Noise induced resonance in bistable systems caused by delay

feedback™

MARKUS FISCHER PETER IMKELLER
Weierstraf-Institut fiir Angewandte Institut fiir Mathematik
Analysis und Stochastik (WIAS) Humboldt-Universitit zu Berlin
Mohrenstr. 39 Unter den Linden 6
10117 Berlin 10099 Berlin
Germany Germany

August 7, 2005

Abstract

The subject of the present paper is a simplified model for a symmetric bistable system with memory
or delay, the reference model, which in the presence of noise exhibits a phenomenon similar to what
is known as stochastic resonance. The reference model is given by a one dimensional parametrized
stochastic differential equation with point delay, basic properties whereof we check.

With a view to capturing the effective dynamics and, in particular, the resonance-like behavior of
the reference model we construct a simplified or reduced model, the two state model, first in discrete
time, then in the limit of discrete time tending to continuous time. The main advantage of the
reduced model is that it enables us to explicitly calculate the distribution of residence times which
in turn can be used to characterize the phenomenon of noise-induced resonance.

Drawing on what has been proposed in the physics literature, we outline a heuristic method
for establishing the link between the two state model and the reference model. The resonance

characteristics developed for the reduced model can thus be applied to the original model.
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1 Introduction

Stochastic resonance in a narrower sense is the random amplification of a weak periodic signal induced by
the presence of noise of low intensity such that the signal amplification is maximal at a certain optimal
non-zero level of noise. In addition to weak additive noise and a weak periodic input signal there is a
third ingredient in systems where stochastic resonance can occur, namely a threshold or a barrier that
induces several (in our case two) macroscopic states in the output signal.

Consider a basic, yet fundamental example. Let V be a symmetric one dimensional double well

potential. A common choice for V is the standard quartic potential, see Fig. 1a). The barrier mentioned
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above is in this case the potential barrier of V' separating the two local minima. Assume that the periodic
input signal is sinusoidal and the noise white. The output of such a system is described by the stochastic
differential equation (SDE)

(1) dX(t) = —(V’(X(t)) +a-sin(’%t))dt + o-dW(t), t>0,

where W is a standard one dimensional Wiener process, ¢ > 0 a noise parameter, V' the first order
derivative of the double well potential V', a > 0 the amplitude and T > 0 the period of the input signal.

As an alternative to the system view, Equation (1) can be understood as describing the overdamped
motion of a small particle in the potential landscape V in the presence of noise and under the influence
of an exterior periodic force. It was originally proposed by Benzi et al. [1, 2] and Nicolis [3] as an energy
balance model designed to explain the succession of ice and warm ages in paleoclimatic records as a
phenomenon of quasi periodicity in the average global temperature on Earth.

If a = 0, i.e. in the absence of a periodic signal, Equation (1) reduces to an autonomous SDE which has
two metastable states corresponding to the two local minima of V. With ¢ > 0 sufficiently small, the
diffusion will spend most of its time near the positions of these minima. In the presence of weak noise,
there are two distinct time scales, a short one corresponding to the quadratic variation of the Wiener
process, and a long one proportional to the average time it takes the diffusion to travel from one of the
metastable states to the other.

The fact that the time scale induced by the noise process is small in comparison with the mean
residence time as o tends to zero should allow us to disregard small intrawell fluctuations when we are

interested in the interwell transition behavior.

Suppose a > 0 small enough so that there are no interwell transitions in case o = 0, i.e. in the deter-
ministic case. The input signal then slightly and periodically tilts the double well potential V. We now
have two different mean residence times, namely the average time the particle stays in the shallow well
and the average time of residence in the deep well. Of course, both time scales also depend on the noise
intensity.

Notice that deep and shallow well change roles every half period % Given a sufficiently long period
T, the noise intensity can now be tuned in such a way as to render the occurrence

of transitions from the shallow to the deep well probable within one half period, while this time
span is too short for the occurrence of transitions in the opposite direction. At a certain noise level the
output signal will exhibit quasi periodic transition behavior, thereby inducing an amplification of the

input signal.

For a more comprehensive description of stochastic resonance and its wide field of applications in many
fields of science and engineering see Gammaitoni et al. [4] or Anishchenko et al. [5]. Very recently it
has been used in economics related models designed for the explanation of non-linear market phenom-
ena such as crashes and bubbles, see Krawiecki and Holyst [6]. In their model, the external periodic
force corresponds to a weak external information carrying signal. What models that exhibit stochastic
resonance have in common is the quasi periodicity of the output at a certain non-zero noise level. More

generally, stochastic resonance is an instance of noise-induced order.

In view of the fact that the system given by Equation (1) can work as a random amplifier it seems
natural to take the frequency spectrum of the output signal as basis for a measure of resonance. The
most common measure of this kind is the spectral power amplification (SPA) coefficient. Another measure
of resonance based on the frequency spectrum is the signal to noise ratio (SNR). For a detailed analysis

see Pavlyukevich [7].



In general, when measuring stochastic resonance, it is assumed that the solution is in a “stationary
regime”. Since Equation (1) is time dependent for a > 0 we cannot expect (X (¢))¢>0 to be a stationary
process. Transforming the non-autonomous SDE (1) into an autonomous SDE with state space R x S,
one can recover the time homogeneous Markov property and a unique invariant probability measure
exists, cf. Imkeller and Pavlyukevich [8]. In Section 3 we will make use of the same idea of appropriately

enlarging the state space in order to regain a time homogeneous Markov model.

A different starting point for a measure of resonance — the one that will be adopted here — is the distri-
bution of intrawell residence times. Observe that the roles of the two potential wells are interchangeable.

A third class of measures of resonance is provided by methods of quantifying (un-)certainty, in
particular by the entropy of a distribution. This agrees well with the view of stochastic resonance as an

instance of noise-induced order.

The fact that with ¢ > 0 and @ > 0 small a typical solution to (1) spends most of its time near the
positions of the two minima of the double well potential V' suggests to identify the two potential wells
with their respective minima. The state space R of the non-autonomous SDE thus gets reduced to two
states, say —1 and 1, corresponding to the left and the right well, respectively.

According to an idea of McNamara and Wiesenfeld [9] the effective dynamics of Equation (1) can
be captured in the two state model by constructing a {—1, 1}-valued time inhomogeneous Markov chain
with certain (time dependent) transition rates. These rates are determined as the rates of escape from
the potential well of the tilted double well potential which corresponds to the reduced state in question.
An approximation of the rate of escape from a parabolic potential well is given in the limit of small noise
by the Kramers formula, cf. Section 5.

In the physics literature, a standard ansatz for calculating the two state process given time dependent
transition rates is to solve an associated differential equation for the probabilities of occupying state +1

at time ¢, a so-called master equation [cf. 4].

An advantage of the reduced model is its simplicity. It should be especially useful in systems with more
than two meta-stable states. Although it is intuitively plausible to apply a two state filter, there is
possibly a problem with the measure of resonance, for it might happen that with the same notion of
tuning stochastic resonance would be detected in the two state model, while no optimal noise level, i.e.
no point of stochastic resonance, exists in the continuous case. This is, indeed, a problem for the SPA
coefficient and related measures, see Pavlyukevich [7]. The reason is that in passing to the reduced model
small intrawell fluctuations are “filtered out”, while they decisively contribute to the SPA coefficient in
the original model.

Measures of resonance based on the distribution of intrawell residence times, however, do not have

this limitation, that is they are robust under model reduction as Herrmann et al. [10] show.

In Equation (1) replace the term that represents the periodic input signal with a term that corresponds
to a force dependent on the state of the solution path a fixed amount of time into the past, that is replace
the periodic signal with a point delay. This yields what will be our reference model, see Equation (2).

The idea to study such equations with regard to noise-induced resonance seems to originate with
Ohira and Sato [11]. Their analysis, though, is of limited use, because they make too strong assumptions
on independence between the components of the reduced model which they consider in discrete time
only.

A better analysis of the reduced model for an important special choice of Equation (2) can be found
in Tsimring and Pikovsky [12]. The same model is the object of recent studies by Masoller [13], Houlihan

et al. [14] and Curtin et al. [15], and it will be our standard example, too.



While the measure of resonance applied by Tsimring and Pikovsky [12] is essentially the first peak
in the frequency spectrum, in the other articles focus is laid on the residence time distribution in the
reduced model, which is compared with numerical simulations of the original dynamics. Under certain
simplifying assumptions, approximative analytical results are obtained via a master equation approach,

where the master equation is a DDE instead of an ODE.

In Section 5 we follow Tsimring and Pikovsky [12] in establishing the link between the reduced and
the reference model. Results by Masoller [13] show that the density of the residence time distribution
has a characteristic jump. She proposes to take the height of this jump as a measure of resonance, and

we will follow her proposal, supplementing it by an alternative.

Our approach is different, though, in that we do not use any kind of master equation. Instead, we
construct a reduced model with enlarged state space, which has the Markov property and which allows

us to explicitly calculate the stationary distributions as well as the residence time distributions.

2 The reference model

Consider the one dimensional motion of a small particle in the presence of large friction and additive
white noise subject to the influence of two additional forces: one dependent on the current position
of the particle and corresponding to a symmetric double well potential V', the other dependent on the
position of the particle a certain amount of time r in the past and corresponding to a symmetric single
well potential U, where the position of the extremum of U coincides with the position of the saddle point
of V.

Without loss of generality we may assume that the saddle point of the potential V is at the origin and
the extrema are located at (—1,—L) and (1, —L) respectively, where L > 0 is the height of the potential

barrier. A standard choice for V is the quartic potential z — L(z* — 222).

Instead of U we will consider - U, where 3 is a scalar, that serves to “adjust” explicitly the strength

of the delay force. An admissible function for U is the parabola z +— %xz. In fact, with this choice of

1
1

studied by Tsimring and Pikovsky [12]." Another reasonable choice for U would be a function whose

U and taking as potential V' the quartic potential with L = < we find ourselves in the setting that was

first derivative equals the sign function outside a small symmetric interval around 0 and is smoothly
continued on this interval (see Fig. 1).
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Figure 1: Graphs on the interval [—2,2] of a) quartic double well potential V', b) quadratic delay potential
U:xz— %I2, c) absolute value delay potential U : z — |z|,z € R\ (=6, ), smoothly continued on (-9, J).

LOur notation is slightly different from that of Equation (1) in Tsimring and Pikovsky [12, p.1]. Tn particular, their
parameter ¢, indicating the “strength of the feedback”, corresponds to —f3, here.



2.1 The underlying SDDE

The dynamics that govern the motion of a Brownian particle as described above can be expressed by the

following stochastic delay differential equation determining our reference model:
2) dX(t) = —(V'(X(®) +8-U'(X({t—7)))dt + o-dW(t), t >0,

where W (.) is a standard one dimensional Wiener process on a probability space (2, F,P) adapted to a
filtration (F;)¢>o satisfying the usual conditions, r > 0 is the time delay, V', U’ are the first derivatives
of V and U, respectively, 8 € R is a parameter regulating the intensity of the delay force and o > 0 a
noise parameter. In the special case 0 = 0 Equation (2) becomes a DDE, while in case § = 0 we have
an ordinary SDE.

As initial condition at time zero one prescribes an Fy-measurable C([—r, 0])-valued random variable
¢ such that E(||¢]|2,) < oo and X = ¢ P-almost surely. Here, X, denotes the segment of X at time zero.
More generally,

Xy= [s— X(t+s), s€[-r0]

is the segment at time ¢ > 0, and (X;);>o the segment process associated with X, provided a solution
(X (t))t>—r to Equation (2) exists. The initial segment may, of course, be deterministic, i.e. Xy = f for
some function f € C([—r,0]).

The above description of the two potentials is compatible with the following conditions on V' and U:

() VUeCm)

(3b) V(z) = V(—z) forall z € R, U(x) = U(—z) forallzeR,
(3c) Vi(z) = 0 iff ze€{-1,0,1}, Uz) = 0 iff =0,

(3d) V"(-1) = V(1) >0,

(3e) sup{V'(z) | z € (—o0,—1) U (0,1)} <0, sup{U'(z) | z € (—00,0)} < 0.

If V' and U’ are bounded or satisfy a linear growth condition, then results from the literature ensure
existence of a unique strong solution for every Fo-measurable C([—r, 0])-valued square integrable random
variable and a (weakly) unique weak solution for every probability measure on B(C([—r,0])) as initial
condition. The segment processes associated with those solutions enjoy the strong Markov property, see
Mohammed [16, 17].

Let R > 0 and let Vg, Ug be functions such that Vi and Ugr have bounded derivatives, while agreeing
with V' and U, respectively, on the interval [— R, R]. By considering Equation (2) with V| U replaced by
Vg, Ur we see that unique solutions exist up to an explosion time.

In order to prevent explosion of solutions to Equation (2) we need growth conditions on V and U.
We choose them in a way such as to give us control over the impact of the delay potential U in terms
of the potential function V. In addition to conditions (3) let us assume that for some positive constants

1:20., 7 and § we have
(4a) U'(z) > 0 forallz € (0,00),
(4b) U"(z) > 0 forallzeR, V"'(z) > 0 forallz e R\ [-Ro, Rol,

(
V'(x)
U (31)

(4c) > qj- |z for all 2 € R\ [~ Ry, Ro).

Without loss of generality we may assume 6 € (0,1]. Henceforth, whenever the reference model is

concerned, we will suppose that conditions (3) and (4) are satisfied. These conditions not only guarantee



existence and uniqueness of solutions, but also the existence of a stationary distribution as will be shown

next.

Both, non-explosion as well as stationarity, can be checked by the “one step method”. Let b: [0,7] xR — R
be a continuous function, locally Lipschitz in the second variable (uniformly in the first) and such that

for some positive constants Ry, 7 we have

(5) z-b(t,x) < —n-lz| forallte0,r], x € R\ [-Ro, Ro)

Growth condition (5) guarantees existence of a unique strong solution to the non-autonomous SDE
(6) dy (t) = b(t,Y(t))dt + o-dW(2), telo,r],

for every Fy-measurable real valued square integrable random variable as initial condition for Y (0), see
Durrett [18, pp. 190-192].2 Moreover, E(|Y (0)|?) < oo implies E(||Y,.||%,) < cc.

Let y € R and let YV be a solution to Equation (6) with deterministic initial condition Y'(0) = y. For
R > 0 denote by 7x the time of first exit of Y¥ from the interval (—R, R), that is we set

Tr = inf{t € [0,7] | [Y¥(t)| > R},

with inf ) = co by convention. A one dimensional version of Proposition 1.4 in Herrmann et al. [20] yields
the following estimate for the probability that YV leaves the interval (— R, R) within time r provided R
is big enough. For any A > 1 it holds that

oA — 1
(7)  P(rr<r) < 6(%n2+2) exp (—%n@ for all R > ARo V |yl).

