Quasi–periodicity of motions and complete integrability of Hamiltonian systems

Francesco Fassò † Mathematics Department, UCSC Santa Cruz, CA 95064, USA

Abstract: Consider a Hamiltonian system with d degrees of freedom whose motions are all linear on tori of some fixed dimension n ≤ d; is such a system necessarily completely (or else non–commutatively) integrable? We show that the answer is affermative under quite broad conditions, but not always, and we provide counterexamples.

1. Introduction and sketch of results

A. Complete integrability, i.e., the existence of as many independent integrals of motion in involution as the number d of the degrees of freedom, plays a central role for the integrability of Hamiltonian systems. In particular, according to the well known Liouville–Arnol’d theorem, the compact regular common level sets of the integrals in involution are d–dimensional tori on which the flow is linear and, moreover, action–angle coordinates exist in a neighbourhood of each of these tori [1]. There also exist generalizations of this theorem for ‘degenerate’ systems, which possess more than d independent integrals of motion; specifically, if a system has 2d − n ≥ d independent integrals with certain involutivity properties, then its motions are linear on tori of dimension n ≤ d and ‘generalized’ action–angle coordinates do exist in a neighbourhood of each such torus; this is the so called ‘noncommutative integrability’ [1–5].

Even though it is clear that the existence of d integrals of motion which are not in involution is in general not sufficient to assure the integrability of a Hamiltonian system with d degrees of freedom, one may ask whether the requirement of involutivity (or its generalizations for the noncommutative setting, if there are more than d integrals) is really necessary. This problem seems to have a significant foundational interest for mechanics. To our knowledge, it has been considered by Rüssmann, Gallavotti and Ito, who found affirmative answers in special cases.

Specifically, Rüssmann [6] and Ito [7] considered a problem of this kind within the problem of the convergence of the Birkhoff series near an elliptic nonresonant equilibrium in lR^{2d} (with the standard symplectic structure ∑ i dpi ∧ dqi). They showed that any set of d analytic integrals of motion defined in a neighbourhood of such an equilibrium are mutually in involution.

† Permanent address: Università di Padova, Dipartimento di Matematica Pura e Applicata, Via G.

Belzoni 7, 35131 Padova, Italy. (E–mail: fasso@math.unipd.it).

In [8,9], Gallavotti raised the problem of whether a Hamiltonian system whose motions are all conjugate to linear motions on tori is necessarily completely integrable. Note that, in this approach, the existence of the integrals of motion is supplemented with the information that their common level sets are tori which carry linear motions. Gallavotti [10] showed that, under certain technical conditions which we will explain below, the answer to the question is affirmative for ‘strictly anisochronous’ systems, i.e., if the rank of the frequency map is everywhere d. One should note that this anisochronicity condition implies the nondegeneracy of the system. (Indeed, if the frequencies change from torus to torus, then a dense subset of the invariant d–dimensional tori support nonresonant motions and so are closures of trajectories; therefore, in no open invariant set there exist more than d independent integrals of motion.)

In this paper, we provide a general analysis of the problem along Gallavotti’s lines. On the one hand, we extend his result by showing that the answer to the question he raised is affirmative under quite broad conditions, not only for strictly anysochronous systems; the consideration of degenerate systems is especially significant, given that various classical systems of mechanics are degnerate, like the rigid body with a fixed point (d = 3, n = 2) and the Kepler system (d = 3, n = 1). On the other hand, we prove that the answer to Gallavotti’s question is not always affirmative, that is, that there exist Hamiltonian systems which are integrable, in the sense that all their motions are quasi periodic, but not completely (nor noncommutatively) integrable.

B. Specifically, as we explain in Section 2, we consider a Hamiltonian system on a symplectic manifold of dimension 2d which, in some open subset M of its phase space, to which we restrict our consideration, has all its motions conjugate to linear motions on tori of some fixed dimension n, 1 ≤ n ≤ d. We shall make two assumptions. The first, as in [8–10], concerns the existence of suitable, possibly noncanonical, ‘integrating coordinates’; this hypothesis amounts to the fact that the invariant tori are the fibers of a fibration, not only the leaves of a foliation. The second assumption is that in no open invariant subset of M there exist 2d − n + 1 independent integrals of motion. We shall call integrable with n frequencies a system of this kind. The problem that we investigate, following [8,9], is whether the integrating coordinates can be chosen to be canonical, in which case they are (generalized) action–angle coordinates; when this happens, we say that the system is canonically integrable.

The notion of canonical integrability has the advantage of being easily defined but, for the interpretation of the results, it should be related to the standard characterizations of integrability. Thus, we show in the Appendix that canonical integrability is exactly equivalent to noncommutative integrability (and to complete integrability if n = d; if n < d, the equivalence with complete integrability is in a sense only local, the existence of sets of d independent integrals of motion being guaranted only in a neighbourhood of every invariant n–dimensional torus).

