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iAbstra
tThe subje
t of the present work is a simpli�ed model for a symmetri
 bistable system with memoryor delay, the referen
e model, whi
h in the presen
e of noise exhibits a phenomenon similar to what isknown as sto
hasti
 resonan
e. The referen
e model is given by a one dimensional parametrized sto
hasti
di�erential equation with point delay, basi
 properties whereof we 
he
k.With a view to 
apturing the e�e
tive dynami
s and, in parti
ular, the resonan
e-like behaviour ofthe referen
e model we 
onstru
t a simpli�ed or redu
ed model, the two state model, �rst in dis
retetime, then in the limit of dis
rete time tending to 
ontinuous time. The main advantage of the redu
edmodel is that it enables us to expli
itly 
al
ulate the distribution of residen
e times whi
h in turn 
an beused to 
hara
terize the phenomenon of noise-indu
ed resonan
e.Drawing on what has been proposed in the physi
s literature, we outline a heuristi
 method forestablishing the link between the two state model and the referen
e model. The resonan
e 
hara
teristi
sdeveloped for the redu
ed model 
an thus be applied to the original model.
The present work is a slightly modi�ed version of my Diploma thesis, whi
h was submitted to the Depart-ment of Mathemati
s at Humboldt University Berlin in Mar
h 2004. The thesis was supervised by Prof.Peter Imkeller and Prof. Salah-Eldin A. Mohammed.
Author's address: Markus Fis
herRei
henberger Str. 16610999 BerlinGermanyE-Mail: markus.�s
her�alumni.hu-berlin.de



iiZusammenfassungGegenstand der vorliegenden Arbeit ist ein vereinfa
htes Modell zur Bes
hreibung des Auftretens einesals sto
hastis
he Resonanz bekannten Phänomens in Systemen mit Gedä
htnis. Sto
hastis
he Resonanzist ein quasi-deterministis
hes Verhalten, das si
h in zufällig gestörten Systemen bei einer bestimmtenniedrigen, aber von null vers
hiedenen Intensität des Störraus
hens zeigt.Das Ausgangsmodell für ein sol
hes System ist hier dur
h eine eindimensionale parametrisierte sto-
hastis
he Di�erentialglei
hung mit Gedä
htnis gegeben. Einige wesentli
he Eigens
haften der Glei
hungwerden vorgestellt.Die Konstruktion des vereinfa
hten Modells erfolgt in zwei S
hritten, zunä
hst in diskreter Zeit,dann im Grenzübergang zu stetiger Zeit. Dadur
h ist es mögli
h, Gröÿen anzugeben, die das Phänomender sto
hastis
hen Resonanz im vereinfa
hten Modell quantitativ erfassen. Insbesondere lassen si
h diestationäre Verteilung und die Verteilung der Aufenthaltszeiten explizit bere
hnen. Letztere dient derDe�nition zweier Resonanzmaÿe. S
hlieÿli
h wird eine Heuristik zur Herstellung der Verbindung mit demAusgangsmodell entwi
kelt.
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Chapter 1Introdu
tionThe subje
t of the present work is a simpli�ed model for a symmetri
 bistable system with memory,the referen
e model, whi
h in the presen
e of noise exhibits a phenomenon similar to what is known assto
hasti
 resonan
e.A system with memory or delay is one whose evolution depends not only on the 
urrent state butalso on the past. The referen
e model is given by a one dimensional parametrized sto
hasti
 di�erentialequation with point delay. It will be des
ribed in 
hapter 2.With a view to 
apturing the e�e
tive dynami
s and, in parti
ular, the resonan
e-like behaviour ofthe referen
e model we 
onstru
t a simpli�ed or redu
ed model, the two state model, �rst in dis
retetime, then in the limit of dis
rete time tending to 
ontinuous time. This is done in 
hapters 3 and 4.The main advantage of the redu
ed model is that it enables us to expli
itly 
al
ulate the distribution ofresiden
e times whi
h in turn 
an be used to 
hara
terize the phenomenon of noise-indu
ed resonan
e.Drawing on what has been proposed in the physi
s literature, in 
hapter 5 we present a heuristi
method for establishing the link between the two state model and the referen
e model. The resonan
e
hara
teristi
s developed for the redu
ed model 
an thus be applied to the original model.In se
tions 1.1 and 1.2 of this 
hapter we brie�y des
ribe what sto
hasti
 resonan
e is and how to quantifyit. In se
tion 1.3 we introdu
e the idea of model redu
tion, whi
h is fundamental to the approa
htaken here. Results from the physi
s literature about noise-indu
ed resonan
e in systems with delay aresummarized in se
tion 1.4.1.1 The phenomenon of sto
hasti
 resonan
eSto
hasti
 resonan
e in a narrower sense is the random ampli�
ation of a weak periodi
 signal indu
ed bythe presen
e of noise of low intensity su
h that the signal ampli�
ation is maximal at a 
ertain optimalnon-zero level of noise. In addition to weak additive noise and a weak periodi
 input signal there is athird ingredient in systems where sto
hasti
 resonan
e 
an o

ur, namely a threshold or a barrier thatindu
es two ma
ros
opi
 states in the output signal.Let us 
onsider a basi
, yet fundamental example. Let V be a symmetri
 one dimensional doublewell potential. A 
ommon 
hoi
e for V is the standard quarti
 potential, see �gure 1.1 a). The barriermentioned above is in this 
ase the potential barrier of V separating the two lo
al minima. Assume thatthe periodi
 input signal is sinusoidal and the noise white. The output of su
h a system is given by thesto
hasti
 di�erential equation (SDE)(1.1) dX(t) = −
(

V ′(X(t)
)

+ a · sin
(

2π
T
t
))

dt + σ · dW (t), t ≥ 0,1



2 CHAPTER 1. INTRODUCTIONwhere W (.) is a standard one dimensional Wiener pro
ess, σ ≥ 0 a noise parameter, V ′ the �rst orderderivative of the double well potential V , a ≥ 0 the amplitude and T > 0 the period of the input signal.As an alternative to the system view, equation (1.1) 
an be understood as des
ribing the overdampedmotion of a small parti
le in the potential lands
ape V in the presen
e of noise and under the in�uen
e ofa periodi
 for
e. It was originally proposed by Benzi et al. (1981, 1982) and Ni
olis (1982) as an energybalan
e model designed to explain the quasi periodi
ity in 
limate 
hanges over the last 700000 years,where the solution pro
ess des
ribes the average global temperature on Earth and the weak input signalre�e
ts the variation of the solar 
onstant due to an os
illation of the Earth's e

entri
ity 
aused by thegravitational in�uen
e of Jupiter.1If a = 0, i. e. in the absen
e of a periodi
 signal, then equation (1.1) redu
es to(1.2) dX(t) = −V ′(X(t)
)
dt + σ · dW (t), t ≥ 0.The autonomous SDE (1.2) has two metastable states 
orresponding to the two lo
al minima of V . With

σ > 0 su�
iently small, the di�usion will spend most of its time near the positions of these minima.In the presen
e of weak noise, there are two distin
t time s
ales, one 
orresponding to the quadrati
variation of the Wiener pro
ess, the other proportional to the average time it takes the di�usion to travelfrom one of the metastable states to the other.In se
tion 5.1 we 
ite results whi
h give approximations for the mean intrawell residen
e time and theresiden
e time distribution in 
ase a = 0. The fa
t that the time s
ale indu
ed by the noise pro
ess issmall in 
omparison with the mean residen
e time as σ tends to zero should allow us to disregard smallintrawell �u
tuations when we are interested in the interwell transition behaviour.
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Figure 1.1: Graphs on the interval [−2, 2] of a) symmetri
 quarti
 double well potential V : x 7→ 1

4
x4 − 1

2
x2, b)tilted double well potential x 7→ V (x) + ax, 
) tilted double well potential x 7→ V (x) − ax, where a = 0.1.Suppose a > 0 small enough so that there are no interwell transitions in 
ase σ = 0, i. e. in the deterministi

ase. The input signal then slightly and periodi
ally tilts the double well potential V , see �gure 1.1 b) - 
),where de�e
tion is maximal. We now have two di�erent mean residen
e times, namely the average timethe parti
le stays in the shallow well and the average time of residen
e in the deep well. Of 
ourse, bothtime s
ales also depend on the noise intensity.Noti
e that deep and shallow well 
hange roles every half period T

2 . Given a su�
iently long period
T , the noise intensity 
an now be tuned in su
h a way as to render the o

urren
e of transitions fromthe shallow to the deep well probable within one half period, while this time span is too short for theo

urren
e of transitions in the opposite dire
tion. At a 
ertain noise level the output signal will exhibitquasi periodi
 transition behaviour, thereby indu
ing an ampli�
ation of the input signal.For a more 
omprehensive des
ription of sto
hasti
 resonan
e, examples, variants and appli
ations thereofsee Gammaitoni et al. or Anish
henko et al. (1999). What models that exhibit sto
hasti
 resonan
e have1Cf. the introdu
tion in Imkeller and Pavlyukevi
h (2002).



