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ON THE CONNECTION BETWEEN SYMMETRIC N-PLAYER
GAMES AND MEAN FIELD GAMES'

BY MARKUS FISCHER
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Mean field games are limit models for symmetric N-player games with
interaction of mean field type as N — oo. The limit relation is often under-
stood in the sense that a solution of a mean field game allows to construct
approximate Nash equilibria for the corresponding N-player games. The op-
posite direction is of interest, too: When do sequences of Nash equilibria
converge to solutions of an associated mean field game? In this direction, rig-
orous results are mostly available for stationary problems with ergodic costs.
Here, we identify limit points of sequences of certain approximate Nash equi-
libria as solutions to mean field games for problems with It6-type dynamics
and costs over a finite time horizon. Limits are studied through weak conver-
gence of associated normalized occupation measures and identified using a
probabilistic notion of solution for mean field games.
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1. Introduction. Mean field games, as introduced by Lasry and Lions [Lasry
and Lions (2006a, 2006b, 2007)] and, independently, by Huang, Malhamé and
Caines [Huang, Malhamé and Caines (2006) and subsequent works], are limit
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models for symmetric nonzero-sum noncooperative N-player games with inter-
action of mean field type as the number of players tends to infinity. The limit rela-
tion is often understood in the sense that a solution of the mean field game allows
to construct approximate Nash equilibria for the corresponding N-player games
if N is sufficiently large; see, for instance, Huang, Malhamé and Caines (2006),
Kolokoltsov, Li and Yang (2011), Carmona and Delarue (2013) and Carmona and
Lacker (2015). This direction is useful from a practical point of view since the
model of interest is commonly the N-player game with N big so that a direct
computation of Nash equilibria is not feasible.

The opposite direction in the limit relation is also of interest: When and in which
sense do sequences of Nash equilibria for the N-player games converge to solu-
tions of a corresponding mean field game? An answer to this question is useful as it
provides information on what kind of Nash equilibria can be captured by the mean
field game approach. In view of the theory of McKean—Vlasov limits and propa-
gation of chaos for uncontrolled weakly interacting systems [cf. McKean (1966),
Sznitman (1991)], one may expect to obtain convergence results for broad classes
of systems, at least under some symmetry conditions on the Nash equilibria. This
heuristic was the original motivation in the Introduction of mean field games by
Lasry and Lions. Rigorous results supporting it are nonetheless few, and they
mostly apply to stationary problems with ergodic costs and special structure (in
particular, affine-linear dynamics and convex costs); see Lasry and Lions (2007),
Feleqi (2013), Bardi and Priuli (2013, 2014). For nonstationary problems, the pas-
sage to the limit has been established rigorously in Gomes, Mohr and Souza (2013)
for a class of continuous-time finite horizon problems with finite state space, but
only if the time horizon is sufficiently small. Moreover, in the situation studied
there, Nash equilibria for the N-player games are unique in a class of symmetric
Markovian feedback strategies. The above cited works on the passage to the limit
all employ methods from the theory of ordinary or partial differential equations, in
particular, equations of Hamilton—Jacobi—-Bellman-type.

In Lacker (2016), which appeared as preprint three months after submission
of the present paper, a general characterization of the limit points of N-player
Nash equilibria is obtained through probabilistic methods. We come back to that
work, which also covers mean field games with common noise, in the second but
last paragraph of this section. Finally, we mention the even more recent work by
Cardaliaguet et al. (2015) on the passage to the mean field game limit; see Re-
mark 3.2 below.

Here, we study the limit relation between symmetric N-player games and mean
field games in the direction of the Lasry—Lions heuristic for continuous time finite
horizon problems with fairly general cost structure and It6-type dynamics. The
aim is to identify limit points of sequences of symmetric Nash equilibria for the
N -player games as solutions of a mean field game. For a general Introduction to
mean field games, see Cardaliaguet (2013) or Carmona, Delarue and Lachapelle
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(2013). The latter work also explains the difference in the limit relation that distin-
guishes mean field games from optimal control problems of McKean—Vlasov-type.

To describe the prelimit systems, let X lN (t) denote the state of player i at time ¢
in the N-player game, and denote by u; (¢) the control action that he or she chooses
at time 7. Individual states will be elements of R?, while control actions will be
elements of some closed set I' € R%. The evolution of the individual states is then
described by the It6 stochastic differential equations:

(L. dxN@)=b(t, XN @), nN (@), ui(0))dt + o (t, XN (2), uN () dWN 1),

iefl,...,N}, where W, ..., WY are independent standard Wiener processes,
and u ™ (¢) is the empirical measure of the system at time :

1N
uM (@) = N XE(SX,.NU)'
i=
Notice that the coefficients b, o in equation (1.1) are the same for all players. We
will assume b, o to be continuous in the time and control variable, Lipschitz con-
tinuous in the state and measure variable, where we use the square Wasserstein
metric as a distance on probability measures, and of sub-linear growth. The dis-
persion coefficient o does not depend on the control variable, but it may depend
on the measure-variable. Moreover, o is allowed to be degenerate. Deterministic
systems are thus covered as a special case.

The individual dynamics are explicitly coupled only through the empirical mea-
sure process " . There is also an implicit coupling, namely through the strategies
ui,...,uy, which may depend on nonlocal information; in particular, a strategy
u; might depend, in a nonanticipative way, on X ;V or W]N for j #i. In this pa-
per, strategies will always be stochastic open-loop. In particular, strategies will be
processes adapted to a filtration that represents the information available to the
players. We consider two types of information: full information, which is the same
for all players and is represented by a filtration at least as big as the one gener-
ated by the initial states and the Wiener processes, and local information, which
is player-dependent and, for player i, is represented by the filtration generated by
his/her own initial state and the Wiener process W/".

Letu= (u1,...,uy) be a strategy vector, that is, an N-vector of I"-valued pro-
cesses such that u; is a strategy for player i, i € {1, ..., N}. Player i evaluates the
effect of the strategy vector u according to the cost functional

T
7Y@ =B [ plo X6 w01t ds + FY DN D)|

where T > 0 is the finite time horizon, (X N X x ) the solution of the system
(1.1) under u, and " the corresponding empirical measure process. The cost coef-
ficients f, F', which quantify running and terminal costs, respectively, are assumed
to be continuous in the time and control variable, locally Lipschitz continuous in
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the state and measure variable, and of sub-quadratic growth. The action space I" is
assumed to be closed, but not necessarily compact; in the noncompact case, f will
be quadratically coercive in the control. The assumptions on the coefficients are
chosen so that they cover some linear-quadratic problems, in addition to many
genuinely nonlinear problems.

If there were no control in equation (1.1) (i.e., b independent of the con-
trol variable) and if the initial states for the N-player games were independent
and identically distributed with common distribution not depending on N, then
xN,....X 11\\,’ ) would be exchangeable for every N € N and, under our assump-
tions on b, o, the sequence (u) of empirical measure processes would converge
to some deterministic flow of probability measures:

wN )N m@r) i distribution/probability.

This convergence would also hold for the sequence of path-space empirical mea-
sures, which, by symmetry and the Tanaka—Sznitman theorem, is equivalent to the
propagation of chaos property for the triangular array (X IN )ie(l,...,N},NeN.- In par-
ticular, Law (X tN (1)) » m(r) as N — oo for each fixed index i, and m would be
the flow of laws for the uncontrolled McKean—Vlasov equation

dX (1) =b(t, X (), m(@))dt +o(t, X (1), m())dW (1),
m(r) =Law(X (1)).

The above equation would determine the flow of measures m.

Now, for N € N, let u"¥ be a strategy vector for the N-player game. For
the sake of argument, let us suppose that u" = (ullV e u%) is a symmetric
Nash equilibrium for each N [symmetric in the sense that the finite sequence
(XN, ulf, Wy, ..., (XN(),uly, W{)) is exchangeable]. If the mean field
heuristic applies, then the associated sequence of empirical measure processes
(™) yen converges in distribution to some deterministic flow of probability mea-
sures m. In this case, m should be the flow of measures induced by the solution of
the controlled equation

(1.2) dX () =b(t, X (@), m(@t), u())dt +o(t, X (), m(1)) dW (2),

where the control process u should, by the Nash equilibrium property of the N-
player strategies, be optimal for the control problem

T
minimize Jy, (v) = E[fo F(s, X (s),m(), v(s))ds + F(X(T), m(T))]

(1.3)
over all admissible v subject to: X solves equation (1.2) under v.

The mean field game, which is the limit system for the N-player games, can
now be described as follows: For each flow of measures m, solve the optimal con-
trol problem (1.3) to find an optimal control u™ with corresponding state process
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X™. Then choose a flow of measures m according to the mean field condition
m(-) = Law(X™(-)). This yields a solution of the mean field game, which can be
identified with the pair (Law(X™, u™, W), m); see Definition 4.3 below. We in-
clude the driving noise process W in the definition of the solution, as it is the joint
distribution of initial condition, control process and noise process that determines
the law of a solution to equation (1.2). If (Law(X™, u™, W), m) is a solution of the
mean field game, then thanks to the mean field condition, X™ is a McKean—Vlasov
solution of the controlled equation (1.2); moreover, X™ is an optimally controlled
process for the standard optimal control problem (1.3) with cost functional Jy.
Clearly, neither existence nor uniqueness of solutions of the mean field game are a
priori guaranteed.

In order to connect sequences of Nash equilibria with solutions of the mean
field game in a rigorous way, we associate strategy vectors for the N-player games
with normalized occupation measures or path-space empirical measures; see equa-
tion (5.1) in Section 5 below. Those occupation measures are random variables
with values in the space of probability measures on an extended canonical space
Z =X xRy x W, where X, WV are path spaces for the individual state processes
and the driving Wiener processes, respectively, and R is a space of ['-valued re-
laxed controls. Observe that Z contains a component for the trajectories of the
driving noise process. Let (u") be a sequence such that, for each N € N, u? is
a strategy vector for the N-player game (not necessarily a Nash equilibrium). Let
(Qn) be the associated normalized occupation measures; thus, Q is the empiri-
cal measure of ((X{V, u{v, WIN), e (X%, u% vav)) seen as a random element of
P(Z). We then show the following:

1. The family (Q y) yeN is pre-compact under a mild uniform integrability con-
dition on strategies and initial states; see Lemma 5.1.

2. Any limit random variable Q of (Qpy) takes values in the set of McKean—
Vlasov solutions of equation (1.2) with probability one; see Lemma 5.3.

3. Suppose that (uV) is a sequence of local approximate Nash equilibria (cf.
Definition 3.1). If Q is a limit point of (Qpy) such that the flow of measures in-
duced by Q is deterministic with probability one, then Q takes values in the set of
solutions of the mean field game with probability one; see Theorem 5.1.

The hypothesis in Point 3 above that the flow of measures induced by Q is
deterministic with probability one means that the corresponding subsequence of
(u™), the empirical measure processes, converges in distribution to a deterministic
flow of probability measures m. This is a strong hypothesis, essentially part of the
mean field heuristic; nonetheless, it is satisfied if u? is a vector of independent and
identically distributed individual strategies for each N, where the common distri-
bution is allowed to vary with N; see Corollary 5.2. While Nash equilibria for the
N-player games with independent and identically distributed individual strategies
do not exist in general, local approximate Nash equilibria with i.i.d. components
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do exist, at least under the additional assumption of compact action space I" and
bounded coefficients; see Proposition 3.1. In this situation, the passage to the mean
field game limit is justified.

For the passage to the limit required by Point 2 above, we have to identify
solutions of equation (1.2), which describes the controlled dynamics of the limit
system. To this end, we employ a local martingale problem in the spirit of Stroock
and Varadhan (1979). The use of martingale problems, together with weak conver-
gence methods, has a long tradition in the analysis of McKean—Vlasov limits for
uncontrolled weakly interacting systems [for instance, Funaki (1984), Oelschlager
(1984)] as well as in the study of stochastic optimal control problems. Controlled
martingale problems are especially powerful in combination with relaxed controls;
see El Karoui, Hiu Nguyen and Jeanblanc-Picqué (1987), Kushner (1990), and
the references therein. In the context of mean field games, a martingale problem
formulation has been used by Carmona and Lacker (2015) to establish existence
and uniqueness results for nondegenerate systems and, more recently, by Lacker
(2015), where existence of solutions is established for mean field games of the type
studied here; the assumptions on the coefficients are rather mild, allowing for de-
generate as well as control-dependent diffusion coefficient. The notion of solution
we give in Definition 4.3 below corresponds to the notion of “relaxed mean field
game solution” introduced in Lacker (2015).

The martingale problem formulation for the controlled limit dynamics we use
here is actually adapted from the joint work Budhiraja, Dupuis and Fischer (2012),
where we studied large deviations for weakly interacting Itd processes through
weak convergence methods. While the passage to the limit needed there for ob-
taining convergence of certain Laplace functionals is analogous to the convergence
result of Point 2 above, the limit problems in Budhiraja, Dupuis and Fischer (2012)
are not mean field games; they are, in fact, optimal control problems of McKean—
Vlasov-type, albeit with a particular structure. As a consequence, optimality has to
be verified in a different way: In order to establish Point 3 above, we construct an
asymptotically approximately optimal competitor strategy in noise feedback form
(i.e., as a function of time, initial condition, and the trajectory of the player’s noise
process up to current time), which is then applied to exactly one of the N players
for each N; this yields optimality of the limit points thanks to the Nash equilibrium
property of the prelimit strategies. If the limit problem were of McKean—Vlasov-
type, one would use a strategy selected according to a different optimality criterion
and apply it to all components (or players) of the prelimit systems.

In the work by Lacker (2016) mentioned in the second paragraph, limit points
of normalized occupation measures associated with a sequence of N-player Nash
equilibria are shown to be concentrated on solutions of the corresponding mean
field game even if the induced limit flow of measures is stochastic (in contrast to
Point 3 above). This characterization is established for mean field systems over
a finite time horizon as here, but possibly with a common noise (represented as
an additional independent Wiener process common to all players). There as here,



N-PLAYER GAMES AND MEAN FIELD GAMES 763

Nash equilibria are considered in stochastic open-loop strategies, and the methods
of proof are similar to ours. The characterization of limit points in Lacker (2016)
relies, even in the situation without common noise studied here, on a new notion
of solution of the mean field game (“weak MFG solution”) that applies to proba-
bility measures on an extended canonical space (extended with respect to our Z to
keep track of the possibly stochastic flow of measures). In terms of that notion of
solution a complete characterization of limit points is achieved. In particular, the
assumption in Point 3 that the flow of measures induced by Q is deterministic can
be removed. However, if that assumption is dropped, then the claim that Q takes
values in the set of solutions of the mean field game with probability one will in
general be false. A counterexample illustrating this fact can be deduced from the
discussion of Section 3.3 in Lacker (2016). The notion of “weak MFG solution” is
indeed strictly weaker than what one obtains by randomization of the usual notion
of solution (“strong” solution with probability one), and this is what makes the
complete characterization of Nash limit points possible.