In Section 3 we derive a geometric characterization of the problem. Specifically, we show that a system which is integrable with n frequencies is canonically integrable if and only if the symplectic two–form is exact in a neighbourhood of every invariant torus, or else, if and only if the invariant tori are isotropic (Proposition 1). The latter property is obvious when n = d (the Lagrangian character of the tori is indeed equivalent to the fact that the integrals of motion are in involution and so, by the Liouville–Arnol’d theorem, the system possesses action–angle coordinates and hence is canonically integrable) but, as we shall explain later, not if n < d.

As a simple application of this result, we derive in Section 4A a few sufficient conditions for integrability with n frequencies to imply canonical integrability (Proposition 2). One is, of course, the exacteness of the symplectic two–form of the phase space. This condition is particularly significant, being verified in all natural mechanical systems on cotangent bundles. However, since Hamiltonian systems on non–exact symplectic manifolds do exist and actually arise naturally (they appear, for instance, after reduction), we derive a few other sufficient conditions for canonical integrability: a mild nonisochronicity property (which generalizes Gallavotti’s one), the fact that all motions are periodic (n = 1), and the fact that the system has two frequencies (n = 2). In a sense, these results constitute a converse to the Liouville–Arnol’d theorem (they deduce complete integrability from quasi–periodicity).

Finally, in Section 4B we provide some examples of Hamiltonian systems which have all motions linear on tori but are not canonically integrable. The prototype of these examples is the vector field X = 3∑ i=1 ωi ∂ ∂φi , ω = ( 1 √ 2√ 3 ) , on the manifold lR^3 × TT^3 ∋ (I, φ), equipped with the (non–exact) symplectic two–form

σ = 3∑ i=1 dIi ∧ dφi + 1 2 3∑ i,j=1 Gij dφi ∧ dφj , G = ( 0 √3 −√2 − √ 3 0 1 √ 2 −1 0 ) .

The vector field X is Hamiltonian, with Hamiltonian H(I) = ∑ i ωiIi, and its flow is linear on the tori I = const. However, {Ii, Ij } = 3Gij and the three integrals of motion I1, I2, I3 are not involution (equivalently, σ(^∂_{∂φi} ,^∂_{∂φj} ) = Gij and the invariant tori are not Lagrangian). The existence of these systems, which are integrable but not completely integrable, raise some interesting questions that we shall shortly address at the end of the paper.

Acknowledgments: I wish to thank G. Gallavotti for kindly communicating me his results and G. Benettin for valuable discussions. This work has been supported by the grant EC contract ERBCHRXCT940460 for the project Stability and Universality in Classical Mechanics and by a fellowship Consiglio Nazionale delle Ricerche — NATO.

2. Two integrability notions

In this section we make precise the class of systems with quasi–periodic motions that we consider. Let us recall, preliminarily, that a vector field X on a symplectic manifold (M, σ) is called Hamiltonian if the one–form iX σ is exact, and locally Hamiltonian if iX σ is closed; in the former case there exists a (global) Hamiltonian H for X, which satisfies iX σ = −dH, while in the latter case the existence of Hamiltonians is assured only locally. Even though we are mostly interested to the Hamiltonian case, it is convenient to consider the more general case of a locally Hamiltonian vector field.

Throughout the paper, by a manifold (map, function) we mean a smooth manifold (map, function). Moreover, by saying that k functions F1, . . . , F_k defined in a set M are independent, we always mean that their differentials are linearly independent at every point of M.

Definition 1: Let (M, σ) be a symplectic manifold of dimension 2d, X a locally Hamiltonian vector field defined on M, and n an integer, 1 ≤ n ≤ d.

(i) We say that X is integrable with n frequencies if

(H1) For every point x ∈ M there exist a neighbourhood N of x and a diffeomorphism

C = (b, φ) : N → B × TT^n , (2.1)

where B is an open subset of lR^{2d−n}, which conjugates X to a vector field which is tangent to the tori b = const and is constant on them, i.e., C∗X = ω · ∂ ∂φ with some map ω : B → lR^n, called the frequency map (C∗ denotes the push–forward).

(H2) In no open invariant subset of M there exist 2d − n + 1 independent integrals of motion of X.

(ii) We say that X is canonically integrable with n frequencies if it is integrable with n frequencies and if, moreover, for every point x ∈ M there exists a diffeomorphism C = (b, φ) as in (2.1) which is defined in a neighbourhood of x and is canonical, in the sense that, writing b = (p1, . . . , p_{d−n}, q1, . . . , q_{d−n}, a1, . . . , an), one has

C∗σ = d−n∑ r=1 dpr ∧ dqr + n∑ i=1 dai ∧ dφi . (2.2)

Note on terminology: The expressions ‘integrable’ and ‘canonically integrable’ are used by Gallavotti [8,9] in the case n = d and with no analogue of hypothesis H2. The expression ‘number of frequencies’ is used by Nekhoroshev for analytic systems [3] (however, Nekhoroshev uses ‘integrable’ for our ‘canonically integrable’).