1.2. MEASURES OF RESONANCE 3in 
ommon is the quasi periodi
ity of the output at a 
ertain non-zero noise level. More generally,sto
hasti
 resonan
e is an instan
e of noise-indu
ed order. We now turn to the question of how toquantify it.1.2 Measures of resonan
eIn view of the fa
t that the system given by equation (1.1) 
an work as a random ampli�er it seemsnatural to take the frequen
y spe
trum of the output signal as basis for a measure of resonan
e. Themost 
ommon measure of this kind is the spe
tral power ampli�
ation (SPA) 
oe�
ient de�ned as
ηX(σ, T ) :=

∣
∣
∣

∫ 1

0

Eµ

(

X(Ts) · exp
(
2π

√
−1s

))

ds
∣
∣
∣

2

,where X is a solution to (1.1) with noise parameter σ > 0 and input period T > 0 and µ is the invariantprobability measure on the enlarged state spa
e R × S1.2In general, when measuring sto
hasti
 resonan
e, it is assumed that the solution is in a �stationaryregime�. Sin
e equation (1.1) is time dependent for a > 0 we 
annot expe
t (X(t))t≥0 to be a stationarypro
ess. Transforming the non-autonomous SDE (1.1) into an autonomous SDE with state spa
e R×S1,one 
an re
over the time homogeneous Markov property and a unique invariant probability measure exists,
f. Imkeller and Pavlyukevi
h (2002). In 
hapter 3, when 
onstru
ting our redu
ed model, we will makeuse of the same idea of appropriately enlarging the state spa
e in order to regain a time homogeneousMarkov model.There are other measures of resonan
e based on the frequen
y spe
trum, e. g. the signal to noise ratio;for a detailed analysis see Pavlyukevi
h (2002).A di�erent starting point for a measure of resonan
e is the distribution of intrawell residen
e times.Observe that � be
ause of symmetry � the roles of the two potential wells are inter
hangeable. We willreturn to the residen
e time distribution in the next two se
tions.A third 
lass of measures of resonan
e is provided by methods of quantifying (un)
ertainty, in par-ti
ular by the entropy of a distribution. This agrees well with the view of sto
hasti
 resonan
e as aninstan
e of noise-indu
ed order.1.3 The idea of model redu
tionThe fa
t that with σ > 0 and a > 0 small a typi
al solution to (1.1) spends most of its time near thepositions of the two minima of the double well potential V suggests to identify the two potential wellswith their respe
tive minima. The state spa
e R of the non-autonomous SDE thus gets redu
ed to twostates, say −1 and 1, 
orresponding to the left and the right well, respe
tively.How 
an the e�e
tive dynami
s of equation (1.1) be imitated in the two state model? A

ordingto an idea of M
Namara and Wiesenfeld (1989) one 
onstru
ts a {−1, 1}-valued time inhomogeneousMarkov 
hain with 
ertain (time dependent) transition rates. These rates are determined as the rates ofes
ape from the potential well of the tilted double well potential whi
h 
orresponds to the redu
ed statein question. At times k · T + T
4 , k ∈ N, for example, the rate of transition from −1 to 1 is the rate atwhi
h a di�usion started in the left well would � in the absen
e of periodi
 for
ing � leave that well andes
ape to the right well, see �gure 1.1 b).2The 
ir
le S1 
orresponds to the phase angle of the periodi
 input signal. Note that time has been res
aled.



4 CHAPTER 1. INTRODUCTIONAn approximation of the rate of es
ape from a (paraboli
) potential well is given in the limit of smallnoise by the Kramers formula. In se
tion 5.1 we 
ite this empiri
al formula together with mathemati
alresults that partially justify its appli
ation.In the physi
s literature, a standard ansatz for 
al
ulating the two state pro
ess given time dependenttransition ratesW±(.) is to solve an asso
iated di�erential equation for the probabilities n±(t) of o

upyingstate ±1 at time t, the so-
alled master equation (
f. Gammaitoni et al.):(1.3) ṅ±(t) = −
(
W±(t) +W∓(t)

)
n±(t) +W±(t), t ≥ 0.An advantage of the redu
ed model is its simpli
ity. It should be espe
ially useful in systems with morethan two meta-stable states. Although it is intuitively plausible to apply a two state �lter, there ispossibly a problem with the measure of resonan
e, for it might happen that with the same notion oftuning sto
hasti
 resonan
e would be dete
ted in the two state model, while no optimal noise level, i. e.no point of sto
hasti
 resonan
e, exists in the 
ontinuous 
ase. This is, indeed, a problem for the SPA
oe�
ient and related measures, see Pavlyukevi
h (2002). The reason is that in passing to the redu
edmodel small intrawell �u
tuations are ��ltered out�, while they de
isively 
ontribute to the SPA 
oe�
ientin the original model.Measures of resonan
e based on the distribution of intrawell residen
e times, however, do not havethis limitation, that is they are robust under model redu
tion as Herrmann et al. (2003) show. The simplemeasures of resonan
e whi
h we use in 
hapters 3 and 5 in 
onne
tion with the delay equation will bebased on the distribution of residen
e times in the redu
ed model belonging to that equation. Althoughit is our expe
tation that those measures are robust under state redu
tion, we 
annot prove this, here.1.4 Existing results about noise-indu
ed resonan
e with delayIn equation (1.1) repla
e the term that represents the periodi
 input signal with a term that 
orrespondsto a for
e dependent on the state of the solution path a �xed amount of time into the past, that is repla
ethe periodi
 signal with a point delay. This yields what will be our referen
e model, see equation (2.1).The idea to study su
h equations with regard to noise-indu
ed resonan
e seems to originate with Ohiraand Sato (1999). Their analysis, though, is of limited use, be
ause they make too strong assumptions onindependen
e between the 
omponents of the redu
ed model whi
h they 
onsider in dis
rete time only.A better analysis of the redu
ed model for an important spe
ial 
hoi
e of equation (2.1) 
an be foundin Tsimring and Pikovsky (2001). The same model is the obje
t of re
ent studies by Masoller (2003),Houlihan et al. (2004) and Curtin et al. (2004), and it will be our standard example, too.While the measure of resonan
e applied by Tsimring and Pikovsky (2001) is essentially the �rst peakin the frequen
y spe
trum, in the other arti
les fo
us is laid on the residen
e time distribution in theredu
ed model, whi
h is 
ompared with numeri
al simulations of the original dynami
s. Approximativeanalyti
al results are obtained via the master equation approa
h, where in pla
e of equation (1.3) adeterministi
 delay di�erential equation is 
onsidered and some simplifying assumptions are made.In 
hapter 5 we will follow Tsimring and Pikovsky (2001) in establishing the link between the redu
edand the referen
e model. Results by Masoller (2003) show that the density of the residen
e time distri-bution has a 
hara
teristi
 jump. She proposes to take the height of this jump as a measure of resonan
e,and we will follow her proposal, supplementing it by an alternative.Our approa
h will be di�erent, though, in that we do not use any kind of master equation. Instead,we will 
onstru
t a redu
ed model with enlarged state spa
e, whi
h has the Markov property and whi
hallows us to expli
itly 
al
ulate the stationary distributions as well as the residen
e time distributions.



Chapter 2The referen
e modelIn what follows we spe
ify a model that shows resonan
e-like behaviour for suitable parameter 
hoi
es.This will be our referen
e model. It is given by a parameterised one dimensional sto
hasti
 delay di�eren-tial equation (SDDE), our referen
e equation, and 
omprises the example that was studied by Tsimringand Pikovsky (2001).Basi
 properties of the referen
e equation are dis
ussed in se
tion 2.2, while se
tion 2.3 heuristi
allydes
ribes �interesting� parameter regions. A 
omparison between noise-indu
ed resonan
e with delay and
lassi
al sto
hasti
 resonan
e 
on
ludes this 
hapter.2.1 Motion of a Brownian parti
le in a symmetri
 bistable systemA system that exhibits the phenomenon we are interested in 
an be illustrated as follows: Consider theone dimensional motion of a small parti
le in the presen
e of large fri
tion and additive white noisesubje
t to the in�uen
e of two additional for
es: one dependent on the 
urrent position of the parti
leand 
orresponding to a symmetri
 double well potential V , the other dependent on the position of theparti
le a 
ertain amount of time r in the past and 
orresponding to a symmetri
 single well potential U ,where the position of the extremum of U 
oin
ides with the position of the saddle point of V .Without loss of generality we may assume that the saddle point of the potential V is at the origin andthe extrema are lo
ated at (−1,−L) and (1,−L) respe
tively, where L > 0 is the height of the potentialbarrier. A standard 
hoi
e for V is the quarti
 potential x 7→ L(x4 − 2x2).Instead of U we will 
onsider β ·U , where β is a s
alar, that serves to �adjust� expli
itly the strengthof the delay for
e. An admissible fun
tion for U is the parabola x 7→ 1
2x