For f € C([—r,0]) define the drift coefficient by by
br(t,z) = =V'(z) = B-U'(f(t—1)), (t,z) € [0,r] x R.

With (¢,z) € [0,7] x R we have

z-bs(t,x) = —zV'(z) — ﬁxU'(f(t—r)) ‘apply (3b)
= _ |1:|U’(3|:L’|) [}/’/((;r)) — Bz U'(f(tfr)) | apply (4b)
< 1ol U (3lel) g+ 1611101

Set Ky :=sup{—x - V'(z) | z € [~Ry, Ro]}. Because of (4c) we find that

Ky + 18] RoU'(|If o) if |z| < Ro,
x-bs(t,x)

U (3Jz]) |z[>*% + 18]z U (| fll) if 2| > Ro.
If || flloo > 3(Ro v 22 v 1), then

Kv + 18| Ro U' (|| flloo) if |z| < Ro,
(8) z-bp(t,z) < 31811 F oo U (11 fllso) if Ry <z < 3 flls,

— 15 ISP U (I o) l2] i ] = 1 f oo

2 Alternatively, we could invoke Theorem 10.2.2 in Stroock and Varadhan [19] and the fact that pathwise uniqueness
holds.




In particular, provided that || f]|ec > 3(1%0 v % V1), we have

(9) wobp(t,w) < —npla|  forall te[0r], o] > 3] f],

where 1y == 75 | FI5° U'(If o).

Clearly, inequality (9) implies growth condition (5) if we replace b with by and Ry with % || f[|s. Notice
that (5) is also satisfied for by when || f|| is small. In this case we would estimate the product x-bs(t, x)
by applying (4c¢) and observing that U’(z) is greater than some positive constant for all positive x big
enough.

Let (X (t)¢g[r,7) be a strong solution to Equation (2) for some admissible initial condition £ up to
explosion time 7. We have to show that 7 = co P-a.s.

Suppose 7 > n - r P-almost surely for some n € Ny. This will certainly be the case if we take n = 0.
Set s:=n-r. By hypothesis, (X (t))ie[—r s is well defined as a solution to Equation (2) up to time s. Let
w € Q, and set f:= X,(w). Observe that X;(w) = f for almost all © €  with respect to the probability
measure P(.|F,)(w).

In Equation (6) replace the drift b with by and prescribe f(0) as initial condition. Notice that by
fulfills a growth condition like (5). The fact that there is a unique strong solution to Equation (6) now
implies that, P(.|F,)(w)-almost surely, (X (s +t))c[o,r exists and satisfies (6). Consequently, 7 > s +r
with probability one under P(.|Fs)(w).

Since P(A) = E(P(A|F;)) for any event A € F, we see that 7 > n-r entails 7 > (n+ 1)r. Proceeding
by induction, we conclude that solutions to our reference Equation (2) cannot explode in finite time.

Stationarity is studied in Scheutzow [21, 22] for equations of a special form. Let F be a real valued
Borel measurable and locally bounded functional on C([—1,0]), where locally bounded means bounded
on bounded subsets. Consider the SDDE

(10) dX(t) = F(X,)dt + dW(t), t>0.

By appropriately scaling time and space one can bring SDDEs with delay length £ 1 or noise parameter
o # 1, as long as both are positive, into the form of Equation (10). Let us specify F as
(11) F( -:_ﬂ. 4 . .U’ cag(— —
9)i= =L (V/(0vF-g(0) + 8-V (07 - g(-1))), g€ C(=1,0]).
Since the coordinate projections are measurable and V', U’ are locally bounded continuous functions
because of (3a), F' is Borel measurable and locally bounded.

Let g € C([—1,0]) and assume that X together with a Wiener process (W, (F;)¢>0) on (Q, F,P) is
a weak solution to (10) with F as just defined and Xy = g P-almost surely. Set f(t) := o/ - g(),
t € [-r,0]. Let X together with a Wiener process (W, (Fi):>0) on (Q, F,P) be a weak solution of (2) such
that P(X, = f) = 1. Then the processes (X (t))¢>_, and (/7 - X(%))tg—r have the same distribution
[cf. 21, p.31]. Therefore, if o > 0, then our reference equation can be transformed into an instance of
Equation (10).

Theorem 1 cites part of Theorem 3 and Theorem 4 from Scheutzow [22, pp.47-48, 54]. Strong existence
and pathwise uniqueness clearly imply weak existence and uniqueness in distribution. Notice that in
order to have a weak solution for any initial distribution it is sufficient to check existence of solutions for

all deterministic initial conditions.

Theorem 1 (Scheutzow). Let F' be a Borel measurable and locally bounded functional on C(]—1,0]).
Assume that weak existence and uniqueness hold for Equation (10). Let £: C(|—1,0]) — [0,00) be Borel

measurable, and set for R > 0

Ap = —sup{Ey(L(X1)) = L(9) | g € C([=1.0), llgllo = R}



Here, Eg means expectation with respect to the probability measure of a weak solution for (10) with

deterministic initial condition g.

1. Let (X, W),(Q,F,P),(F)) be a weak solution to (10) with arbitrary initial distribution v. There is
at most one invariant probability measure 7 for Equation (10). If an invariant probability measure

m exists, then

t—oo . . .
— m in total variation.

Pg,

2. If Agv0 < oo and 0 <limp_, AX\};O < 1, then (10) possesses an invariant probability measure.
As Lyapunov functional £ we choose
L(g) == llgllse +19(0), g€ C([~1,0)).

Notice that beside conditions (4) only properties (3a) and (3b) are needed in order to derive growth
estimates (8) and (9). For g € C([—1,0]) define the rescaled drift condition b, by

Eg(t,a:) = \/7; -by, (r~t,0\/F-x), (t,x) € [0,1] xR, where fy(t):= a\/?-g(f), t € [-r,0].

In particular, ||fyllec = ov/7 - ||g]leo- Set Ro := U?/; (f%o Y % V1), If [lgllee > Ry then inequality (9)
entails that

(12) z-by(t,x) < —ijglz|  forall ¢e(0,1], o > 5llgllo.
where

g = g, = o’ Tl U (07 flglc)-
In analogy to Equation (6), we consider non-autonomous SDEs of the form
(13) Ay (t) = b(t,Y(t))dt + dW(t), t€0,1].

The drift coefficient b has to be chosen in accordance with the deterministic initial condition of Equa-
tion (10). For g € C([~1,0]) denote by Y¥ the (strongly) unique solution to Equation (13) with b, in
place of b and initial condition g(0). Let 7z denote the time of first exit of Y9 from the interval (—R, R),
where R > 0, that is we set

Fri= inf{t €[0,1] | [Y9(t)| > R},
with inf () = oo by convention. As a consequence of (7), provided that ||g[l. > Ro, with A > 1 we have

20 —1) .
Colir)  forall & 2 Aol v Is0)).

(14)  P(Fa <1) < 6(2+2) exp (
First, we turn to estimating the expected supremum of [Y9|. Set y, := 1[|g[lo V [9(0)]. For [|g|loc > Ro
and any A > 1 it holds that

oo

E([Y{|s) = /P (ts%pl [Y9(t)| > R) dR < Ayg + /P(%R <1)dR | apply (14)
<1 AyYg
T 2\ — 1
< Ay + 6(ﬁ§+2)'/exp (—%%R) dR
Ayg

372 +2) 2(A—1)

= A + 94_, - ex (—4 n )
Yg ()\_ l)ng p \ Ng Yg
3N (. 2 2N —1) _

< MGl vIsO)) + 525 (2 ) e (<22 gy ol ).

g9



Therefore, given a > 1 we find R(a) > 0 such that for all g € C([—1,0]) with ||g| > R(a) it holds that

2lgllos if 19(0)] < 3llglloo

(15) E(|[Y{]l)
alg(0)] if 19(0)] > 3llgllec-

Second, we try to find an upper bound for the expected value of |}~/9|. Clearly, if |g(0)] < %HgHOO, then
inequality (15) implies E(|Y9(1)]) < 2||g/loc. Assume that [g(0)| > %||g/|o. Girsanov’s theorem implies
that the stochastic equation

(16) Zt) =z — /9~sgn(Z(s)) ds + W(t), te0,1],
0

where W is a standard Wiener process, possesses a (weakly) unique weak solution for any choice of the
parameters € R, 6§ > 0.

Set x := [g(0)| — 1||glloc, O := 7y, and let Z9 be a solution process satisfying (16) with x, 6 on an
appropriate stochastic basis. By symmetry and because of growth inequality (12), we find that

E(70) < ol + B(Z90))  forallt e [0,1]
Notice that Z9 is a Brownian motion with two-valued drift started at = [g(0)| — 3||gllo, and | Z9] is a

reflected Brownian motion with drift —7,. The transition probabilities of Z9 can be computed explicitly,
see Karatzas and Shreve [23, pp. 437-441]. It holds that

E(|2°1)]) = 7% (exp (—%(:1: —z— 9)2> + exp (2993 - %(x + 2+ 9)2>) dz
0

+ 0/2z9 exp(—262) \/:;? / exp (—%(U — 9)2) dvdz.
z+z

Observe that 1lgllc < 2 < ||g|lec, that is x is of order ||g||e, While 6 = 7}, is of order at least ||g||1.

Therefore, E(]|Z9(1)||s) goes to zero as ||g||so tends to infinity. We conclude that, given a > 1, there is
R(a) > 0 such that for all g € C([—1,0]) with |g|| > R(a) it holds that

(17) E(V/))) < §llgle

Observe that Ag as defined in Theorem 1 is finite. Estimates (15) and (17) imply that Agr tends to
infinity as R goes to infinity. Theorem 1 thus guarantees existence of an invariant probability measure.

Let us summarize our findings.

Proposition 1. Suppose that V, U satisfy conditions (3) and (4). Let 0 > 0, 8 € R be given. Then the
following holds for Equation (2):

1. For every Fy-measurable C([—r,0])-valued random variable as initial condition there is a (pathwise)

unique strong solution.
2. The segment solution processes enjoy the strong Markov property.

3. If 0 > 0, then there is a unique invariant probability measure w for the segment process, which

converges in total variation to w for every initial distribution.



The additional conditions (4) are rather crude and could be varied in many ways. For example, one
might relax condition (4c) by requiring a ratio between V' and U’ of order one instead of order 1+4§
provided the growth of U’ is of polynomial order .

A different restriction on the geometry of V and U would be the following: Assume that a constant
Rpo: greater than the positive root of V exists such that V and U are linear on R\ [—Rpot, Rpot]. Clearly,
this condition would not allow V' to be a parabolic or quartic potential. In this setting, however, the

delay parameter 3 becomes important. By appealing to Theorem 5 in Scheutzow [22, pp. 55-56] we find

’
that a stationary distribution exists if ¢ > 0 and 8 > —%, while no invariant measure exists in
po
V,(Rpot)
case B < U (Ros)”

2.2 Basic parameter settings

Let us have a look at basic parameter settings for Equation (2). The simplest and least interesting
choice of parameters is ¢ = 0 and 8 = 0, i.e. no noise and no delay. In this case, (2) reduces to a one
dimensional ordinary differential equation with two stable solutions, namely —1 and 1, and an instable
trivial solution.

The dynamics of the general deterministic delay equation, i.e. ¢ = 0, # # 0, is not obvious for
all combinations § € R, r > 0. In Redmonda et al. [24] stabilization of the trivial solution and the
corresponding bifurcation points are studied. The parameter region such that the zero solution is stable
is contained in 3 > 1, r € [0,1]. This is not the parameter region we are interested in, here. Recall from
Section 1 that stochastic resonance is a phenomenon concerned with an increase of order in the presence
of weak non-zero noise. For large |§| the delay force would be predominant. Similarly, with r small the
noise would not have enough time to influence the dynamics.

Indeed, we must be careful in our choice of § lest we end up with a randomly perturbed deterministic

oscillator. Solutions to Equation (2) exhibit periodic behavior even for 8 > 0 comparatively small.

If 3 =0 and o > 0, then our SDDE (2) reduces to an ordinary SDE. Of interest is again the case of
small noise. A Brownian particle moving along a solution trajectory spends most of its time fluctuating
near the position of the minimum of one or the other potential well, while interwell transitions only

occasionally occur.

Now, let o > 0 and |§| be small enough so that the corresponding deterministic system does not exhibit
oscillations. Let us suppose first that § is positive. Then the effect of the delay force should be that of
favouring interwell transitions whenever the Brownian particle is currently in the same potential well it
was in 7 units of time in the past, while transitions should become less likely whenever the particle is
currently in the well opposite to the one it was in before. Notice that the influence of the delay force
alone is insufficient to trigger interwell transitions. In fact, with ¢ > 0 not too big, transitions are rare
and a typical solution trajectory will still be found near the position of one or the other minimum of V'
with high probability.

Consider what happens if the noise intensity increases. Of course, interwell transitions become more
frequent, while at the same time the intrawell fluctuations increase in strength. But there is an additional
effect: As we let the noise grow stronger interwell transitions occur at time intervals of approximately
the same length, namely at intervals between r and 2r, with high probability. The solution trajectories
exhibit quasi-periodic switching behavior at a non-zero noise level. This is what we may call an instance

of stochastic resonance.

3Fquation (1.3) in Redmonda et al. [24] is our standard example with V the quartic potential, where —a corresponds
to our parameter S.
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Further increasing the noise intensity leads to ever growing intrawell fluctuations which eventually
destroy the quasi-periodicity of the interwell transitions. When the noise is too strong, the potential
barrier of V' has no substantial impact anymore and random fluctuations easily crossing the barrier are

predominant.

Suppose [ is negative. The effect of the delay force, now, is that of pushing the Brownian particle out of
the potential well it is currently in whenever the particle’s current position is on the side of the potential
barrier opposite to the one remembered in the past. Sojourns of duration longer than r, on the other
hand, become prolonged due to the influence of the delay which in this case renders transitions less likely.

In order to obtain some kind of regular transition behavior a higher noise level as compared to the
case of positive [ is necessary. Of course, one could change time scales by increasing the delay time
r, thereby allowing for lower noise intensities. In Section 5 we will state more precisely what regular
transition behavior means in case § < 0, yet we will not subsume it under the heading of stochastic

resonance.