The rest of this work is organized as follows. Notation, basic objects as well as
the standing assumptions on the coefficients b, o, f, F are introduced in Section 2.
Section 3 contains a precise description of the N-player games. Nash equilibria
are defined and an existence result for certain local approximate Nash equilibria
is given; see Proposition 3.1. In Section 4, the limit dynamics for the N-player
games are introduced. The corresponding notions of McKean—Vlasov solution and
solution of the mean field game are defined and discussed. An approximation result
in terms of noise feedback strategies, needed in the construction of competitor
strategies, is given in Lemma 4.3. In Section 5, the convergence analysis is carried
out, leading to Theorem 5.1 and its Corollary 5.2, which are our main results.
Existence of solutions of the mean field game falls out as a by-product of the
analysis.

2. Preliminaries and assumptions. Let d, d;,d; € N, which will be the di-
mensions of the space of private states, noise values and control actions, respec-
tively. Choose T > 0, the finite time horizon. Set

X=C(0,TL.RY),  W=cC([0,T],RM),

and, as usual, equip &X', WW with the topology of uniform convergence, which turns
them into Polish spaces. Let || - || x, || - ||y denote the supremum norm on X and W,
respectively. The spaces R" with n € N are equipped with the standard Euclidean
norm, always indicated by | - |.

For S a Polish space, let P(S) denote the space of probability measures on
B(S), the Borel sets of S. For s € S, let §; indicate the Dirac measure concentrated
in s. Equip P(S) with the topology of weak convergence of probability measures.
Then P(S) is again a Polish space. Let ds be a metric compatible with the topology
of S such that (S, ds) is a complete and separable metric space. A metric that turns
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P(S) into a complete and separable metric space is then given by the bounded
Lipschitz metric

dps) (v, f))isup{/ gdv—/ gdv:g:S8 — Rsuch that | g|lbLip < 1},
S S

where

: 8(s) — 85|
llgllbLip = sup|g(s)| +  sup Tden
ses siess#s ds(s, )
Given a complete compatible metric ds on S, we also consider the space of
probability measures on B(S) with finite second moments:

Po(S) = {v e PS):IneS: /Sdg(s, 50)2v(ds) < oo}.

Notice that [ ds(s, 50)2v(ds) < oo for some sg € S implies that the integral is fi-
nite for every sg € S. The topology of weak convergence of measures plus conver-
gence of second moments turns 7, (S) into a Polish space. A compatible complete
metric is given by

12
dpyis v = ds(s. Palds. d5))

inf /
aeP(SxS):[a];=v and [a],=V JSxS
where [a]; ([a]2) denotes the first (second) marginal of «; dp,(s) is often re-
ferred to as the square Wasserstein (or Vasershtein) metric. An immediate con-
sequence of the definition of dp,(s) is the following observation: for all N € N,
S1,...,SN,§1,...,§N ES,

1Y 1Y 1Y
2.1 d — 8.y — 0z | < | — ds(si, 5;)2.
2.1 PZ(S)(N; s; N; s,>_ N; s(si, Si)

The bounded Lipschitz metric and the square Wasserstein metric on P(S) and
P>(S), respectively, depend on the choice of the metric ds on the underlying
space S. This dependence will be clear from context. If S = R¢ with the metric
induced by Euclidean norm, we may write d, to indicate the square Wasserstein
metric dp, gd).

Let M, M> denote the spaces of continuous functions on [0, T'] with values in
P(R?) and P> (R?), respectively:

M=C([0,T],P(RY)),  My=C([0, T], P2(RY)).

Let I' be a closed subset of R%, the set of control actions, or action space.
Given a probability space (€2, F, P) and a filtration (F;) in F, let Ho((F7), P; )
denote the space of all I"-valued (F;)-progressively measurable processes u such
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that E[fOT lu(t)|> dt] < oo. The elements of H»((F;), P; I') might be referred to as
(individual) strategies.

Denote by R the space of all deterministic relaxed controls on I' x [0, T'], that
is,

R = {r : r positive measure on B(I" x [0, T]) : r(T x [0,¢]) =t Vt € [0, T1}.

If r € R and B € B(I"), then the mapping [0, T] > t — r(B x [0, t]) is absolutely
continuous, hence differentiable almost everywhere. Since B(I") is countably gen-
erated, the time derivative of r exists almost everywhere and is a measurable map-
ping 7; : [0, T] — P(I") such that r(dy, dt) = 7+ (dy) dt. Denote by R, the space
of deterministic relaxed controls with finite second moments:

Rzi{reR: |y|2r(dy,dt)<oo}.
T]

I'x[O0,
By definition, R>» C R. The topology of weak convergence of measures turns R
into a Polish space (not compact unless I' is bounded). Equip R, with the topology
of weak convergence of measures plus convergence of second moments, which
makes R, a Polish space, too.

Any I'-valued process v defined on some probability space (€2, F, P) induces
an R-valued random variable p according to

(22)  pu(Bx1I)= f[ Svit.w)(B)dt,  BeB(I),1€B(0,T]),we.

If v is such that fOT lv(t)|> dt < oo P-almost surely, then the induced random vari-
able p takes values in Ry P-almost surely. If v is progressively measurable with
respect to a filtration (F;) in F, then p is adapted in the sense that the mapping
t— p(B x [0,1]) is (Fy)-adapted for every B € B(I") [cf. Kushner (1990), Sec-
tion 3.3]. More generally, an ‘R-valued random variable p defined on some prob-
ability space (€2, F,P) is called adapted to a filtration (F;) in F if the process
t— p(B x [0,1]) is (F;)-adapted for every B € B(T").
Below, we will make use of the following canonical space. Set

Z=X xRy xW,

and endow Z with the product topology, which makes it a Polish space. Let dgr,
be a complete metric compatible with the topology of R,. Set

dr, (r, 7) lw—wlw
L4+dr, () 1+ lw—dlw’

where (¢, r, w), (¢, 7, w) are elements of Z written componentwise. This defines
a complete metric compatible with the topology of Z. Let dp,(z) be the square
Wasserstein metric on P,(Z) induced by dz. Since dz is bounded with respect
to the second and third component of Z, the condition of finite second moment is
a restriction only on the first marginal of the probability measures on B(Z). Let

dZ((@vrv U)), ((ﬁ”:’ ID)) = ”(0 _95“.)( +
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us indicate by dp(p,(z)) the bounded Lipschitz metric on P(P>(Z)) induced by
dp,(z). Denote by (X, p, W) the coordinate process on Z:

X(t, (¢, r, w)) = 9(1), p(t, (@, r, w)) = rBrx[0,1])>
W(t. (p.r. w)) = w(t).
Let (G;) be the canonical filtration in B(Z), that is,
G =0 ((X,p,W)(s):0<s<1), 1€[0,T]

Let b denote the drift coefficient and o the dispersion coefficient of the dynam-
ics, and let f, F quantify the running costs and terminal costs, respectively; we
take

bZ[O,T]XRdXPZ(Rd)XF—)Rd,
o 1[0, T] x R x Po(RY) — RI*d1
F:00, T x R x Po(R?) x T — [0, 00),
F R4 x Pz(Rd) — [0, 00).

Notice that the dispersion coefficient o does not depend on the control variable and
that the cost coefficients f, F are nonnegative functions. We make the following
assumptions, where K, L are some finite positive constants:

(A1) Measurability and continuity in time and control: b, o, f, F are Borel
measurable and such that, for all (x,v) € R? x P2(RY), b(-, x,v,), o (-, x,v),
f(, x,v,-) are continuous, uniformly over compact subsets of R x P, (]Rd ).

(A2) Lipschitz continuity of b, o: for all x, x € RY, v, D e Po(RY),

sup sup{|b(t,x,v,y) —b(t,X,0,y)|Vl|o(t,x,v) —o(t,X,V)|}
t€[0,T]yel

< L(|x — X| 4+ da(v, D)).
(A3) Sublinear growth of b, o: for all x € R, ve Pz(Rd), y eTl,

sup |b(t, x,v,y)| < K(l + x4+ |y +,//|y|2v(dy)),
1€[0,T]
sup |o(r,x,v)| < K(l + |x| —i-‘// |y|2v(dy)>.
t€l0,T]

(A4) Local Lipschitz continuity of f, F: forall x, x € R4, v, D € Pa(RY)

sup sup{|f(t,x,v,y) — f(t, 5,0, 9)|+|F(x,v) — F(%,D)[}
te[0,T]yel’

< L(lx — 7|+ da v, ﬁ))(l ] + 5]+ \/f Iy 2u(dy) + \/f |y|2f)(dy)).
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(AS) Subquadratic growth of f, F: forall x € RY, v € Py (RY), yerl,

sup {|f(t.x, v, 9)|V[Fx, v} < K(l +IxlP+ Iy P+ / |y|2v<dy>>.
tel0,T]

(A6) Action space and coercivity: I' C R? is closed, and there exist ¢y > 0 and
['g C I such that I'g is compact and for every y € I' \ I'g

inf f,x,v,y)> col)/lz-
(t,x,0)€[0, TTxRI x Py (RY)

3. N-Player games. Let N € N.Let (Qy, FV,Py) be acomplete probability
space equipped with a filtration (]-'tN yin FN that satisfies the usual hypotheses and
carrying N independent d;-dimensional (]-"tN )-Wiener processes WlN Yo Wll\}/ .
For each i € {1,..., N}, choose a random variable SiN € LZ(QN, f(l)v, Py; Rd),
the initial state of player i in the prelimit game with N players. In addition, we
assume that the stochastic basis is rich enough to carry a sequence (z?l.N )ie(l,...,N}
of independent random variables with values in the interval [0, 1] such that each
ﬂl.N is ]-'év -measurable and uniformly distributed on [0, 1], and (ﬁiN )ie(l,...,N} 18
independent of the o -algebra generated by SIN . 1]\\,’ and the Wiener processes
WIN ey Wf\\/ . The random variables z?iN ,ie€{l,...,N}, are a technical device
which we may use without loss of generality; see Remark 3.3 below.

A vector of individual strategies, that is, a vector u = (41, ..., uy) such that
Ui,...,UN € Hz((}'tN ), Py; M), is called a strategy vector. Given a strategy vector
u=(uy,...,uy), consider the system of It6 stochastic integral equations

XV ="+ [ 5o X6, 1) i) ds
3.1)
—i—/(;ta(s, XN@s), uN)dwN(s),  telo,T],

i ef{l,..., N}, where ,uN(s) is the empirical measure of the processes XN, el
XN at time s € [0, T], that is,

1 N
N .
Mw(s)zﬁzaXﬁy(s,w)’ w € RN.
j=1

The process X lN describes the evolution of the private state of player i if he/she
uses strategy u; while the other players use strategies uj, j # i. Thanks to as-
sumptions (A2) and (A3), the system of equations (3.1) possesses a unique So-
lution in the following sense: given any strategy vector u = (uy,...,uy), there
exists a vector (XN,..., X % ) of continuous R<-valued (]—'tN )-adapted processes
such that (3.1) holds Py-almost surely, and (X N ... X % ) is unique (up to Py-
indistinguishability) among all continuous (F/")-adapted solutions.

The following estimates on the controlled state process and the associated em-
pirical measure process will be useful in Section 5.
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LEMMA 3.1. There exists a finite constant Ct g depending on T, K, but not
on N, such that if u" = (u’lv yees u%) is a strategy vector for the N-player game
and (XV, ..., XIQ,[) the solution of the system (3.1) under u" , then

sup EN[|XlN(t)|2]
1€[0,T]

T
< cT,K(l +EN[IE]] +EN[/O (d2(uV (1), 80)% + [u () dr])

foreveryie{l,..., N}, and

1 N
sup En[da(u™ (1), 80)°] < sup EN[—Z}X?](I)|2:|
1€[0.7] 1€[0.7] N

<Cr K(l + L iEN[]é‘NF%—fT\uN(t)\zdtD
— > N J 0 J ’

j=1

PROOF. By Jensen’s inequality, Holder’s inequality, Itd’s isometry, assump-
tion (A3) and the Fubini—Tonelli theorem, we have for every ¢ € [0, T],

En[IX 0] < 3E[|Y ]+ 127 + 1>K2f0t En (XY )] ds

r 2 2
+12(T+1)K2EN[/0 (1+da (1N (s), 80)" + |ulN (5)] )ds:|,

and the first estimate follows by Gronwall’s lemma.
By definition of the square Wasserstein metric d, we have for every ¢ € [0, T'],
every w € Qy,

1 N
d(ud ). 80)° = = Y |xV . ).

N =

Thus, using again assumption (A3) and the same inequalities as above, we have
for every t € [0, T'],

1 N N 2

Ey N;‘Xj (t)]
<3E ii}é’yf +12(T+1)K2/TE 1+i§:}“N(S)|2 ds
= N szl J 0 N Nj:l J

2 ! L& N2
+24(T + DK /OEN[NZMJ- )| }ds,
j:l
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and we conclude again by Gronwall’s lemma. The constant Cr g for both esti-
mates need not be greater than 12(T v 1)(T + 1)(K v 1)2exp(24(T + 1)K>T).
O

LEMMA 3.2. Let p > 2. Then there exists a finite constant C p.T.K,d depend-
ing on p, T, K, d, but not on N such that ifuN = (u{v,...,u%) is a strategy
vector for the N-player game and (X", ..., X ,]\\,’ ) the solution of the system (3.1)
under u® , then

EN[ sup dz(MN(t),So)p]
1€[0.7]

1 N
=+ BN XE]
N3

SépTKd<1+ NZEN[|$ |p+/ |uN(t)|pdt]>

i=1

PROOF. The inequality
N p 1 Y Nip
En| sup do(u”(1),80)" | < = D En[|X;
o] s ao(n"0.50)"] = 5 ENIXT]

follows by (2.1) and Jensen’s inequality. In verifying the second part of the asser-
tion, we may assume that

1 NP TN P
NEEN[}S,- | +/0 |us* (1)] dt]<oo.

By Jensen’s inequality, Holder’s inequality, (A3), the Fubini—Tonelli theorem and
the Burkholder-Davis—Gundy inequalities, we have for every ¢ € [0, T']

—ZEN[ sup | XM ()7

s€[0,7]
A 1 NP TN, P
<Cpr1.K.d 1+NZEN[|§ | +/0 |up* ()| ds]
i=1

—{—ZCA'p’T’K’d/ ZEN[ sup |XN(s){ ]dS
i=1 s€[0,5]
where CA‘p,T,K,d =125 T v DHP(K v DP(1 + Cp,d) and Cp,d, which depends
only on p and d, is the finite “universal” constant from the Burkholder—Davis—
Gundy inequalities [for instance, Theorem 3.3.28 and Remark 3.3.30 in Karatzas
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and Shreve (1991), pages 166—-167]. The assertion now follows thanks to Gron-
wall’s lemma. [J

Player i evaluates a strategy vector u = (u, ..., uy) according to the cost func-
tional

T
JN (W) = Ey [ [ 6 X8 )1 ) wi(5)) ds + F XYV, MT))},

where (XV, ..., X%) is the solution of the system (3.1) under u and u? is the
empirical measure process induced by (X, ..., X % ).