2. In fa
t, with this 
hoi
e of
U and taking as potential V the quarti
 potential with L = 1

4 we �nd ourselves in the setting that wasstudied by Tsimring and Pikovsky (2001).1 Another reasonable 
hoi
e for U would be a fun
tion whose�rst derivative equals the sign fun
tion outside a small symmetri
 interval around 0 and is smoothly
ontinued on this interval (see �gure 2.1).The dynami
s that govern the motion of a Brownian parti
le as des
ribed above 
an be expressed by thefollowing sto
hasti
 delay di�erential equation(2.1) dX(t) = −
(
V ′(X(t)

)
+ β · U ′(X(t− r)

))
dt + σ · dW (t), t ≥ 0,where W (.) is a standard one dimensional Wiener pro
ess, r > 0 the time delay, V ′, U ′ are the �rstderivatives of V and U , respe
tively, β ∈ R is a parameter regulating the intensity of the delay for
e1Our notation is slightly di�erent from that of equation (1) in Tsimring and Pikovsky (2001: p. 1). In parti
ular, theirparameter ǫ, indi
ating the �strength of the feedba
k�, 
orresponds to −β, here.5



6 CHAPTER 2. THE REFERENCE MODEL
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Figure 2.1: Graphs on the interval [−2, 2] of a) quarti
 double well potential V , b) quadrati
 delay potential
U : x 7→ 1

2
x2, 
) absolute value delay potential U : x 7→ |x|, x ∈ R \ (−ǫ, ǫ), smoothly 
ontinued on (−ǫ, ǫ).and σ ≥ 0 a noise parameter. In the spe
ial 
ase σ = 0 equation (2.1) be
omes a deterministi
 delaydi�erential equation, while in 
ase β = 0 we have an SDE of the form (1.2).The above des
ription of the two potentials is 
ompatible with the following 
onditions on V and U :

V,U ∈ C
2(R),(2.2a)

V (x) = V (−x), U(x) = U(−x) for all x ∈ R,(2.2b)
V ′(x) = 0 i� x ∈ {−1, 0, 1}, U ′(x) = 0 i� x = 0,(2.2
)
V ′′(−1) = V ′′(1) > 0,(2.2d)
sup{V ′(x) | x ∈ (−∞,−1) ∪ (0, 1)} ≤ 0, sup{U ′(x) | x ∈ (−∞, 0)} ≤ 0,(2.2e)
inf{V ′(x) | x ∈ (−1, 0) ∪ (1,∞)} ≥ 0, inf{U ′(x) | x ∈ (0,∞)} ≥ 0.(2.2f)A further restri
tion on the geometry of V and U will prove useful in se
tion 2.2, where we derive someproperties of equation (2.1). Let us assume that a 
onstant Rpot greater than the positive root of V existssu
h that V and U are linear on R \ (−Rpot, Rpot). In view of the symmetry of V and U it is su�
ientto require thatthere exists Rpot > 1 su
h that for all x ∈ [Rpot,∞) :

V (x) = V ′(Rpot) · (x−Rpot) + V (Rpot) and U(x) = U ′(Rpot) · (x−Rpot) + U(Rpot).
(2.3)Hen
eforth, whenever the referen
e model is 
on
erned, we will suppose that 
onditions (2.2) and (2.3)are satis�ed. Certainly, (2.3) is more restri
tive than ne
essary, yet it is not too limiting, sin
e Rpot
an be 
hosen arbitrarily big, while the pathwise solutions to (2.1) will stay with high probability in abounded interval 
ontaining the positions of the two minima of the double well potential V , provided theparameters σ and |β| are small enough, 
f. se
tions 2.3 and 5.1.2.2 Properties of the underlying SDDEBy applying results from the literature we 
he
k some important properties of (2.1), the referen
e modelequation. Our main sour
es are Mohammed (1984, 1996) with regard to existen
e and uniqueness ofsolutions and the Markov property, and S
heutzow (1983, 1984), where 
onditions 
an be found thatguarantee the existen
e of a stationary distribution.2.2.1 Strong and weak solutions: existen
e and uniquenessLet a, b be real-valued Borel measurable fun
tionals de�ned on C([−r, 0]), where C([−r, 0]) is equippedwith the supremum norm ‖.‖∞, whi
h makes it a Bana
h spa
e. For our purposes it is su�
ient to



2.2. PROPERTIES OF THE UNDERLYING SDDE 7
onsider autonomous sto
hasti
 delay di�erential equations of the following form:(2.4) dX(t) = a(Xt)dt+ b(Xt) · dW (t), t > 0,where W (.) is a standard one dimensional Wiener pro
ess and Xt :=
[
[−r, 0] ∋ s 7→ X(t + s)

] the
X-segment of delay length r at time t ≥ 0.As in the 
ase of sto
hasti
 di�erential equations without memory there are two notions of a solutionand two asso
iated de�nitions of uniqueness (
f. Karatzas and Shreve, 1991: pp. 285-286, 300-301). Thede�nitions given here in a form adapted to our simpli�ed setting 
an be found in Mohammed (1996: p. 10),S
heutzow (1983: pp. 12-14) or Larssen (2002).2De�nition 2.1. Let (Ω,F ,P) be a probability spa
e equipped with a �ltration (Ft)t≥0 satisfying theusual 
onditions and an (Ft)-adapted standard one dimensional Wiener pro
ess (W (t))t≥0. Let ξ be a
C([−r, 0])-valued F0-measurable random variable. Then equation (2.4) has a strong solution with initial
ondition ξ at time 0, if a real-valued pro
ess (X(t))t≥−r exists on (Ω,F) su
h that(i) (X(t))t≥0 is (Ft)-adapted and X(s) is F0-measurable for every s ∈ [−r, 0],(ii) the traje
tories [−r,∞) ∋ t 7→ X(t) ∈ R are 
ontinuous P-a.s.,(iii) integrability: P

(∫ t

0
(|a(Xs)| + b2(Xs))ds <∞

)
= 1 for all t > 0,(iv) integral version of (2.4): X(t) = X(0) +

∫ t

0
a(Xs)ds+

∫ t

0
b(Xs)dW (s) for all t > 0 P-a. s.,(v) X0 = ξ P-a. s.De�nition 2.2. Let (Ω,F ,P) be any probability spa
e that 
arries a �ltration (Ft)t≥0 satisfying theusual 
onditions and an (Ft)-adapted standard one dimensional Wiener pro
ess (W (t))t≥0.A strong solution X of (2.4) with respe
t to (W, (Ft)) and an F0-measurable initial 
ondition isunique, if any other strong solution X̃ of (2.4) with respe
t to the same Wiener pro
ess, �ltration andinitial 
ondition is indistinguishable from X, i. e. P(X(t) = X̃(t) ∀ t ≥ −r) = 1.If all strong solutions of (2.4) are unique (for every 
hoi
e of the �ltered probability spa
e and theadapted Wiener pro
ess, and for all initial 
onditions that allow for a strong solution), then one says thatstrong uniqueness holds for equation (2.4) or, equivalently, for the fun
tionals a, b.De�nition 2.3. Let ν be a probability measure on B(C([−r, 0])). Then equation (2.4) has a weak solutionwith initial distribution ν at time 0, if a triple ((X,W ), (Ω,F ,P), (Ft)) exists su
h that(i) (Ω,F ,P) is a probability spa
e equipped with a �ltration (Ft)t≥0 satisfying the usual 
onditions,(ii) W = (W (t))t≥0 is an (Ft)-adapted standard one dimensional Wiener pro
ess,(iii) X = (X(t))t≥−r is a P-a. s. pathwise 
ontinuous real-valued pro
ess on (Ω,F) su
h that (X(t))t≥0is (Ft)-adapted and X(s) is F0-measurable for every s ∈ [−r, 0],(iv) integrability: P

(∫ t

0
(|a(Xs)| + b2(Xs))ds <∞

)
= 1 for all t > 0,(v) integral version of (2.4): X(t) = X(0) +

∫ t

0
a(Xs)ds+

∫ t

0
b(Xs)dW (s) for all t > 0 P-a. s.,(vi) X0 has distribution ν with respe
t to P.2Mohammed (1984, 1996) 
onsiders only strong solutions.