As explained in the Introduction, the purpose of this paper is to establish whether integrability with n frequencies implies canonical integrability. In the remaining of this Section, we add a few comments about these notions.

Hypothesis H1 implies that, in the set N, the flow of X is conjugate by C to the linear flow (b, φ) → (b, φ + ω(b)t mod 2π) . (2.3) Therefore, M is foliated by n–dimensional invariant manifolds diffeomorphic to tori, on which the flow is linear; we shall refer to these submanifolds as the invariant tori of X. The diffeomorphisms C = (b, φ) will be called integrating coordinates.

We note that the existence of integrating coordinates is stronger than requiring that all motions are quasi–periodic. Specifically, the existence of the diffeomorphisms (2.1) amounts to the fact that the invariant tori are the fibers of a fibration. This follows from a special case of Reeb’s stability theorem, according to which every foliation whose leaves are compact and have no holonomy is a fibration (see [11]); in the present case, the triviality of the holonomy is assured by the existence of the integrating coordinates. While this hypothesis is generally satisfied, there are some well known exceptions. For instance, the foliation by the periodic orbits of a system of two uncoupled harmonic oscillators with frequency ratio 2 : 1 has not the structure of a fibration in a neighbourhood of the special orbits of half period, in which only the slower oscillator moves; indeed, all the other orbits wind twice around these special orbits, and correspondingly, they form a so called Seifert’s foliation [12], but not a fibration. (However, if one removes these special orbits, as well as the equilibrium, one still gets a system which is integrable with one frequency; see also the Appendix).

We also note that the integrating coordinates are not uniquely defined (for instance, any diffeomorphism b^′ = b^′(b) produces new integrating coordinates (b^′, φ)). Furthermore, as a consequence of the possible topological nontriviality of the fibration by the invariant tori, it may be impossible to cover the whole manifold M with a single set of integrating coordinates. However, one can always construct an atlas for M by patching together a suitable number of local systems of these coordinates.

Hypothesis H2 concerns the ‘minimality’ of the invariant tori of dimension n, in the sense that it implies that these tori cannot all be decomposed into tori of smaller dimension n^′ < n. Hence, once H2 is added to the definition, a system which is integrable with n frequencies is not integrable with n^′ < n frequencies. Note that hypothesis H2 can be rephrased by saying that every integral of motion of the system which is defined in an invariant set is functionally dependent on the local coordinates b1, . . . , b_{2d−n}.

Finally, we observe that canonical integrability with n frequencies, with any n ≤ d, obviously implies the existence of d integrals of motion in involution which are defined and are independent in a neighbourhood of any invariant torus (the coordinates a and p, for instance). Thus, a system which is canonically integrable with n frequencies is also completely integrable, in this local sense. The converse to this fact is discussed in the Appendix, where we also discuss the relation among canonical integrability and noncommutative integrability (which is relevant for the interpretation of Proposition 1 below).

3. Characterization of the problem

In this Section, we establish some necessary and sufficient conditions for integrability with n frequencies to imply canonical integrability. In the sequel, we make everywhere the convention that the indices i, j, ... take the values 1, . . . , n, while the indices r, s, ... take the values 1, . . . , 2d−n; moreover, we understand summation over repeated indices.

A. We begin by stating the following Lemma which describes the local structure, in a neighbourhood of an invariant torus, of the symplectic form and of the local Hamiltonians of a system which is integrable with n frequencies:

Lemma Assume that the vector field X on the symplectic manifold (M, σ) is locally Hamiltonian and integrable with n frequencies. Then, for every local system of integrating coordinates C = (b, φ) : N → B × TT^n, with N connected, there exist matrices E(b), F (b) and G (i.e. E and F depend on b but not on φ, while G is constant), with F and G antisymmetric, such that the vector g := Gω(b) is constant in all of B and one has C∗σ = Erj dbr ∧ dφj + 1 2 Frsdbr ∧ dbs + 1 2 Gij dφi ∧ dφj . (3.1)

Moreover, every local Hamiltonian H of C∗X = ω ·^∂_{∂φ} , defined in any set B^′ × V ⊂ B × TT^n, has the form H(b, φ) = h(b) + g · φ , (3.2) where h : B^′ → lR is a function such that^{∂h}_{∂b} = Eω.

Note that, by its very construction, the vector field C∗X = ω ·^∂_{∂φ} in B × TT^n is locally Hamiltonian with respect to C∗σ; however, it is Hamiltonian if and only if ω(b) ∈ ker (G) at every point b ∈ B, i.e., if and only if g = 0 (otherwise, H is not single valued).