Given a strategy vector u = (uq,...,uy) and an individual strategy v €
Hg((J:tN), Py; D), let[u™, vl = (uy,...,ui—1,v, Uj+1, ..., uy) indicate the strat-
egy vector that is obtained from u by replacing u;, the strategy of player i, with v.
Let (]-',N”) denote the filtration generated by z?iN , SiN , and the Wiener process WI-N ,
that is,

FN i =oN, N WN(s):sel0,1]),  te[0,T].

The filtration (]-",N ) represents the local information available to player i. Clearly,
(FNHy c FN and Ho(FY'), Py:T) C Ha((FN), Py; T). We may refer to the
elements of 7—[2((}',N”), Py; I') as decentralized strategies for player i.

DEFINITION 3.1. Let € >0, uy,...,uy € ’Hz((]:,N),PN; I'). The strategy

vector w = (uj,...,up) is called a local e-Nash equilibrium for the N-player
game if forevery i € {1,..., N}, every v € Hz((EN’l), Py; 1),
(3.2) JN@) <IN ([u™,v]) +e.

If inequality (3.2) holds for all v € 7-[2((.7:,1\’ ), Py; '), then uis called an e-Nash
equilibrium.

If u is a (local) e-Nash equilibrium with ¢ = 0, then u is called a (local) Nash
equilibrium.

REMARK 3.1. The attribute “local” in the expression “local Nash equilib-
rium” or “local e-Nash equilibrium” refers to the information that is available to
the deviating player for choosing competitor strategies. Based on local informa-
tion, those strategies have to be decentralized. In this sense, decentralized strate-
gies are also “local.” Notice that the decentralized strategies here are not neces-
sarily representable as functionals of time and the corresponding individual state
process alone.

REMARK 3.2. In Definition 3.1, Nash equilibria are defined with respect to
stochastic open-loop strategies. This is the same notion as the one used in the prob-
abilistic approach to mean field games; see Carmona and Delarue (2013). A Nash
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equilibrium in stochastic open-loop strategies may be induced by a Markov feed-
back strategy (or a more general closed-loop strategy); still, it need not correspond
to a Nash equilibrium in feedback strategies. Given a vector of feedback strate-
gies, varying the strategy of exactly one player means that the feedback functions
defining the strategies of the other players are kept frozen. Since in general the
state processes of the other players depend on the state process of the deviating
player (namely, through the empirical measure of the system), the strategies of
the other players seen as control processes may change when one player deviates.
This is in contrast with the stochastic open-loop formulation where the control
processes of the other players are frozen when one player varies her/his strategy.
Now, suppose we had a Nash equilibrium in Markov feedback strategies for the
N-player game. If the feedback functions defining that Nash equilibrium depend
only on time, the current individual state, and the current empirical measure, and
if they are regular in the sense of being Lipschitz continuous, then they will induce
an ¢y-Nash equilibrium in stochastic open-loop strategies with ¢y also depend-
ing on the Lipschitz constants of the feedback functions. Here, we do not address
the question of when Nash equilibria in regular feedback strategies exist nor of
how their Lipschitz constants would depend on the number of players N. Neither
do we address the more general question of convergence of N-player Nash equi-
libria in feedback strategies, regular or not. That difficult problem was posed in
Lasry and Lions (2006b, 2007) and is beyond the scope of the present work. It
was solved very recently by Cardaliaguet et al. (2015) in the situation where the
noise is additive (allowing for an extra common noise), the cost structure satisfies
the Lasry—Lions monotonicity conditions, and the N-player game possesses, for
each N, a unique Nash equilibrium in feedback strategies. The authors introduce
an infinite-dimensional partial differential equation (the “master equation”) that
characterizes solutions of the mean field game and allows to capture the depen-
dence on the measure variable. They establish existence of a unique regular solu-
tion to the master equation. That solution is then used in proving convergence “on
average” of the (symmetric) equilibrium strategies to the mean field game limit.

REMARK 3.3. The random variables zS‘iN appearing in the definition of the lo-

cal information filtrations (]-",N ') are a technical device for randomization. They
will be used in the sequel only in two places, namely in the proof of Proposi-
tion 3.1 on existence of local e-Nash equilibria, where they allow to pass from
optimal relaxed controls to nearly optimal ordinary controls, and in the proof of
Lemma 5.2, where they serve to generate a coupling of initial conditions. The
presence of the random variables z?l.N causes no loss of generality in the following

sense. Suppose that u = (u1, ..., uy) is a strategy vector adapted to the filtration
generated by élN e 51]\\,’ and the Wiener processes WIN e Wf\y such that, for
some ¢ > 0, every i € {1,..., N}, inequality (3.2) holds for all individual strate-

gies v that are adapted to the filtration generated by éiN and the Wiener process
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WiN . Then inequality (3.2) holds for all v € ’Hz((]:,N’i), Py; I'); hence, u is a local
&-Nash equilibrium. To check this, take conditional expectation with respect to z?iN
inside the expectation defining the cost functional Jl-N and use the independence
of ﬁiN from the o -algebra generated by SIN R }VV and WIN ey W]]\,V . An analo-
gous reasoning applies to the situation of nonlocal (approximate) Nash equilibria
provided the strategy vector u is independent of the family (ﬁl.N )ie(l,....N}-

By Definition 3.1, an e-Nash equilibrium is also a local e-Nash equilibrium.
Observe that the individual strategies of a local ¢-Nash equilibrium are adapted
to the full filtration (F); only the competitor strategies in the verification of the
local equilibrium property have to be decentralized (or “local”), that is, strategies
adapted to one of the smaller filtrations (.7-',N ’1), ey (]-',N’N).

If SIN, e S]]VV are independent and u = (uy,...,uy) is a vector of decentral-
ized strategies, that is, u; € ’Hz((]:,N’l),PN; I') for every i € {1,..., N}, then
(élN, ui, WIN), e (51]\\,', uy, Wf\\,’), interpreted as R? x Ry x W-valued random
variables, are independent. This allows to deduce existence of local approximate
Nash equilibria through Fan’s fixed point theorem in a way similar to that for one-
shot games [cf. Appendix 8.1 in Cardaliaguet (2013)]. For simplicity, we give the
result for a compact action space, bounded coefficients and in the fully symmetric
situation. In the sequel, Proposition 3.1 will be used only to provide an example of
a situation in which all the hypotheses of our main result can be easily verified.

PROPOSITION 3.1. In addition to (A1)—(A6), assume that I" is compact and
that b, o, f, F are bounded. Suppose that EIN ,...,S}\\,/ are independent and
identically distributed. Given any & > 0, there exist decentralized strategies u; €

7-[2((.7:[N’i), Py:D),ie{l,..., N}, such that w® = (uf, ..., uYy) is a local e-Nash
equilibrium for the N -player game and the random variables (SlN ,ug, WIN ) PR
(& 11\,\’ LUy, WI{}/ ) are independent and identically distributed.

PROOF. Since I' is compact by hypothesis, we have R = R as topological
spaces, and P(R) is compact.

Let mg denote the common distribution of the initial states & IN R 11\\,’ ; thus
mg € P2(R?). With a slight abuse of notation, let (}A( 0), p, W) denote the restric-
tion to R? x R x W of the canonical process on Z. Let (g,) indicate the corre-
sponding canonical filtration, that is, Qt = a(X 0), p(s), W(s) s<1),t€[0,T].
Let ) be the space of all v € P(]Rd X R x W) such that [v]; = mg and W is a
(g,) -Wiener process under v [in particular, W(O) 0 v-almost surely]. Then Y
is a nonempty compact convex subset of P(R? x R x W), which in turn is con-
tained in a locally convex topological linear space (under the topology of weak
convergence of measures).

The proof proceeds in two steps. First, we show that there exists v, € Y such
that ®" v, corresponds to a local Nash equilibrium in relaxed controls on the
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canonical space Z". In the second step, given any ¢ > 0, we use v, to construct a
local e-Nash equilibrium for the N-player game.

First step. Letv, v € ). Then there exists a unique W (v; v) € P (ZN) such that
W) =Po(X,p, W),

where W = (W, ..., Wy) is a vector of independent d; -dimensional (F;)-adapted
Wiener processes defined on some stochastic basis ((€2, F, P), (F;)) satisfying
the usual hypotheses and carrying a vector p = (p', ..., pN) of (Ft)-adapted
‘R-valued random variables such that

N—-1
Po (X(0), 0, W) ' =1 R 7,

and X = (X1, ..., Xy) is the vector of continuous R?-valued (F¢)-adapted pro-
cesses determined through the system of equations

1 Y .
Xi(®)=X;(0 bls, X;(s), — 1) , ‘"dy,d
i(1) = X ( )+/MM (s () N; XN s) y)p( y,ds)
3.3)

t 1 N
+‘/0 0<S’ Xi(s)v N]X:E(Sxﬁv(s)) dWi(S), re [O’ T]a

i e{l,..., N}, which is the relaxed version of (3.1). The mapping
(v, V) > Y(v;v)

defines a continuous function Y x Y — P2(ZV). The continuity of W can be
checked by using a martingale problem characterization of solutions to (3.3); cf.
El Karoui, Huu Nguyen and Jeanblanc-Picqué (1987), Kushner (1990), and also
Section 4 below. Define a function J : Y x ) — [0, c0) by

J(v;v)

- _ % A Al % A
_E“”;”)Urx[o,r] f(s, X1(s), (s), y)dp (dy,ds) + F(XI(T)»M(T)):|,

where [1(s) = % Z?’:] 8}2j(s) and (X1,...,Xn), (2, ..., pN) are components of
the canonical process on Z" with the obvious interpretation. Thanks to the conti-
nuity of W and the boundedness and continuity of f, F, we have that J is a con-
tinuous mapping on ) x ). On the other hand, for any fixed v € Y, all v, b € ),

all A € [0, 1],
\IJ()\.V + =1 1_)) =AW v)+ 0 —-D)YW;v),
J(w+ 1 =005 0) =AJ ;D) + (1 = 1) J(D; D).



774 M. FISCHER

Define a function x : Y — B())) by
x (D) = {v €Y J(v; D) =minJ (¥; D)}.
vey

Observe that x () is nonempty, compact and convex for every v € ). Thus, x
is well defined as a mapping from ) to K())), the set of all nonempty com-
pact convex subsets of ). Moreover, x is upper semicontinuous in the sense that
v € x (v) whenever (v,) C Y, (v,) C Y are sequences such that lim,_, .o vV, =V,
lim, o v, = v, and v, € x(v,) for each n € N (recall that ) is metrizable). We
are therefore in the situation of Theorem 1 in Fan (1952), which guarantees the
existence of a fixed point for x, that is, there exists v, € ) such that v, € x (vy).
Second step. Let ¢ > 0, and let v, € )V be such that v, € x(v4). Let dy be
a compatible metric on the compact Polish space ), and define a correspond-
ing metric on Y x Y by dyxy((v,v), (1, t)) = dy (v, u) + dy (v, it). Choose a
stochastic basis ((€2, F,P), (F;)) satisfying the usual hypotheses and carrying a
vector W = (W, ..., Wy) of independent di-dimensional (F;)-adapted Wiener

processes, a vector p = (', ..., p"N) of (F1)-adapted R-valued random variables
as well as a vector & = (&1, ..., &n) of R9-valued Fy-measurable random variables
such that

N
Po, p. W) ' =R

For i € {1,..., N}, let (F') be the filtration generated by &;, p’, W;, that is,
Fl=o(&, Ppi(s), Wi(s) :s <t),te[0,T]. By independence and a version of
the chattering lemma [for instance, Theorem 3.5.2 in Kushner (1990), page 59],
for every 8 > 0, there exists a vector p° = (p%!,..., p>V) of R-valued random
variables such that:

(i) foreveryi e {l,..., N}, p®! is the relaxed control induced by a piecewise
constant (F;")-progressively measurable I'-valued process;
(i) the random variables (&1, p‘s’l, Wi, ..., En, ,o‘S’N , Wy ) are independent
and identically distributed;
(iii) setting vs =P o (&1, %1 W)~ we have dy (vs, v&) < 4.

Since J is continuous on the compact space ) x ), it is uniformly continuous. We
can therefore find § = §(¢) > 0 such that
(3.4) | (vs; v5) — J (Vs Vi) | + ma;(!J(v; vs) — J(v; )| <e.
ve
The law vs ]J[with § = 8(¢)] and the corresponding product measure can be
reproduced on the stochastic basis of the N-player game. More precisely, there

exists a measurable function ¢ : [0, T] x [0, 1] x R? x W — T such that, upon
setting

ui(t,w) =y (t, 0 (), N (), WV (-, w)),  (t,w) €[0,T] x Q,
the following hold:
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(1) u; € ’Hz((]:,N’l), Py; D) foreveryi e{l,...,N};
(i1) (SIN, up, WIN), e (511\,\’, uy, Wy), interpreted as R? x R x W-valued ran-
dom variables, are independent and identically distributed;
(i) Py o (&), us, WN)~! = ;.

The relaxed controls ,05’1, e ,05’1 are, in fact, induced by I'-valued processes
that may be taken to be piecewise constant in time with respect to a common
equidistant grid in [0, T']. Existence of a function ¢ with the desired properties
can therefore be established by iteration along the grid points, repeatedly invok-
ing Theorem 6.10 in Kallenberg (2001), page 112, on measurable transfers; this
procedure also yields progressive measurability of .

Setu= (uj,...,uyn) with u; € Ho((F\""), Py; ') as above. Then

TN () = T (vs: vs).

Letv € 7'[2((.7:,N’1), Py;T),andsetv =Pyo (.§1N, v, WlN)*1 , where v is identified
with its relaxed control. By independence and construction,

JIN([u_l, v]) = J(v; vs).
Now, thanks to (3.4) and the equilibrium property of vy,
J(v; vs) — J(vs; vs)
= J(v;v8) — J(V; vs) + J (V45 V) — J (V53 v5) + J (V5 v5) — J (Vs vy)
> —&.
It follows that
INw < N ([w " v])+e  forallve Ha((FV'), Py:T).

