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The general

Let Q be a bounded open set in RN. We consider elliptic operators
of the type

Hu = (-1)" Z D (Aup(x)DPu), x€Q,

le|=|Bl=m

subject to homogeneous boundary conditions (Dirichlet, Neumann,
Intermediate etc.)
Under suitable assumptions, the spectrum is discrete

Q< L[Q < <A[Q] <.
Consider the functions
Qe 24,9, Q- unQ]

Are they continuous?
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Example: the bi-harmonic operator

(vibrating plate)

Dirichlet boundary conditions (clamped plate)

A%u = Au, inQ,
u=20, on 992,
% =0, on 0f2.
Neumann boundary conditions (free plate)
A%u = Au, in Q,
vAu+ (1 —v)g% =0, on 0%,
(1 = v)divgo(Hu - n) + %24 =0, on 4,

v is the Poisson coefficient of the material (0 < v < 1/2).
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Example: the bi-harmonic operator

Intermediate boundary conditions (hinged plate)

A2U — /lU, in Qa
u=20, on 012,
Au—k(x)g—ﬁ =0, ondN

tricky case...see Babuska Paradox.
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Polyharmonic operators

For m > 1, consider

(-1)"AMu=2au inQ

Dirichlet boundary conditions for this problem

{u =0, on 092,

g)kT‘k‘:O, ond,1<k<m-1
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Weak formulation of the problem

m The coefficients A,z are fixed bounded real-valued functions
defined on RY Ay = Age and 3y —igi=m Aaplals > 011

m V(Q) is a closed subspace of W™2(Q) containing Wé"’Z(Q),
compactly embedded into L2()

We consider the eigenvalue problem in the weak form

f Z AwsD*uDPyp dx = /lf updx, Yo e V(Q)
Q Q

lol=[B=m

If V(Q) = WS”Z(Q) we talk about Dirichlet boundary conditions
If V() = W™2(Q) we talk about Neumann boundary conditions
If V(Q) = W™2(Q) n W/?(Q2) with 0 < k < m we talk about
Intermediate boundary condltlons
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Main problem

Give sufficient conditions which guarantee that for a family of
perturbations €2, € > 0, of Q we have

Hg_zl compact converges to H§1 as e > 0

This essentially means that
m If f. — fthen Hy'f. - H'f

m if f. is a bounded sequence then H; fe has a convergent
subsequence.

Importantly:

compact convergence = spectral convergence
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Intermediate boundary conditions

Biharmonic case (hinged plates)

Recall: for Intermediate boundary conditions

V(Q) = WZ3(Q) n W, ?(Q)

We consider local perturbations of sets which are locally the
subgraph of a function of class C?: given W c RN-"

Q={(X,xn): Xe W, a< xy<g(x)}
Qe ={(X,xn) : Xe W, a< xn<geXx)}

Theorem

Assume that ||ge — Q||c1(|7v) — 0ase— 0and ||ge”C2(W) < M for all
€ > 0, then the compact convergence holds.
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Sufficient condition for the compact

convergence

Lemma

Suppose that V() = W?2(Q) n W)2(Q). If for all e > 0 there
exists k. > 0 such that

B (1) ke > |Ige — 9o, VE> 05

m (ii) lim.0 ke = 0;

m (iii) lime_o 12C=9lle _ o vp e NN with g < 2.
Ke

Then H;EQE) - H;EQ) with respect to the compact convergence.
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Sharpness for all higher order operator

Lemma

Suppose that V() = W™2(Q) n W ?(Q) for some 1 < k < m. If
for all e > 0 there exists k. > 0 such that

B (D) ke > |Ige — 9o, VE> 05

m (i) limeoke = 0 ;

m (i) lim, g ”D:V%—HJLW 0, VB € NN with 8 < m.

Then H;EQG) - HV(Q) with respect to the compact convergence.
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We take Q = Wx] —1,0[ with W c RN-" and

Q. = {()‘(,xN) cxeW, -1 <xy<ge= e”’g(x)}
€

where @ > 0, and g : RN-1 — R is a periodic smooth positive
function (with period Y, say the unit cell in RN-1)
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Polyharmonic operators with strong
intermediate b.c.