Proof. Expression (3.1) holds with some matrices E, F = −F^T , and G = −G^T dependent on the coordinates (b, φ) and 2π–periodic in the variables φ1, . . . , φn. In order to show that these matrices have the specified properties we begin by using the fact that ω ·^∂_{∂φ} is locally Hamiltonian with respect to C∗σ. This implies that, for every t ∈ lR, the map at time t of its flow, here denoted Φt, is symplectic, that is, Φ^∗_t C∗σ = C∗σ. Now, since Φt(b, φ) = (b, φ + ω(b)t mod 2π), for sufficiently small t (e.g., |t| < π mini |ωi(b)|^{−1}) one has Φ^∗_t C∗σ = (Erj ∘ Φt)dbr ∧ d(φj + tωj ) + 1 2 (Frs ∘ Φt)dbr ∧ dbs + 1 2 (Gij ∘ Φt)d(φi + tωi) ∧ d(φj + tωj ) . Therefore, for small t, the condition Φ^∗_t C∗σ = C∗σ leads to the equations Gij ∘ Φ−t = Gij , (3.3a) Erj ∘ Φ−t = Erj + t Gij ∂ωi ∂br , (3.3b) Frs ∘ Φ−t = Frs + 2tErj ∂ωj ∂bs + t^2 Gij ∂ωi ∂br ∂ωj ∂bs , (3.3c) for all i, j = 1, . . . , n and all r, s = 1, . . . , 2d − n. Using the group property of the flow Φt, one verifies that equations (3.3) hold for all times t ∈ lR.

Observe now that, on account of hypothesis H2, equations (3.3a) imply G = G(b). For the same reason, and by virtue of the periodicity of E, equations (3.3b) imply E = E(b) and Gij^{∂ωi}_{∂br} = 0 for all j and r, that is, Gij dωi = 0 , j = 1, . . . , n . (3.4) Similarly, equations (3.3c) give F = F (b). Furthermore, closedness of C∗σ and the fact that E does not depend on φ imply 0 = dC∗σ ( ∂ ∂br , ∂ ∂φi , ∂ ∂φj ) = 1 2 ( ∂G_{ij} ∂br − ∂Gji ∂br ) = ∂Gij ∂br for all i, j = 1, . . . , n and all r = 1, . . . , 2d − n. This shows that the matrix G is constant (since B is connected). Therefore, by (3.4), Gω is constant, too. Finally, one has i_{ω·} ∂_{∂φ} C∗σ = −Eriωidbr + Gij ωidφj ; equating this expression to −dH, and using the constancy of Gω, one proves (3.2).

B. We now provide a geometric characterization of the equivalence of integrability and canonical integrability with n frequencies. Let us recall that a submanifold of a symplectic manifold (M, σ) is said to be isotropic if σ vanishes on its tangent spaces. If M has dimension 2d, its isotropic submanifolds may have any dimension n ≤ d. An isotropic submanifold of the maximal dimension n = d is called Lagrangian. In the case at hand, within every system of integrating coordinates, the condition which expresses the isotropy of the invariant tori of X is C∗σ ( ∂ ∂φi , ∂ ∂φj ) = 0 for all i, j = 1, . . . , n ,

that is, with the notations entering equation (3.1), G = 0.

Proposition 1 Let X be a locally Hamiltonian vector field on a symplectic manifold (M, σ) which is integrable with n frequencies. Then the following statements are equivalent: (S1) X is canonically integrable with n frequencies. (S2) The invariant tori of X are isotropic.

(S3) Every invariant torus of X has a neighbourhood in which σ is exact.

Proof. The fact that S1 implies S3 follows from the very existence of canonical integrating coordinates: σ|N = d( ∑ r prdqr + ∑ i aidαi). In order to prove that S3 implies S2, let us assume σ|U = dθ, U being a neighbourhood of an invariant torus which is contained within the domain of a system of integrating coordinates C = (b, φ). Integrating C∗σ = dC∗θ as given in (3.1) over the two–dimensional tori γij = {(b, φ) ∈ B × TT^n : b = const, φ_l = const if l ≠ i, j} , i, j = 1, . . . , n , using the constancy of Gij and Stokes theorem, we get

4π^2 Gij = ∫ γij C∗σ = ∫ ∂γij C∗θ = 0 . This proves the claim since, as already observed, the tori b = const are isotropic if and only if G = 0.

Finally, we prove that S2 implies S1. It clearly suffices to prove this fact within a local system of integrating coordinates. Let us refer to the expression (3.1) of C∗σ. The closedness of C∗σ, the fact that F is independent of the angles φ, and the constancy of G imply that the two–form Eridbr ∧ dφi is closed. In turn, since E = E(b), this implies that the n one–forms Eridbr (i = 1, . . . , n) are closed, too. Hence, every point b ∈ B has a neighbourhood B^′ ⊂ B in which are defined n real functions a1, . . . , an such that Eridbr = dai. Since G = 0 by the isotropy hypothesis, one has i_{∂/∂φi} C∗σ = −dai for every i = 1, . . . , n, showing that^∂_{∂φi} is the Hamiltonian vector field of the function ai; hence, the linear independence of these vector fields and the nondegeneracy of the symplectic form imply that the differentials da1, . . . , dan are everywhere linearly independent in B^′. Moreover, since {ai, aj } = σ(^∂_{∂φi} ,^∂_{∂φj} ) = 0, the functions a1, . . . , an are pairwise in involution.