This establishes the local approximate equilibrium property of the strategy vector
u with respect to deviations in decentralized strategies of player one. By symmetry,
the property also holds with respect to deviations of the other players. We conclude
that u is a local e-Nash equilibrium. [

4. Mean field games. In order to describe the limit system for the N-player
games introduced above, consider the stochastic integral equation:

t
X)) =X(0) —|—f b(s, X (s), m(s), u(s))ds
0
4.1) .
+/ o (s, X(s), m(s)) dW (s), tel0,T],
0
where m € M, is a flow of probability measures, W a d;-dimensional Wiener pro-

cess defined on some stochastic basis, and u a I"-valued square-integrable adapted
process.
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The notion of solution of the mean field game we introduce here makes use of a
version of equation (4.1) involving relaxed controls and varying stochastic bases.
Given a flow of measures m € My, consider the stochastic integral equation

X(t)—X(O)+/ b(s, X (s), m(s),y)p(dy, ds)
4.2)
+/O o(s, X(s), m(s)) dW(s), tel0,T].

A solution of equation (4.2) with flow of measures m € M, is a quintuple
(2, F,P), (F), X, p, W) such that (2, F,P) is a complete probability space,
(F;) a filtration in F satisfying the usual hypotheses, W a dj-dimensional (F;)-
Wiener process, p an Rp-valued random variable adapted to (F;), and X an
R?-valued (F;)-adapted continuous process satisfying equation (4.2) with flow
of measures m P-almost surely. Under our assumptions on b and o, existence
and uniqueness of solutions hold for equation (4.2) given any flow of measures
m € M,. Moreover, if (2, F, P), (F;), X, p, W) is a solution, then the joint dis-
tribution of (X, p, W) with respect to P can be identified with a probability mea-
sure on B(Z). Conversely, the set of probability measures ® € P(Z) that corre-
spond to a solution of equation (4.2) with respect to some stochastic basis carrying
a di-dimensional Wiener process can be characterized through a local martingale
problem. To this end, for f € C2(R? x R%), m € M», define the process M? on
(Z,B(2)) by

MRt (¢, r, w))
(4.3) = f(p®), w(®)) — f(¢(0),0)
[ AP, @)y ds,  1el0,T)
I'x[0,7]

where

d
d
AT (), y) =D bj(s, x, m(s), y)gf(x, ¥)
J

j=1
1 d 2

(4.4) + 5;; (5, x, m(s)) PR (x,y)
1 dy 2 d dp
zzgix”+z

k=11=1

Recall that (G;) denotes the canonical filtration in B(Z) and ()A( , P, W) the coordi-
nate process on Z. By construction,

M) = f(X (1), W) — £(X(0),0) — /r o AR ()X (), W(s))A(dy. ds),
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and M‘)}1 is (G;)-adapted.

DEFINITION 4.1. A probability measure ® € P(Z) is called a solution of
equation (4.2) with flow of measures m if the following hold:

(i) me My;
(i1) W(O) = (0 ®-almost surely;
(iii) M}‘ is a local martingale with respect to the filtration (G;) and the proba-
bility measure ® for every f monomial of first or second order.

REMARK 4.1. The test functions f in (iii) of Definition 4.1 are the functions
RY x RN > R given by (x,y) = xj, (x,y) = y, (~x,y) = X)Xk, (X, y) >
yi-ypand (x, y) = x; -y, where j, ke {l,...,d}, 1,1 €{l,...,d1}.

The following lemma justifies the terminology of Definition 4.1.

LEMMA 4.1. Letme My . If (2, F,P), (F), X, p, W) is a solution of equa-
tion (4.2) with flow of measures m, then ©® =Po (X, p, W)~ e P(2) is a solution
of equation (4.2) with flow of measures wm in the sense of Definition 4.1.

Conversely, if ® € 'P(Z2) is a solution of equation (4.2) with flow of measures m
in the sense of Definition 4.1, then the quintuple ((Z,G®, ©), (g,@r), X, 0, W) isa
solution of equation (4.2) with flow of measures m, where G® is the ©-completion
of G=B(Z) and (gfi) the right-continuous version of the ®-augmentation of the
canonical filtration (G;).

PROOF. The first part of the assertion is a consequence of Itd’s formula and the
local martingale property of the stochastic integral. The local martingale property
of M} clearly holds for any f € C2(RY x R,

The proof of the second part is similar to the proof of Proposition 5.4.6 in
Karatzas and Shreve (1991), pages 315-316, though here we do not need to ex-
tend the probability space; see Appendix A below. [

A particular class of solutions of equation (4.2) in the sense of Definition 4.1 are
those where the flow of measures m € M3 is induced by the probability measure
® € P(2) in the sense that m(¢) coincides with the law of X (t) under ®. We call
those solutions McKean—Vlasov solutions.

DEFINITION 4.2. A probability measure ® € P(Z) is called a McKean—
Vlasov solution of equation (4.2) if there exists m € M such that:

(1) ®is aAsolution of equation (4.2) with flow of measures m;
(i) ®o (X))~ =m(r) forevery r € [0, T].
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REMARK 4.2. If ® € P»(2), then the inducedA flow of measures is in M.
More precisely, let ® € P>(Z) and set m(t) = O o (X)), telo,1]. By defini-
tion of P> (Z) and the metric dz,

Eo[lIX1%] = fz lel|3Ody, dr, dw) < co.

This implies, in particular, that m(¢) € P, (R?) for every t € [0, T]. By construction
and definition of the square Wasserstein metric, for all s, t € [0, T'],

dy(m(r), m(s))* <Eo[|X (1) — X(s)[*].

Continuity of the trajectories of X and the dominated convergence theorem with
21X ||%( as dominating ®-integrable random variable imply that d (m(z), m(s)) —
0 whenever |t — s| — 0. It follows that m € M.

Uniqueness holds not only for solutions of equation (4.2) with fixed flow of
measures m € M3, but also for McKean—Vlasov solutions of equation (4.2).

LEMMA 4.2. Let ©,0 ¢ P2(2). If O, © are McKean—Vlasov solutions of
equation (4.2) such that ® o (X(0), p, W)™' = O o (X(0), p, W)™, then © = 6.

PROOF. Let O, O e 772(2) be McKean—Vlasov solutions of equation (4.2)
such that © o (X(0), p, W)~ =0 o (X(0), p, W)~ . Set
m(t)i®oX(t)_ , ﬁl(t)i@oX(t)_ , tel0,T].
In view of Remark 4.2, we have m, m € M. Define an extended canonical space
Z by
Z=X XX xRy xW.

Let (Q_),zo denote the canonical filtration in G = B(Z), and let (X, X, 0, W) be
the canonical process. A construction analogous to the one used in the proof of
Proposition 1 in Yamada and Watanabe (1971) [also see Section 5.3.D in Karatzas
and Shreve (1991)] yields a measure Q € P(Z) such that

Qo(X,p,W)'=0, Qo(X,p,W)'=€
O{X() =X} =1.

By Lemma 4.1, (2,62, 0), G5). X. 5, W), (2,62, 0), (G5), X, p, W) are
solutions of equation (4.2) with flow of measures m and m, respectively, where
G2 is the Q-completion of G and (g_zQ+) the right-continuous version of the
Q-augmentation of (G)).

By construction and definition of the square Wasserstein distance,

da(m(), @(1)* <Ep[|X (1) — X(@)|)]  forallz € [0, T].
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Using (A2), Holder’s inequality, Itd’s isometry, Fubini’s theorem and the fact that
X (0) = X(0) Q-almost surely, we find that for every ¢ € [0, T'],

Eo[|X(1) — X(1)|*]

< 4T+ 1)L? /Ot Eo[|X (s) — X(5)[* + da(m(s), fa(s))*] ds

2 (! o2
<8(T+1L /OEQ[|X(S)—X(S)| ]ds.

Gronwall’s lemma and the continuity of trajectories imply that X = X Q-almost
surely and that m = m. It follows that ® = ©. [J

Define the costs associated with a flow of measures m € M, an initial distribu-
tion v € P(R?) and a probability measure ® € P(Z) by

J(v, ®:m)

E@[ [ fls X, me), v)ady.ds) + F(X(T),mm)}
I'x[0,T]

- if ® is a solution of equation (4.2) with flow of measures m
and ® o X(0)"' =,
o0 otherwise.

This defines a measurable mapping J: PRY) x P(Z) x My — [0, 0o]. The cor-
responding value function V : P(Rd) x My — [0, oo] is given by

V(v;m) = @eigfz) J (v, ®; m).

DEFINITION 4.3. A pair (®, m) is called a solution of the mean field game if
the following hold:

i) me My, ® € P(Z), and O is a solution of equation (4.2) with flow of
measures m;
(i1)) Mean field condition: ® o X (1)~ =m(r) for every t € [0, T];
(iii) Optimality condition: J(m(0), ®;m) < J(m(0), ®;m) for every © €
P(2).

In Definition 4.3, there is some redundancy in the choice of the pair (®,m)
as solution of the mean field game in that, thanks to the mean field condition,
the flow of measures m is completely determined by the probability measure ©.
Consequently, we may call a probability measure ® € P(Z) a solution of the mean
field game if the pair (®, m) is a solution of the mean field game in the sense of
Definition 4.3 where m is the flow of measures induced by ©, that is, m(¢) =
®oX() ' rel0,T].
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If ® is a solution of the mean field game, then, again thanks to the mean field
condition, it is also a McKean—Vlasov solution of equation (4.2). In general, how-
ever, ® is not optimal as a controlled McKean—Vlasov solution. In the optimality
condition of Definition 4.3, in fact, the flow of measures is frozen at the flow of
measures induced by ®, while in an optimization problem of McKean—Vlasov-
type the flow of measures would have to vary with the controlled solution.

REMARK 4.3. The use of relaxed controls in Definition 4.3 has a twofold
motivation. The first is pragmatic and well known [for instance, El Karoui,
Huu Nguyen and Jeanblanc-Picqué (1987), Kushner (1990)], namely the fact that
relaxed controls allow one to embed the space of control processes into a nice
topological space (if I" is compact, then R = R is compact; for unbounded I,
‘R, is still Polish) without changing the minimal costs. In particular, existence of
optimal controls is guaranteed in the space of relaxed controls. The second mo-
tivation is related to this fact, but more conceptual. The mean field condition in
the mean field game is required to hold for the law of the state process under an
optimal control only. Thus, existence of optimal controls (for a given flow of mea-
sures) is crucial for the existence of solutions to the mean field game. For ordinary
optimal control problems, on the other hand, it suffices that the minimal costs be
well defined. Still, it is natural to ask for conditions ensuring that a solution of the
mean field game can be obtained in ordinary control processes, not just in relaxed
controls. Sufficient conditions of this kind have been established in Lacker (2015).
One simple sufficient condition is that the dynamics be linear and the costs convex
in the control.

The next lemma will be an essential ingredient in the construction of competitor
strategies in the proof of Theorem 5.1 below.

LEMMA 4.3. Let m € Mj. Given any € > 0, there exists a measurable func-
tion Y 1[0, T] x R x W — T such that the following hold:

(i) ¥ is progressively measurable in the sense that, for every t € [0, T], every
x € R?, we have Y, x, w) = Y, x, w) whenever w(s) = w(s) for all s €
[0, 71;
(ii) ¢ takes values in a finite subset of T';
(i) J(m(0), Or;m) < V(m(0); m) + &, where OF is the unique probability
measure in Pr(Z) such that OF is a solution of equation (4.2) with flow of mea-
sures m, O o (X(0))~! = m(0), and

o(dy,dt) = 81#;“(1,)?(0),‘3/) (dy)dt O -almost surely.

PROOF. The proof is based on time discretization and dynamic programming;
see Appendix B. [
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REMARK 4.4. The conditions of Lemma 4.3 do not determine " in a unique
way. On the other hand, once ;" has been constructed, the probability mea-
sure O is uniquely determined as the law of the solution of equation (4.2) with
flow of measures m, initial distribution m(0) and control process u given by
u(t) =y, X(0), W), t € [0, T], where W is the driving Wiener process and
u is identified with its relaxed control random variable. Notice that u is square-
integrable since v takes values in a finite subset of I.

5. Convergence of Nash equilibria. For N e N, letu?, ..., ul € Ha((FN),
Py; I') be individual strategies for the N-player game, and let u" = (ullv ey u%)
be the corresponding strategy vector. Let Q% be the normalized occupation mea-

sure associated with u"Y. More precisely, Q" is the 7,(Z)-valued random variable
determined by setting, for B € B(X'), R € B(R3), D € BOW),

ON(B x R x D)

(5.1)
| N
= N.X;SX’-N(.’&))(B) -8p01;/,i(R) '8W,-N(~,w)(D)’ weQy,
i=
where (XN, ..., X %) is the solution of the system of equations (3.1) under strategy

vector uV, and p™V+/ is the relaxed control associated with individual strategy ulN ,
iefl,...,N}
Convergence results will be obtained under the hypothesis that

1 Y r
(T) 350 > 0: sup Ey |:_ Z(|SiN‘2+60 +f |ufv(t)|2+60 dt)] < 00.
NeN N 0

i=1

Whenever (T) holds, we will—as we may—suppose that §o € (0, 1 A T].

REMARK 5.1. Condition (T) is automatically satisfied if the action space I"
is compact and the initial states, that is, the random variables E,.N ,NeN,ie
{1,..., N}, are uniformly bounded.

LEMMA 5.1. If condition (T) holds, then the family (Py o (O Dyen is
pre-compact in P(P,(2)).

PROOF. We verify that condition (T) implies the pre-compactness of the fam-
ily Py o (QY)~)yen by using a suitable tightness function on P>(Z). For a
function v on [0, T'] with values in RY or RY1, Jet wy (-, T') denote the modulus of
continuity of ¥ on [0, T'], that is, the function

[0,00) > h > wy (h, T) = sup | (1) — ¥ (s)| € [0, o0].
t,s€[0,T]:|t—s|<h
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If i is continuous, then the modulus of continuity of i takes values in [0, c0).
Clearly, wy, (h, T) = Wv, (T T) whenever h > T. Choose §p > 0 according to con-

dition (T), and set o = 2(8 +5 5 Define the function g : P2(Z) — [0, oo] by

s@= [ (||<p||§j50 o+ [y Py,
(52) zZ I'x[0,T]

+ sup {h™%(Wy(h, T) + wy(h, T))})@(d(p, dr,dw).
he(0,1]

Then g is a tightness function on P, (2); see Appendix C.2. It is therefore enough
to check that condition (T) entails supy .y E N[g(QN )] < co. By definition of oN
and g,

1Y T
Enle(0Y)] =y S [IX 3 + [Tl o |

+— ;EN [h:(%p ]{h_a(wxlgv (h, T) + Wy (h, 7))}

By Lemma 3.2 and condition (T),

wnl ZEN[HXNHH% i opal) <.