8 CHAPTER 2. THE REFERENCE MODELDe�nition 2.4. A weak solution ((X,W ), (Ω,F ,P), (Ft)) of (2.4) with initial distribution ν is unique, iffor any other weak solution ((X̃, W̃ ), (Ω̃, F̃ , P̃), (F̃t)) of (2.4) with the same initial distribution ν it holdsthat X has the same distribution with respe
t to P as X̃ with respe
t to P̃.If all weak solutions of (2.4) are unique, then it is said that weak uniqueness holds for equation (2.4)or, equivalently, for the fun
tionals a, b.There is a se
ond notion of uniqueness for weak solutions, analogous to the one of de�nition 2.2.De�nition 2.5. A weak solution ((X,W ), (Ω,F ,P), (Ft)) of (2.4) is pathwise unique, if the existen
e ofanother weak solution ((X̃,W ), (Ω,F ,P), (Ft)) of (2.4) su
h that X0 = X̃0 P-a. s. implies that P(X(t) =

X̃(t) ∀ t ≥ −r) = 1.If all weak solutions of (2.4) are pathwise unique, then we say that pathwise uniqueness holds forequation (2.4) or, equivalently, for the fun
tionals a, b.The following result is a redu
ed one dimensional version of theorem I.2 in Mohammed (1996: p. 12).Theorem 2.1 (Mohammed). Let (W (t))t≥0 be an adapted standard one dimensional Wiener pro
ess ona probability spa
e (Ω,F ,P) whi
h 
arries a �ltration (Ft)t≥0 satisfying the usual 
onditions. Supposethat the fun
tionals a, b are lo
ally Lips
hitz and satisfy a linear growth 
ondition, more pre
isely:For every n ∈ N there is a 
onstant Cn > 0 su
h that for all f, g ∈ C([−r, 0])with ‖f‖∞, ‖g‖∞ ≤ Cn : |a(f) − a(g)| + |b(f) − b(g)| ≤ Cn · ‖f − g‖∞,
(lo
Lip) There is a 
onstant C̃ > 0 su
h that for all f ∈ C([−r, 0]) :

|a(f)| + |b(f)| ≤ C̃ · (1 + ‖f‖∞).
(Growth)If ξ is a C([−r, 0])-valued random variable su
h that EP(‖ξ‖2

∞) < ∞, then there exists a unique strongsolution (X(t))t≥−r of (2.4) with initial 
ondition ξ. In this 
ase, for all T > 0 it holds that
EP

((
sup

t∈[−r,T ]

|X(t)|
)2
)

<∞,

EP

(
‖Xt‖2

∞
)

≤ Ĉ ·
(
1 + EP

(
‖ξ‖2

∞
)) for all t ∈ [0, T ] and some 
onstant Ĉ > 0.The existen
e of a strong solution obviously implies the existen
e of a weak solution. As for weak unique-ness, this is not an immediate 
onsequen
e of strong existen
e and uniqueness. In the 
ase of ordinarysto
hasti
 di�erential equations a result of Yamada and Watanabe states that pathwise uniqueness im-plies weak uniqueness. A proof thereof is given in Karatzas and Shreve (1991: pp. 308-310). That proof
arries over to the more general 
ase of sto
hasti
 delay di�erential equations, see Larssen (2002).Theorem 2.2 (Yamada, Watanabe et al.). Pathwise uniqueness of (2.4) implies weak uniqueness.As any weak solution is also a strong solution with respe
t to the probability spa
e, �ltration and Wienerpro
ess it 
omes with, strong uniqueness of equation (2.4) implies pathwise uniqueness, whi
h in turnimplies weak uniqueness.



2.2. PROPERTIES OF THE UNDERLYING SDDE 92.2.2 Markov propertyWith r = 0 equation (2.4) redu
es to an ordinary sto
hasti
 di�erential equation. In this 
ase, if weakuniqueness holds for all point measures on B(R), i. e. all deterministi
 initial 
onditions, and if the
oe�
ients a, b are lo
ally bounded and measurable, then the solution pro
ess (X(t))t≥0 (on the 
anoni
alspa
e) enjoys the strong Markov property with respe
t to the Brownian standard �ltration (
f. Karatzasand Shreve, 1991: 319-322).An analogous result in the situation of non-zero delay is the Markov property of the C([−r, 0])-valuedsegment pro
ess (Xt)t≥0, while the solution pro
ess (X(t))t≥−r, in general, la
ks su
h property. In thespe
ial 
ase, where the di�usion fun
tional b is 
onstant, a proof of the strong Markov property of thesegment pro
ess under assumptions similar to the situation of zero delay 
an be found in S
heutzow(1983: pp. 31-32). Here, we 
ite a redu
ed one dimensional version of theorem II.1 from Mohammed(1996: p. 17), whi
h is more in bearing with the hypotheses of theorem 2.1.Theorem 2.3 (Mohammed). Let (W (t))t≥0 be a standard one dimensional Wiener pro
ess on a prob-ability spa
e (Ω,F ,P), and let (Ft)t≥0 be the a

ompanying 
omplete Brownian �ltration. Suppose thatthe fun
tionals a, b are globally Lips
hitz, that is:There is a 
onstant Ĉ > 0 su
h that for all f, g ∈ C([−r, 0]) :

|a(f) − a(g)| + |b(f) − b(g)| ≤ Ĉ · ‖f − g‖∞.
(globLip)Let f ∈ C([−r, 0]) and denote by (Xf (t))t≥−r the strong solution of (2.4) with initial 
ondition f . De�ne

p(f, t, B) := P(Xf
t ∈ B), f ∈ C([−r, 0]), t ≥ 0, B ∈ B

(
C([−r, 0])

)
.Then for every f ∈ C([−r, 0]) the pro
ess (Xf

t )t≥0 is a C([−r, 0])-valued Markov pro
ess with respe
t to
(Ft)t≥0, and p is a time-homogeneous transition fun
tion for (Xf

t ).As for ordinary sto
hasti
 di�erential equations, one 
an asso
iate with the transition fun
tion p or,equivalently, the Markov family {(Xf
t )t≥0 | f ∈ C([−r, 0])} a 
ontra
tion semigroup. To this purpose, let

Cb := Cb(C([−r, 0])) be the spa
e of all bounded and 
ontinuous real-valued fun
tions on C([−r, 0]), andequip Cb with the supremum norm. For t ≥ 0 de�ne the linear operator Tt : Cb → Cb by setting
Tt(φ)(f) := EP

(
φ(Xf

t )
)
, φ ∈ Cb, f ∈ C([−r, 0]).The �rst part of theorem II.2 in Mohammed (1996: p. 18) states that (Tt)t≥0 is, indeed, a one-parameter
ontra
tion semigroup on Cb. At this point, there arises a di�
ulty pe
uliar to delay equations: If

r > 0, then the semigroup (Tt)t≥0 �is never strongly 
ontinuous on Cb under the sup norm� (Mohammed,1996: 18), that is, for any family of solutions to (2.4), there exists φ ∈ Cb su
h that ‖Tt(φ) − φ‖ 6→ 0 as
t > 0 tends to zero.The reason for this lies in the fa
t that not even the shift semigroup on Cb is strongly 
ontinuous onthe whole spa
e (Mohammed, 1996: II.2 (iii)), where the shift or �stati
� 
ontra
tion semigroup is the oneasso
iated with the family of solutions to the trivial equation dXf (t) = 0, t ≥ 0, with initial 
ondition
f ∈ C([−r, 0]). While Xf (t) = Xf (0) for all t > 0, the segment Xf

t , in general, is not equal to Xf
0 = f .We shall en
ounter a similar problem in 
hapter 4, where a delay pro
ess with only two possible 
urrentstates will be 
onstru
ted.There is a way out, however. If one 
onsiders �weak� 
onvergen
e on Cb with respe
t to the set of all�nite regular Borel measures, it turns out that (Tt) is weakly 
ontinuous (Mohammed, 1996: II.1 (ii)). Thesemigroup 
an then be 
hara
terized by means of a weak in�nitesimal generator in the sense of Dynkin



10 CHAPTER 2. THE REFERENCE MODEL(1965: p. 37). Su
h a 
hara
terization was developed in Mohammed (1984), where a formula for the weakin�nitesimal generator in terms of the 
oe�
ients of equation (2.4) is given.32.2.3 StationarityIn this se
tion we will see that under assumptions (2.2) and (2.3) the referen
e equation (2.1) possessesan invariant probability measure for all 
hoi
es of positive σ and β greater than some negative 
onstant.This means there is a probability measure ν on B(C([−r, 0])) su
h that any weak solution of (2.1) withinitial distribution ν is stationary.4 Here, stationarity of a pro
ess is de�ned as follows (
f. S
heutzow,1983: 23).De�nition 2.6. Let I be one of the sets Z, N, N0, R or R
+. Let X = (X(t))t∈I be a sto
hasti
 pro
esson the probability spa
e (Ω,F ,P) with values in a measurable spa
e (S,S). For h ∈ I de�ne the shiftedpro
ess X(h) by setting X(h)(t) := X(t + h), t ∈ I. Then X is 
alled stationary if for every h ∈ I thepro
esses X and X(h) have the same distribution.Stationarity is studied in S
heutzow (1983, 1984) for equations of a spe
ial form. Let W (.) be a stan-dard one dimensional Wiener pro
ess and F a real-valued Borel measurable and bounded fun
tional on