(At this point, the proof could be concluded just by observing that the existence of the functions a1, . . . , an implies the noncommutative integrability of the system. Nevertheless, it is easy to directly complete the proof.)

On account of a theorem of Lie and Caratheodory (see for instance [3,1,13]), the existence of functions a1, . . . , an with the stated properties implies that every point (b^′_0, φ0) ∈ B^′ × TT^n has a neighbourhood B^{′′} × W , W ⊂ TT^n, with coordinates (ai, ps, qs, α̃i), i = 1, . . . , n, s = 1, . . . , d − n, which are canonical, in the sense that C∗σ = dai ∧ dα̃i + dps ∧ dqs. This expression of C∗σ implies that, for every i = 1, . . . , n, the local coordinate α̃i is the time along the flow of the Hamiltonian vector field of ai, which as already observed is^∂_{∂φi} . Therefore, there exist functions ψi(b) defined in B^{′′} such that α̃i(b, φ) = φi + ψi(b) if (b, φ) ∈ B^{′′} × W . But then, one can extend the canonical coordinates (a, p, q, α̃) to canonical coordinates (a, p, q, α) defined in all of B^{′′} × TT^n by letting αi = φi + ψi mod 2π. These coordinates are local generalized action–angle coordinates for X, which is therefore canonically integrable.

Remarks: (i) The heart of the the proof of Proposition 1 is showing that S2 implies S1. As we have already observed in the Introduction, this fact is obvious in the nondegenerate case n = d. The situation is different in degenerate cases (n < d), since not every fibration with compact isotropic fibers admits canonical integrating coordinates: according to the noncommutative generalizations of the Liouville–Arnol’d theorem, this happens indeed if and only if such a fibration has a special property, i.e., it possesses a ‘polar’ foliation (see the Appendix). Therefore, the above proof amounts to showing that, in the case under consideration, the existence of the polar foliation is implied de facto by the assumption that the invariant tori carry a locally Hamiltonian linear flow which satisfies hypothesis H2.

(ii) The same arguments used in the proofs of the Lemma and of Proposition 1 could be used to prove that, if a locally Hamiltonian system has an embedded invariant torus on which the flow is linear and nonresonant, and if the symplectic two–form is exact (in a tubular neighbourhood of such a torus), then such a torus is isotropic. This generalizes a known result for the Lagrangian case (see [14]).

4. Integrability with n frequencies and canonical integrability

A. As an application of the results of the previous section, we give now a few sufficient conditions for a system which is integrable with n frequencies to be canonically integrable:

Proposition 2 Let X be a locally Hamiltonian vector field on a symplectic manifold (M, σ) which is integrable with n frequencies. Then, X is canonically integrable with n frequencies whenever one of the following conditions is satisfied: (C1) σ is exact.

(C2) M is connected and, in some system of integrating coordinates (2.1), the derivative of the frequency map ω : B → lR^n has rank either n or n − 1 at one point of B.

(C3) n = 1.

(C4) n = 2 and X is Hamiltonian.

Proof. The sufficiency of conditions C1 and C3 follows from, respectively, conditions S3 and S2 of Proposition 1 (recall that every one–dimensional submanifold is isotropic).

In order to prove the sufficiency of condition C4, we can clearly restrict ourselves to a system of integrating coordinates (2.1). By equation (3.2), the existence of a global Hamiltonian for

X implies Gω(b) = 0 at every point b ∈ B. If n = 2 this implies G = 0, since every non– zero 2 × 2 antisymmetric matrix is non–singular. Hence the tori are isotropic and the system is noncommutatively integrable.

We now prove the sufficiency of C2. By hypothesis, there is a system of integrating coordinates (b, φ) : N → B × TT^n such that the derivative of the map b → ω(b) has rank r ≥ n − 1 at a point b0 ∈ B. Let us restrict initially to this coordinate system. According to the Lemma, both G and Gω are constant, so that

G (ω(b^′) − ω(b^{′′})) = 0 for all b^′, b^{′′} ∈ B . (4.1)