As to the terms involving the moduli of continuity, set p = 2 + §p/2; then, by
monotonicity of # — h~* and Markov’s inequality (as well as Jensen’s inequal-

ity),
1

A
N; keNk>1/T X \k AR

1 N oo 1 1 M
=1+y P =T . T) > am
< +Nl.§/1 ; N<wxy(k )+wWiN(k > (k+1)a)

- 1Y 1 p 1 P71\ 271
<1 k+D*?{ =) E - T -T ’
<14+ <N§ o (e 1) +w(11) ) 255

k=1

where we have used that [ M~PdM =1/(p — 1) since p > 1. To find an up-
per bound for the above sums that does not depend on N, we employ estimates
on the moments of the modulus of continuity of Itd processes; cf. Fischer and
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Nappo (2010) and the references therein. Since WlN e, W;\,V are standard d;-
dimensional Wiener processes, we have by Lemma 3 of that paper and Holder’s
inequality that there exists a finite constant C p.d, depending only on p and d such
that, forevery i € {1,..., N},every k e Nwithk>1/T,

1 Pl log(2Tk)\ P/?
[y (1 7)] = Gy (2CTRY

Recall that p =2+ §p/2. By Theorem 1 in Fischer and Nappo (2010), there exists
a finite constant Cs, 4 4, depending only on &y (through p =2+ §9/2 and §p/2 =
2+ 80 — p), d, and dj such that, for every k e Nwithk > 1/T,

1 N 1 24-60/2
()
NI " \k

= log(2Tk) ! Ho0/4
= Cunaan ()
AR, EN[ sup (fs’ bG. XV ), 1 G). u ) d§>2+50/2}
N i=1 s,0€[0,T]:s<t m

+ — ZEN[ sup |o (s, XV (s), (s))|2+50]+1)

i1 CseloT]

Thanks to assumption (A3), Lemma 3.2 and condition (T), we have

sup{ 1 ZEN[ sup [o (s, X[V (), <s))|2+“°]} < oo.

NeN i=1 SE[OT

On the other hand, by Holder’s inequality,

Ly JEbG, XN G), 1N G), ul (5))] ds 2Hoo/2
_gEN[ sup ( — ) }

s,t€[0,T]:s<t
1Y r 24+80/2
5T80/4._ZENU 6. XN @), u @), ul @) df]
N = 0

and, thanks to assumption (A3), Lemma 3.1 and condition (T),

sup{ ZEN[/ |b(s, XN(s) uN(3), uN(s))|2+8°/2d ” < 00.

NeN
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Recall that o = 2(8 + 50) and p =2+ §p/2. It follows that, for some finite constant
CK,T,so,d,dl not depending on N,

1Y Y
;l;%{ — Z;EN [hiﬁfu{h (W, T) + Wy (h, T))}]]

- ad _(log(2Tk)\P/?
< Cx s (1 3k 1) p<gT) ,
k=1
where the infinite sum on the right-hand side above has a finite limit since p/2 —

a-p=(@8+28)/8+68)>1. U

Below, we will use the symbol I to indicate the index set of a (convergent)
subsequence; thus I is a subset of N with the natural ordering and #I = co

LEMMA 5.2.  Suppose that (P, o &/,)pc1 converges in Pr(RY) to some v €

77_2(Rd), where, for each n €1, il € {1,...,n}. Then there exists a sequence
EMer of R4 -valued random variables such that the following hold:

() for every n €I, &" is defined on (2, F"), measurable with respect to
o (/. 1) C Fy, and such that Py o EMH =1

(11) En“Si’}g — §”|2] — 0asn— oo.

PROOF. Setv,=P, 0 (".;‘17,’1)_1. By hypothesis,

da(vy, D) =370.

Let n € 1. By definition of the square Wasserstein metric,
da(vy, D) = inf / Ix — %|%a(dx, d¥).
aeP(RYxRY):[a];=v, and [a]r=b JRI x R4

The infimum in the above equation is attained; see, for instance, Theorem 1.3
(Kantorovich’s theorem) in Villani (2003), pages 19-20. Thus, there exists o/} €
P[R? x R?) such that [oef 11 = vy, [af]o =D and

da(vy, 1) = / Ix — %% (dx, dX).

RY xR4
Recall that #{, ..., ¢, are independent JFj-measurable random variables which
are uniformly distributed on [0, 1] and independent of the o -algebra generated by
g',.... &, Wi, ..., W}. By Theorem 6.10 in Kallenberg (2001), page 112, on

measurable transfers, there exists a measurable function ¢, : R x [0,1] > R4
such that

(sﬂ’(pn(sn, n))_IIOl:.
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Set £ = ¢, (&, 0}1). Then E" is o (&}, 9f)-measurable, P, o (M~ !'=9, and

E,[[g8 — E"*] = da (v, )%,

which tends to zero as n — oo. U

LEMMA 5.3. Grant condition (T). Let (Q"),e1 be a subsequence that con-
verges in distribution to some Pa(2)-valued random variable Q defined on some
probability space (2, F,P). Set

L) = Q4o X(1)7 !, 1el0,T],we .

Then for P-almost every w € 2, (1, € My and Q, is a solution of equation (4.2)
with flow of measures j1,. Moreover,

Jiminf ~ PNACOE / J (10(0), Qo 110)P(dw).
Q

Isn—o0o N “
i=1

PROOF. By Lemma5.1, (Py o (QV)™") ey is pre-compact in P(P2(Z2)). Let
(O™)ner be a subsequence that converges in distribution to some P (Z)-valued
randOIrAl variable Q, defined on some probability space (2, F,P). Set u,(t) =
Oy o0 X)L, 1 e[0,T], w € Q. Since 0, € P2(2) for every w € 2, we have
te € My for every o € Q; cf. Remark 4.2 above. By construction, W(0) =0 Q7 -
almost surely for P,-almost every w € €2,. Convergence in distribution implies
W(0) =0 Q,-almost surely for P-almost every w € Q.

In order to verify that Q,, is a solution of equation (4.2) with flow of measures
Ue for P-almost every o € €2, it suffices to check that condition (iii) of Defini-
tion 4.1 holds. The proof of this fact is analogous to the proof of Lemma 5.2 in
Budhiraja, Dupuis and Fischer (2012). Since the situation here is somewhat differ-
ent, we give details in Appendix D below.

The asymptotic lower bound for the average costs is a consequence of a version
of Fatou’s lemma [cf. Theorem A.3.12 Dupuis and Ellis (1997), page 307] since,
forevery n e,

1 & A
~) I = /Q /Z (/F oy (90, Q50 XD y)r(dy.dn)
i=1 n *1Y

+ F(T.o(T). Q"o X(T)*)) 0" (dp. dr, dw)P,(dw)
and Q7 o )A((t)_1 — () in distribution as n — oo. [

REMARK 5.2. Lemma 5.3 shows that, under condition (T), all limit points of
the normalized occupation measures (O")yen are concentrated on those random
variables that, with probability one, take values in the set of McKean—Vlasov so-
lutions of equation (4.2). The mean field condition of Definition 4.3 is therefore
always satisfied.
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In addition to (T), we will need the following weak symmetry condition on the
costs:

3 a sequence of indices (i ka)NeN with i € {1,..., N} such that

(S) j
sup J/¥ (u") < oo and limsup — > " 7N (u )<11msupJN( M.
NeN ¥ N—o0 i=1 N—o0

REMARK 5.3. Condition (S) is automatically satisfied if the cost coefficients
f, F are bounded functions. If f, F are unbounded and the costs associated with
u? are symmetric in the sense that, for every N, everyi € {2,..., N}, JlN V) =
JiN (u"), then thanks to assumption (A5) and Lemma 3.1, condition (S) follows

from condition (T).

THEOREM 5.1. Let (eN)neN C [0, 00) be a sequence converging to zero. Sup-
pose that (§N)N€N and (uN)NeN are such that (T) and (S) hold and, for each
N e N, ’g‘N = (SlN, e, 511\\,7) is exchangeable and u? is a local en-Nash equilib-
rium for the N-player game. Let (Q"),c1 be a subsequence that converges in dis-
tribution to some P>(Z)-valued random variable Q defined on some probability
space (2, F,P). If there is m € My such that, for P-almost every w € €2,

QwoX@®)'=m@), rel0,T],

then (Qy, m) is a solution of the mean field game for P-almost every w € Q.

We postpone the proof of Theorem 5.1 to the end of this section. The crucial hy-
pothesis in Theorem 5.1 is the almost sure nonrandomness of the flow of measures
induced by a limit random variable Q. Thus, under the rather general conditions
(T) and (S), we prove convergence to solutions of a mean field game for subse-
quences with limit random variable Q such that Po (Q o (X (t))t <[0. T]) =68
for some m € M. This condition is reminiscent of the characterization of prop-
agation of chaos in the Tanaka—Sznitman theorem. The nonrandomness of the
induced flow of measures is implied by the nonrandomness of the joint law
of initial condition, relaxed control and noise process, that is, by the condition
Po(Qo (X(O) 0, W) =1 =, for some v € P(R? x Ry x W). This condition,
in turn, is satisfied if the initial states and individual strategies of each N-player
game are independent and identically distributed, where the marginal distributions
are allowed to vary with N.

COROLLARY 5.2. Let (eny)NeN C [0, 00) be a sequence converging to zero.
Suppose that (& N Ywen and (WN)nen are such that (T) holds and, for each
N e N, u" is a local ey-Nash equllzbrmm for the N-player game and the ran-
dom variables (& IN , u{v , WIN ), .. ($ N uv N> WII\\,] ) are independent and identically
distributed. Let (Q"),c1 be a subsequence that converges in distribution to some
P2 (2)-valued random variable Q defined on some probability space (2, F,P).
Then Q, is a solution of the mean field game for P-almost every w € Q2.
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PROOF. By distributional symmetry of the vectors of initial states and indi-
vidual strategies, the costs are symmetric and condition (T) entails condition (S);
cf. Remark 5.3 above.

Let 7 € Cp(RY x Ry x W) be a countable and measure determining set of
functions. Let (Q"),<1 be a convergent subsequence with limit random variable Q
on (R, F,P).Let W € T, and set

my = Ep[Eg[¥(X(0), 4, W)]],
v =Ep[(Eq[¥(X(0), 5, W)] - my)’],
mlYy, = E,[Egn[¥(X(0), 5, W)]], nel

The mapping © +— [ W d0 is continuous on P,(Z). By convergence of (Q") to
Q and the continuous mapping theorem,

oo = lim E,[(Eor[W(£(0), 5, W)] - my)’]

2
: 1$ '
- i B (1w v -t ) |
1=

where p™! is the relaxed control random variable induced by u. As a consequence
of the i.i.d. hypothesis, the random variables W (&/", ol Wi, iefl,...,n}, are
independent and identically distributed with common mean equal to mY,. Since W
is bounded, it follows that vy = 0. This implies

EQ[lIJ()A((O), 0, W)] =my P-almost surely.
Since 7 is countable, we have with P-probability one
Eo[¥(X(0), 5, W)]=my  forall W eT.

Since 7 is also measure determining, it follows that there exists a measure v €
PR x Ry x W) such that, for P-almost every o € 2,

Q0o (X(0), p, W) ' =v.
On the other hand, we know by Lemma 5.3 that Q, € P>(Z2) is a McKean—Vlasov
solution of equation (4.2) for P-almost every w € 2. Uniqueness of such solutions
according to Lemma 4.2 yields the existence of a measure ® € P,(Z) such that
Q. = O for P-almost every w € Q. Let m € M be the flow of measures induced
by ®. Then, for P-almost every w € €,

Ouo X)) ' =m(), t €0, T].

The assertion is now a consequence of Theorem 5.1. [
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Existence of local approximate Nash equilibria as required in Corollary 5.2 is
guaranteed, in particular, under the hypotheses of Proposition 3.1 above (com-
pact action space, bounded coefficients). Suppose that (§V) is such that, for
each N e N, &£V is a vector of independent and identically distributed ran-
dom variables with common marginal mf)v € P»(R?) and that, for some 8y > 0,
supyen S |x|2+50mf)v (dx) < oo. Then, by Proposition 3.1, there exists a corre-
sponding sequence (u’) of local approximate Nash equilibria such that the hy-
potheses of Corollary 5.2 are satisfied. In addition to the desired limit relation, we
thus obtain a proof of existence of solutions for the mean field game. Note that ex-
istence of solutions is just a by-product of our analysis; analogous existence results
can in fact be obtained by directly working with the mean field game; see Lacker
(2015). The proof there is based, as in Proposition 3.1 here, on relaxed controls
and a version of Fan’s fixed-point theorem.

PROOF OF THEOREM 5.1. By hypothesis, Q o X (-)~! = m(-) P-almost surely
for some deterministic m € M. In view of Lemma 5.3, it is enough to show
that the pair (Q,,, m) satisfies the optimality condition of Definition 4.3 with P-
probability one. This is equivalent to showing that J (m(@0), Qp;m) = V(m(O); m)
for P-almost all w € Q.

Let ¢ > 0. Choose a function ¥ : [0, T'] x R? x W — T and a probability mea-
sure OF € P»(Z) according to Lemma 4.3. Choose a sequence of indices (i]}),er
according to condition (S). We will, as we may, assume that i} = 1 for every n € I;
otherwise, renumber the components of the n-player games.

The proof proceeds in five steps. First, we construct a coupling for the initial
conditions. In the second step, based on that coupling and the feedback function
Y, we define a competitor strategy u” that differs from u” only in component one
(=1i). As verified in step three, the associated normalized occupation measures
have the same limit Q as the sequence (Q"). This is used in the fourth step to show
that limsup,,_, , J{'(W") < V (m(0); m) + &. Thanks to this upper limit, the local
approximate Nash equilibrium property of u” together with condition (S), and
the asymptotic lower bound on the average costs from Lemma 5.3, we establish
optimality in the fifth and last step.

First step. By hypothesis, the sequence (P, o (Q")™"),cr converges to Po Q!
in P(P2(Z)). By the choice of the metric on Z, the continuity of the map Z >
(p,r,w) — p(0) € R4, and the mapping theorem [for instance, Theorem 5.1 in
Billingsley (1968), page 30], we have that

P2(2)5 O Oo (X(0)) ' € Po(RY)

is continuous. This implies, again by the continuous mapping theorem, that

—1 n—o00

P,o(Q" o (X(0) ) ' =Po(Qo (X)) inP(P(RY)).
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By construction and hypothesis, respectively,
Q" o (X(0))~ —Zagn while Po (Q o (X(0)) ™))" =m0

It follows that (% > 55;" )ner converges to m(0) in distribution as P> (R?)-valued
random variables, where m(0) is deterministic. This convergence implies, in par-
ticular, that

[ Z’f | ]n_m /Rd 1x>m(0)(dx).