C([−1, 0]). Consider the SDDE(2.5) dX̃(t) = F (X̃t)dt+ dW (t), t ≥ 0.By appropriately s
aling time and spa
e one 
an bring SDDEs with delay length r 6= 1 or noise parameter
σ 6= 1, as long as both are positive, into the form of equation (2.5). Let us spe
ify F as

F (g) := −
√
r

σ
·
(

V ′(σ
√
r · g(0)

)
+ β · U ′(σ

√
r · g(−1)

))

, g ∈ C([−1, 0]).Sin
e the 
oordinate proje
tions are measurable and V ′, U ′ are bounded 
ontinuous fun
tions be
ause of(2.2a) and (2.3), F is Borel measurable and bounded.Let f̃ ∈ C([−1, 0]) and assume that X̃ together with a Wiener pro
ess (W̃ , (F̃t)t≥0) on (Ω̃, F̃ , P̃) isa weak solution of (2.5) with F as just de�ned and X̃0 = f̃ P̃-almost surely. Set f(t) := σ
√
r · f̃( t

r
),

t ∈ [−r, 0]. Let X together with a Wiener pro
ess (W, (Ft)t≥0) on (Ω,F ,P) be a weak solution of(2.1) su
h that P(X0 = f) = 1. Then the pro
esses (X(t))t≥−r and (σ
√
r · X̃( t

r
))t≥−r have the samedistribution (
f. S
heutzow, 1983: 31). Therefore, if σ > 0, then our referen
e equation 
an be transformedinto an instan
e of equation (2.5).Theorem 2.4 
ites theorem I.7 from S
heutzow (1983: pp. 17-18) and part of theorem 3 and theorem 5from S
heutzow (1984: pp. 47-48, 55-56).Theorem 2.4 (S
heutzow). Let the fun
tional F be bounded and measurable as above, let ν be a proba-bility measure on B(C([−r, 0])). Denote by f the minimum and by f the maximum of f ∈ C([−r, 0]).1. Equation (2.5) has a unique weak solution with initial distribution ν.2. Let ((X,W ), (Ω,F ,P), (Ft)) be a weak solution of (2.5) with initial distribution ν. Then there isat most one invariant probability measure π for equation (2.5), and if it exists then

PXt

t→∞→ π in total variation.3See Mohammed (1984: pp. 70-111) and Mohammed (1996: pp. 20-25).4In this 
ase, a strong solution with initial 
ondition having distribution ν would also be stationary. For our purposesthe 
on
ept of weak solution is more 
onvenient, be
ause the de�nitions of resonan
e we will give in se
tion 3.4 for theredu
ed model depend only on the distribution of the underlying pro
ess.



2.3. HEURISTICAL DESCRIPTION AND NUMERICAL SIMULATION 113. If F (f) · f → −∞ as f → ∞ and F (f) · f → −∞ as f → −∞ for all f ∈ C([−r, 0]), then (2.5)possesses an invariant probability measure.To 
on
lude we apply the results we have seen so far to our referen
e model.Proposition 2.1. Suppose that V , U satisfy 
onditions (2.2) and (2.3). Let σ ≥ 0, β ∈ R be given.Then the following holds for equation (2.1), whi
h des
ribes the referen
e model:1. Strong and weak solutions exist for every probability measure on B(C([−r, 0])) as initial distribution,and the solutions are unique in the respe
tive sense.2. The solution pro
esses enjoy the strong Markov property.3. If σ > 0 and β > −V ′(Rpot)
U ′(Rpot)

, then a unique invariant probability measure exists.Proof. Theorems 2.1 and 2.2 guarantee weak and strong existen
e and uniqueness of solutions to equation(2.1) for all parameter 
hoi
es and all deterministi
 initial 
onditions. An argument as in S
heutzow(1983: pp. 17-18) shows that in pla
e of point distributions one may take probability measures as initial
onditions.The Markov property is a 
onsequen
e of theorem 2.3. Sin
e weak uniqueness holds, theorem 1 fromS
heutzow (1984: p. 42) implies that solutions to (2.1) have the Markov property even with respe
t tostopping times.The existen
e of an invariant probability measure is an appli
ation of the third part of theorem 2.4and 
ondition (2.3) on the growth of the potentials V , U .In the situation of proposition 2.1, if σ > 0 and β < −V ′(Rpot)
U ′(Rpot)

, then there is no invariant probabilitymeasure for equation (2.1). To see this, let ((X,W ), (Ω,F ,P), (Ft)) be a weak solution of (2.1) withdeterministi
 initial 
ondition f ∈ C([−r, 0]) su
h that f < −Rpot. Set µ := V ′(Rpot)+β ·U ′(Rpot), then
µ < 0. De�ne A := {X(t) < −Rpot − |µ|

2 t ∀ t ≥ 0}. The probability of the event A with respe
t to Pfollows from the distribution of the supremum of a Brownian motion with negative drift, that is
P(A) = 1 − P

(

sup
t≥0

f(0) − |µ|
2 t+ σ ·W (t) ≥ −Rpot

)

= 1 − exp
(

− |µ|(|f(0)|−Rpot)
σ2

)

> 0.If equation (2.1) had an invariant probability measure, then the 
onvergen
e part of theorem 2.4 wouldimply weak 
onvergen
e of the distribution of X(t) to some probability measure on B(R) as t→ ∞. But
P(A) > 0, a 
ontradi
tion to the 
ompa
t exhaustability of probability measures on Polish spa
es.2.3 Heuristi
al des
ription and numeri
al simulationLet us have a look at basi
 parameter settings for equation (2.1). Suppose that 
onditions (2.2) and (2.3)are satis�ed. To illustrate the dis
ussion we made some numeri
al simulation of our referen
e equation,where we 
hose as double well potential V the standard quarti
 potential and as delay potential Ua parabola (see �gure 2.1). Solutions to equation (2.1) were obtained by approximation with timeseries, using appropriately s
aled i. i. d. Bernoulli trials as approximation of the noise pro
ess. Results byS
heutzow (1983, 1984) and Lorenz (2003) guarantee weak 
onvergen
e of su
h s
hemes.The simplest and least interesting 
hoi
e of parameters is σ = 0 and β = 0, i. e. no noise and no delay.In this 
ase, (2.1) redu
es to a one dimensional ordinary di�erential equation with two stable solutions,namely −1 and 1, and an instable trivial solution.



12 CHAPTER 2. THE REFERENCE MODELThe dynami
s of the general deterministi
 delay equation, i. e. σ = 0, β 6= 0, is not obvious for all
ombinations β ∈ R, r > 0. In Redmonda et al. (2002) stabilization of the trivial solution and the
orresponding bifur
ation points are studied. The parameter region su
h that the zero solution is stableis 
ontained in β ≥ 1, r ∈ [0, 1].5 This is not the parameter region we are interested in, here. Re
all from1.1 that sto
hasti
 resonan
e is a phenomon 
on
erned with an in
rease of order in the presen
e of weaknon-zero noise. For large |β| the delay for
e would be predominant. Similarly, with r small the noisewould not have time enough to in�uen
e the dynami
s.Indeed, we must be 
areful in our 
hoi
e of β lest we end up with a randomly perturbed deterministi
os
illator. Solutions to equation (2.1) exhibit periodi
 behaviour even for β > 0 
omparatively small.This is illustrated in �gures 2.2 and 2.3. With β = 0.39, the solution periodi
ally swit
hes between thetwo stable equilibria, while with β = 0.38 it 
onverges to the stable equilibrium near whi
h it was started.The swit
hing behaviour does not depend on the spe
ial 
hoi
e of the delay time r > 0. Clearly, thebehaviour of a deterministi
 solution may 
ru
ially depend on the 
hoi
e of the initial 
ondition, whilefor σ > 0 all solutions 
onverge towards the stationary regime.6
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ondition −1 on [−r, 0].
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 solution, i. e. σ = 0, of (2.1) with r = 500, β = 0.38 and initial 
ondition −1 on [−r, 0].If β = 0 and σ > 0, then our SDDE (2.1) redu
es to the SDE (1.2), 
f. also se
tion 5.1. Of interest isagain the 
ase of small noise. A Brownian parti
le moving along a solution traje
tory spends most ofits time �u
tuating near the position of the minimum of one or the other potential well, while interwelltransitions only o