But ω maps a neighbourhood of b0 onto an r–dimensional submanifold of lR^n, so that equation (4.1) implies dim (ker G) ≥ r. Since r ≥ n−1 and G is antisymmetric, this in turn implies that the range of G has dimension either zero or one. Hence G = 0, since the range of any antisymmetric non–zero matrix is at least two–dimensional. This proves that the invariant tori of X are isotropic, and thus that X is canonically integrable, within the considered domain N. We now extend this result to the whole manifold M. Let us consider any other system of integrating coordinates C^′ = (b^′, φ^′) : N^′ → B^′ × TT^n, with N^′ ∩ N ≠ ∅, and write C^′_∗σ = E^′_{rj} db^′_r ∧ dφ^′_j + 1 2 F^′_{rs}db^′_r ∧ db^′_s + 1 2 G^′_{ij} dφ^′_i ∧ dφ^′_j . Hypothesis H2 implies that, in N ∩ N^′, one has b^′ = b^′(b); consequently, denoting J = ∂φ^′/∂φ, one has G = J^T G^′J. Thus, if M is connected, the condition G = 0 is transported to all local integrating coordinate systems forming an atlas for M, proving that all the invariant tori of X are isotropic.

The conditions given in Proposition 2 are just indicative. In particular, conditions C2–C4 are sufficient conditions for the more general condition range(dω) ⊂ ker (G). In the nondegenerate case n = d, the sufficiency of conditions similar to C2 and S2 was already known to Gallavotti [10].

B. According to Propositions 1 and 2, integrability with n frequencies and canonical integrability with n frequencies are equivalent notions in most situations. Nevertheless, there is some room left for Hamiltonian systems on non–exact symplectic manifolds which are integrable with n ≥ 3 frequencies but not canonically integrable. As is clear from the Lemma and from Proposition 1, the possibility of constructing systems of this kind depends on the possibility of constructing a frequency map ω which is nonresonant at a dense set of points, satisfies ∂h/∂b = Eω with some function h(b) and some matrix E(b), and is such that Gω = 0 with some non–zero antisymmetric constant matrix G.

It is easy to construct examples of this situation: given any integer n ≥ 3 and any nonresonant constant vector ω ∈ lR^n, consider a non–zero antisymmetric real matrix G such that ω ∈ ker(G) and define the two–form σ = dIi ∧ dφi + 1 2 Gijdφi ∧ dφj (4.2) on lR^n × TT^n; then, the vector field X = ω ·^∂_{∂φ} on (lR^n × TT^n, σ) is Hamiltonian, with Hamiltonian H(I) = ω · I, and is integrable with n frequencies but not completely integrable.

An example of this type, with n = 3, was given in the Introduction. It can be of interest to observe that, if n = 2, one can construct locally Hamiltonian (although not Hamiltonian) vector fields which are integrable with two frequencies but not canonically integrable. An example is X =^∂_{∂φ1} + √ 2^∂_{∂φ2} on lR^2 × TT^2 with symplectic form σ = dI1 ∧ dφ1 + dI2 ∧ dφ2 + dφ1 ∧ dφ2.

These examples of systems which are integrable but not completely integrable are certainly very special and artificial. We do not know whether any system of this kind arises from situations of physical interest – even though the results of this paper seem to pose quite severe limitations to this possibility.

However, it seems to us that the very existence of these examples raises the question of whether complete (or noncommutative) integrability provides the ultimate characterization of integrability for Hamiltonian systems. In particular, it would be interesting to establish whether there exists an integrability criterion, which makes reference to properties of the integrals of motion and of the symplectic manifold alone (not to properties of the motions, as we did in Definition 1), and which includes both complete integrability and integrability with n frequencies.

Remarks: (i) In the above example, the vector field ω ·^∂_{∂φ} is Hamiltonian (incidentally, with the same Hamiltonian ω · I) also with respect to the standard symplectic structure ∑ dIi ∧ dφi on lR^n × TT^n, and with respect to such a structure it is obviously completely integrable. This fact could be interpretatively relevant, but we do not know whether it is true in general. For instance, it is not difficult to see that a second symplectic structure for which the invariant tori are isotropic always exists locally, within the domain of a system of integrating coordinates, if the matrix E entering (3.1) is the identity (or more generally, if E has everywhere rank n since, on account of the nondegeneracy of σ, one can thus make a local change b^′ = b^′(b), φ^′ = φ of integrating coordinates so as to get E = id.) However, even assuming that the matrices E can be taken to be the identity within every coordinate system, it is plausible that, if M is a manifold, there are obstructions to the global existence of a symplectic structure with this property.

(ii) Since the two symplectic forms (4.2) and ∑ dIi ∧dφi form a pencil, the vector fields ω ·^∂_{∂φ} considered in the above example are biHamiltonians. Hence, they are examples of biHamiltonian systems which are completely integrable with respect to one structure but not to the other.

Appendix

In this Appendix we give some examples of systems which are integrable with n frequencies and we discuss the equivalence between canonical and complete or noncommutative integrability.