By hypothesis, §" = (&7, ..., &) is exchangeable for every n € I. Convergence of
the associated empirical measures, by the Tanaka—Sznitman theorem [for instance,
Theorem 3.2 in Gottlieb (1998), page 27], implies that

P, o (&))"

Actually, we have convergence in P, (R?) since, by exchangeability,

[{51 = |: Z\E"] for every n €1,

and the expectations on the right-hand side above converge to the second moment
of m(0). We are therefore in the situation of Lemma 5.2, and we apply that result
with the choice i} = 1 to obtain a sequence (E")pet of R4 -valued random variables
such that £” is o (&4, 9}1)-measurable, P, o (M~ =m(0) and E,[|£] —€"*] — 0
as n — 0o.

Second step. Define a strategy vector u" = (i, ..., uy) by setting, for (¢, ) €
[0, T] x 24,

1 n—00

ZFm©0)  in P(RY).

Y, EN(w), Wi ) ifi=1,

. l’, — .
i (1, ) W' (t, ) ifie{2,... n).

Notice that @” is indeed a strategy vector for the game with n players. Moreover,
i =u” fori €{2,...,n}, while @ € Ha((F/""), P,; T). Let 5™ be the relaxed
control induced by u?, i € {1, .. n} Clearly, ™' = p™ for i > 2. On the other
hand, by construction and since 5 "and W' are independent,

P, o (E", 5" W ' =0"0 (X(0), 5, W) for every n € IL
The law of %', in particular, does not change with . It follows that

T 2
supEn[/ HG) dt] < 0.
0

nel
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The coercivity assumption (A6) implies that there exists C > 0 such that for every
nel,

En[/OT|u'f(t)|2dt} <C(1+Jj'(u")).

By choice of the index i} = 1 according to (S), we have sup, .y J{ (") < oo.
Since E,[|£]1*]1 = 1 37| E,[|€]'|*] by exchangeability, it follows that

T
(5.3) igEanf}%r/O (|u'f(t)|2+|al(t)|2)dr} < 0.

Third step. Let (f(”, e }}Z) be the solution of the system of equations (3.1)
under strategy vector @, and let 1"V denote the empirical measure process associ-
ated with (f( nooouX ™). Let Q” be the normalized occupation measure associated
with @", that is, the PP, (Z)-valued random variable determined by

0i(B x R x D) = Zaxn( 0 (B) 850 (R) By ) (D), @ €y,
i=1

B € B(X), R € B(R»), D € B(W). We are going to show that
(5.4) 0
Since Q" — Q in distribution, it suffices to show that

dppyzy (Pa o (Q") ' Pyo (0" 7))

Let n € I. By construction, definition of the bounded Lipschitz metric, inequality
(2.1) and Holder’s inequality,

dppy(z) (Pao (0") . Pyo(Q") 7))
= sup E,[G(Q") - G(0")]

GeC(P2(2):IGbLip=<1

<E,[dp,2) (0" 0")]

< J P NECRER A
i=1

n e 0 in distribution as P, (Z)-valued random variables.

n— oo
—

0.

n

<%+JE [12 ap X1~ K10 |

1 1€[0,T]

where the last inequality follows by definition of dz and from the fact that
ptt=p"m fori €{2,...,n}. Using assumption (A2), Holder’s inequality, Doob’s
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maximal inequality, [t0’s isometry, inequality (2.1) and Fubini’s theorem, we find
that fori € {2,...,n},every t € [0, T1],

E,,[ sup | X7 (s) — f(f’(s)|2]
s€[0,1]

< 4(T +4)L*E, Uotp(?(s) — X! ()|*ds + /Ot do (1™ (), ﬁN(s))st]

n

t - ~
<4(T + 4)L2/0 E, |:|X?(s) — X' (s) + % > OIXE(s) — X,’z(s)ﬂ ds.
k=1

Similarly, but also using assumption (A3),

E, | sup [X](s) = X}5)[]
s€[0,¢]

<Cn,+8(T +2)L? /Ot E, [}X{’(s) — X+ % > 1X(s) — X,’;‘(s)lz} ds,
k=1

where C,, is equal to
2 (T N TR 2 L& on, 2
80T K /0 E, 1+|X1(s)| +}u1(s)| +|u1(s)| +;Z|Xk(s)| ds.
k=1

It follows that, for every ¢ € [0, T],
1< -
=3 B[ sup [X7'(s) = X1 )[]
n i=1 s€[0,7]
Cn 2 ! 1< n o~ on ey |2
<2 4+8(T+4)L f E,[ =) sup |X!'(3)— X!3)| | ds.
n 0 n i—15€[0,s]
Therefore, by Gronwall’s lemma,
1 < n Sn 2 Cn 2
E,| =) sup [X/(t)— X} (0)]" | < —exp(8T(T +4)L%).
n i=1 te[0,T] n

To complete the proof of (5.4), one checks that sup, . C, < oo. But this is a con-
sequence of (5.3), condition (T), and Lemma 3.1.
Fourth step. We are going to show that

(5.5) limsup JI'(@") < J (m(0), ©; m).

n—oo

Let n € I. Recall that X 1 solves the equation

X?<r>=s{’+/0 b(s. XU(s)., " (s). @ (5)) ds

t ~
+f0 o (s, X1 (s), A" (s)) dW7 (s), tel0,T].
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Let X 1 be the unique solution to

_ _ t _
Xi@t)=¢" +/(; b(s, X1 (s), m(s), &} (s))ds

—I—/Ota(s,X?(s),m(s))dWln(s), tel0,T].

Then, by uniqueness in law and construction, for every n €I,
J(m(0), ©™; m)

T _ -
=E, [/0 ft, XT(@), m(@r),a}(r))dt + F(X{(T), m(T))]

Using assumption (A2), Holder’s inequality, 1t6’s isometry and Fubini’s theorem,
we find that for every ¢ € [0, T'],

E.[|X} (1) — X} (0[]
“ni12 r 2
<3E,[|g] — &"| ]+6(T+1)L2En[/0 do (" (5), m(s)) ds}

t ~ —_

+6(T + 1)L2f0 E,[|X1(s) — X7 ()] ds.
The limit relation (5.4) implies that (" (0)),e1 converges to m(0) in distribution
as P> (R9)-valued random variables and that, by uniform integrability thanks to
Lemma 3.2 and condition (T),

sup E,[dy(i2" (1), m(n))*] =3 0.
t€[0,T]
By choice of the random variables £" according to Lemma 5.2,
£n|2

Therefore, by Gronwall’s lemma,

n—oo
—

n—oo

X — X101 =>o.

sup En[
tel0,T]

Thanks to assumption (A4) and Holder’s inequality,
77 (@) = J (m(0), ©F; m)|

T - _
<E, [/O |f (e, XT (o), 7" (), a{ @) — f(r, XT@), m(), @} (1))] dt}

+E,[|F(X{(T), *(T)) — F(X}(T), m(T))|]

<VI0L(1 +vT) sup E,[|X%(1) = X7 (0)* + da (3" (1), m(1))?]
tel0,T]

x sup E [1+ X0 + | X7 0) [ + do(i2" (1), 80)* + da(m(r), 80)°]"/>.
t€l0,T]

1/2
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By (5.3) together with Lemma 3.1 and an analogous estimate applied to X", and
since sup; o, 71 d2(m(), 80)% < 00 by continuity, we have

sup sup E,[|X70))* + | X710 + da (7" (1), 80)* + da(m(r), 8)*] < oo.
nel t€[0,T]

It follows that J{' (") — J (m(0), ®; m) as n — oo, which establishes (5.5).
Fifth step. The limit relation (5.5) and the choice of ®F imply that

lim sup Jle @"7) < V(m(0); m) +e.
j—o00
By hypothesis, u” is a local ¢,-Nash equilibrium. By construction, @" differs from
u” only in component number one (= i), and u] is (.E"’l)—adapted. Therefore,

J(") < JI@") + &,
By choice of the index 1 =i} according to (S) and since ¢, — 0 by hypothesis,

1
limsup = Y J/"(u") <limsup J{ (u") <limsup J{'(@").

n—oo n—oo

It follows that

lim sup — ZJ" < V(m(0); m) +¢

n—-oo N

On the other hand, thanks to the second part of Lemma 5.3,

liminf — ZJ” /Q J(m(0), Q, m)P(dw).

n—-oo n 4
It follows that
f J(m(0), Qu, m)P(dw) < V(m(0); m) + ¢
Q

Since € > 0 was arbitrary and J (m(0), Qy, m) > \7(m(0); m) for every w € Q2 by
definition of V, we conclude that

J(m(0), Qp, m) = V(m(0);m)  for P-almost all » € 2. O

REMARK 5.4. The proof of Theorem 5.1 gives some insight into why the
assumption that the limit flow of measures m is deterministic cannot simply be
dropped. In the second step of the proof, we define a competitor strategy i/ for
the deviating player (player one after relabeling) in terms of the noise feedback
function ¥". In general, for any ¢ € [0, T'], ¥ (z, -, -) depends on m through its
values for all times, not only through its values up to time ¢. Therefore, if m were
random, even taking for granted the measurable dependence of " on m, we might
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end up with a nonadapted competitor strategy. Indeed, the natural choice for u7,

namely u[ (¢, w) = Ve Z’(')(t, (), W{(-, w)), would in general yield a I"-valued
process that would not be an admissible strategy for player one in the n-player
game.

APPENDIX A: PROOF OF LEMMA 4.1, SECOND PART

Let ® € P(Z) be a solution of equation (4.2) with flow of measures m in the
sense of Definition 4.1. Using the local martingale property of M}“ for f a mono-
mial of first or second order as in the proof of Proposition 5.4.6 in [Karatzas and
Shreve (1991), pages 315-316], we find that, under ® and with respect to the fil-
tration (G;):

e Wisad 1-dimensional vector of continuous local martingales with W(O) =0
and quadratic covariations

(W W)y =187  LIe{l,....d});

e X=X—X(0) _frx[o,-] b(s, X (s), m(s), v)p(dy, ds) is a d-dimensional vector
of continuous local martingales with quadratic covariations

o i N
<Xj,Xk>(t)=/() (aaT)jk(s,X(s),m(s))ds, joke{l,....d);
e W, X have quadratic covariations

_ N t N
(Ke, W) (1) = /0 o (s, X(s), m(s)) ds,
where k € {1,...,d},l€{1,...,d}.

The local martingale property also holds with respect to the filtration (g,(i); see
the solution to Problem 5.4.13 in Karatzas and Shreve (1991), pages 318-319,
392, and Remark 4.2 in Budhiraja, Dupuis and Fischer (2012). By Lévy’s char-
acterization of Brownian motion [for instance, Theorem 3.3.16 in Karatzas and
Shreve (1991), page 157], we see that W is a standard Wiener process with respect
to (gﬁ). As a consequence, the process

Y(r) = /(:o(s, X(s),m(s))dW(s),  tel0,T],

is well defined and a d-dimensional vector of continuous local martingales [under
® with respect to (g{i)] with quadratic covariations

4 A
(Yj,Yk)(l‘)=/(; (007) (5. X(s).m())ds,  joke{l,....d},

A t A
(Yj,Wl)(t):/O oii(s, X(s)m(s))ds,  je{l,....dLl1e{l,....di}.
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The quadratic covariations between the components of the vectors of continuous
local martingales X, Y are given by [cf. Proposition 3.2.24 in Karatzas and Shreve
(1991), page 147]

¥ %00 = Y [ s, X(5),m(5)) d (% W0
=1

t A
=/0 (007 ;i (s X&) m()ds,  jke(l.....d).

It follows that X — Y is a d-dimensional vector of continuous local martingales
with X (0) =0 = Y (0) and quadratic covariations

(X; =Y, Xk — Yi) = (X, Xp) — (Y}, Xe) — (X, Vi) + (Y, Yx) =0.

This implies [cf. Problem 1.5.12 in Karatzas and Shreve (1991), page 35] that
X =Y O-almost surely, which establishes the solution property.

APPENDIX B: PROOF OF LEMMA 4.3
Fix m € M», and set, for (r,x,y) € [0,T] x R x T,
bm(t»X, V) = b(tv-xv m(t)a 7/), O'm(t, -x) = G(ta -x9m(t))a

fm(tvxv )/)if(l‘,x,m(t), y)s Fm(x):F(x,m(T))

Thanks to assumptions (A1), (A2), (A4) and the continuity of m, we have that by,
Om, fm are continuous in the time and control variable, uniformly over compact
subsets of R?, by, o, are globally Lipschitz continuous in the state variable, uni-
formly in the other variables, and fn,, Fiy are locally Lipschitz continuous in the
state variable, uniformly in the other variables, with local Lipschitz constants that
grow sublinearly in the state variable.

The function ;" will be constructed based on the principle of dynamic pro-
gramming applied in discrete time. To this end, we first introduce an original con-
trol problem corresponding to the minimal costs V (-, m), then we build a sequence
of approximating optimal control problems by successively restricting the set of
admissible strategies. The proof proceeds in six steps.

First step. Let U be the set of all quadruples ((2, F, P), (F;), p, W) such that
the pair ((2, F, P), (F;)) forms a stochastic basis satisfying the usual hypotheses,
W is a dj-dimensional (F;)-Wiener process, and p is an (F;)-adapted R,-valued
random variable such that E[ /-, o.7117 1>p(dy, ds)] < oo. For simplicity, we may
write p € U instead of ((2, F,P), (Fr), p, W) e U. Given any p € U, (tp, x) €
[0, T] x R?, the stochastic integral equation

X(t)=x—|—/ bu(to + 5, X (), y)p(dy.ds)
I'x[0,t]
(B.1) t
+/ om(to + 5, X(5))dW(s), tel0, T —1],
0
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has a unique solution X = X'0-*:#_that is, X is the unique (up to indistinguisha-
bility with respect to P) R?-valued (F;)-adapted continuous process that sat-
isfies (B.1) with P-probability one. Although the solution X of equation (B.1)
starts in x at time zero, it corresponds to the solution of equation (4.2) starting
in x at time fy. Define the costs associated with strategy p and initial condition
(to, x) € [0, T] x R? by

Jmao,x,p)ﬁE[fF " t]fm(t0+S,X(S),)/)P(dV,dS)-i-Fm(X(T—lO))],
XU, 1 =1y

where X = X'0-*:#_ The corresponding value function V, is given by
Vm(tv x) = lnf ‘]m(tv X, /0)7
peU

which is well defined as a measurable function [0, T] x R¢ — [0, 00). Actually,
Vi is continuous. For x € RY, p e U, set

P =Po (X% p, W),
Then ®** is a solution of equation (4.2) with flow of measures m and

Jn(0,x, p) = J (8, 0" m).