3 The two state model in discrete time

Applying the ideas sketched in Section 1, we develop a reduced model with the aim of capturing the
effective dynamics of the reference model. To simplify things further we start with discrete time. As
the segment process associated with the unique solution to (2), the reference model equation, enjoys the
strong Markov property, it is reasonable to approximate the transition behavior of that solution by a
sequence of Markov chains. One unit of time in the discrete case corresponds to r/M time units in the
original model, where the delay interval [—r, 0] is divided into M € N equally spaced subintervals.
After defining the approximating Markov chains we obtain an explicit formula for their stationary
distributions which will be useful in calculating, for each M € N, the residence time distribution in the
stationary regime and deriving its density function in the limit of discrete time tending to continuous
time. Finally, based on the residence time distributions, we introduce two simple measures of resonance.
The results on Markov chains we need are elementary and can be found, for example, in Brémaud

[25], which will be our standard reference.

3.1 A sequence of Markov chains and stationary distributions

Let M € N be the discretization degree, that is the number of subintervals of [—r,0]. The current state
of the process we have to construct can attain only two values, say —1 and 1, corresponding to the
positions of the two minima of the double-well potential V. Now, there are M + 1 lattice points in [—r, 0]

2M+1 possible states in the enlarged state

that delimit the M equally spaced subintervals, giving rise to
space.

Let Sps := {—1,1}M+! denote the state space of the Markov chain with time unit /M. Elements of
Sas will be written as (M+1)-tuples having {—1, 1}-valued entries indexed (from left to right) from —M
to 0. This choice of the index range serves as a mnemonic device to recall how we have discretized the
delay interval [—r,0]. Thus, [ € {—M,...,0} corresponds to the point [ - /M in continuous time.

To embed the discrete into the time continuous model, let a, v be positive real numbers. If X(.) is the
unique solution to (2) in the case of “interesting” noise parameter o and delay parameter /3, one may think
of « as the escape rate of X(.) from one of the two potential wells under the condition X (¢t) ~ X (¢t —r)
and of v as the escape rate of X(.) under the condition X (¢) =~ —X (¢ — r). All of the parameters of the
reference model, including the delay length and the geometry of the potentials U and V, will enter the

discrete model through the transition rates o and ~, cf. Section 5.
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In the discrete model of degree M, instead of two different transition rates we have two different
transition probabilities aps and vy with apyr = Rse(o, M), var = Rsc(7y, M), where R, is an appropriate
scaling function. In analogy to the time discretization of a Markov process we set

n aty

(18) Roc i {a, 7} x N> (n,N) — aty (I—e"~)e(0,1).
Let Z = (ZCM) . zO) Z = (ZM) . ZO) be elements of Sy;. A transition from Z to Z shall
have positive probability only if the following shift condition holds:

(19) Vie{-M,...,—1}: zWU = z(+D),

Ezample. Take the element (—1,1,—1) € Sy. According to the shift condition, starting from (—1,1,—-1)
there are at most two transitions with positive probability, namely to the elements (1,—1,1) and

(1,-1,-1). v

If (19) holds for Z and Z then there are two cases to distinguish which correspond to the conditions
X(t) =~ X(t —r) and X(t) = —X (¢t — r), respectively. Denote by pJ;Z the probability to get from state
Z to state Z. Under condition (19) we must, have

anr if Z© £ 20,

70 = 7z(=M) " then pM~ = -
22V —qay if 20 = z0)

(20)
Y if 700 £ Z(O)7

Z(O)7éZ(*M) then pM = .
272 N1 — oy if 20 = 200,

The fact that — because of (18) — we always have ayr, var € (0,1), implies

(21) pg[Z #0 iff shift condition (19) is satisfied.

Set Py = (ng)ZjeSM. Clearly, Pj; is a 2M+1 x 2M+1 transition matrix. For every M € N choose an

Sar-valued discrete process (XM

2 Jnen, on some measurable space (Qps, Far) and probability measures

Pg, Z € Sar, on Fyy such that under Pg the process XM is a homogeneous Markov chain with transition
matrix Py, and initial condition PY (XM = Z) = 1.

If v is a probability measure on the power set p(Sys) then, as usual, let Pﬂ/[ denote the probability
measure on Fy; such that XM is a Markov chain with transition matrix Pj; and initial distribution v
with respect to PM. Write P, instead of P?, when there is no ambiguity about the measure P,

From relation (21), characterizing the non-zero entries of P, it follows that Pj; and the associ-
ated Markov chains are irreducible. They are also aperiodic, because the time of residence in state
(=1,...,-1), for example, has positive probability for any finite number of steps. Since the state space
Sy is finite, irreducibility implies positive recurrence, and these two properties together are equivalent
to the existence of a uniquely determined stationary distribution on the state space, cf. Brémaud [25,
pp. 104-105]. Therefore, for every M € N, we have a uniquely determined probability measure my; on
©(Sar) such that?

(22) m(Z) = Y mu(Z)p),  forall ZeSy.
ZESMm

4For the probability of a singleton {Z} under a discrete measure v we just write v(Z).
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There is a simple characterization of the stationary distribution 7, in terms of the number of “jumps” of
the elements of Sy;.% Let Z = (Z(-M) ..., Z() be an element of Sy;, and define the number of jumps
of Z as

J(Z):= #{j e{-M+1,...,0} | 70 £ Z(jﬂ)}'
The global balance equations (22) then lead to

Proposition 2 (Number of jumps formula). Let M € N. Set aps := (ISIW“M), M = (ljng), v =

G- Anv- Then for all Z € Syy the following formula holds

1 2@+, 1@ 1 - (2 mod2 . L2
(23) WM(Z) = aa]\b 2 J’Y]\E[ 5 — JO‘M( ) mo 77]\\_4—2 J’
M , ;
where cpr = 2 - Z (1\]/[) d[\]/[mod2 TN]]\[}J
3=0

Proof. The right-hand part of Equation (23) is just a rearrangement of the middle part. For Z € Sy,
define

N LJ(Z2)+1J _ LJ(QZ)J

Ym(Z) = ay Ym
We then have cpr = )5, ¥m(Z), because J(Z) € {0,...,M} for every Z € Sy, and with j €
{0,..., M} there are exactly 2 - (]y) elements in Sy, having j jumps.

Let Z = (2™, ..., Z©) be an element of Sy;. Define elements Z, Z of Sy as

7= (20D, z2M  Z0), 7= (—2V, 20 7).
Because of (20) and (21) the global balance Equations (22) reduce to

(1= an) - mu(Z) + (L= ) -ma(2) i 200 = 20,

(24) m™(Z) =
OéM'WM(Z)Jr’}/M'ﬂM(Z) if zGD = _z0)

Equations (24) determine s up to a multiplicative constant. Of course, ), ¢ mm(Z) = 1, and we
have already seen thzjt Aﬁ Y zes,, YMm(Z) = 1. Tt is therefore sufficient to show that ¥/ (Z), Z € S,
satisfy (24). Let Z, Z,Z be elements of Sy, as above. Then

J(Z) it ZzGM) = 70
JZ2) = {J(2)+1 it Z20M = 7D = _70),
J(Z) -1 if zGM = zE0 = _70)
J(Z) if z-M) = _7(0)
J(Z2) = {J(2)+1 it Z2EM = z(-1) = Z0),
J(Z) -1 it ZzCM =70 = _z(=0,
and ¢M(Z), ¢M(Z) can now be calculated. This yields the assertion. 0

Let c¢ps be the normalizing constant from Proposition 2. By splitting up the sum in the binomial formula
we see that

(25) e = (THy/2) (Vi) (1= /2) (0= Vi)™

5At the moment, “number of changes of sign” would be a label more precise for J(Z), but cf. Section 4.
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3.2 Residence time distributions

Let Y™ be the {—1,1}-valued sequence of current states of X that is ©

(XMYO) if neN,

n

(XY™ if ne{-M,...,0}.

yM .=

n

Denote by Ly (k) the probability to remain exactly k units of time in the same state conditional on the

occurrence of a jump, that is

(26) Ly(k) = Py, (VM =1, v M, =1YM, =-1|vM, =-1,YM=1), keN,

n

where n € N is arbitrary. The above conditional probability is well defined, because
P, (YM=-1Y"=1) = mp({(x....5,—1,1)}) > 0.

Here, {(*,...,%,—1,1)} denotes the set {Z € Sp; | Z(-Y = —1, 2 = 1}. By symmetry the roles of —1

and 1 in (26) are interchangeable. Under P,,, not only X is a stationary process, but — as a coordinate

™M

projection Y™ is stationary, too, although it does not, in general, enjoy the Markov property. We note
that Lys(k), k € N, gives the residence time distribution of the sequence of current states of X in the

stationary regime.

Observe that Ly, (.) has a “geometric tail”. To make this statement precise set
(27) Ky =Pr, (YM=-1YM=1,... )Y/ =1|Y=-1}"=1).

In view of the “extended Markov property” of Y, that is the Markov property of the segment chain

XM we have
(28) LM(]C) = (1—’)/M)KM04M(1—04M)I€_M_1, ]{,‘ZM—FL

where (1 —7ar) - K is the probability mass of the geometric tail. Stationarity of P,, implies

WM((_]-, 1,..., 1))

Ku = ({5 —1L 1)}

From Proposition 2 we see that

ay
-1,1,...,1)) = —
7-‘-]\4(( ] ) )) CM7
and arranging the elements of {(x,...,x,—1,1)} according to their number of jumps we obtain
Qg 5 —\ M1 5 —\ M—1
({0 L)) = g ((1+ g—fﬂg)(u Vi) + (1— 1/%)(1— int) )
We therefore have
2
(29 Ku = e e
(14 2) 1+ Vi) "+ (1= /2) (- Vi)
In a similar fashion we can calculate Ly (k) for k € {1,..., M}. We obtain

Poy(YM=-1,YM=1,... Y} =1Y{, =-1)
30a Ly(M) = M s = u - Ky,
(30a) (M) WM({(*,...,*,—I,I)})

6Recall the tuple notation for elements of Syy.
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and for k € {1,...,M — 1}

Ly(k) = \/;/_M Ky - (\/’NY_M ((1 + \/77_M)M*17’C +(1— \/ﬁ_M)Mflfk)
V(L Vi) M = (1= i) M),

(30b)
More interesting than the residence time distribution in the case of discrete time is to know the behavior
of this distribution in the limit of discretization degree M tending to infinity.

Recall the definition of scaling function R, according to Equation (18) for some numbers «,~y > 0.
If apr = Rse(a, M) and vy = Rse(y, M) for all M € N, then with the usual notation O(.) for the
order of convergence — we have

31 — +0(— — +0(—
Indeed, if condition (31) holds between the transition probabilities ans, yar, M € N, and some positive

transition rates «, 7y, then we can calculate the normalizing constant cps, the “tail constant” Kj; and
the density function of the residence time distribution in the limit M — oc.

Proposition 3. Let ayr, vy € (0,1), M € N. Suppose that the sequences (anr)men, (Yar)men satisfy
relation (31) for some positive real numbers o, v. Then cpr and Ky converge to coo and K, Tespectively,

as M — oo, where

(o)
1
(32) Coo = hinoocM = <1+\/%)e\/a_”+(1—\/%>e vy = 2. Z 7 ot mod 2 7)L§J7

k=0

(33) Kooi= lim Ky = 2 _ Va

M—oo (1+/T)ev® + (1 —/T)e VT Vacosh(y/a7y) + /7 sinh(y/a7y)

Define a function fr, : (0,00) — R by ¢ — fr.(q) := A}im M-LM(\_qMJ). Then

VA Koo+ (V7 cosh(yai(1 - q)) + va sinh (Va7 (1 - ) if a€(0,1],

Ko - a-exp(—alg— 1)) if ¢>1

(34)  frle) =

Proof. Tf relation (31) holds, then in order to derive (32) and (33) from (25) and (29), respectively, it is
sufficient to observe that (1+ % + O(5=))" N2 ea for every a € R. The last part of (32) is obtained

by series expansion. Similarly, expression (34) for fr, follows from Equations (30a), (30b) and (28). O

Observe that fr, as defined in Proposition 3 is indeed the density of a probability measure on (0,00). In
case o = «y this probability measure is just an exponential distribution with parameter « (= ). If a # v
then fr has a discontinuity at position 1, where the height of the jump is

(35) fo(l4) = fro(l=) = K- (a—7).

Clearly, the restrictions of fr, to (0,1] and (1,00), respectively, are still strictly decreasing functions,
and f1(q), g € (1,00), is again the density of an exponential distribution, this time with parameter «
(# 7) and total probability mass K,. The function f1.(q), ¢ € (0,1), is the density of a mixture of two
“hyperbolic” distributions with the geometric mean /a7y of o and « as parameter and total probability
mass 1 — K. The ratio between the hyperbolic cosine and the hyperbolic sine density is \/y to \/a.
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Recall how at the beginning of this section we interpreted the discretization degree M as the number of
subintervals of [—r, 0], where r > 0 is the length of the delay that appears in Equation (2). Let us assume
that the numbers «, v are functions of the parameters of our reference model, in particular of the noise
parameter o and the length of the delay r. Then we should interpret the density fr as being defined
on normalized time, that is one unit of time corresponds to r units of time in the reference model. The
density of the residence time distribution for the two state model in continuous time should therefore
read

(36) fo() = +fe(t),  te(0,00).

Before we may call f1, the density of a residence time distribution, we have to justify the passage to the
limit M — oo at the level of distributions of the Markov chains X, which underlie the definition of

Ljs. We return to this issue in Section 4.

3.3 Two measures of resonance

Drawing on the residence time distribution of the Markov chain X we introduce simple characteristics
that provide us with a notion of quality of tuning for the reduced model in discrete time.

We consider XM and the resonance characteristics to be defined in the stationary regime only,
because by doing so we can guarantee that an eventual resonance behavior of the trajectories of X is
independent of transitory behavior. We know that P, is a positive recurrent, irreducible and aperiodic
transition matrix and, therefore, the distribution of X converges to 7 in total variation as n — oo
for every initial distribution of Xy [25, p.130]. In Section 2 we saw an analogous result for the segment

process of a solution to Equation (2).

Assume that the transition probabilities aps, vps are related to some transition rates «, v by means
of a smooth scaling function like (18), for example, such that condition (31) is satisfied. Under this
assumption we let the discretization degree M tend to infinity. Assume further that «, + are functions
of the parameters of the reference model, in particular, that o = a(o), v = y(0) are C*-functions of the
noise parameter o € (0,00). The resonance characteristics can then be understood as functions of o.