A. First of all, we observe that hypothesis H2 entering Definition 1 is satisfied whenever a dense subset of the invariant n–dimensional tori are closure of trajectories. (The difference between this condition and hypothesis H2 is very slight, and they are in fact equivalent in the analytic case, see [3]). This in turn amounts to the fact that, in every local system of integrating coordinates, the frequency vector ω(b) is nonresonant (i.e., ω(b) · ν ≠ 0 for all ν ∈ ZZ^n, ν ≠ 0) at a dense set of points b ∈ B. The latter condition is satisfied, in particular, in the two opposite cases in which, within every system of integrating coordinates, either ω ∈ lR^n is a constant nonresonant vector or the derivative of the frequency map ω : B → lR^n has everywhere rank n.

Using this fact, it is easy to verify that various systems of mechanics, restricted to the subset M of their phase space fibered by n–dimensional invariant tori, are integrable with n frequencies, for instance: the free rigid body with a fixed point (d = 3, n = 1), any system of d ≥ 1 uncoupled harmonic oscillators (n = d − k, if k is the number of independent resonance relations), Kepler (d = 3, n = 1) and, more generally, every system with all motions periodic whose period does not identically vanish in any open set (n = 1).

B. As an immediate consequence of Proposition 1, we have the following

Proposition A1 For a system which is integrable with n frequencies, with any 1 ≤ n ≤ d, canonical integrability is equivalent to the fact that every invariant torus has a neighbourhoud in which are defined d independent integrals of motion in involution.

Proof. One implication is obvious, as already observed in Section 2. For the other observe that, if any set of d independent integrals of motion do exist in an open invariant set, then, in that set, every n–dimensional invariant torus is contained within a level set of these functions. If these functions are in involution, then their level sets are Lagrangian, and so the invariant tori are isotropic. By Proposition 1, this implies that the system is canonically integrable.

Note that Proposition A1 does not follow from the Liouville–Arnol’d theorem, since it is not assumed that the d integrals in involution have compact level sets or that their Hamiltonian vector fields are complete.

According to Proposition A1, for systems which are integrable with n frequencies, canonical integrability is equivalent to complete integrability in a ‘local’ sense. Globally, however, the situation is different.

One reason is that, even if the system is nondegenerate (n = d), it may happen that the fibration by the invariant tori cannot be described globally by a single set of independent functions in involution. As is obvious, this fact can be overcome by focusing on the fibration, rather than on the functions used to describe it, and defining complete integrability as the existence of a fibration with compact, Lagrangian, invariant fibers (see [15]; one could obviously relax the requirement of compactness, but this is the case of interest here). Once this has been done, canonical integrability with the maximal number d of frequencies turns out to be equivalent to complete integrability. (For a proof, see Proposition A2 below).

On the other hand, in the case of a degenerate system (n < d), it may happen that there is no invariant Lagrangian fibration which is defined in the whole subset M of the phase space fibered by the n–dimensional invariant tori. Examples of this situations are met for instance with the rigid body, Kepler, the 1 : 1 resonance (see [16]). In these cases, in order to get a global picture of the system, one should focus on the fibration by the n–dimensional tori, and this is exactly what noncommutative integrability does.

Noncommutative integrability is often defined, in a local way (analog of the existence of d integrals in involution for complete integrability), by the existence of 2d − n independent integrals of motion F1, . . . , F_{2d−n} such that the Poisson brackets {Fi, Fj } are functionally dependent on F1, . . . , F_{2d−n} and are such that the matrix with entries {Fi, Fj } has everywhere rank 2d − 2n [1,2]. The following is a possible globalization of this definition [4,5]:

Definition A1. A locally Hamiltonian system on (M, σ) is said to be noncommutatively integrable if there exists a fibration of M which has compact isotropic invariant fibers of a certain dimension n ≤ d and which possesses a polar foliation.

The polar foliation of a fibration, if it exists, is the foliation whose leaves have for tangent spaces the symplectic orthogonals to the tangent spaces of the fibers of the fibration. Since every Lagrangian fibration coincides with its own polar, when n = d noncommutative integrability reduces to complete integrability (in the ‘global’ sense).

According to some generalizations of the Liouville–Arnol’d theorem [2–5], the connected components of the fibers of an isotropic fibration which possesses a polar foliation are n–dimensional tori, and every one of them has a neighbourhood N equipped with ‘generalized action–angle coordinates’, that is, a diffeomorphism C = (p, q, a, α) : N → B × TT^n which satisfies (2.2) and is such that the fibers of the fibration are described by (a, p, q) = const.

We may now prove the following

Proposition A2. Let X be a locally Hamiltonian vector field defined on a symplectic manifold (M, σ) which is integrable with n frequencies. Then, X is canonically integrable if and only if it is noncommutatively integrable.

Proof. Assume that X is integrable with n frequencies and noncommutatively integrable. On account of hypothesis H2, in the intersection of the domain of a system of integrating coordinates (b, φ) and of a system of generalized action–angle coordinates (p, q, a, α), one has b = b(a, p, q), and viceversa. Hence, the generalized action–angle coordinates are local integrating coordinates; since they are canonical, X is canonically integrable.