Conversely, in view of Lemma 4.1 and thanks to Assumption (A6), any ® € P(2)
with J (8¢, ®; m) < oo induces a strategy p € U such that ®@%” = ©. It follows
that Vi, (0, x) = ‘7(8 +; m) for every x € R? and, by conditioning on the initial state
at time zero,

/R V(0. 0)m(0) (dx) = V (m(0); m).

Second step. The function Vi, (0, -) is locally Lipschitz continuous. To be more
precise, choose cg > 0, I'g C I' according to (A6), and let rg > 0 be such that I'g C
{y € R% : ly| < ro}. We are going to show that there exists a constant C; € (0, 00)
depending only on K, L, T, m, ro and cq such that

(B.2) |Vm(0,x) — Vin(0,%)| < Ci(1 + R)|x — X| whenever |x| V |X]| < R.
To establish (B.2), set, for e > 0, R > 0,
Uer ={p €U : In(0,x; p) < Vin(0, x) + ¢ for some x with |x| < R}.
Then for all x, ¥ € R? with |x| v |X| <R,

|Vin (0, x) — Vi (0, %) | < inf sup [T (0, x5 p) — (0, %5 p)|.

“V pele g

Letx, ¥ € R, p e and let X, X be the solutions of (B.1) under p with initial
state x and X, respectively. Using Holder’s inequality, Jensen’s inequality, Itd’s
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isometry, Fubini’s theorem, assumption (A2) and Gronwall’s lemma, we find that
there exists a constant Cy 7 depending only on L, T such that

sup E[|X(t) —X(t)| | <Crrlx =X
tel0, T

Reusing the same tools but with assumption (A3) in place of (A2) (also cf.
Lemma 3.1), we find that there exists a constant Cg 1 depending only on K,
T, and on m [through sup, (o 7) i |y|2m(t)(dy), which is finite since m is contin-
uous in time] such that

sup E[|X(O)]] < cm,m(l +xP +E[/ v Pody, dr)]).
t€[0,T] I'x[0,T]

Thanks to the above estimates and assumption (A4), we have that there exist a con-
stant Cr 7.m depending only on L, T', and m, and a constant Cg 1. 7.m depending
only on K, L, T and m such that

| T (0, x5 p) — I (0, X5 p)|

< CL,T,m(l + s[lépT]\/E[}X(t)F] + s[l(l)pT]\/EHf((t)F]) Clx —X|
t€l0, tel0,

< cK,L,T,m(l Fxlv IR+ \/E[/ v Po(dy, dr)D k=Rl
I'x[0,T]

It follows that for all x, ¥ € R with |x| v || <R,

|Vin (0, x) — Vir (0, X)|

<CkLTm-" 1nf<1+R+ sup \/E[/ |y|2,0(dy,dt)})-|x—)?|.
p€lls R T'x[0,T]

By the same estimates as above, but using (A5) instead of (A4), we find that
there exists a constant C k.T.m depending only on K, T', m such that, for all x € RY,
all p e,

Jm(o,x;p)sci‘K,T,m(1+|x|2+E[/F ]|y|2p<dy,dz)}).

x[0,

This implies that there exists a constant Cx 7 m,r depending only on K, T, m, and
on I' (through miny e |y |2) such that, for all x € R?,

Vi(0, x) < Cx.7.mr (14 |x[).

Let p € U g for some ¢ > 0. Choose x € R? with |x| < R such that Ju (0, x; p) <
Vin(0, x) 4 € (possible by definition of U, g). By the coercivity assumption (A6),

Jn(0,x: p) = COE[/

v Pody, dz)},
(I'\I'p) x[0,T7]
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hence
ok [ yPor.dn | < Chrmr(i+ ) +e.
(I'\I') [0, T']
By construction,

E[/ Iylzp(dy,dt)} sT-r§+E[/ Iylzp(dy,dt):|.
I'x[0,T] (I'\Ip) x[0,T1]

It follows that there exists a constant Ck 7 m,¢,,r, depending only on K, T', m, co
and on r¢ (clearly, min, cr |y |2 < rg) such that

sup \/EI:/ |V|2,0(d)/sdt):| SCK,T,m,co,ro(l +R+\/g)
o€l 1 I'x[0,7T]
This establishes (B.2).

Third step. For M e N, set I'yy ={y € I' : |y| < M}. For M big enough, say
M > My, Ty is nonempty. Choose yg € I'y,, and set I'yy = {yo} if M < M.
Then, for every M € N, I'js is compact (and nonempty) and "3y C I'pr41. Set

Uy ={p el :p(Tyu x [0, T]) =T P-almost surely},

and let Vi, » be the value function defined with respect to Uy, instead of U. We
claim that

M— o0 d
B.3)  Vaum@©,) \( Vn(0,-) uniformly over compact subsets of R“.

Notice that, by construction, Viq p(0, -) > Vin 410, -) > Viu (0, -) for every M €
N. By Step 2, we know that V,,,(0, -) is locally Lipschitz. Repeating the arguments
of Step 2 (notice that Ufy; C U by definition), we find that inequality (B.2) also
holds for Vi p(0,-) in place of Viy(0, -) and that the constant C| can be cho-
sen independently of M € N. To establish (B.3), it is therefore enough to check
that point-wise convergence holds. Fix x € R?. It suffices to show that given
p € U there exits a sequence (,o(M )y ¢ U such that p(M ) e Uy for every M and
J(0, x; pM)y = J.(0, x; p) as M — oo.

Let p € U. For M € N, let p™™ € Uy, be such that for every B € B(I'), every
1€ B(0,TD,

P (B x 1) =p((BNTw) x I)+ p((T\Ty) x I) - 8,,(B).

This determines a unique strategy p™ € Uy;. Clearly, p‘™) comes with the same
stochastic basis as p. If (o) is a version of the time derivative process associated
with p [thus, p(dy, dt) = p:(dy) dt], then a version of the time derivative process
of p™ is given by

A @) =11y () - pi(dy) + pr(T\ Tap) - 6,0 (d).
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Let X, XM be the solutions of (B.1) under o and ,o(M), respectively. Thanks
to Holder’s inequality, Jensen’s inequality, Itd’s isometry, Fubini’s theorem and
assumption (A2), there exists a constant C; 7 depending only on L, T such that,
for every t € [0, T],

E[|X(1) — XM (1)[*]
t
< cL,T/ E[|X (s) — XM (s5)|*] ds
0
]
Using the definition of p™’, Holder’s inequality and assumption (A3), we find
that, for some constant Cx 7 depending only on K, 7" and m,

i ]

T
- zm[ [ ol XG0, y)%(dy)ds]

—I—CL,TE[

(M) _
/FX[OJ] ba(s, X (s), y)(p p)(dy,ds)

M) _
/FX[M bu(s, X (s), y)(p p)(dy,ds)

—|—2E|: (("\Tm) x[0,77) - / |bm (s, X (5),70)| ds]

< CK,T,mE[p((F \ ') x [0, T1)- ( + :[‘ép 240] )]

+ cK,T,mE[ / 1y, () - Iy 2oy, ds)].
I'x[0,T]

By (A3) and the usual estimates, including Gronwall’s lemma, we have
E[sup, ¢[o. 7 |X(r)|2] < 00. Since p, is a measure with total mass 7 for every
w € R, we have p((I'\ I'yy) x [0,T]) - 0 as M — oo P-almost surely. This
implies, by dominated convergence,

E[p((T\Tw) x [0, T7) - (1+ sup [x(n)*)] "= 0.
rel0,7T]

On the other hand, E[frx[o,T] ly|?p(dy, ds)] < oo by definition of /. This means
that

M—
E[ / Irry 0 - 1y 2oy, dsﬂ o}
I'x[0,T]

An application of Gronwall’s lemma now yields

]M—>oo

E[|X () — XM ()| 0.

This convergence together with assumption (AS5) (and an estimate completely anal-
ogous to the one above) implies that Jy (0, x; o) — J (0, x; p) as M — oo.
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Fourth step. Choose a family (I'ps x)akeny of finite subsets of I' such that
Cmik CTmk+1 CUm, Trk C Tag41.k, and min);epM_k ly — y| < 1/k for any
y € I'y. Let Uy i be the set of all p € U such that p is the Rp-valued ran-
dom variable induced by a I'j r-valued adapted process that is piecewise con-
stant in time with respect to the equidistant grid of step size T - 2. Thus,
(2, F,P), (F1),p, W) € Uy if and only if p,(dy,dt) = 8,,0)(dy)dt for
P-almost every w € 2, where u is a I'y x-valued (F;)-progressively measur-
able process with cadlag trajectories that are piecewise constant over the grid
(0,7 -27% 21 .27% 37 .27k . T}. Let Vi amx be the value function defined
with respect to Uy . Then thanks to the continuity in time and control of the
coefficients according to (A1), a version of the chattering lemma [for instance,
Theorem 3.5.2 in Kushner (1990), page 59], and the local Lipschitz continuity of
Vin.m .k (0, -), which holds uniformly in £k and M (one repeats the arguments of
Step 2), we find that

k— 00
Vo k(0,) N\ Vim0, ) uniformly over compact subsets of RY.

By (B.3) and since Ups x C Up k+1 C Upr and Ung x C Upr+1 .k, it follows that

M— o0 d
B4 Vamum@©O,) o Va,) uniformly over compact subsets of R”.

Fifth step. The value function Vi,  coincides with the value function of a
discrete-time optimal control problem defined as follows. Set 4 = T - 2. Thanks
to Theorem 1 in Kallenberg (1996) and because I"y; i is finite, we find a measur-
able and universally predictable function

Prar ki No x RY x Tprp x C([0, h], RY) — R?

such that @ a7 £ (j, x, v, W) = X((j + 1)h) P-almost surely whenever X is the
unique strong solution to

X(t):x+/0tbm(j-h+s,X(s),y)ds

—{—/Otam(j-h+s,X(s))dW(s), t €0, h],

where W is a di-dimensional standard Wiener process defined on some stochastic
basis ((€2, F,P), (#;)). The function &, a7« is the system function of the con-
trol problem in the sense of Bertsekas and Shreve (1978). Let L_{M,k denote the
set of discrete-time Markov feedback strategies with values in 'y, that is, the
set of all Borel measurable functions v : Ng x R — T um k- To describe the path-
wise evolution of the system, choose a complete probability space (€2, F°, P,)
rich enough to carry a d;-dimensional standard Wiener process W,. For j € No,
set §; = (W(jh +s) — W(jh))se[o,n), which defines a C([0, A], R91)-valued ran-
dom variable. Given any Markov feedback strategy v € U Mk and initial condition
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(j,x)e{0,..., 2"} x R4, the corresponding state sequence is defined recursively,
for each w € Q,, by

Xo(w) = x,
Xi41(@) = P m ik (J + 1, Xi(w),v(j + 1, Xi1(w)), §1(w)),

1€{0,...,25 — j — 1}. The associated costs are given by

(B.5)

2k_j—1
Jm,M,k(jsxs U) i]E:O|: Z fm((]'i'l)h,xl, U(] +l’Xl)) h+Fm(Xk—]):|,
=0

where (X;) is the state sequence generated according to (B.5) with feedback strat-
egy v and initial condition (j, x). Let Viy s, be the value function of the control
problem just defined:

‘_/m,M,k(j’x)i lnf jm,M,k(j»x»U)a (],X)E{O,,Zk} XRd.

vEUM k

By Proposition 8.6 in Bertsekas and Shreve (1978), pages 209-210, the princi-
ple of dynamic programming applies to Vi 7.« This has two consequences. First,
notice that any feedback strategy v € L_{M, x induces, for any given initial condition
(j,x) €{0,...,2K} x R?, arelaxed control variable p € Uk such that

J_m,M,k(j,x, 'U) = Jm(jhsxs p)

This implies Vin,m,x(j, %) = Vin, s,k (jh, x) forall (j, x) € {0, ..., 2¥} x R?. Since
\_/m,M,k(Zk, D)= Fu() = Vm,M,k(2kh, -), it follows by dynamic programming for
Vi, m .k and backward induction that

Vst k(o %) = Vo x(Gh,x)  forall (j,x) € {0,..., 25} x RY.

As a second consequence of the principle of dynamic programming, there exists
an optimal Markov feedback strategy. More precisely, we can choose v, € U
such that, for every (j, x) € {0, ..., 2k} x R4,

V5 (j, X) eargminyeFM’k{fm(jh,x, y)-h
+/C([O,h],]Rdl) Vo, w1 (J + 1, <I>m,M,k(j,x,y,y))nh(dy)},
where n;, is standard Wiener measure on B(C([0, /], R41)). Then
T k(s X, 06) = Ve k(j, x)  forall (j,x) € {0,...,2F} x RY.
Sixth step. Define a function Wznv}, ¢ 10, T] x R x W — Iar.k as follows. Let

.....

by

xO ix’ x]+1 : (Dm,M,k(j, xjv v*(jv xj)s (w(.]h + S) - w(]h))ge[()’h])
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For j €{0,...,2Kk — 1}, s € [0, h), set
Uk Gh 45, x, w) = v,(J, X)),

and set Yy (T, x, w) = vy 2%, xp). By construction, v} , is progressively mea-
surable with values in a finite set. Let (K, F,P), (.7-',)7) be a stochastic basis
rich enough to carry a dj-dimensional (F;)-Wiener process W and an R4 -valued
Fo-measurable random variable & such that P o €' = m(0). For every x € R4,
the process w,“‘,}’ «(t, x, W) induces a relaxed control random variable p such that
(R, F.P), (F), p, W) € Ups . and Ju (0, x, p) = Vin 1.4 (0, x). Let pM¥ be the
relaxed control random variable in Uy, ; induced by the process g//A“,}’ (.5 W),
Let X x be the unique continuous (F;)-adapted process such that X 4 (0) =&
and (2, F,P), (F1), Xmk» pM’k, W) is a solution of equation (4.2) with flow of
measures m. Set

nﬂﬁ,l[’k =Po (Xka, ,OM’k, W)_l.

Then OF , € P2(Z) and OF ; is a solution of equation (4.2) with flow of mea-
sures m such that OF, , o (X(0))~! = m(0), p(dy.dr) =6 VB LX) W) (dy)dt

with probability one under ®%; ;, and

J(m(0), O ;s m) = /R Vi k0, x)m(0)(dx) < 0.

By (B.4) and dominated convergence, it follows that

~ M—oo .
J(m(0), OF yim) N\ V(m(0);m).

Hence, given any ¢ >AO, there exists M(e) € N such that, for all M > M(e),
J(m(0), @‘,“}’ y ™) < V(m(0); m) + e. This completes the proof.