Recall that the residence time distribution Lj; has a geometric tail in the sense that Ly (k), k > M+1,
renormalized by the factor (1 — ~ps) - Ky is equivalent to a geometric distribution on N\ {1,..., M}
with K as defined by (27). The distribution which Lj; induces on {1,...,M} is given up to a
renormalizing factor — by Equations (30b) and (30a). A natural characteristic seems to be the jump in
the density of the residence time distribution f;, obtained above. In discrete time, i. e. with discretization
degree M € N, we set

(37) v = M- (Ly(M+1) — Ly (M)).
Because of (28), (30a) and (35) we have
(38) Un = M-KM'((I—’)/M)'O(M—’)/M), Voo ::thinooUM = KOO-(Oé—’y).

To consider the height of the discontinuity of f; as a measure of resonance has already been proposed by
Masoller [13]. Following her proposal we define what stochastic resonance means according to the jump
characteristic.

Definition 1. Let M € NU {oo}, and suppose that the following conditions hold:

(i) vas as a function of the noise parameter o is twice continuously differentiable,
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(i) E% vy (o) =0,
(iii) v}, has a smallest root ooy € (0,00).

If vy has a global maximum at o, then let us say that the Markov chain XM or, in case M = oo, the
reduced model defined by the family (X*)yen exhibits stochastic resonance and call Oopt the resonance
point. If vy has a global minimum at oy, then let us say that the Markov chain XM (or, in case

M = oo, the reduced model) exhibits pseudo-resonance and call o,,; the pseudo-resonance point.

Alternatively, we may take the probability of transitions in a certain time window as characteristic of
the resonance effect. For M € N and ¢ € (0, 1] define

M L(g+1)M]
(39) fing == Lag(k), kD= 3" Lu(k).
k=1 k=M+1
By summation over k we see from (28) that
I%M = 1_(1_'7M)'KM7 55\3) = (1—’}/1\/[)~}'<]\4-(1—(].—OZJ\/[)I-qJVIJ)7
and letting M tend to infinity we get
(40) Foo = lim far = 1- K, wl) = lim K = Koo (1—e %),

Recall that M steps in time of the chain X or the {—1, 1}-valued process Y correspond to an amount
of time r in the reference model. Thus, k); corresponds to the probability of remaining at most time
r in one and the same state, while ng\z[) approximates the probability of state transitions occurring in a
time window corresponding to (r, (¢+1)r] of length ¢ - 7 given a transition at time zero.

In (39) we could have allowed for a “window width” ¢ > 1. The interesting case, however, is a small

(q)
M

time window, because then x}; measures the probability of transitions within the second delay interval.

For ¢ = 1 the two components of our resonance measure correspond to time windows of equal length,
that is £p; gives the probability of transitions within the first delay interval, while 55\14) is the probability
of hopping events occurring in the second delay interval. Since Lj; is geometrically distributed on
N\{1,..., M}, Hg\? majorizes the transition probability for all time windows of the same length starting

after the end of the first delay interval. Let us write s for HE&I).

The idea of the following definition is to maximize quasi-periodicity by finding a noise level such that
sojourns in the same state become neither too long nor too short. Here, short sojourns are those that
last less than the length of one delay interval, long sojourns those that last longer than the length of
two delay intervals. Observe that if the current state of X™ remains the same for more than M steps

in discrete time, then the influence of the delay will be constant until a transition occurs.
Definition 2. Let M € NU {oo}, and suppose that the following conditions hold:

(i) kar as a function of the noise parameter o is twice continuously differentiable with values in the

unit interval,
(ii) li%(ﬁéM +kup)(o) =0,

(iii) xas has a unique global maximum at o,y € (0, 00).
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If kpr(oopt) > Ras, then let us say that the Markov chain XM or, in case M = oo, the reduced model
defined by the family (X™)yen exhibits stochastic resonance of strength rps(c.pt), and call oy the

resonance point, else let us speak of pseudo-resonance and call o,y the pseudo-resonance point.

In the above definition we might have taken a shorter time window than the second delay interval. A
natural choice would have been the probability of transitions occurring in a time window corresponding
to (r, (1 + ¢)r] normalized by the window width. In the limit M — oo we obtain

1
(41) lim - k9 = Kyo-a = fo(l4).
ql0 ¢q
Here, f1, is the density of the residence time distribution from Proposition 3 and f;,(1+) is the right-hand
limit appearing in Equation (35), which gives the height of the discontinuity of fr.

Of course, Definition 2 could be modified in other ways, most importantly by allowing the time window
that corresponds to x,; to float. This would be necessary for a distributed delay. Suppose that in the
reference model instead of the point delay we had a delay supported on [—r, —4] for some 6 > 0. Then
a reasonable starting point for a measure of resonance could be a time window of length r with its left
boundary floating from ¢ to r. Notice that a distributed delay (in the reference or in the reduced model)

can be chosen in such a way as to render continuous the density fr.

4 The two state model in continuous time

Our aim in this section is to justify the passage from time discretization degree M to the limit M — oo as
undertaken in Sections 3.2 and 3.3. To this end we will look for a process in continuous time that is the
limit in distribution of the Markov chains X M € N, in the stationary regime. We can then consider
the distribution of residence times for this new process and show that it coincides with the limit of the
residence time distributions in discrete time which was calculated in Section 3.2. Since the measures of
resonance introduced in Section 3.3 were defined over the (discrete) residence time distributions, we may
conclude that in this case, too, the passage to the limit M — oo is admissible.

For M € N the Markov chain XM takes its values in the finite space Sy; with cardinality 21
The first thing to be done, therefore, is to choose a common state space for the Markov chains. This
will be Dg := D{_; 13([-7,0]), the space of all {—1,1}-valued cadlag functions, i.e. right-continuous
functions with left limits, on the interval [—r, 0], endowed with the Skorokhod topology. This simplest
of all Skorokhod spaces is introduced in detail in Appendix A.3, while in Appendix A.5 we present
Doo:= Dy_1 13([~7,00)), the space of all {—1,1}-valued cadlag functions on the infinite interval [—r, co).

Recall how in Section 3.1 we partitioned the delay interval [—r,0]. Time step n € {—M,—M+1,...}
with respect to the chain X was said to correspond to point 7 - 37 in continuous time. Keeping in mind
this correspondence, in Section 4.1 we embed the spaces Sy;, M € N, into Dy, which allows us to look
upon the stationary distributions 7; as being probability measures on B(Dy) and to view the random
sequences XM as being Dy-valued Markov chains.

Now, because of shift condition (19) from Section 3.1 one may regard X as being a process with
trajectories in Do,. If the discretization of time is taken into account, then the chain X induces a
probability measure on B(Dy,) for every initial distribution over Sy; C Dy.

Weak convergence of the stationary distributions or, equivalently, convergence of the 7, with respect
to the Prohorov metric induced by the Skorokhod topology on Dy will be established in Section 4.2. Weak
convergence of the distributions on B(Dy,) is the object of Section 4.3.

Finally, in Section 4.4, we return to the question of identity between the residence time distribution

for the limit process and the one we obtained above as the limit of discrete distributions.
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4.1 Embedding of the discrete-time chains

First we interpret the finite enlarged state space Sy; as a subset of Dy. After that, we change philosophy

and regard a chain X™ as being equivalent to a {—1, 1}-valued cadlag process.

The embedding of Sy, the state space of the Markov chain XM, into Dy is in a sense the reverse of
what one does when approximating solutions to stochastic delay differential equations by Markov chains
in discrete time.” Approximation results of this kind were obtained for the multi-dimensional version of
Equation (10) by Scheutzow [21, 22]. The method is more powerful, though, as Lorenz [26] shows, where
weak convergence of the approximating processes to solutions of multi-dimensional SDDEs is related to
a martingale problem that can be associated with the coefficients of the target equation.

Of course, Dy is a toy space compared to C([—r, O],Rd). Notice, however, that linear interpolation
as in the case of C([—r,0],R?) is excluded, because the only continuous functions in Dy are the two

constant functions —1 and 1.

Let M € N, Z € Sy, and associate with Z = (Z(=™) ... 7)) a function fz : [-r,0] — {—1,1} defined
by

—1
f2(0) =29 101 () + Y 29 1ug iy (1), e -0
i=—M

Clearly, fz € Dy. Hence, Ij; : Z — fz defines a natural injection Sy; < Dy, which induces the following
embedding of probability measures on p(Sy/) into the set of probability measures on B(Dy).

ML (Sy) 3 p fii= Y pu(Z) 65, € MY (Do),

ZESm

where d7 is the Dirac or point measure concentrated on f € Dy.

Denote by 7 the probability measure on B(Dy) associated with the stationary distribution 7y, for
the chain XM, and write XM for the corresponding Dy-valued Markov chain. Since all we have done so
far is a reinterpretation of the state space the results obtained in Section 3 regarding X are also valid
for XM

Although the embedding 7j; given above is natural in view of how the delay interval [—r, 0] should
be partitioned according to Section 3.1, it is not the only one possible. Indeed, one could select different
interpolation points in the definition of f;. As the degree of discretization M increases the complete
Skorokhod distance between the different functions fz, Z € Sj; being fixed, tends to zero, and the
convergence results stated in Sections 4.2 and 4.3 still hold true.

Following the notation of Appendix A.3, for Z € Sy; we write
J(Z) = J(fZ)a ‘](Z) = J(fZ)a CZ = sz7

thereby denoting the sets of (inner) discontinuities or jumps of Z, and the minimal distance between two
discontinuities. Notice that our new definition of J(Z) agrees with the number of jumps J(Z) defined
in Section 3.1 in the sense that #J(Z) = J(Z).

Recall the notation of Section 3.1. Let v be a distribution on p(Sy;) and denote by P2 the probability
measure on Fys such that X™ is a Markov chain with transition matrix P, and initial distribution
xM L v. For a “point distribution” on Z € Sy write P}

"Under suitable conditions the approximating time series converge in distribution to the (weakly unique) solution of the
SDDE.
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For f € Do let Z(f) be the element of Sy such that Z®) = f(+L i) for all i € {—M,...,0}. Let
(YnM)nE{,M,,MHW} be the sequence of current states of X™ as defined at the beginning of Section 3.2.

Write
SMip . M
YM(t) = YL%MJ’ t> —r.

For A € B(D) set

~M ~ ~
Py (A) = Py (YM € 4), Puy(A) = PY (YM € A),

™M

thereby defining probability measures on B(Dy,). Note that f’y, Py are well defined and correspond

to the distribution of XM with X} = Z(f) Py-almost surely and XM £ 7, respectively.

4.2 Convergence of the stationary distributions on D,

The aim of this section is to prove that the sequence (7 s)aren of probability measures on B(Dy) induced
by the sequence (mjs) of stationary distributions converges weakly to a probability measure 7. Since
(Do, d3) is separable, Theorem 3 in Appendix A.1 says that weak convergence of (7ys) to 7 is equivalent
to convergence under the Prohorov metric induced by d%.

The proof follows the usual strategy for this kind of convergence. First, we check that the closure
of {far | M € N} is compact in MY (Dy) with respect to the Prohorov topology. Now, (Do, d2) is also
complete. According to the Prohorov compactness criterion, cited as Theorem 4 in Appendix A.1, it is
therefore sufficient to show that the set {7y | M € N} is tight.

For the second step, choose a limit point 7 € MY (Do) of {7y | M € N}, which exists according to
the first step. It remains to show that any convergent subsequence of (75s) actually converges to 7.

Before embarking on the actual proof of convergence we need some technical preparation, which

consists in defining suitable approximation sets and estimating their probability under the measures ;.

Let N € N, Z € Sy, and set for M e N\ {1,...,N—1}

uN(2) = {z € Sar ‘ #J(Z)=#J(Z) A BreA: s IA(s) = 8| < gng A fzoA= fz)}.
s€[—r,
For N big enough in comparison to r, U, (Z) C Sy, is the set of elements Z € Sy such that ds(fz, fz) <
sae- Furthermore, #J(f5) = #J(f7) for all Z € U}(Z).
Notice that f; is not necessarily an approximation of fz with respect to the complete metric dg,

because the slope of A can be of order N for all admissible time transformations.

Recall from Proposition 2 that the probability my;(Z) of an element Z € Sj; under the stationary
distribution m,; depends only on the number of jumps of Z. It will be useful to partition S, into subsets
of elements which have equal number of inner jumps. Set

Sar(i) == {ZGSM|#j(fZ):i}, iefo,...,M—1}.

Clearly, Sy = Sar(0)U...USp (M —1) is a pairwise disjoint union. For Z, Z € Sy;(i) we have |#.J(Z) —
#.J(Z)| € {0,1}. Notice that we prescribed #.J(Z) = #.J(Z) instead of #.J(Z) = #.J(Z) in the definition
of Sps(4). Elements Z € Sy, such that fz jumps at position 0 play a special role, as their accumulated
probability under 7y, tends to zero as M tends to infinity.

Before establishing this point, we need two lemmata, see Appendix B. Lemma 1 estimates the
number of elements of Sy/(i) and UY,(Z), respectively. Lemma 2 shows that for M € N large most of
the probability mass of 7, is concentrated on elements of Sy; which have a number of jumps small in

comparison to M.
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It is even sufficient to restrict attention to elements of U (Z), where Z € Sy is such that the
number of jumps of Z is small in comparison to N which in turn must be small against M. We also see
that the probability of a set UAI\Z(Z) under 7, gives a good approximation of the probability which the
“generating” element Z € Sy receives under my.

If we compare probabilities with respect to probability measures 7y, for different indices M € N,
we have to assume that an appropriate relation holds between the corresponding transition probabilities
ang, yam as M varies. We assume scaling relation (31) as in Section 3.2, where we considered convergence
of the residence time distributions.

For M € N let 7y € /\/li_(Do) be the probability measure which corresponds to the stationary distribu-
tion mys, if we embed Sy, into Dy as was done in Section 4.1.

Proposition 4. Suppose the sequences of transition probabilities (anr)men, (Ym)men satisfy relation
(31) for some transition rates .,y > 0. Then there is a probability measure © on B(Dy) such that (Tpr)

converges weakly to T as M tends to infinity.

Proof. Lemma 2 from Appendix B.1 must be applied several times, see Appendix B.2. O

For some special sets we can calculate their probability with respect to 7.

Proposition 5. Let 7 be the weak limit of (Tar) men according to Proposition 4. For i € Ng set

Hi={f € Do | #J(f) = #J(f) =i},  Hy=1{f € Do | #J(f) = #J())+1 = i+1}.

Then for all i € Ny
2

7(H;) = — calF L) 7(H;) = 0.

Proof. Observe that H;, ﬁi7 1 € Ny, are disjoint closed subsets of Dy, because convergence with respect
to the Skorokhod topology on Dy preserves the number of inner jumps.® Indeed, H;, H;, i € No, are the
connected components of Dy, and they are also open sets, because dg(f,g) = 2 for all f,g € Dy such
that £(0) # g(0) or #J(f) # #J(g).

