸QST\[S�JLS[i¯&�P`GIGID`�
C+DQUmXHOQi>S@OYiA¿QDFEIK>XIZ�D2GIK��³OYURU`D�JRPRShXHK>_`KNJLK�¿QEjOJ��\[KÇ��KAi�EIK>XIEjOcXIXIDoK>Um�³OQGIS@JRS[iAiAO2Z�OY_R_`OoJLK
d�DQKAU`\[OQEIÞ2_�STE�JLKAGIS[¿FU`OYEHS�iÛà DFEI�`KÓXjORô�SoiÇà OYU`J`OYZ�S[UbXIDmXISTZo_�DQEjOYiAS�JLS[iAiÇà µ C¡M \[DQEHEIK]Ga_�DQURó
JLSTUFXHSQ�
^ PRSePRi>XIKAZ�KvOQ\[\[DQEH¿QKAZ�S[UbXIK|U`S[iAiÇà K>Z�_RiAS[Z�STUFXjOYºTK>DFURS2JLSTi>iÛà OYiA¿QDQEHK>XIZ�D&GaDFURDmþbPRSTi>iAK�JRK1_�DYó
XISTE9¸cOYEHK]OYEHSòOQU`\j�RS�KAi`¸FS4XIXIDQEHS�KAURKAº[K]OYiAS

ξ
ShJLK�\4DQZ�KAU`\4K]OYEHS�O�GIDQZ�Z�OYEHS?K`iADQ¿bOYEHKÓXHZoK�JLS[iAi>S

URDFEIZ�S½GaDFi>D�JLDQ_�DtP`U U�PRZ�S[EHD�K>UbXISTEID�JROcXHD`� ¹ i?_`EIKAZ�DtKAUØXHS[DFEIK]OWURDFU GHOYEHS[�`��S/URS4ó
\4SfGIGHOYEHKAD&K>U�þbP`OYUbXID/K>U ´ � § OQ�R�RK]OYZ�Dm¸�K]G�XHD/\j�RSo_RPR�pSTGHGaSTEIS2GI\[S[i>XID½Om\[OFGaD��m°NPLXIXHOá¸�K]O
_�S[E@OYi]\4PRURK�JROYXIK�K>URKAº[K]OYiAK�STGHGaD&_�DYXHS[URºTKAOQi>Z�STUFXHSe_RP`�/OY_`_`OYEIXISTURS[EHS�XIDQXHOQi>Z�S[UbXHS2OYi�GIDYXaó
XIDbGa_�OYº[KAD

L2(x)
ôFEjOYiAi>STUFXjOYU`JRD6JLK`ZoDFiÓXHD�iAO@\[DQU�¸QSTEI¿FS[URºfOR�|GISòGIP`\T\4STJRS?�`OQGaXHO@\[OQZe�RK]OYEHiAD

_REHS[U`JRS[U`JLD�_�S[E�SfGaSTZ�_RK>D�PRUWGIPRD�DQEIXIDF¿QDFU`OYiASQ� ¹ iNGIST\4DFU`JLD�KAUpZ�DFiÓXHKN\[OFGaK�_�S[EHZ�S4XaXHSeJLK
¸QSTi>DL\[K>ºTºTOYEHS�i]Om\[DQU�¸QSTEI¿FS[URºfO�K>U�þbP`OYUbXID/iÇà OYiA¿QDFEIK>XIZ�D&_�OYEIXIKAEIST�R��S2¿QK]Ám\[DQU8P`U8¸QS[XaXHDQEHS
ðIOQJROYXaXIDYñjô�Dc¸�¸QSTEID2¸�KA\[K>URD�OQi�¸QS4XIXIDFEIS