asionally o

ur.Now, let σ > 0 and |β| be small enough so that the 
orresponding deterministi
 system does not exhibitos
illations. Let us suppose �rst that β is positive. Then the e�e
t of the delay for
e should be that offavouring interwell transitions whenever the Brownian parti
le is 
urrently in the same potential well itwas in r units of time in the past, while transitions should be
ome less likely whenever the parti
le is5Our parameter β 
orresponds to −α in equation (1.3) of Redmonda et al. (2002).6Unfortunately, we do not know of estimates on the rate of 
onvergen
e towards sto
hasti
 equilibrium. In the simulations,we 
hose a �pre-period� of 100 times the length of the delay (1000r in 
ase β < 0) in order to get solutions approa
hing thestationary regime (distan
e in total variation with respe
t to the segment pro
ess). The rate of 
onvergen
e depends, of
ourse, on the value of σ > 0.
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urrently in the well opposite to the one it was in before. Noti
e that the in�uen
e of the delay for
ealone is insu�
ient to trigger interwell transitions. In fa
t, with σ > 0 not too big, transitions are rareand a typi
al solution traje
tory will still be found near the position of one or the other minimum of Vwith high probability, see �gure 2.4.
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Figure 2.4: Typi
al path of a solution to (2.1) with σ = 0.2, β = 0.1 and r = 500 from time 100r to 113r. Noiseand delay are too weak to indu
e frequent interwell transitions.Consider what happens if the noise intensity in
reases. Of 
ourse, interwell transitions be
ome morefrequent, while at the same time the intrawell �u
tuations in
rease in strength, see �gure 2.5. But thereis an additional e�e
t: As we let the noise grow stronger interwell transitions o

ur at time intervals ofapproximately the same length, namely at intervals between r and 2r, with high probability. The solutiontraje
tories exhibit quasi-periodi
 swit
hing behaviour at a non-zero noise level, see �gure 2.6. This iswhat we may 
all an instan
e of sto
hasti
 resonan
e.
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.....Figure 2.5: Typi
al path of a solution to (2.1) with σ = 0.25, β = 0.1 and r = 500 from time 100r to 113r.Interwell transitions be
ome more frequent.

100r 105r 110r

-1

1

t

X(t)

.................................................... ................

.......

.......

.......

.......

......

..................

................

............................................

.......

.......

.......

.......

..................................................

.......

.......

.......

.............................................

.......

....................

.......

......

........

......