The assertion now follows from Theorem 3 in Appendix A.1, Proposition 2, Equations (33) and (60)
of Proposition 3 and Lemma 1 in Appendix B.1, respectively, under scaling condition (31). O

4.3 Convergence of the chain distributions on D,

Let the notation be that of Section 4.1, let us write D := D{_4 1}([0,00)), Dg := Dg([0,00)) and recall
Do = Dy_113([-7,0]), D = Dg([—7,0]), Doc = Dy_1,13([—7,0)), Dg° = Dg([—r,o0)). All spaces come
with their respective Skorokhod topology, and D C Dg, Dy C DY are closed subsets.

We sketch a proof for weak convergence of the sequence (ISJV]) in M! (D) applying results from
semimartingale theory as developed in Jacod and Shiryaev [27].

A semimartingale with values in Dy is described in terms of its characteristics, a triplet (B, C,v), where B
is a truncated predictable process (“drift”), C the quadratic variation process of the continuous martingale
part and v a random measure, namely the compensator of the jump measure of the semimartingale [27,
pp. 75-76].

Any probability measure Q) on B(D) gives the distribution of a {—1,1}-valued jump process. The
characteristics (B, C, v) of such a process take on a special form. One may choose a continuous truncation

8Skorokhod convergence in Do, does not necessarily preserve the number of jumps.
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function with support contained in (—2,2), thereby eliminating the contribution of B. The quadratic
variation process C of the continuous martingale part disappears, because the only continuous functions
in D are the two constant functions —1 and 1. The important characteristic is therefore the compensator
measure v. If Q corresponds to a {—1, 1}-valued process in discrete time, then the compensator can be
calculated explicitly [27, pp. 93-94].

Let M € N, Z € Sy and let 15];[ be the corresponding probability measure on B(Ds,) as defined
in Section 4.1. Recall that 131; is the distribution of the {—1,1}-valued cadlag process (Y™ (t));>_,
induced by the sequence Y™ of current states of X™ when time discretization is taken into account.
Denote by (Y'(t));>—r the canonical process on Dy, and by (F;):>—_, the canonical filtration in B(Ds).

Notice that (Y (¢))¢>_, under Ij’]; is equivalent to the process (Y™ (t));>_, under P} and that the
jumps of (Y (t));>0 under P, are concentrated on {57k | k € N}. We can now calculate the compensator
measure 77 : D, x [0,00) x R — [0,00] of (Y (t));>0 under 13]; in terms of the increment process
of Y. Observe that #™:Z is determined by the integral processes (1 * DMVZ)tZO, 1 any bounded Borel
function.? Set s(k) := 47 k, k € {—M,—M+1,...}. According to I1.3.11 in Jacod and Shiryaev |27,
p. 94] it holds for all functions v, all t > 0, @ € D, (all probabilities with respect to f’?)

L¥M]
W) @) = E(w(Y(s(/@) =Y (s(k=1))) - Iy sv sty | F 5<H>> @)
k=1
[£M]
= > E( oV (sth= M=), Y (s(k-1)) ) (@)
k=1

,_
Sl
[as

L(@(s(=M)),....a(s(0))=2 (@) -

k=1
(2)-P(Y(s(k)) =1|Y(s(k—=M—-1)) = =1,V (s(k—1)) = =1) - Lg(s0-b—1)=—1,0(s(h1))=—1(@)
+9(2) - P(Y(s(k) =1 | Y(s(k=M—1)) = LY (s(k=1)) = =1) - Ly(a(ktr-1)=1,5(s(b-1))=—1 (@)
+ ¥(=2) - P(Y(s(k)) = =1 | Y(s(k=M—=1)) = 1,Y (s(k—1)) = 1) - 1g(s(b-tt-1)=1,5(s(o-1))=1 (@)
+ 9(=2)-P(Y(s(k)) = =1 | Y(s(k=M—=1)) = =1, Y (s(k—1)) = 1) - La(s(b--1)=—1.0(s(h-1))=1(@)
L]
= 1.(®)- (2) - (an - Lo (sen)=—1.6(s(b1))=—1(@) + V1 - La(s(bttio)=1,5(s(k-1))=—1(@D))
k=1

+ (=2) - (s - Los(enti—1)=1,0(s (k1))=1(@) + Yar - Lo (s(bti1)=—1,0(s(k-1))=1(@)),
where Bayes’ formula has been applied.

Let f € Do with f(0) = f(0—), and write Z(f) = Z(f, M) for the element of Sy, such that fz s = f.

M, Z(f)

The compensator measure then induces a random measure

vMJ ' Dy x [0,00) x R — [0, o], M () = pME(9(w)),  where
0y: Dr — Dg’ Op(w)(t) = f(t) - L—ro)(t) + w(t) - Ljo,00) (1)-

Assume that scaling relation (31) is satisfied for some positive transition rates «, . Then for all functions

9See Jacod and Shiryaev [27, p. 66] for a definition of the integral process w.r.t. a random measure.
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P: R — R, w € Dg, t >0 it holds that

t
lim o * v (w) = /0 P(2) - (@ g ——1,0(5)=—1 O (@) + 7 Lg(sr)=1.5(s)=—1(0f(w)))ds

M — o0
t
+ /0 V(=2) - (o Lg(em=1.0(s)=1 (05 () + 7 Lo =—1,6(5)=1(07(w)))ds,

which defines a random measure v/ : Dg x [0, 00) x R — [0, c0].

Let p: Dg % [0,00) X R — [0, 00] be the jump measure associated to the D-valued process (Y (¢))¢>0, cf.
Jacod and Shiryaev [27, pp. 68-69]. We have for all functions ¥: R - R, w € Dg, t >0

(w * M)t(w) = Z 1w(s);éw(sf)(w) . (¢(2) : 1w(s):1,w(57):71(w) + ¢(—2) : 10.!(8):71,0.)(57):1(“}))'

0<s<t

Theorem IX.2.31 in Jacod and Shiryaev [27, p.495] guarantees the existence of a probability measure
Q' on B(Dg) such that

o Q'({we Dr|w(0) = f(0)}) =1,
e the canonical process is a semimartingale under @/ with characteristics (0,0, /).

We notice that Qf(D) = 1. Let us interpret Qf as a probability measure on B(D). According to
Theorem I1.2.21 in Jacod and Shiryaev [27, p.80] the second property implies that

o (¢ xpu—1*vf)>0 is alocal martingale under Q7 for every function ¢: R — R.

Observe that Theorem IX.2.31 does not guarantee uniqueness of the probability measure Q. Here, how-
ever, uniqueness can be established by considering sequences of stopping times 71, 7o, . .. which exhaust
the jump positions. The above local martingale property must then be applied to show that any two
solution measures to the semimartingale problem coincide on the sets {7, < t} for all t > 0, n € N.
Recall that every element w € D is determined by its value w(0) and the positions of its discontinuities.

By the uniqueness theorem of measure theory we see that @/ is uniquely determined.

Let p: Do — D be the natural projection. Then Theorem IX.3.21 in Jacod and Shiryaev [27, p.505]

implies that PZﬁM) op~t % QF in ML (D). Define a probability measure P’ e ML (Ds) by pl =

Q' o 9}71. We have 87711 — 65 in MY (Dy). In view of Qf ({w € Dg | w(0) = f(0)}) = 1 we conclude
~M ~f

that Py 5y — P

The last step is to show that (f’ M) converges weakly, that is in place of a deterministic initial condition
[ € Do we have 71y € ML (Do) as initial distribution. Let 7 be the weak limit of (75/) according to
Proposition 4. As a consequence of Proposition 5 we have #({f € Do | f(0) = f(0—)}) = 1. Define
P € M! (D) by

p(A) ::/D B’ (A)d7(f), AeB(D).

If f1,...,fn € Do with f;(0) = f;(0—), i € {1,...,n}, then any convex combination of the sequences
(ISZ(fI,M)), ce (f’Z(me)) converges weakly to the corresponding convex combination of the measures
f’fl, . ,f’f". An approximation argument analogous to that in the proof of Proposition 4 leads to

Proposition 6. Suppose scaling relation (31) holds. Let 15M, M € N, be defined as in Section 4.1,

and let 7 be the weak limit of (wpr)pmen according to Proposition 4. Then there is a probability measure
Pe Mi(Dw) such that Py 5 P.
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4.4 Residence times revisited

In Section 3.2 we calculated the residence time distribution for the two state model of discretization
degree M for each M € N. We then let M tend to infinity in order to obtain the residence time
distribution and its density function in the “continuous time” limit.

At that stage, however, we had not yet established the existence of a corresponding limit process.
This was done in Section 4.3, where we saw that (15M), the sequence of distributions induced by the two
state chains in discrete time, converges weakly to a probability measure P on B(Dy,). We are now in a
position to show that any process with distribution P has the same residence time distribution as the
one obtained in Section 3.2.

On the probability space (Do, B(Dso), P) a process with distribution P is, of course, given by the
canonical process of coordinate projections p;: Do — {—1,1}, because p; is Borel measurable for all

t > —r, cf. Appendix A.4. We continue to work directly on the canonical space. Define a mapping
(42) T: Do — [0, 00], 7(f) = inf{t >0 f(t) = —1}.

Then 7 is Borel measurable as we have
7710, = pyH{-1}U ﬂ U poH{1}n... ﬂp;_flt{l} ﬂp;{—l} for all t > 0,
n=0 k=1 " "

where the cadlag property of the elements of D., has been exploited. Because of this property the
infimum in (42) is really a minimum provided 7 < co. We notice that 7 is a stopping time with respect
to the natural filtration in B(Ds.) and that 7 is finite P-almost surely.

For each § € (0,1) denote by Ajs the event that in the time interval [—dr, 0] there is exactly one jump,
that jump going from —1 to 1. This means we set

(43) As = {f €D |36€(0,6): f(t)=—1Vte[-dr,—br) A f(t)=1Vte [-br,0]}.

Observe that As € B(Ds) and P(As) > 0 for all § € (0,1). The distribution function of 7 conditional
on the event of exactly one jump from —1 to 1 “just before” time zero can be approximated by functions
of the form

(44) Fs(t):= P(r <t|A4s), tel0,00),

where § > 0 must be small. Since 7 is P-almost surely finite and Ajs has positive probability under 15,
the function Fj indeed determines a probability distribution on [0, c0).

Let fL be the residence time distribution density in the limit of discretization degree M tending to

infinity as given by (36). Set

(45) F(t) = /0 fr(s)ds, te[0,00).

We have to show that Fj(t) tends to F'(t) as § goes to zero for each ¢ € [0,00). In (42) and (43), the
definitions of 7 and Ag, respectively, instead of time zero we could have chosen any starting time ty > 0,
see Appendix B.3, which gives a proof of

Proposition 7. Suppose scaling relation (31) holds. Let the distribution functions Fs, § € (0,1), and F
be defined by (44) and (45), respectively. Then

%i?ol F5(t) = F(t) for allt € [0, 00).
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5 Connection between the reduced and the reference model

The aim of this section is to provide a heuristic way of

establishing the missing link between our original model, which is given by Equation (2), and the
reduced model developed in Section 3. The situation here is quite similar to the one that was studied by
Tsimring and Pikovsky [12], and we will closely follow their approach in deriving a relation between the
transition rates «, v and the parameters of the original model.

The main ingredient in finding such a relation is the so-called Kramers rate, which gives an asymptotic
approximation of the time a Brownian particle needs in order to escape from a parabolic potential well
in the presence of white noise only as the noise intensity tends to zero. By means of the Kramers rate
we calculate escape rates from potentials that should mirror the “effective dynamics” of solutions to
Equation (2). The resonance characteristics defined in Section 3.3 can then be written down explicitly as
functions of the noise parameter ¢, which allows us to numerically calculate the resonance point and to
compare the optimal noise intensity according to the two state model with the behavior of the original

model.

Let U be a smooth double well potential with the positions of the two local minima at zjc¢; and zyigne,
respectively, ®jerr < Tright, the position of the saddle point at Zy,e. € (mleft,wright) and such that
U(z) — oo as || — oco. An example for U is the double well potential V' from Sections 1 and 2. Consider
the SDE

(46) dX(t) = —U'(X(t))dt + o-dW(t), t>0,

where W(.) is a standard one dimensional Wiener process with respect to a probability measure P and
o > 0 is a noise parameter. Denote by X*“ a solution of Equation (46) starting in X*?(0) =z, z € R.
With y € R let 7,(X*7) be the first time X reaches y, that is we set

7 (X5) = inf{t > 0| X7 = y}.

As we are interested in the transition behavior of the diffusion, we need estimates for the distribution of
Ty(X™7) when z and y belong to different potential wells.

In the limit of small noise the Freidlin-Wentzell theory of large deviations [28] allows to determine
the exponential order of 7,(X*?) by means of the so-called quasipotential Q(x,y) associated with the
double well potential &. One may think of Q(z,y) as measuring the work a Brownian particle has to do

in order to get from position = to position y. The following transition law holds.

Theorem 2 (Freidlin-Wentzell). Let QQ be the quasipotential associated with U, let © € (—00, Timax),
Y € (Tmaz, Tright]. Set @i = Q(Ticft, Tmaz). Then

(47a) i 0% 1n (B (7,(X°)) =
. q—9 2.0 q+o
(47b) Ll?& P <exp( = ) <1y (X®9) < exp( = )) =1 for all 6> 0.

Moreover, Q(xicft, Tmaz) = Q(U(xmam) —L{(mleft)). If x € (maz, ), Y € [Ticft, Tmaz) then g has to be

replaced with ¢, == Q(Zright, Tmaxz)-
We notice that in traveling from position z in the left potential well to y € (Zmaz, Tright), @ position in

the downhill part of the right well, the transition time in the limit of small noise is determined exclusively

by the way up from position x;cf; of the left minimum to position 2,4, of the potential barrier.
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A typical path of X*7, if ¢ > 0 is small, will spend most of its time near the positions of the two
minima of the double well potential. Typically, the diffusion will reach the minimum of the potential
well where it started, before it can cross the potential barrier at x,,,, and enter the opposite well.

Theorem 2 implies the existence of different time scales for Equation (46). On the one hand, there
is the time scale induced by the Wiener process, where one unit of time can be chosen as #, that is the
time it takes the quadratic variation process associated with ¢ (.) to reach 1. On the other hand, there
is the mean escape time given by (47a), which is proportional to exp(i—%), where L > 0 is the height of
the potential barrier. Clearly, with ¢ > 0 small, the time scale induced by the white noise is negligible
in comparison with the escape time scale.