e1
XHOYiAS�\j�RS

χ(x, e1) = χ1(x)
�

´f§



¹ i9_REHDQ�`i>STZ�Op_REHKAU`\4KA_`OYiAS�URS[i¡\[OQiA\[DQiADpJLST¿QiAK µ C¡M"ÿ&\j�`S&O/_`EIKADQEHKvURDQU�ÿ�_�DFGHGaKA�RKAi>S
GHOY_�S[EHSmURÞpK>iò_`OFGIGID8U`Þ/KAi¡XIS[Z�_�D�JRK¡KAUbXIST¿QEjOYº[KADQU`SQ��g�U`\j�RS½GIS/_�S[E�PRU JROcXHD8XHS[Z�_�D
iÛà OQi>¿FDQEHKÓXHZoD½GIS[Ze�`EHOp\4DFUb¸FS[EH¿QSTEISeO½P`U�\[S[EIXIDp¸cOYiADQEHSQô|URDFUtÿ&JRS4XaXHDW\j�RS�OYPRZ�STUFXjOYU`JRD
KAi�U�PRZ�STEID½JLKvK>XIS[EjOYºTK>DFURK�iAO½GIKÓXHP`OYºTK>DFURSeURDFU�\TOYZ2�RKÇ�ed�STE�þFP�OYUbXIDpEIKA¿QP�OYEjJRO�iASoDFEI�`KÓXHS
EHS[¿QDFiAOQEIKFiAO6\4DFU�¸QS[EH¿QSTURºTO?O6úkÿ¡iADQ¿bOYEHKÓXHZ�KA\TO?S?þFP`K>U`JRKbZ�DFiÓXHDkiAS[UbXHO`�N_�S[EvþbPRSTGaXID6Z�DYXHK>¸FD
GIS?PRU|à DQEH�RKÓXjO@URDQU�EHS[¿FDQi]OYEHS+��O@PRU µ C¡MBZ�DQi>XIDe�`OQGHGaD�ôQOYiAiADQEjOkKAiRXHS[Z�_�DeJ�à K>UbXIST¿QEjOYºTK>DFURS
URSf\4STGHGHOYEHK>D _RP`� SfGIGIS[EHSW_REHDQKA�RK>XIKA¸QD`� ^ O PRU _RPRUbXID JLK@¸bK]GaXHOØ\[DQZ�_RPLXjOYºTK>DFU`OYiASW_RPR�
þbPRKAU`JLK|URDFU/SfGIGIS[EHS6_�DbGIGIK>�`K>iAS�\[OQiA\[DQi]OYEHS�XIPRXaXIK1¿QiAK µ C¡M��

��0� ± �¡²k}��LzØw�s�xv�R}awY³hzËz x��¡²k}��LzË�Rz|{�x+u�s��`}?��z|��yh}��9z|�`~�}���svu�x9�`}�yh}
k

g��`�RKAOQZ�D�¸�KAGaXIDe\[DQZ�S�i]O�EHS[¿QKADQU`S9ða\TOYDYXHKA\TOáñ?GaK�JLK>i]OcXjO�OYi�\4EHSTGH\4STEIS�JLSTi>i]O@��DFEIºfOYUbXISF��âkEjO
\4STEH\j�`S[EHS[Z�DB_�STE

k
��GHGIOYXID8JRK¡KAU`JLKA¸�KAJRP`OYEHSmDFEI�RK>XISpJLK?JLKA¸QS[EjGIDBXIKA_�D�ô�PRU`OtEIST¿QDFiAOQEIS�S

PRU`O�URDQU|ôbShJLK�\[OQiA\[DQi]OYEHSòK>i�EISTiAOYXIKA¸QD�STGI_�DQURSTUFXHS�Z�OQGHGaKAZ�D`� ¹ ¿QEjOJ��\[K`\j�RShGIS[¿FPRDQURD�GIDQU`D
KAUWGI\TOYi]O�i>DF¿FOYEHK>XIZ�KA\TOBí�_�S[EkS[UbXIEjOYZ2�RK|¿QiAK1OFGIGIK ïòS�URSTi>iÛà OFGIGISeJLSTi>iASeOFGI\[KAGHGaS�ÿeK>U`JRKA\TOcXIDmK>i
U�PRZ�S[EHD/JLKvK>XISTEHOQº[KADQURK�JLSTi>i]OmZ�OQ_R_`OpJLKvd�DQKAU`\[OQEIÞF� ¹ i�¿FEHO!��\4D/JLS[iAiÇà µ C¡M ÿ�_REHST\4SfJLPLXHD
JROQi�JRKAGIS[¿FURD6JRS[iAiAO6\4DFEIEHKAGI_�DQU`JLSTUbXIS9DFEI�`KÓXjOkGIPRiAiAO@GIS[º[KADQU`S+JLKLd�DQKAU`\TOYEHÞQ� d�STE

k
_RK]\[\4DFi>D

-3 -2 -1 1 2 3

-2

-1

1

2

��KA¿QPREjO�jL� ^ PRS�DQEH�RK>XIS@_�STE
k = 0.05

��EHK>XIEjOcXaXHD
í
k = 0.05

ï�GIKF��O�PRU`Oh\j�RKAOQEHO�K>U`JRKA\TOYº[KADQU`S9JLS[iF�³OcXIXID6\j�RS�_�S[E�iÇà DQEH�RK>XHO?_RK'��KAUbXIS[EHU`O?_`EISfGIO
KAU�\[DQU`GIK]JLS[EjOYºTK>DFURS