.................................................
.......
.......
.......
.......
.............................................................
.......
.......
.......
.......
.......................................................
.......
......
........
......
.......
.......................................
.......
.......
.......
.......
....................................................................
.......
.......
.......
.......
..............................................
.......
.......
.......
.......
............................
.......................................
......
.......
.......
.......
.....................................................
.......
.......
.......
.......
.............................................
.......
.......
.......
.......
........................
.......
......
...............................................
......
.......
.......
.......
................................................................
.......
.......
......
.......
....................................................
........
.......
.......
.......
.................................................
....................................................
......
.......
.......
......
........
.......
.......
.......
..............................
........
.......
.......
...............................................
.......
.......
.......
.......
.......................................................................................................................................................................
......
.......
...............................................
.......
..................................
.......
.......
.......
.......
...................................
.......
.......
.......
.......
................................................
.......
......
...............................................
.......
.......
......
.......
...........................................
...................
.......
......
.......
.......
..............................................................
.......
.......
.......
.......
.........................................
.......
.......
......
.......
........................................................
.......
................................
.......
......
.......
......
.....................................
..........
...........................................
......
.......
......
.......
.............................................
.......
.......
......
.......
..........................................................
.......
......
.......
..............................................
.......
.......
.......
......
.................................................
.......
.......
......
.......
............................
.......
.......
.......
...............................................
...................
.......
......
.......
......
.....................................................
.......
......
..........................................
.......
.......
.......
......
..................................................
.......
.......
.........................................
.......
.......
.......
.......
............................................
.......
.......
.......
.......
.......................................................................
.......
......
.......
......
.........................................
.......
......
......................
.......
......
...........................
.....................................
.......
......
.....................................
.......
......
.......
......
.................................................
.......
.......
.......
......
..............................................
.......
.......
.......
.......
................................................
.......
......
........
...............................
......
..........................
......
.......
......
.......
...................................................
.......
.......
.......
.......
...............................................
....................
......
........
.................................
.......
...........
..............................
.......
.......
.......
......
...............................................
.......
......
......
.......................................
......
.......
......
.......
..................................................
.......
.......
..............................
......
..............
.......
.......
......
.......
....................................................
......................
......
........
......
...............................
.......
.......
.......
.......
.......
..................................................................................
.......
.......
.......
.......
.................................................
.......
.......
..............................
.......
.............................................
.......
.......
.......
......
.......
.................................................
.......
.......
.......
.......
......................
......
.......
......
.......
................................................................................
......
.......
.......
......
............................
......
..............................................
.......
.......
.......
.......
.......
.................................................
.......
..........
.....................
......
.......
......
.......
.......
.......
..............................................................................
.......
.......
.......
.......
..............................................
.......
......
.......
.......
.............................................................
......
.......
......
.......
.......
......
..................................................
.......
......
.......
.......
......................................................
.......
.......
.......
..............................................
.......
.......
......
.......
.....................
.......
.......
.......
.......
.........................................................
...........................
.......
.......
.......
..............................................
.......
.......
.......
.......
....................
.......
......
.......
.......
.............................................................................
.......
......
.......
.......
...................................................
.......
.......
......
.......
..................................................
.......
.......
......
.......
................................................
.......
.......
.......
.......
.................................................
.........
......
...........................................
.......
.......
.......
.......
.............................................
.......
......
.......
.......
..............................................
.......
.......
....................
.......
.......
................................................
.......
.......
..........................
.......
.......
.......
......
...................................................
.......
.......
.......
.......
..................................
.............
......
............................................
.......
.......
.......
.......
...............
.......
.......
......
.......
.......
.......
.......
......
.......
.......
.......
........
.......
.......
.......
.......
........
.......
.........................................................
......
.......
.......
......
.......
......................
.......
........................................
.......
.......
.......
..................................................
.......
......
.......
......
...............................................
.......
.......
.................................
.......
.......
......
..................................................
......
.......
......
............................................................
.......
.......
.......
......
.......
.............................
......
......................................................
......
.......
.......
......
..................................
.......
.......
.......
.........................................
.......
.................................................
.......
........
.......
.......
...................................................
......
.......
.......
................................
.......
.......
.......
.......
.................................................
.......
.......
.......
.......
......................................
......
.......
...................................
.......
...........................................
..........
.......
......
..............................................
.......
.......
.......
.......
.........................
........................
.............................
......
..................................
.......
.......
.................
.....................................................
.......
.......
.......
.......
................................................
.......
....................
........
...................
....................................................
......
.......
.......
.......
..........................................
.......
...........................
.......
......
.......
.......
.........................
....................................
.......
........
.....................................................
.......
.......
......
.......
.......
...............................
......
...............................................
.......
.......
.......
......
...........................
.......
......
.........................................................................................
......
.......
.......
.......
........
.......
.......
.......
.......
..........................................................................................
.......
.......
.......
.......
.....................
.......
...................
....................................................
......
.......
......
.......
.........................................................................
.......
.......
.......
.......
...............................................
.......
........
.......
......
.......
.......
..................................................................
........
.......
......
.......
......
.......
..............................................
.......
......
.......
.......
........................
............................................................
......
.......
......
.......
......
...............................................
.......
.......
.......
.......
...............................
.......
.......
.....................................................
.......
......
.......
.......
........................
......
....................................................
......
..................................................
.......
.......
......
.......
......................................................
.......
.......
.......
......
........
...................................................
.......
.......
.......
.......
........................................................
.......
.......
......
.......
......................
.......
.......
.......
.......
.............................................
.......
.......
.......
...................................................................................
.......
.......
......
.......
...............
.......
.......
.......
.......
...............................................
.......
.......
.......
.......
.........................................................
.......
......
.......
.......
............................................................
.......
......
.......
......
..............................................
.......
......
.......
.......
..............................................................
.......
......
.......
.......
..........................
.......
.......
.......
.......
.............................................................
.......
......
.......
......
.............................................................................................................................................................
.......
...................................................
.......
.......
...........................................
......
.......
.....................
......................................
.......
..................................................
.......
.......
.......
.......
........................
........
......
....................................................
......
........
.................................
......
.......
......
.......
...................................................
......
.........................
.......
.......
.......
.......
....................................................
.......
.......
.......
.......
.....................................
.......
.......................
.......
.......
..................................................
......
.......
.......
.........................
.......
.......
............................................
.......
.......
.......
.......
...............................................
.......
......
.......
..................................................
.......
.......
.......
......
..................................
................................
.......
......
........
.......
.........................................
.......
.......
......
.......
................................................
..................
.......
.......
.....................
........
......
........
.......
.........................................................
.......
.......
..................................................
......
.......
........
............
...........................
................
......................
.......
.......
......
.......
.......................................................................
.......
............................
........
..................................
......
.......
......
.......
.................................................
.......
.......
.......
.......
.....................................
.......
.......
.......
.......
....................................................................
.......
.......
.......
.......
...............................
.......
.......
.......
...................................................
.......
.........................
.......
.......
.......
...................................................
.......
............................................
........
......
.......
......
.......
...............................................
.......
......
.......
..............................
.................................
........
.......
......
.......
......
.......
..................................................
.......
.......
.......
.......
.......
................................................
.......
.......
.......
.......
.........................................
.......
.......................
.......
.......
.......
.......
.................................................
.......
.......
......
.......
....................................................
......
..................................
......................
......
.........................
.......
.......
.......
.......
......................................................................
.......
.......
.......
.......
...........................
......
.......
......
.......
...............................................
.......
.......
..............................................
......
...........
........
.......
....................................................
.......
......
.......
.......
...................................................
.......
.......
.......
...............................................
.......
......
.......
......
.......
............................................
.......
.......
.......
.......
...................................
.......
.......
......
......................................................
.......
.......
......
.......
.......
................................................................
.......
.......
......
.......
................................................
.......
.......
......
.......
..............................................
.......
.......
.......
.......
.......
.......
........
.......
......
.......
.......
......
...............
.......
.......
.......
.......
.......
........
.......
.......
......
.......
...................................................
.......
.......
.......
.......
................................................................
.......
.......
.......
......
........
......
................................
.......
......
.......
.............................................
......
.......
......
.......
........................................
.......
.......
.......
................................................
.......
.......
.......
.......
.............................................
.......
.......
.......
.......
......................................
........
......
.......
...............................................
.......
.......
.......
.......
..................................
......
..................................................
.......
.......
......
.......
...............................
........
......
.......
................................................
.......
.......
.......
.......
........................................
.......
.................................................
.......
.......
.......
.......
..........................................
.......
.......
.......
.......
..............................................
.......
.......
.......
.......
...........................................................
.......
.......
........
.......
.......
.....................................................
.......
.......
.......
.......
........................
......
.....................................
......
........
......
.................................................
.......
.......
.......
...................
....................................................
.......
.......
.......
......
..................
........
.......
...............................................
......
..............................
.......
.......
.......
.......
.........................
......................................
.......
.................................................
.......
.......
.......
.......
........................................
......
.......
..................................................
.......
.......
.......
.......
......................................................
.......
.......
.......
.......
...............................
.......
.......
..........................................................
.......
......
.......
......
.....................
.............................
......
......
..................................................
.......
.......
.......
.......
..........................................
.......
......
.........................................................................
......
.......
......
.......
....................................
.......
.......
....................................................
.......
......
.......
.......
................................
......
.......
..................................................
.......
.......
.......
......
..................................................
......
.......
.......
......
...............................................
.......
......
.......
......
...........................................
.......
.......
......
.......
.......
............................................
......
..............................
.......
.......
.......
......
.......................................................
......
.......
.......
......
...................................................
......
.........
......
......
................................................
.......
.......
.......
......
................................
......
..................................................
.......
........................
.......
.......
.......
.......
...............................................................
.......
......
.......
.......
................................
.......
.......
......
.......
...................................................
........
.......
................
......
............................................
.......
.......
.......
.......
.................................................
.......
......
.......
.......
......................................................
......
.......
......
.......
.................................................
.......
......
.......
......
........................................................
.......
.......
.......
.......
.................................................
.......
.......
......
.......
.....................................
.......
.......
...............................................
.......
.......
.......
.......
....................................
.......
...............................................................
.......
.......
......
.......
................................................
.......
.......
.......
.......
....................
...............................................
.......
......
.......
......
.......
...................................................
.......
......
.......
.......
.......
.......
...................................................
......
..........................................
........
.......
......
.......
.......
....................................
......
.......
.......
....................................................
.......
......
.........................................
.......
......
.......
.......
.....................................
.....................................................
......
........
.......
.......
......
.......
.......
...............................................
.......
.......
.......
....................................................................
......
.......
......
.......
....................
.......
......
..................................................
.......
.......
......
.......
................................................
........
......
.......
..................................................
.......
.........
.......
.......
....................................................
.......
.......
.......
.......
.....................................................................
.......
.......
.......
.......
...............................
.......
......
.......
......
......................................................