Moreover, if U(2iept) # U(@right), then there are two different heights L; and L, for the potential
barrier depending on where the diffusion starts. Suppose, for instance, that L; < L,.. According to (47b),
waiting a time of order exp(ZLa’—j‘s) with 0 < 6 < 2(L, — L;) one would witness transitions from the left
well to the right well, but no transition in the opposite direction. If the waiting time was of an exponential
order less than exp(i—%’), there would be no interwell transitions at all, where “no transitions” means
that the probability of a transition occurring tends to zero as ¢ — 0. Thus, by slightly and periodically
tilting a symmetric double well potential quasi-periodic transitions can be enforced provided the tilting

period is of the right exponential order. This is the mechanism underlying stochastic resonance.

Now, let us suppose that 7,(X*7), where & < Zpqz and y € (Tmaz, Tright|, is exponentially distributed
with rate rg > 0 such that

Z(U(mmax) - u(l'left)) ) )

(48) rK ~ exp(f =

Equations (47a) and (47b) of Theorem 2 would be fulfilled. In the physics literature it is generally
assumed that 7,(X™7) obeys an exponential distribution with rate rx provided o > 0 is sufficiently
small. This is known as Kramers’s law, and rk is accordingly called the Kramers rate of the respective
potential well. It is, moreover, assumed that the proportionality factor missing in (48) can be specified as
a function of the curvature of U at the positions of the minimum and the potential barrier, respectively.
The Kramers rate thus reads

(49) rK = I"K(O',U) _ \/l“//(wlefgzrbﬂl(xmam) ‘ exp <_2|u(1'left)a—2 U(xmax) |> .

Observe that both the assumption of exponentially distributed interwell transition times and formula
(49) for the Kramers rate are empirical approximations, where the noise parameter o is supposed to be
sufficiently small.

Well known results for one-dimensional diffusions, extended to the multi-dimensional framework in
recent papers by Bovier et al. [29, 30], show that in the limit of small noise the distribution of the
interwell transition time indeed approaches an exponential distribution with a noise-dependent rate that
asymptotically satisfies relation (48). The order of the approximation error can also be quantified. For
our purposes, however, Kramers’s law and the Kramers rate as given by Equation (49) will be good

enough.

In Section 3.1 we introduced the transition rates «, v as being switching rates in the two state model
conditional on whether or not the current state agrees with the last remembered state. The idea, now, is
to find two “effective” potentials U, , U, such that « is proportional to the Kramers rate describing the
escape time distribution from potential ¢, , while y is proportional to the Kramers rate for potential I/,

where the Kramers rate is given by formula (49). More precisely, we must have

(50) a=alo) = r-rtx(o,Uy), v=7(0) = r-rx(o,Uy).
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Note that the inclusion of the delay time r as a proportionality factor is necessary, because in the
construction of our two state model we took one unit of time as equivalent to the length of the interval
[—r,0].

There is an important point to be made here. In the discussion of Section 3 we assumed that X (¢) ~ 1 or
X(t) = —1. The error of this approximation is of first order in 3, and its contribution to the delay force
is proportional to 52 U" (1) + O(3?), i.e. of the second order in 3. As long as we content ourselves with
an approximation of first order in 3, two states corresponding to the positions of the minima around —1
and 1 should be enough in order to model the effective dynamics of the reference equation. If we wanted
to capture the influence of second order terms in the delay force, we would have to build up a model of
four states corresponding to the positions +z,, +z., of the minima of the distorted potential V.10

The problem disappears, of course, if U’ is constant except on a small symmetric interval (=4, )
around the origin (see Fig. 1¢), for in this case the delay force would not depend on the particular value
of X(t —r) provided | X (¢t —r)| > 0.
Let L := V(0) — V(1) be the height of the potential barrier of V. Set p := |V (0)V"(1)|, n := %,
7= U

. Neglecting terms of order higher than one, from (49) we obtain

(51a) o= a(o) )
(51b) = (o) . \/p(12;rnﬁ) exp (_2L(1(;775)> |

Recall that the Kramers rate is exact only in the small noise limit. Thus, for the formulae (51a) to
become the actual rates of escape it is necessary that o tends to zero. If the rates «, v as functions of
r and o are to converge to some finite non-zero values, we must have ¢ — 0 and r — oo such that 0—12
and In(r) are of the same order. There remain errors due to the first order approximations of V, V" and
U, which make sense only if V, U are sufficiently regular and the delay parameter 3 is of small absolute

value.

In Section 3.3 we defined two measures of resonance, namely the jump height vy, of the residence time
distribution density and the probabilities &, ks of transitions within the first and second delay interval,
respectively.!! Recall that M € NU {oo} is the degree of discretization, where M = oo denotes the limit

M — oco. We restrict attention to the case M = oo, that is to the two state model in continuous time.

Suppose the transition rates «, v are functions of the reference model parameters as given by (51a) read
as equalities. In particular, a, v are functions of the delay length r and the noise parameter o. Let us
further suppose that the delay parameter § is of small absolute value, » > 0 is big enough so that the
critical parameter region for ¢ lies within the scope of formula (51a), and that the remaining parameters

are sufficiently nice.

As a consequence of the exponential form the Kramers rate possesses, we notice that

Voy = T~£~v41—n2ﬁ2exp(—%) ~ T'gexp(—i—%).

In first order of 3, the geometric mean /a7 of «, v coincides with the transition rate arising in case
B =0, that is when there is no delay. Compare this with Proposition 3, which states that the residence
time density fL is distributed on the first delay interval according to a mixed hyperbolic sine - cosine

distribution with parameter ,/a7.

10¢f. also the numerical results in Curtin et al. [15].
1 The jump height measure corresponds to a measure of resonance proposed by Masoller [13].
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The conditions of Definitions 1 and 2 are satisfied. If 3 > 0, then the reduced model exhibits stochastic
resonance according to both definitions. According to the jump height measure there is no effect in case
[ = 0 and pseudo-resonance in case g < 0, while the time window measure does not distinguish between

[ =0 and § < 0, classifying both cases as pseudo-resonance.

Let us specify the potentials V' and U according to the model studied by Tsimring and Pikovsky [12],
that is V is the standard quartic potential and U a parabola, see Fig. 1. For the constants appearing in

formula (51a) we have

L:ia p = 2,

B
Il
|
=]l
Il
S

With » = 500, 8 = 0.1, for example, we obtain the resonance point ¢, ~ 0.32 according to the jump
height measure, while the time window measure yields o, & 0.29 with probability k. (cx) = 0.88 for

transitions occurring in the second delay interval.

Assume [ is negative. Again, both measures yield an optimal noise level. With = —0.1 we have
o, ~ 0.30 as the noise level that maximizes the jump height in fL. According to the time window
measure optimal noise level is at o, & 0.34, but Kk (0x) = 0.02, that is sojourns of duration between r

and 2r are rare.

3 a) 34 b) 3 c)
2 2 - 2 4
1 1 1

I —)

0 1 2 0 1 20 1 2

Figure 2: Graphs on [0, 2] of the density fr of the residence time distribution in normalized time. Parameters
of the original model: » = 500, a) o = 0.30, 8 =0.1, b) 0 = 0.30, 8 = —0.1, ¢) o0 = 0.35, 3 = —0.1.

There seems to be a discrepancy, now, between the predicted optimal noise level and the level of “most
regular” transition behavior which one would expect from numerical simulation. This is true especially
with regard to the jump height measure, the pseudo-resonance point o,, being too low.

The problem is that the expected residence time at the level of optimal noise in case 8 < 0 is long
compared with r. In spite of the fact that long residence times are rare, there is a high probability of
finding a solution path remaining in one and the same state for the length of many delay intervals or of
witnessing a quasi-periodic transition behavior break down.

For example, let 0 = 0.30, 8 = 0.1. The expected residence time is then about 1.16r, while with
0 =0.30 and g = —0.1 the expected residence time is around 4.62r. More importantly, with § negative
the exponential part of the residence time distribution has a “heavy tail” in the sense that long sojourns
receive a relatively high probability, cf. Fig. 2.

These properties of the residence time distribution support the distinction made in Definitions 1 and

2 between stochastic resonance and pseudo-resonance.

28



6 Conclusions and open questions

The main advantage of the two state model which has been our concern for most of this work is that it

provides a tool for the analysis of the phenomenon of noise-induced resonance in systems with delay.
The reference model introduced in Section 2 is a more elaborate system exhibiting stochastic reso-

nance. Basic features of this model are the extended Markov property and the existence of an invariant

probability measure. Both properties carry over to the two state model.

By first studying the two state model in discrete time we obtained an explicit characterization of its
stationary distribution. It was thus possible to calculate the residence time distribution which in turn
served as starting point for the definition of two simple measures of resonance. The characterization
of the stationary distributions in discrete time together with the passage to the time limit also allows
to calculate measures of resonance different from those considered here, for example the entropy of a
distribution.

In Section 5 a heuristic link between the reference and the two state model was outlined. The two
state model seems to reliably mirror those aspects of the reference model that are responsible for the
phenomenon of stochastic resonance. Observe that we did not show whether the dynamics of the original
model in the limit of small noise is reducible to the two state model nor whether the resonance measures
considered here are indeed robust under model reduction.

There are different ways in which to proceed. The reference model could be modified, for example,
by substituting a distributed delay for the point delay. Clearly, the white noise could be replaced with
noise of different type, and higher dimensional equations may be considered.

Lastly, the passage to continuous time as addressed in Section 4 should be a special case of more

general convergence results for continuous time Markov chains with delay.

A Skorokhod spaces and weak convergence

A.1 'Weak convergence in separable metric spaces

The results summarized in this section are taken from Ethier and Kurtz [31, ch. 3 §§ 1-3] and Billingsley
[32, §2]. Let (S,d) be a separable metric space, and denote by M1 (S) the set of probability measures
on the Borel o-algebra B(S). Define the Prohorov metric p by

p(P.P) :=inf{e > 0| P(G) < P(G°) +efor all closed G C S},  P,Pe ML(S),
where G := {z € S| infyeqd(z,y) < €}. Then p is indeed a metric, and (MY (S),p) is a separable
metric space. If, in addition, (S, d) is complete, then (M (S), p) is complete, too [31, p. 101].

Denote by Cy(.5) the space of all bounded continuous functions on (S, d), topologized with the supremum
norm. A sequence (P,)nen of probability measures on B(S) is said to converge weakly to a probability
measure P € M2 (S), in symbols P,, = P, iff

vV feCyS): /fdPn s /fdP.
S

S

The next theorem gives different characterizations of weak convergence and states that weak convergence
is equivalent to convergence in the Prohorov metric [31, p.108]. Recall that we assume (S5, d) to be
separable. In an arbitrary metric space convergence under p would still imply weak convergence and its

characterizations, but the converse would not necessarily hold.
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Let P € MY (S). A set AC S is called a P-continuity set iff A € B(S) and P(0A) = 0, i.e. A is
Borel measurable and its boundary is a P-null set.

Theorem 3. Let (Py)nen € ML(S), P e ML(S). The following conditions are equivalent:
(i) nh_{I;O p(Pr,P) =0,
(i) P, =P,
(iii) [ fdP, "=3 [ fdP for all uniformly continuous functions f € Cy(S),
s

5
(iv) limsup P,,(A) < P(A) for all closed sets A C S,

n—oo

(v) liminf P, (A) > P(A) for all open sets A C S,

(vi) lim P, (A) =P(A) for all P-continuity sets A C S.

Useful in proving convergence in Mﬁ_(S) is the Prohorov criterion for compactness, provided the under-
lying metric space is complete [31, p. 104].

Theorem 4 (Prohorov). Let I' C M (S), and suppose that (S,d) is complete. Then the following

conditions are equivalent:
(i) T is tight, i.e. Ve > 03 A C S compact : infper P(A) > 11—,
(1) Ve >03A C S compact : infper P(A°) > 1 —¢,

(i) the closure of T is compact in the Prohorov topology.

The mapping theorem states that under a measurable map weak convergence carries over to the sequence
of image measures if the set of discontinuities of the mapping is negligible with respect to the original
limit measure [32, p. 21].

Theorem 5. Let (Py,)pen C ML(S), P € ML(S). Let (S',d') be a second metric space and &: S — S
be a B(S')-B(S)-measurable map. Denote by J¢ the set of discontinuities of &.
IfP,, = P and P(J¢) = 0 then P, of~1 =5 Pog 1.

A.2 The Skorokhod space D}

Here, we gather results and definitions from Billingsley [32, §§ 12-13] on the nature of DY := Dg([—r,0]),
the Skorokhod space of all real valued cadlag functions on the finite interval [—r, 0], i.e. of functions
f :[=r,0] = R such that
ft+) = liﬁl f(s) = f(t) forallte[-r0), f(t—):= 11%1 f(s) exists for each t € (—r,0].
8 s
It is possible to define Skorokhod spaces of functions with values in more general spaces than R. In fact,

the theory can be developed for Dg([—r,0]) essentially in the same way as for DY as long as E is a Polish
space, i.e. a complete and separable metric space.

Let f be any real valued function on [—r,0]. Define the modulus of cadlag continuity as

w(f,6) :=inf{ max w(f,[ti—1,t;)) ’ neN, —r=t <...<t, =0,
(52) i€{l,...,n}

i ti - ti— 0 ) d s 1)

et > 03 8e 0)

30



where w(.,.) is the modulus of uniform continuity defined as

(53) w(f,I) = sup |f(s) — f(t)|, I C[-r,0]an interval.

s,tel
A function f :[—7,0] — R is in DY if and only if limg o @(f,d) = 0, cf. Billingsley [32, p. 123].

Denote by A := {\ : [-r,0] — [—r,0] | A bijective and strictly increasing} the set of “time transforma-
tions” on [—r,0]. For all A € A we have A(—r) = —r, A(0) = 0, and A is continuous. On A define a
pseudo-norm

Alt) = Als)

[AMla:= sup |In <—) |, AeA.
s,t€[—r,0], s#t t—s

Let f, g be elements of DY, and define the distances dg, d% as

(54) ds(f,g) = inf{e >0 | IxeA: sup M) —t|<e A sup |f(t)—g(A}))| < e},
te[—r,0] te[—r,0]
(55) ds(f,g) = inf{e >0 ‘ FIneA: |Ma<eA ) Tupo] 7)) — g(\@))] < e}.
el—r,

Both functionals, ds and d%, measure the distance between f and g in terms of the supremum norm
|f — g o Alleo- In addition, dg requires that time transformations A differ as little as possible from the

identity on [—r, 0], while d puts an extra restriction on the slope of the transformations.

The most important difference between dg and dg lies in the fact that they give rise to different sets of

Cauchy sequences. Theorem 6 is a summary of Billingsley [32, pp. 125-129].