Theorem (Spectral convergence)

Letm > 2, and let Hq, be the operator (—1)"A™ + 1 on Q. with
strong intermediate boundary conditions

V(Qe) = W™2(Q) n WI3(Q).

Let also Hq p be the same operator with Dirichlet boundary
conditions on W x {0} and intermediate boundary conditions on the
rest of 02. Then:

m [Spectral stability] If @ > 3/2, then H! | 5 Hg'.

m [Instability] If @ < 3/2, then H5' | > Hg!,.



What about the critical case a = 3/27

Strategy:



NIVERSITA

What about the critical case a = 3/2?

Strategy:
m fix ¢ € V(Q2) and a suitable diffeomorphism ¢, : Q. — Q



What about the critical case a = 3/27

Strategy:
m fix ¢ € V(Q2) and a suitable diffeomorphism ¢, : Q. — Q

m use ¢(P(x)) as test function in the weak formulation of the
perturbed problem in €2,



What about the critical case a = 3/27

Strategy:
m fix ¢ € V(Q2) and a suitable diffeomorphism ¢, : Q. — Q

m use ¢(P(x)) as test function in the weak formulation of the
perturbed problem in €2,

m use the unfolding method from homogenization theory to pass
to the limit as € — 0.



What about the critical case a = 3/27

Strategy:
m fix ¢ € V(Q2) and a suitable diffeomorphism ¢, : Q. — Q

m use ¢(P(x)) as test function in the weak formulation of the
perturbed problem in €2,

m use the unfolding method from homogenization theory to pass
to the limit as € — 0.

m find a limit problem; a new strange term (*) appears!



What about the critical case a = 3/27

Strategy:
m fix ¢ € V(Q2) and a suitable diffeomorphism ¢, : Q. — Q

m use ¢(P(x)) as test function in the weak formulation of the
perturbed problem in €2,

m use the unfolding method from homogenization theory to pass
to the limit as € — 0.

m find a limit problem; a new strange term (*) appears!

m characterize (*) in terms of a microscopic problem for an
auxiliary function.



What about the critical case a = 3/27

Strategy:
m fix ¢ € V(Q2) and a suitable diffeomorphism ¢, : Q. — Q

m use ¢(P(x)) as test function in the weak formulation of the
perturbed problem in €2,

m use the unfolding method from homogenization theory to pass
to the limit as € — 0.

m find a limit problem; a new strange term (*) appears!

m characterize (*) in terms of a microscopic problem for an
auxiliary function.

Limit problem for the biharmonic operator

AQU: /lU, in Q,
u=20, onl,
Au-K(U)% =0, onl
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What about the critical case a = 3/27

and for the triharmonic operator:

A3u=au, in Q,
u=20, onl,
Vu =0, onl,

A(dxu) — K(V)Au=0, onl

where K(U), K(V) are respectively

wa‘ IWWW,MWJ‘ ID3V[2dy
Yx(—0,0) Yx(—0,0)

in particular they are not zero!
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What about the critical case a = 3/27

The functions U and V are the solutions of a suitable PDE, which
catches the microscopic behaviour of the system.

For example, the function V solves

A3V =0, inYx(-c,0),
V(y,0)=0, onY,
% =g(y), onY,

3
oV — 0, onY.
yy

and is periodic in the first N — 1 coordinates.



Thank you
for your attention
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Conjecture

If @« = 3/2, the limit problem for A™ + I with strong intermediate
b.c. satisfies the following b.c. on W:

u=0,

K

Zu —, forany k <m-2
giN 6m1

" _ 0™y

G~ KEm =0,

where the factor K is given by

K = —f Bm_g(V)dyzf ID™V|? dy,
Y Yx(=00,0)

and the function V satisfies the following

AMV =0, in Y x (~0,0),
V(7,00=0, 2Y —0, onVY,forallli <k <m-3,
y o
m-2 —
Srr =90, onY,
T =0 N Y.
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