χ1(x)
XHS[U`JLSkO6ú`ôQZ�S[UbXHEIS?_�S[E�iÛà OYi>XIEjO@DQEH�RKÓXjO@\4DQU�¸FS[EH¿QSòO@PRU�¸áOQi>DFEIS

_�DFGIKÓXHK>¸FD`�vMNO�GaXISTGHGHO2\[DFGHO2OF\[\[OFJLS6_�STE
k = 0.5

ôRGIDQiADo\j�RS�iÛà DQEH�RKÓXjO6ðI\[OQDYXHKA\TOáñ6\[DQU�¸QSTEI¿FS
OoPRU½¸cOYiADQEHSkZ�OY¿F¿QKADQEHSQ�

´ ¾



1000 10000        5
1. × 10

       6
1. × 10
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1. × 10

       -7
1. × 10

       -6
1. × 10

       -5
1. × 10

       -4
1. × 10

       -3
1. × 10

       -2
1. × 10

       -1
1. × 10

��KA¿QPREjOoÃR� ^ PRS�DQEH�RK>XIS@_�STE
k = 0.05

� µ C¡M
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��KA¿QPREjO&Ò�� ^ P`S�DQEH�RKÓXHS@_�STE
k = 0.5

� EIK>XIEjOcXIXID
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1000 10000        5
1. × 10

       6
1. × 10

       7
1. × 10

       -7
1. × 10

       -6
1. × 10

       -5
1. × 10

       -4
1. × 10

       -3
1. × 10

       -2
1. × 10

       -1
1. × 10

�1KA¿QP`EHOoÕR� ^ PRS�DQEH�RK>XIS@_�S[E
k = 0.5

� µ C¡M

´ j



��¤´ rtx9��z {9ua} � r�� �`}a~�w�svu�sv�hx�w�x9�
k

× <>¤1<  qpÈî¯�°fã�±�Ðf²tÈ�¯�È °c®�ä�¯�ÅÇ²L°c®
âkEjO8¸FSTJLK]OYZ�D�PRU STGIS[Z�_RKADË\4DFU PRU�O G�XHSTGHGIO�DQEH�RK>XHO�URSTi+ð�Z�OQEISB\[OQDYXHKA\[Dcñ �p_�S[E

k =
0.4, 0.6, 0.7

K>i?EHS[i]OcXHK>¸FD8¿QEjOJ��\4DtJRS[iAiÇà µ C¡M Z�OQGHGaKAZ�D8Z�DFGaXIEjO8KAUØZ�DLJLD OY�`�`OQGaXHOQURºTO
\j�RK]OYEHD2\j�RS@\4DFU�¸QS[EH¿QSkO2¸cOQi>DFEIK�\4EHSTGH\4STUFXHK�\4DQU

k
í³iAO�GH\[OQiAOeÿ@GaXHOYXHO2K>U`¿QEHOQU`JLK>XHOeEIK]Ga_�S4XIXID

OY¿Fi>K�SfGaSTZ�_RK�_REHST\4SfJLS[UbXHK]ï4�

1000 10000        5
1. × 10

       6
1. × 10

        -1
1.2 × 10

        -1
1.5 × 10

        -1
1.8 × 10

��K>¿FPREjO�ßR� µ C¡MB_�S[E+JRK>¸FS[EjGaK�¸áOQi>DFEIK�JLK
k
GIP&PRU`OeG�XHSTGHGIO@DFEI�RK>XHO`�1JROQi`�`OFGIGID�¸QSTEHGID�iÇà OYi>XID

k = 0.4, 0.6, 0.7
�

× <>¤1<]¢ (+²�Îf®bÏ�²R°á²RÐ[°c±³ÆF®
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Z�S[UbXIS�GaXIEHS4XIXHOBí ∼ exp(−1/ε)
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