Theorem 6. Let dg, dg be defined as above. Then Dﬂ% 15 a separable metric space under ds as well as
under d3. Both metrics generate the same topology, called the Skorokhod topology.
Equipped with the Skorokhod topology, DY is a Polish space, and d% is a complete metric, while DS

is not complete under dg.

The example below illustrates why dg does not define a complete metric on D3. The sequence to be
constructed is a Cauchy sequence with respect to dg, the only possible limit point of which lies outside
the space of cadlag functions. The same sequence is not Cauchy under dg.

Ezample. Choose tg € [-r,0). For n € N big enough set f,, :=2-1; — 1, where I, := [tg,tg +27").
Then (f,) C DY is a Cauchy sequence of {—1,1}-valued functions with respect to the metric dg, and
fn(t) "=° =1 for all t # to, but dg(fn,—1) = 2 foralln € N, and f := 2- 14, — 1 is no cadlag
function. O

The following criterion, which is Theorem 12.3 in Billingsley [32, p. 130], is an analogue of the Arzela-
Ascoli theorem for compactness in spaces of continuous functions.

Theorem 7. Let A C DS. Then the closure of A is compact in the Skorokhod topology if and only if the

following two conditions hold:

(i) sup sup |[f(t)| < oo,
fEA te[—r,0]

(ii) lim ngelgw(f, §) = 0.
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A.3 The Skorokhod space D,

There are two equivalent ways of topologizing Do := Dy_; 1}([-7,0]), the space of all {—1,1}-valued
cadlag functions on the finite interval [—r,0]. The first is to define metrics dg, dg in analogy to Ap-
pendix A.2, where |. — .| should be interpreted as a metric on {—1,1}. In fact, if (E,d) is a metric space,
one can define the Skorokhod space Dg([—r,0] with its accompanying metrics. If, in addition, (F,d) is
complete and separable, then an analogue of Theorem 6 holds.!?

The second option is to restrict the metrics dg, d3 and the Skorokhod topology of D§ to Dy. This
works, because Dy is a closed subset of D$ with respect to the Skorokhod topology. Theorem 6 now
implies that Dy is a separable metric space under dg, and complete and separable under dg, as is the case
for DY. Define the moduli of continuity w, @ by restriction or in analogy to (52) and (53), respectively.

For f € Dy define J(f), the set of discontinuities or jumps, and ¢y, the minimal distance between two

discontinuities or an inner discontinuity and one of the boundary points of [—r, 0], as
J(f) = {te(=r0l|f(t)# ft-)},
¢ o= min{|t—s| |t,s€J(f)U{—7‘,O}},

where f(t—) is the left-hand limit of f at t. Set J(f) := J(f) N (—r,0), the set of inner discontinuities
of f. Notice that the only possible discontinuity of f not in J(f) is 0, the right boundary of [—r,0].

Proposition 8. Let f € Dy, 6 € (0,7), and let I C [—r,0] be an interval. Then

(56) w(f,I) € {0,2}, w(f,I) =0 & fis constant on the interval I,
(57) #J(f) € No,
(58)  @(f,0) € {0,2}, B(f,6) =0 & (>0

Proof. Obviously, |f(s) — f(t)] € {0,2} for all s,t € [—r,0], and (56) is a consequence of (53), the
definition of w.

If there were an f € Dy with #J(f) = oo, one could choose a sequence (t,)neny C J(f) such that
tp "=t and t, # t for all n € N. Since f is a cadlag function, there would be &;,8, > 0 such that f is
constant on the intervals (¢t — d;,t), (¢, + d,), except if ¢ were a boundary point of [—r, 0], in which case
only one of the constants d;, d,. could be chosen appropriately. In any case, t,, € (t—d;,t) or ¢, € (¢,t4+5,)
for n big enough, a contradiction, because f cannot be constant on an open interval and at the same
time have a discontinuity in it.

Clearly, w(f,0) € {0,2}. Suppose @ = 0. Then there are m € N and a partition —r =ty < ... <
t;, = 0 such that ¢; —t;—1 > 0 and w(f, [t;—1,t;)) = 0 for all 4 € {0,...,m}. Hence, f is constant on
each interval [t;_1,%;), and the minimal distance between two discontinuities or an inner discontinuity
and the boundary of [—r,0] is at least min{(¢; — ¢;—1) | € {0,...,m}}.

Conversely, (5 > ¢ implies @(f,6) = 0, because —r =ty < ... < t,;, = 0 forms a suitable partition of
[—r, 0], if one chooses m = #j(f)+1 and takes as t1,...,t,,_1 the inner discontinuities of f. O

Theorem 7, which states necessary and sufficient conditions for compactness in DY, takes on a simple

form in the present context.

Proposition 9. Let A C Dy. Then the closure of A is compact in the Skorokhod topology if and only if
inf{Cs | f € A} > 0.

123korokhod spaces for E-valued functions on the infinite interval [0, co) are defined in Ethier and Kurtz [31].
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Proof. Condition (i) of Theorem 7 is satisfied for any A C Dy. Hence, we must show that condition (ii)
of 7 is equivalent to infre4 ¢y > 0.

Let f € Do, then w(f,d) € {0,2} for all § € (0,7). Therefore, lims o sup e 4 W(f,d) = 0 if and only if
there exists dg € (0,r) such that for all § € (0,p) and all f € A we have w(f,d) = 0. According to (58)
the latter condition is equivalent to the existence of dg € (0,7) such that {; > do for all f € A, which in
turn is just infreca ¢ > 0. O

Condition infea (y > 0 implies sup e 4 #J(f) < 0o, but the converse implication does not hold, as can
be seen by considering the sequence (f,) defined in the example of Appendix A.2.

A.4 The space Dy’

Denote by Dg° := Dg([—7,0)) the space of all real valued cadlag functions on the interval [—r, 00).
Observe that a cadlag function on [—r,00) has at most countably many points of discontinuity [31,
p.116]. It is possible to define Skorokhod metrics on Dg° in a way similar to that of Appendix A.2, cf.
Ethier and Kurtz [31, ch.3§5].

There are two noteworthy differences, though, because the interval the elements of Dg° live on is no
longer bounded to the right. In the definitions which correspond to (54) and (55) one needs a “fading
function” or a “fading series” to guarantee finiteness of the metrics. More importantly, the special role
which the right boundary plays in (53) and in the definition of the set of time transformations A has no
counterpart with Dg°.

An alternative is provided by Billingsley [32, § 16], where a connection is established between Dg° and
Skorokhod spaces over finite intervals. Observe that all definitions and properties of D3 = Dg([—7,0])
carry over to the space Dg([—r,t]) for any ¢ € (—r, 00). Set

0,: D> f— f|[7r,t-r] € Dg([-r,t-r]), t>-1.

Let m € No. Set D := Dg([—r,m - r]). Write d,,, d;, for the corresponding Skorokhod metrics, and
define a function h,, and a “continuous restriction” ), by

1 it tel-r,(m—1r),
hi(t) == qm—2L if te[(m—1)rm-r),
0 if t>m-r,

Um 2 DR D f 0,(f - hy) € DR

Define a Skorokhod metric d3, on Dg° by

(59) a2 (f.9) = Y 27" (LA (0n () ¥m(9)) ).

m=0

An equivalent (but incomplete) Skorokhod metric d., can be defined as in (59) by replacing the metrics
d, with d,, [32, p. 168]. Now define a metric on the product of the spaces DF', m € Ny, that is one sets

IIp = H D]gla CZZO((fm)mENm (gm)mENO) = Z 2_m(1 Ad?ﬂ('fm’gm))'
m=0

m=0

We have the following embedding theorem [32, p.170].
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Theorem 8. Define ¥ : D — IIp by f+— (Om(f - hm))men,- Then
1. U is an isometry with respect to d2, and dgo,

2. U(Dg°) C Ilp is closed,

3. (Ilp,dS,) is a Polish space, and so is (Dg°,d2,).
The natural projection p, : D° 3 f — f(t) € R is Borel measurable for each ¢ > —r, and p, is continuous
at f € Dg° if and only if f is continuous at ¢. The projections generate B(Dg°) and form a canonical

process [32, p.172]. Notice that the restrictions 6;, ¢ > —1, are measurable, too.

The following proposition characterizes convergence in Dg° in terms of convergence of the restricted

sequences [32, p. 169].

Proposition 10. Let f,, n € N, f be elements of D°. Then f, " f w.or. t. d° if and only if
0:(fn) "=7 0,(f) in Dg([—r,t-7]) for every continuity point t - of f.

A.5 The Skorokhod space D,

First observe that for any ¢ > —r the space Dy_q 1y([—-7,t]) of all {—1,1}-valued cadlag functions on
[—r,t] can be defined in analogy to the space Dy.

Denote by Do := Dy_1,1}([~7,00)) the set of all {—1, 1}-valued cadlag functions on [~7, 00). Clearly,
Do is a subset of Dg°, but it is also closed with respect to the Skorokhod topology of Dg° as can be seen
from Proposition 10 and Appendix A.3. We may therefore restrict the topology of Dg° and its metrics
deo, d2,, thus topologizing D.

B Convergence to continuous time

B.1 Approximating sets in Sy,

Lemma 1.

(60) VM eNVie{0,...,M—1}: #Sy(i) = 4- (M),

(61) VN eNVZ,Z, €SNYM >N:  Zy# Zy = UN(Z) nUN(Z,) =0,
. VN eNVie{0,...,|VN|-1}VM >NVZeSy(i):

62

(125)) < #un@) < (125) 1)

Proof. Any element f € i, (SM(Z)) can be described as follows. Choose i out of M —1 possible positions
for the inner discontinuities, and decide on the binary values of f(—r), f(0). This determines f, and
(60) follows.

Let Z, = (Zf_N),...,Zfo)) Zy = (Zé_N),...,Zéo)) be elements of Sy. By definition of U}}(.), for

UN(Z,) N UN(Z,) # 0 we must have #.J(Z,) = #.J(Z,) as well as 2™ = 2V and 29 = z[9.
Suppose that Z;, Zs have the same number of inner discontinuities and agree at —N and 0, but still
Z1 # Zs. Then Zy, Z, differ in the position of at least one inner discontinuity, that is to say there
is s1 € (—r,0) such that s; € J(Z1) \ J(Z2); by symmetry, there is also s € (—r,0) such that sy €

J(Z2) \ J(Z1). Select such an sy, then [s — so| > & for all s € J(Z,).
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Let Z;, be an element of UY,(Z;). Then for any inner discontinuity s € J(Z;) there is exactly one
5 € J(Z,) such that |5 —s| < sn+1: and vice versa. The same holds true for any element Zy of UY,(Zy)
ﬁ. But 52 ¢ J(Zl),

with respect to Zs. In particular, there is 55 € J(Zg) such that |§5 — so| <
because |3 — 5| > & — 2]\2,11 > 0 for all 5 € J(Z,). Since Zy, Z, were arbitrary, this establishes (61).

An element Z € UY.(Z) is determined by the positions of its #J(Z) inner discontinuities, where
{k-fF—rlke{l,...,M-1}}

is the set of possible such positions. If s € J(Z), then there is k € {1,..., N—1} with s = k- ~ —r, and

it exists exactly one 5 € J(Z) such that § € [s— a1 5t ano1)- Equation (62) is now a consequence of

|24 < #({k.ﬁ—wke{1,...,M—1}}m[s—ﬁ7s+ﬁ1) < |3+ 1,
forall s€ {k- & —7r|ke{l,...,N—1}}, and the fact that #.J(Z) =i for Z € Sy (). O

Lemma 2. Let M, N, Ny be natural numbers such that Ny < N < M, let € > 0, and define the

erpressions Yy, Yo and 3 as

P = WM(]LVj U Uﬁ(Z)) > 1—¢

i=0 ZeSn (i)
Yy = Vi€ {0, ,No}VZeSy(i): |mu(UN(2) —nn(2)| < —,
N—-1
Y3 = Z v (Sn (i) < e
1=No+1

Suppose that the sequences of transition probabilities (anr)men, (V) men satisfy relation (31) for some

transition rates o,y > 0. Then for all € >0

(63) INoeNVNy>NygINeNVYN>NIMeNVYM>M: 4,
(64) VNo e NINeNVN>NIMeNVM>M: i,
(65) Ny e NVNy > NyINeNVYN>N: s,

Finally, it holds that

(66) Ve>03Ny,NeNYN>NIMeNVYM>M: 1 A s A 3.

Proof. Formula (66) follows by “putting together” (63), (64) and (65), where Ny = Ny(€) can be chosen
as the maximum of Ny according to (63) and Ny according to (65), N = N(e, Ny) as the maximum of
the respective variables N, and in the same way for M = M (e, Ny, N, N).

The remaining formulae will be established one by one. Let € > 0, without loss of generality ¢ < 1.
Recall Proposition 2, where the normalizing constant cjp; for the probability measure 7, was defined,
and Equation (32) of Proposition 3, where we obtained an explicit expression for ¢, = limp;_.o cpr. In
analogy to Propositions 2 and 3, respectively, we set

cM7M0:2~:JZZ<J\:>( n )k“‘°d2(( M M ))ng, MeEN, Mye{1,..., M}.

1 —ynm L —an)(1 =y
M,
c '*Q'Zoiakmo‘”(a )ng My eN
oo, My -— k! Y ) 0 )
k=0
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Because of relation (31) it holds that Vé € (0,1) Y My e NIM e NYM > M V{0,..., Mo}

~ . k ~
(67) (148 ()" > M (%) > (1-8) - (ay)”
AN (148a > M- 722 > (1-8a

M-...-(M—2k+1 M-...-(M—2k ~
AN 1 2 (Mzk +) Z Mgk+1 ) 2 1—6.

In view of the above we have

Vée (0,1)3IMy e NV My > MyIM e NVYM > M :
(68)

1>

Cols > e A M > M, A |[RMo_qjp S g <

Coo Coo CM, My
To conclude the preparations, recall that for Z € Sy,(i), where M € N, i € {0,..., M —1}, we have
#J(Z) € {i,i+1}, and that exactly half of the elements of Sy;(¢) has a discontinuity at 0.