Conversely, if X is canonically integrable with n frequencies, then its invariant tori are isotropic. Thus, the only thing we must prove is that the fibration by these tori has a polar foliation. Now, within the domain of any system of canonical integrating coordinates, the equation a = const defines a foliation which is polar to the invariant tori. So, it suffices to prove that the leaves of these local foliations coincide in the intersection of their domains. This amounts to the fact that, if (p, q, a, α) and (p^′, q^′, a^′, α^′) are two local systems of canonical integrating coordinates, then in the intersection of their domains one has a^′ = a^′(a). This follows indeed from the fact that the transition functions between any two such coordinate systems have the form a^′ = Za + z , α^′ = (Z^T )^{−1}α + F(a, p, q) , p^′ = P(a, p, q) , q^′ = Q(a, p, q) , where Z and z are, respectively, a constant matrix and a constant vector, and F, P and Q are maps. The proof of this fact can be found in [3] (section 2; one should take into account that, because of hypothesis H2, α and α^′ are coordinates on the same tori).

Notes added in proofs: (i) During the refereeing process of this paper, there appeared two papers by O.I. Bogoyavlenskij (Commun. Math. Phys. 180, 529, 1996 and 184, 301, 1997) which have a significant overlapping with the present one. Indeed, they contain formula (3.1) for the local symplectic structures, an analogue of (Gallavotti’s) condition C2 for the nondegenerate case n = d, and, what is very interesting, a generalization of complete and noncommutative integrability which embraces the examples of Section 4.B (as well as those mentioned in point ii below) and answers the question raised at the end of Section 4.

(ii) A different class of systems which are integrable but not completely integrable had already been discovered by I.O. Parasjuk (Ukr. Math. J. 36, 380, 1984; 46, 572 and 994, 1994); these are systems with motions linear on coisotropic tori.

(iii) A minor modification of the proof of the Lemma shows that, if the symplectic two–form is exact, then an invariant torus of a Hamiltonian system on which the flow is linear and dense is necessarily isotropic.

References

[1] V.I. Arnold, V.V. Kozlov and A.I. Neishtadt, Mathematical aspects of classical and celestial mechanics, in Dynamical system III, Volume 3 of Encyclopedia of Mathematical Sciences, V.I. Arnold editor (Springer-Verlag, Berlin, 1988).

[2] A.S. Mischenko and A.T. Fomenko, Generalized Liouville method of integration of Hamiltonian systems. Funct. Anal. Appl. 12, 113-121 (1978).

[3] N.N. Nekhoroshev, Action–angle variables and their generalizations. Trans. Moskow Math. Soc. 26, 180-198 (1972).

[4] P. Dazord and T. Delzant, Le probleme general des variables actions-angles. J. Diff. Geom. 26, 223-251 (1987).

[5] M.V. Karasev and V.P. Maslov, Nonlinear Poisson Brackets. Geometry and Quantization. Translations of the AMS, Volume 119 (AMS, Providence, Rhode Island, 1993).

[6] H. Rüssmann, Über das Verhalten analytischer Hamiltonscher Differentialgleichungen in der nähe einer Gleichgewichtslösung. Math. Annalen 154, 285-300 (1964).

[7] H. Ito, Convergence of Birkhoff normal forms for integrable systems. Comment. Math. Helvetici 64, 412-461 (1989).

[8] G. Gallavotti, The Elements of Mechanics (Springer Verlag, Berlin 1983).

[9] G. Gallavotti, Quasi–Integrable Mechanical Systems, in Critical phenomena, Random Systems, Gauge Theories, K. Osterwalder and R. Stora editors, Les Houches, Session XLIII, 1984 (North–Holland, Amsterdam 1986).

[10] G. Gallavotti, private communication. This result was also announced in a course at the Scuola Estiva di Fisica Matematica held in Ravello (Italy) in September 1991.

[11] C. Camacho and A.L. Neto, Geometric theory of foliations (Birkhäuser, Boston, 1985). [12] V.I. Arnold, Geometrical methods in the theory of ordinary differential equations (Springer, New York, 1988).

[13] P. Libermann and C.-M. Marle, Symplectic geometry and analytical mechanics. (D. Reidel, Dordrecht, 1987) [14] M.R. Herman, Inégalités a priori pour des tores Lagrangiens invariants par des difféomorphismes symplectiques. Inst. Hautes Etudes Sci. Publ. Math. 70, 47-101 (1989).

[15] J. J. Duistermaat, On global action–angle coordinates. Commun. Pure Appl. Math. 33, 687-706 (1980).

[16] F. Fassò, The Euler–Poinsot top: a non–commutatively integrable systems without global action–angle coordinates. J. App. Math. Phys. (ZAMP) 47, 1-24 (1996).