APPENDIX C: TIGHTNESS FUNCTIONS

Let S be a Polish space. A function g : S — [0, co] is called a tightness function
on § if it is measurable and its sublevel sets {s € S : g(s) < ¢} are pre-compact in
S for all ¢ € [0, 00). If g is a tightness function on S, then the function P(S) >
O [58(s)O(ds) € [0, 00] is a tightness function on P(S); see, for instance,
Theorem A.3.17 in Dupuis and Ellis (1997), page 309.

C.1. A tightness function on R;. Let §p > 0. Define a function g : Ry —
[0, oo] by

F = / y 2H0r(dy. di).
I'x[0,T]
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We check that g is a tightness function on R,. By construction, g is measurable.
For ¢ € [0, 00), set

Ac={reRy:8(r) <c}.

Fix ¢ € [0, 00). Then we have to show that A is pre-compact in R. This is equiv-
alent to showing that:

(a) A is pre-compactin R,
(b) if (ry)nen C Ac is such that r,, — r in R for some r € R, then r € R, and
Jrxio.ry 1Y Pray. dt) = 0.7y lv1*r(dy. dr) asn — oo.

Pre-compactness of A, in R is equivalent to tightness of A.. This holds since,
for every M > 0, the set {y € I' : |y| < M} is compact [by assumption (A6), " is
closed] and, by Markov’s inequality,

1 .
sup r{(y,1) e x [0, T]:|y| >M}§W. sup g(r) <

C
reA. reA. M2+

which tends to zero as M — oo.

As to the convergence of moments, let (r,),eny C Ac be such that v, — rin R
for some r € R. Then, by Fatou’s lemma and Holder’s inequality,

liminf 1y 12r(dy, dt) > /
]

2
r(dy,dt),
n—00 Jrx[0,T 1"><[0,T]|y| v

hence r € A, C R3. By convergence in R, we have, for every M > 0,

lim 1v1? A Mr,(dy, dt) =/

2
AMr(dy,dt).
n—00 JIx[0,T] I'x[0,7] i 4

On the other hand, again by Hélder’s and Markov’s inequality, for every n € N,
every M > 0,

/ P - Tiatoo Iy 12)rn(dy. di)
I'x[0,T]

1+8¢

1
246 1480
= (/I: [0.7] |V|2+50rn(dy,dl‘)> 5 'I’n{()/,t) el'x[0,T]: |)/|2 - M}2+30
X 1)

1 1+59

T L T L p—(+80/2)

A

It follows that

M
sup f P iagoo Iy Py, di) =50,
I'x[0,T]

neN

hence limy o f1y(0.77 1Y *ra (@Y. dt) = [r 0.7 ¥ 1Pr(dy. db).
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C.2. A tightness function on P,(Z). We check that the function g defined
by (5.2) is a tightness function on P,(Z). By construction, g is measurable (by
continuity, the suprema appearing inside the second integral and in the definition
of the modulus of continuity can be restricted to countable index sets). Thus, we
have to show that, given any ¢ € [0, 00), the set

A(c) ={® ePa(2):g(®) <}

is pre-compact in P, (Z). Fix ¢ € [0, 00). The pre-compactness of A(c) in P»(Z2)
is equivalent to the following two conditions:

(a) A(c) is tight in P(Z);

(b) if (©™),eny C A(c) is such that ®" converges to © in P(Z) for some O
P(Z), then © € P»(Z) and [ dz (s, 50)>0"(ds) — [z dz(s, 50)*O(ds), where so
is some arbitrarily fixed element of Z.

To verify (a), it is enough to check tightness of marginals, that is, to verify
that Ax(c) ={[O]x : ® € A.} is tight in P(X), ARr,(c) ={[O]r, : © € A.} is
tight in P(R3), and Ay(c) = {[Olw : ® € A.} is tight in P(W), where [O] y,
[@lr,, [Olw denote the marginal distributions of ® on X', R, and W, respec-
tively. Thanks to Markov’s inequality and the Ascoli—Arzela criterion [for instance,
Theorem 8.2 in Billingsley (1968), page 55], Ax(c), Ay (c) are tight in P(X) and
P(WV), respectively. The tightness of A, (c) in P(R,) follows from the fact that
the mapping

Rasris / Iy 2% (dy, d) € [0, 00
I'x[0,T]

is a tightness function on R;; see Appendix C.1. .

In order to chf_:ck (b), let (@™"),en C A(c) be such that ®" converges to © in
P(Z2) for some ® € P(Z). By a version of Fatou’s lemma [cf. Theorem A.3.12
Dupuis and Ellis (1997), page 307],

timint [ oI5 00" (. dr.dw) = [ o130y, dr.dw).

By definition of dz and of g, and thanks to Holder’s inequality, it follows that
® € P»(Z2). By convergence of (0"),cy to ® in P(Z), we have for every M > (0

tim [ M AlgI30" Wy, dr.dw) = [ M AllpI36g, dr. dw)
It suffices to show that (recall the notation for the marginal distributions)

lim sup sup 1{||th|2 N Nel3[0"] 4 (de) =0

M—o0 neN
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But this is true by Holder’s inequality, the Markov inequality and the fact that
sup,,cn &(©") < ¢ < oo by hypothesis since

su 1 : 20" ,.(d
,ng; oizmy - 1917 [0"] 1 (do)

5 5
< sup{[(@”]x({llwllig > M))™ - ( [ ot e X(dw)) °}

neN

_ o 2o 2
<M % . ¢ @+50)? e

which tends to zero as M — oo.

APPENDIX D: PROOF OF LEMMA 5.3, LOCAL MARTINGALE PROPERTY

We have to show that, for P-almost every w € Q, any f : R? x R% — R mono-
mial of first or second order, M ’;” is a (G;)-local martingale under Q,,; cf. (iii) in
Definition 4.1. Recall that j,, is the flow of measures in M, induced by Q,,, that
i8S, he(t) = Qypo ()A((t))_l, te[0, T].If ® € P,(2), then the flow of measures in-
duced by ® is in M»; cf. Remark 4.2 above. Thus, we may write MJ(? meaning the

process M‘}‘ with m the flow of measures in M, given by m(t) = © o ()A((t))_l,
tel0,T].

We closely follow the proof of Lemma 5.2 in Budhiraja, Dupuis and Fischer
(2012). The canonical space Z there is slightly bigger than our Z here (relaxed
controls in R instead of R;), but this causes no problems since the smaller space
gives L’-integrability of controls (instead of L') and we have the correspond-
ing distributional convergence of Q" to Q as P (Z)-valued random variables; cf.
Lemma 5.1 above.

In verifying the local martingale property of M4 Fawe will work with random-
ized stopping times. This will ensure almost sure continuity of certain mappings
even if the diffusion coefficient oo T is degenerate. The randomized stopping times
live on an extension (2 , B (2 )) of the measurable space (Z, B(Z)) and are adapted
to a canonical filtration (Q,) in B (2) given by

Z=Zx[0,11, G =G xB(0,1]), te[0,T].

Any random object defined on (Z, B(Z)) also lives on (2 , B(ZA)), and no nota-
tional distinction will be made. Let A denote the uniform distribution on B([0, 1]).
Any probability measure ® on B(Z) induces a probability measure on B (2) given
by ® ® A. For k € N, define a stopping time t; on (2 , B(ZA)) with respect to the
filtration (Q,) by setting, for ((¢, r, w),a) € Z x [0, 1],

o ((p, r,w),a) =inf{r € [0, T]: v((¢, r, w), 1) > k +a},
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where

o((p. 7. w),t)i/”[0 y[2r(dy. ds) + sup |g(s)|+ sup [w(s)].

s€[0,7] s€[0,7]
Then, given any ® € P(2), ty /' T as k — oo and the mapping
Z x[0,1]5 ((¢,r,w),a) — 1 ((@,r,w),a) € [0, T]

is continuous with probability one under ® ® A.

Notice that if Mj(f-) is a local martingale with respect to (Q,) under ® ® A with
localizing sequence of stopping times (Tx)renN, then M 5? is also a local martin-
gale with respect to (G;) under ® with localizing sequence of stopping times
(tx (-, 0))ren; see the Appendix in Budhiraja, Dupuis and Fischer (2012). Thus,
it suffices to prove the martingale property of M](? up till time t; with respect to

the filtration (Q,) and the probability measure ® & A.
Clearly, the process MJ(?(- A Tg) is a (Gy)-martingale under ® ® A if and only if

(D.1) Eow[V - (MP (1 ATi) — M (to AT1))] =0

for all ty, t; € [0, T] with 79 < t1, and Q,O—measurable v e Cb(ZA). To verify the
martingale property of MJ(?(- A Tg), it is enough to check that (D.1) holds for any
countable collection of times f#g, #; which is dense in [0, 7] and any countable
collection of functions ¥ € C,, (2’ ) that generates the (countably many) o -algebras
,C’;,O. Recall that the collection of test functions f for which a martingale property
must be verified consists of just monomials of degree one or two, and hence is
finite. Thus, we can choose a countable collection 7 C N x [0, T]* x Cb(ﬁ) X
CZ(R? x R of test parameters such that whenever ® € P, (Z2) satisfies (D.1) for
all (k, 19,11, ¥, f) €T, then M]C? is a (Gy)-local martingale under ©.
Let (k, to, 11, W, f) € T. Define a mapping ® = @ 1.1, w, 1) : P2(Z) — R by

®(©) =Eowi[V - (M7 (11 AT) — M7 (1o A )]

We claim that ® is continuous on P»(Z). To check this, take ® € P,(Z) and
any sequence (0;);eny C P2(Z2) that converges to ® in Pr(2). Let my, [ € N,
m be the induced flows of measures in My, that is, m;(t) = ®; o ()A((t))*l,
m@)=0o ()A((t))_l, t € [0, T]. Recall the definition of M](? = M;}‘ in (4.3) and
(4.4) above. By Assumption (A3) and definition of the stopping time 7%, the inte-
grand in (4.3) is bounded. By continuity of b, o according to Assumption (A2), the
almost sure continuity of t; under ® ® A, the extended mapping theorem [Theo-
rem 5.5 in Billingsley (1968), page 34] applied to the relaxed controls in (4.3) (plus
convergence of first moments by choice of the topology on R;), and the fact that
W € Cp(2), it follows that the mapping

235> W) (MP (11 Ati(2),2) = MP (10 A Ti(2),2)) €R
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is bounded and ® ® A-almost surely continuous. By weak convergence and the
mapping theorem [Theorem 5.1 in Billingsley (1968), page 30], it follows that

Eo iV - (M7 (11 A ti) — M7 (10 A )]

[— o0

— Eogi[V - (M7 (1 At) — MF (to A )]

D.2)

Since (0;);eN converges to ® in P> (Z), we have that {®; : [ € N}U{®} is compact
in P2 (Z). By continuity of projections, dominated convergence and the definition
of dz, we have lim;_, oo da(m;(¢), m(¢)) = 0 uniformly in ¢ € [0, T']. This together
with Assumption (A2) and the construction of 73 implies that

sup MY (e Ate(@), 2) — MR (1 A (@), 2)] =20
t€[0,T],2€2

Since W is bounded, it follows by dominated convergence that
|Eo@i[V - (MT (11 At) — MF (to A )]
l
—Eoen[¥ - (M} (1 ATi) — MF (1o A 7)) ]| = 0.

In combination with (D.2), this implies ®(®;) - ®(®) as [ — oo.

By hypothesis, the sequence (Q"),cr of P2(Z)-valued random variables con-
verges to Q in distribution. Hence, the mapping theorem and the continuity of &
imply ®(Q") — ®(Q) in distribution as n — oo. Let n € I. By construction of
Q" and Fubini’s theorem, for every w € 2,

®(Qy,) =Egnei[V- (M?Z’ (h AT) — M?’;’ (to A 1)) ]

1" 1 .
=% [ Wi ool W o))
i=1

X <f(Xf’(t1 A @, a), ©), Wt A T (0, a), o))

— f(XM(to AT (@, @), @), Wi (to A T} (@, @), o))

tlAr,:"i(a),a) ur i "
_ / . Au,_é“(s ) JNH(XT (s, 0), W (s, w)) ds) da,
1 i&:@),

oAty (w,a)

where A is defined by (4.4) and r,:’ ’i(a), a) is defined like 7 ((¢, r, w), a) with
¢ replaced by X' (-, w), r replaced by pg’i, the relaxed control corresponding to
u! (-, w), and w replaced by W/'(-, w).
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Let a € [0, 1]. By It6’s formula, it holds P, -almost surely that

PP AT ) WE (0 A ) = £ (XF o A ). W (10 A 7))

zl/\r,:"i n
- /l A 51,5 (DX (), W' (5)) ds

n,i
0Ty

fAath
= tl v Ve (X @, W) o (5, X[ (9), 1" () AW (s)
ONT’
tl/\r:,i n n T n
+ - Vy f(X(s), Wi (s)) dW['(s),

l‘o/\‘L’]:l’l

where 7' = 7' (-,a) and 7", ", X!, u! all live on (2,, F"). By Fubini’s

theorem and Jensen’s inequality, it follows that
E,[®(Q")’]
1 n n
< /O E\[Egi[W(.a) - (MP°(11 A (@) — M$° (10 A (-, )] da.

Let again a € [0, 1]. By the Itd isometry, the independence of the Wiener processes
WI”, ..., W', and because ¥ (-, a) is G;,-measurable and 7 (-, a) is a stopping time
with respect to (G;), it holds that

E[Egu [, a) - (M2 (1 A (@) — M% (10 A e )]

1 AT (-.a) . , T
=Ea 5 Z/to/\t”’i(. a) V@) i gy (Vo f (X7 (5). W (9)
i=170AT G

2
+ Vo f(XP(5), W) o (5, X7 (s), ,u”(s)))dWl-"(s)) ]

1z tl/\r,:"i(~,a) . . T
= EZEVLI:‘/; . |\p('7 a)'l{_[]:l,i(.,a)Zto} . (Vyf(Xl (S), Wl (S))
i=1

n,i
oNT, (.a)

+ Vi f(XI(s), W] (S))TO' (s, X' (s), ,u”(s)))|2ds}

n—oo
— 0.

Since (D (Q"))ner converges to ®(Q) in distribution, it follows that for
each (k,7,11, ¥, f) € T we can choose a set Z .1, w,f) € F such that
P(Z(k,to,tl,lll,f)) =0and

D(Qw) =Pl,1g,,w,1)(Qw) =0 forall w € 2\ Z 1,19, f)-
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Let Z be the union of all sets Z .1, w, f)» (k, to, 11, W, f) € T. Since T is count-
able, we have Z € F, P(Z) =0 and

(D(k,to,tl,\ll,f)(Qw) =0 forallw e Q\ Z, all (k, 19,11, ¥, f) eT.

By definition of @, this implies that, for every test function f, M }’“‘” is a (G;)-local
martingale under Q,, for P-almost every w € 2.
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