Let € > 0. Choose Ny € N such that %Z—N‘J >1—¢for all Ny > Ny. Let Ny € N with Ny > Ny = No(é).
Choose N € N such that VN > N Vi e {0,...,No}:

2\ 1—& 1 (N-1 1—&

(2N+1) > § and W( i ) E T

Let N € N with N > N = N(& Ny). Choose M such that VM > M Vi € {0,...,No}:
i 2M —(2N+1)\? N (2M—(2N+1)\? ~ i
([345])" > (RGEH) > (- (REEH) > 1-92(%)

- ~ i mod 2 anr L]
AoE ezl A ()T (i)

1;!€ of mod 2 (Ot’)/)L%J,

Y

where (67) has been applied. For Ny > No(é), N > N(& No)y M > M(%, Ny, N) we have

wM((Vj U U%(Z)) = i > + > )wM(U%(Z»

1=0 ZeSn (1) =0 ZeSn()AJ(Z)=i ZeSn()ANJ(Z)=i+1

No _
2clM Z (#SN(i)) (LQJQV]\-/&I-IJ)l
i=0

(( am )imod2( M YM )L%J +( an )(H'l) mon( aMYMm ))L%J)

Y

1—ym (I—am)(1—vm) 1=vm (I—am)(A—vm
as a consequence of Proposition 2. According to the choice of Ny, N, M and because of (60) it holds
that

#Sn () > 4-(1—¢)- (1524 )) > (1-2(X4), m > 1 ¢,

2! cM

We therefore have
No

(U U Uh2)

i=0 Z€S N (i)

No . .
- _ o i mod 2 e L] o (i+1) mod 2 an |t
2= 3 () (o) (i) (o) (i) )

Y

Vv
~—
[
|
™
~—

'S

o 7 mod 2 . L£]
Ci Z (]\ZJ)(l—gM) ((1—0(;1314)(‘\{1]\{’)/1\4)) :

Y

Coo

2a-9° Y Laimd2anlEl = (1-gPite > (1-9% > 1-6e
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Since € € (0, 1) was arbitrary, we may set € := &, thereby establishing (63).

€
6°

Let € > 0, Ny € N. Choose N € N such that YN > N Vi € {0,..., No+1}:

WN] 2 2Ng+3 A 2 <e n (Z) >21-8 A lve> = >1-¢
= N a ~ ~ N? an- %] ~
AN T+E> T2 > 1-¢ A 1+62(a—7'7@70‘$&1w))2 > 1-¢

which is possible because of (67). Let N € N with N > N = N(& Np). Choose M such that ¥ M >
MVYie{0,...,No}:

M >N A ([BL) > -9 > 1-92(3)" A (R4 +1)" < a+a(8)"

Let N > N(é No), M > M(é,Nog,N), i € {0,...,No}, Z € Sy(i). We have to distinguish two cases. Tn
each case the first step will be an application of Proposition 2.

Case 1. #J(Z) =i, that is fz has no discontinuity at 0. Then

v (UM (2)) — 7n(2)

_ %(#Uﬁ(z))( ang )imodZ( QM YM )Léj 7L( an )imod2( QNYN )Léj

1—ynm (I—anr)(A—vn) ey \1—yn (I1—an)(1-v~)
> (2L ) -2 () ™ (e - L g () (e

v

1 ,imod?2 (a'Y)L%J ((1 . €)5(%)1M_(z mod 2+2|£]) _ (1 + €)3N—(i mod 2+2|_%J))

_ L#O/ mon(Oé,Y)L%j ((17%)57(14*%)3)

> é%n(O‘,’Y»NO) (175%7177‘;) = 71_020 1\6;1 77(047’77]\]'0) > 71_020 ]\6;1 77(04a%N0+1)7

where n(a,,n) := max{a* ™42 (ay)l2) | k € {0,...,n}}. On the other hand,
v (UN(2)) — 7N (2)

< i(l_%J +1)Z(1+€)2#aim°d2(a’y)5j _ %(1 _6)2#061' modZ(a,y)Léj

< L gam a1+t - (1-9%) < B Snlay, No+l).

- C

Case 2. #J(Z) =1+ 1, that is fz jumps at 0. Then

v (UN(2)) — 7n(2)

% mod an- % mod an-
= i(#U%(Z))(%)(H) ° Q(W&Aﬁw))[ o ci(lfﬁ)(ﬂ) ° Q(W&N_W))L =

7 mo itl —&)° &3
> L L gF)moed2 )15 J((lM) _(1}))

Coo = c

2 = ]\}'7 77(@7’%N0+1)1+T7€ > i ]51 77(04,%N0+1)-

In the same way one obtains

C

mu (UR(2)) —7n(Z) < 22 & nla,v, No+1).
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Set € := min{e, m}, and the proof of (64) is finished.

Let € > 0. Choose Ny € N according to (68) such that

VNy>NydNeNVN>N: 1+4é> &0 > N > 1_g

Making again use of Proposition 2 we have for Ny > Ny, N > N = N(E, No)

N-1

Z TN (Sn(4))

i=No+1

= 7 MO . L % mo an- itl
= & 2 OO0 ) ) T i) )
i=No+1

1 _ — _ Coo EN,Ng
< clew—enn) = 11— <

MMy

This establishes (65). O

B.2 Proof of Proposition 4

The first step is to show that the closure of {7y; | M € N} is compact in the Prohorov topology of
M2 (Dy). According to Theorem 4 it is sufficient to prove tightness of {7ys | M € N}, that is

Ve > 03K C Dy compact : inf{7y (K) | M € N} > 1 —e,

where compactness means compactness with respect to the Skorokhod topology of Dy. Recall from
Section 4.1 the definition of 7ys. For all natural numbers Ng < N < M we have

No
Far (zM (Ux[)) > wM(U U Uﬁ(Z)), where U} = | J UN(2).
=0 ZeSn (i) ZESN
Let € > 0. According to (63) we can find natural numbers Ny < N < M such that for all M > M:
No
WM(U U U]]&(Z)) > 1l—e
i=0 Z€eS (4)

Fix N, M. In analogy to the definition of U, we set

A= {feDo‘#J(f):#J(Z) A(BAEA: sup [A(s)— s < gig A foA:fZ)}.

ZESN s€[—r,0]

Then #J(f) < N and (; > W for all f € A, and by Lemma 9 we see that cl(A), the closure of A,
is compact with respect to the Skorokhod topology. By definition we have UY, C Aforall M > M > N.

Define
1

N—
K= | tm(Sar) Uel(A).
M=1
Then K is compact in the Skorokhod topology, and with M € N it holds that

. #ar (i (Sar)) =1 if Me{l,...,M—1},
Fa (i (U)) >1—€ if M > M.
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Hence, inf{7)/(K) | M € N} > 1 —e. Since € > 0 was arbitrary, we now know that {75; | M € N} is
relatively compact.

Let (Ta(j))jen be a weakly convergent subsequence of (7y7)aen. Denote by 7 the limit of (7)) in
the Prohorov topology. We have to check that 7, — 7 as M — co. Because of Theorem 3 it is sufficient
to show that

/gb ATy M=o /¢ dn V¢ € Cp(Dp) uniformly continuous.

Do Do

Let ¢ be a bounded and uniformly continuous real function on Dy and set K := sup{ |¢(f)| | f € Do}

With M € N it holds that
< ‘/qbdm—/wfrw +‘/¢dmm—/¢dﬁ

‘/qbdirM—/qufr

The convergence 7yr(j) — 7 implies | [ ¢ dftprj) — [ ¢ dit| — 0 as j — co. We therefore have to show
that

for all j € N.

Ve>0VjoeN3Ij>joIMeNVM>M: ‘/qﬁdﬁM—/qbdirM(j) < e

Let ¢ > 0, jo € N. Choose natural numbers Ny = Ny(e¢), N = N(e) according to (66). Choose
0 = (e, ¢) > 0 such that |¢(f) — ¢(g)| < e for all f,g € Dy with dg(f,g) <. Let j € N be big enough
so that j > jo, M(j) > N and aarTT < 0- Set N := M(j).

Recalling the definition of our approximation sets'® we see that ds(fz, f;) < d for all Z € Sy (i) and
ZeUN(Z)ifie{0,...,No} and M > N. By the choice of § this implies that |¢(fz) — ¢(fz)| < € for

all such Z, Z.
Finally, choose a natural number M = M(e, No, N, N) according to (66). Then for M > M

Josne foun

No
< et Y X |l 2 - X o) ()
i=0 Z€Sn (i) zeUd,(2)
No
< Wyeet Y S U] (V@) — (@) + D (6l) - 052w (2)
i=0 Z€Sn(4) Zeul.(2)
No No )
< 2Ks-€ + e- (Z > wM(UZA}(Z))> + Ky-e- <ZN1(#SN(1'))>
i=0 ZeSn (i) i=0
No
< 2Kg-€ + E'WM(SM) + 4Ky - €- (ZNZ(N:1)>
=0
< 2K4-€ 4+ € + 4K, -€- <i%> = (2K4+1+4Kye)-e.
=0

B.3 Proof of Proposition 7

Clearly, F5(0) = 0 = F(0) for all § € (0,1). With M € N let Py, be the probability measure on B(Da.)

as defined in Section 4.1. Recall that Pj; is the measure induced by the sequence of current states of

13The sets UY,(Z) were defined at the beginning of Section 4.2.
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the Markov chain X* under P,,,, i.e. in the stationary regime. For 6 € (0,1), M € N set

FM(@t):= Pu(r<t|As), tel0,00).

From Proposition 6 we know that Py, — P as M tends to infinity. Check that for 6 € (0,1), ¢ € (0,00)
the events Ag, As N {r <t} are P-continuity sets of B(Ds). An application of Theorem 3 yields

69) Pu(r<t|ds) "= P(r<t|ds), ie FM@t) "= Fs(t) forallée(0,1), t > 0.
For allt > 0,6 € (0,1), M € N we have
[Es(t) = F(O)| < [Fs(t) - B (@) + [F () - F(2)].
In view of (69) it is sufficient to show that for each ¢ > 0 and each € > 0 there are dy € (0,1), My € N
such that
(70) |F(t) = F(t)| < e foralls € (0,60), M > M.

As in Section 3.2, let (YnM)ne{—M,—M+1,...} be the random sequence of current states on (Q,F) at dis-
cretization degree M € N. Let 6 € (0,1) and let M € N be such that § - M > 1. Set

A= Y s = -1, Y =Y =1 M = 1), i ed{0,. . [0M] -1}
Notice that Ag, ur is an event in F. The corresponding event in B(Dy) is given by

AL = {f €D | VIe{j+1,..., [6M]}: f(—3r) =—-1 AVIE{0,....j}: f(—%r) =1}
For all § € (0,1) and all M € N such that § - M > 1 it holds that

Pry (A% ) = Pu(AL,) for all j € {0,..., [6M| — 1},

A5 = AQ,M Uu...u AgéAA;J_l Ps-almost surely.

In analogy to (26), the definition of the residence time distribution Lp;(.) of discretization degree M, we
set
Ly (k) i= Pry (Y =1, =1, M = —1] 45 ,), keN.

Then, by construction of FM, for all § € (0,1) and all M € N such that § - M > 1 we have

M) [sM]~1 ‘

FMt) = > > Pu(Aly | As) - L]y (k), t>0.

k=1  j=0
It is not necessary to calculate the probabilities f’M(AgM | /L;). Instead, procgeding in a way very much
as in Section 3.2, we will estimate limes inferior and limes superior of M-L}"%,(|¢M|) as M tends to
infinity, where ¢ > 0 and (j5r) C Ny is any sequence such that jy; € {0,...,|[6M|—1} for all M € N.
The estimates will be uniform in § € (0, §p] for any small Jy > 0.

In analogy to (27), the definition of the tail constant Kjs, we set for 6 € (0,1) and M big enough

K= Poy (Y50 =1, Y = LYY =1, Y3 sy = 1] Af )
Because of the shift invariance of Y under P,,,, the above definition of K g, u is really analogue to that
of Kj. Exploiting the stationarity of X under P,,,, we obtain
[6M)~  M—|6M il
—_———
v ((=1,...,-1,1,...,1))
o ({Cey ook, =1, =11, 1))
—— ———— ——
M—|6M|  |6M|— PaEl

J _
K5y =
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As a consequence of Proposition 2, the formula for the stationary distributions 7,;, we see that KgM is
the same for all j € {0,...,|dM|—1}. Proceeding as in the derivation of (29) we find that

; 2
(1) Ki, = = Ksu.

(1 /20) (L Vi) (1= ) (- v

In order to calculate LfiM we apply Proposition 2 again in a way similar to that of Section 3.2. Let
d€(0,1), let M € M be such that [6M | >1,and j € {0,..., [0M|-1}. Thenfor k € {1,...,M—|dM|}

L%,M(k) = @ M (\/'?_M((1+\/ﬁ_M)M*L5MJ*k+(17\/ﬁ_M)Mf[éMjfk)
B (1 V) MM (1 MMy,

While Lg,M(k) in (72a) does not vary with j as long as k < M—|dM |, for k € {M—|0M |+1,...,M—j}
it holds that

(72a)

(72b) Lg,M(k) = Ksn -y (1— ,YM)ka+L5MJ71,
and for k > M —j+1 we have
(72¢) Liy(k) = Ksar-onr-(1—yan)PM7 0 (1= ap)b= ML

Now, let the discretization degree M tend to infinity, where we assume that scaling relation (31) holds

for some rates «, 7. From (71) we see that

) 2
B e Y R (R e P N
(73) Ja

Vacosh((1—8)/a7) +/7sinh((1 - 8),/ay)’

Let ¢ > 0 and let (jpr) € Ny be any sequence such that jp € {0,...,|[6M|—1} for all M € N. If
q € (0,1—94], then from (72a) we find that

(742) lim M-LP(laM]) = VA Koo (ﬁ cosh(y/av(1-6—q)) + Va sinh(‘/_ory(lféfq)))
If g € (1-9,1), then a rough estimate of (72b) and (72c), respectively, yields
limsup M - Lg%(LqMJ) < max{a,7} - Ks 0o,

M—o0

(74b)

%

liminf M - L35, (lgM ) min{a, 7} - Koo - €07 - e~ (@3- Der

On the other hand, if ¢ > 1, then by (72c) we have

limsup M - L, ([gM]) < a-Kgo-e @0
M—oo ’

(74c) '
liminf M - Lgf‘fw(LqMJ) > a Ksao- =87 . g (a+6-Da_

M=—o00
Notice that convergence in (73) as well as in (74) is uniform in § € (0,dp] for arbitrary 6y € (0,1). If
we let § tend to zero, we recover the residence time distribution density fr of Proposition 3. Taking the
time discretization into account, we obtain f7, as given by (36) instead of f.
Given t > 0, € > 0, uniform convergence of (Lf;" a) in 0 and dominated convergence of the corre-
sponding residence time distribution densities over the interval (0,¢] imply that we can find §p € (0,1)
and My € N such that inequality (70) is fulfilled. The assertion of Proposition 7 then follows.

O
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