.......
......
.......
...........
.............................................
........
.......
.......
......
.......
.....................................
.......
......
.......
......
............................................
.......
......
..........................................................................................................................................................................
.................................
.................................
.......
......
.......
.......
.............................................
.......
......
.....................................
.......
.......
.......
......
...........................
.........................................
.....................
......
......................
.......
.......
.......
..............................................
.......
......
.......
....................................
.......
......
..................................
......
.......
......
.......
................................................
.................
......
.........................................
.......
.......
.......
.......
.........................................
........
.......
..................................................
.......
.......
.......
.......
......................................................
.......
.......
.......
.......
.....................................
.................................
.......
......
.......
......
.......
............................................
......
..........................
.......
.......
......
.......
..............................................
.......
......
.......................
......
......................................
.......
.......
.......
.......
.................................
......
.......
......
.......
..............................................................................
.......
.......
.......
.......
................................................
.......
......
...........................
.......
.........................
......
.......
........................
.......
.................................................
.......
.......
.......
.......
.......
..............................................
.......
.......
.......
.......
.......
...............................................
......
........................
.......
.......
.......
.......
.................................................................
.......
.......
......
.......
..........................................
.......
.......
.......
.......
...................................................
.......
.......
.......
......
.................................................
......
.................................
.......
..........................
.......
.......
......
.......
............................................................................
.......
......
.......
......
...................................................
.......
.......
.......
...............................
.......
.......
.......
.......
.......
..................................................
........
......
.......
.......
......
.......
.........................................................................
.......
.......
.......
.......
.......
..................................................
.......
.......
.......
.......
..............................................
......
......
.............................
.......
.......
.......
..................................................
.......
.......
.......
.......
..................................................
.......
.......
.......
..............................................
.......
.........
......
................................................
.......
.......
........
.......
......
...................................................
.......
.......
.......
.......
.......
.......
.....................................................
.......
..................................
.......
.......
......
.......
.............................................
.......
.......
......
.......
.......
.......
...........................................................................
.......
.......
.......
.......
...................................
.......
.......
......
.......
.......
....................................................
..........................
.......
...............................
.......
.......
......
.......
...............................................
......
............................
.......
......
.......
......
.................
.......
..............................................
.......
.......
.......
.......
............................................................
.......
.......
.......
......
...............................................
.......
........
......
.......
.......
.......
.....................................................
.......
.......
.........................
......
.......
.......
.......
.......
.......
.......
.......
.......
........
.......
.......
........
.......
.......
.......
.......
.......
..........
...............................................
.......
.......
.......
......
............................................................
.......
......
.......
......
...........................
.......
.......
..............................................
......
.......
......
.......
.......
.......................................
......
......................
.......
...................................
.......
.......
.............................................
.......
.......
.......
.......
....................................................................
.......
......
.......
.......
........................................
.......
.......
.............................................
.......
.......
.......
......
................................
.......
.......
.......
..............................................
.......
.......
......
.......
.............................................................
.......
......
.......
......
.........
.......
..............................................
.......
......
.......
.......
.....................................
.......
.......
..........................................
.......
.......
...........................................................
.......
.......
.......
.......
........
..................................................
.......
.......
.......
.......
....................................................
......
.......
.......
.......
.......
...................................................
......
...................
........
.................
.......
...........................................
.......
.......
.......
.......
..................................
.......
.......
............................
......
.................................................
........
......
.......
......
....................................
......
....................................
.......
.......
.......
..........................................
......
........
........
.......
..............................................
.......
.......
........
.......
...................................................
......
.......
.......
......
....................................
.......
............................
.......
.......
...................................................
.......
.......
......
.......
.......................................................
.......
.......
......
.......
...............................................
......
......
........
.......
.......
...............................................
.......
.......
.......
.......
...........................
.......
.....................................................
.......
......
.....................................................
.......
......
.......
......
.................................................
.......
..............................................
.......
.......
.......
.......
..........
......
...........................................................................................................................................................................
..........................
..................
................................
..................
.......
.......
.......
......
......................................................
......
.......
.............................
.......
.......
.......
.......
....................................................
.......
.......
.......
.......
........
.........................................................
.......
.......
.......
.......
.................................................
.....................
.......
.......
.......
.......
..............................................
......
...........................................
.......
......
.............................
......
........
.......
......
................................................
......
.......
........
.....................................
.......
.......
.......
......
..................................................
.......
.........................
......
...........
......
.........................................
.......
.......
............................................
.......
......
.......
......
................................
.......
..................................................
.......
.......
.......
.......
...............................................
......
.............
...............................
.......
.......................
.......
........................................
.......
.......
.......
.......
...................................................
.......
........
.......
.......
...............................................
......
.......
........................
.......
...........................................
.......
.......
.......
.......
...............................................
.......
.......
.......
.......
.......
................................................
.......
.......
.......
.......
.............................................
.......
.......
...........................
......
.......
......
.......
...................................................
......
.......
......
.......
...............................................
.......
........
................................................
.......
.......
.......
......
....................................
.......
......
.......
......
.......
.................................................................
.................
.......
.......
.......
.......
.....................................
......................................
.......
.......
.......
........
.......
.......
.......
......
........
..........................................................................................
.......
.......
......................
.......
.......
.......
.......
.......................................................
......
.......
...............................................
......
.......
......
..................................
.........................
.......
.......
.......
.......
...............................
.......
.......
......
.......
...................................................................
.......
......
.......
.......
..........................................
......
.......
......
.......
..................................................
.......
.......
.......
......
........
......
......
............................................
.......
.............................................................
......
.......
.......
.......
........
.................................................
.......
.......
........
.......
.......
.......
.......
.................................................................
.......
.......
.......
.......
.......................................................
.......
........
......
.............................................
.......
.......
.......
.......
.......
..............................................
......
........
.......
.......
.......
.......
.......
........
.......
.......
.......
.......
......
........
.......
.......
........
.......
.......
......
.......
.......
..........................
.......
............................
.........................
..........................
......
.......
................................................
.......
.......
.......
.......
........
......
.....................................
.......
................................
.......
.......................
.......................................................................................
.......
.......
......
.......
.......
.......
.......
......
.......
.......
..............................
...............................
......
.......
...............................................
....................
......
.......
.......
.......
..........................................................
.......
.......
.......
......
...................................................
.......
......................
.......
.......
.......
.......
................................................
.........
......
....................
.......
.......
....................................
......
......................
.....................
.................................................
.......
.......
.......
.......
........................................................
.......
.......
.......
.......
........
...................
.....................................................
......
.......
.......
......
.......
......
..................................................
.......
......
.......
.......
......
.............................................
.......
......
.......
......
..................................
.......
......
...............................................
.......
......
.......
.......
.......................
.........................
......
......
.............................................
......
.......
.......
.......
............................
...............
.......
...................................................
.......
.......
.......
.......
.................................
......
.....................
......................
.......
.......
......
.................................
......
................................................
.......
.......
.......
......
...............................................
.......
........
......
.............................
.......
.......
.................................................
......
.......
......
.......
.................................................
.......
......................
......
.......
......
............................................
.......
..............................................
.......
.......
.......
.......
.......
..........................................
.......
.......
..........................................................
.......
.......
......
.......
.......
.......
.......
..........................
......
.......
.......................................................................
.......
......
.......
......
.......
....................
......
...............................................
.......
......
.......
......
.......
.........................
.......
.......
.......
.......
..........................................................
.......
......
.......
......
.......
......................................................................
.......
........
......
.......
.......
.......
.......
........................................................................................................................................................................................
.......
.......
..............................
.......
.......
.......
.......
......
.................................................
......
..........................
.......
.......
.......
......
................................................
......
.......
......
.............................................
.......
.......
.......
.......
..................................................
.......
.......
.......
............................
.......
.............................
........
.............
.......
.......
........................................................
.......
.......
.............................
.......
.......
...............................................
.......
..............................
......
.......
..........
....................
...............
...........
................................................
.......
................
........................................
.......
......
.......
......
.................................................
.......
.......
..........
......
.......
.......
......
.......
..................................................................
.......
.......
......
.......
................................................
.....................................
.......
......
.......
......
..................................................
.......
......
...........
.................
..................................
.......
......
...................................
......
........................
.......
.............................
.......
......
......
...................................................
......
.....................
.......
.......
.......
.......
..................................
.......
.......
.............................................
.......
.......
.........................
......
.......
......
.......
.....................................................
.......
......
......................................Figure 2.6: Typi
al path of a solution to (2.1) with σ = 0.30, β = 0.1 and r = 500 from time 100r to 113r.Interwell transitions at intervals between r and 2r, quasi-periodi
 swit
hing behaviour: Sto
hasti
 resonan
e!Further in
reasing the noise intensity leads to ever growing intrawell �u
tuations whi
h eventually destroythe quasi-periodi
ity of the interwell transitions, see �gures 2.7 and 2.8. When the noise is too strong,the potential barrier of V has no substantial impa
t anymore and random �u
tuations easily 
rossing thebarrier are predominant, see �gure 2.9.
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Figure 2.7: Typi
al path of a solution to (2.1) with σ = 0.35, β = 0.1 and r = 500 from time 100r to 113r. Largerandom �u
tuations begin to destroy the quasi-periodi
 swit
hing behaviour.
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Figure 2.8: Typi
al path of a solution to (2.1) with σ = 0.40, β = 0.1 and r = 500 from time 100r to 113r. Largerandom �u
tuations destroy the quasi-periodi
 swit
hing behaviour.Suppose β is negative. The e�e
t of the delay for
e, now, is that of pushing the Brownian parti
le out ofthe potential well it is 
urrently in whenever the parti
le's 
urrent position is on the side of the potentialbarrier opposite to the one remembered in the past. Sojourns of duration longer than r, on the otherhand, be
ome prolonged due to the in�uen
e of the delay whi
h in this 
ase renders transitions less likely.In order to obtain some kind of regular transition behaviour a higher noise level as 
ompared to the
ase of positive β is ne
essary. Of 
ourse, one 
ould 
hange time s
ales by in
reasing the delay time r,thereby allowing for lower noise intensities. Typi
al solution traje
tories for σ = 0.35 and σ = 0.40 aredepi
ted in �gures 2.10 and 2.11. Noti
e that we have 
hosen a longer pre-run period than with β > 0,namely 1000r instead of 100r, in order to let the system 
ome 
loser to the stationary regime.In 
hapter 5 we will state more pre
isely what regular transition behaviour means in 
ase β < 0, yetwe will not subsume it under the heading of sto
hasti
 resonan
e.2.4 Classi
al sto
hasti
 resonan
e versus resonan
e with delayHere, we 
ompare some of the main features of equation (1.1), whi
h is a prototypi
al example of a modelthat shows sto
hasti
 resonan
e, with those of equation (2.1), whi
h des
ribes our referen
e model. Letus suppose the symmetri
 double well potential V is the same in both 
ases.If we have a = 0 and β = 0, then both equations redu
e to the same SDE, namely equation (1.2).Re
all from se
tion 1.1 that in the presen
e of weak noise there are two distin
t time s
ales, one 
orre-sponding to the quadrati
 variation of the Wiener pro
ess, the other proportional to the average time ittakes the di�usion to travel from one of the two metastable states to the other.Now, let a > 0, β 6= 0 be of small absolute value. Then a third time s
ale enters the s
ene, namely theperiod T of the harmoni
 signal in 
ase of equation (1.1), the length of the delay r > 0 in 
ase of equation(2.1). Noti
e that the delay length r should be equated with the half period T
2 of the periodi
 signal.What is more than a new time s
ale is the fa
t that the 
orresponding periodi
 or delay for
e alters
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al path of a solution to (2.1) with σ = 0.50, β = 0.1 and r = 500 from time 100r to 113r. Largerandom �u
tuations, noise is too strong.
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Figure 2.10: Typi
al path of a solution to (2.1) with σ = 0.35, β = −0.1 and r = 500 from time 1000r to 1013r.Noise is 
omparatively strong, delay for
e prolongs long sojourns and favours short swit
hing transitions.the symmetri
 potential lands
ape 
reating a shallow and a deep potential well, thereby splitting up thetime s
ale indu
ed by the interwell transitions into two: one 
orresponding to transitions from the shallowto the deep well, the other 
orresponding to transitions in the opposite dire
tion. By tuning the noiseintensity σ to the periodi
 or delay for
e the behaviour of the solution traje
tories 
an now be 
hanged insu
h a way as to yield an optimal ma
ros
opi
 response to the modulating for
e at an optimal non-zeronoise level.What an �optimal ma
ros
opi
 response� and the 
orresponding �optimal noise level� is depends, of
ourse, on the measure of resonan
e. Natural measures in the 
ontext of equation (1.1) seem to be thosebased on the frequen
y spe
trum of the output signal in view of the fa
t that there is an harmoni
 inputsignal. The main di�
ulty with these measures is that they quantify not only the ma
ros
opi
, butalso the mi
ros
opi
 behaviour of the solution pro
ess and it is often un
lear how to tell their respe
tive
ontributions apart; 
f. se
tions 1.2 and 1.3.In equation (2.1), there is nothing that 
ould be regarded as an harmoni
 input signal. Naturalmeasures in this 
ontext are those based on the interwell transition time or residen
e time distribution.In se
tion 3.4 we will de�ne two su
h measures for the redu
ed model.Notwithstanding the similarities sket
hed above there are important di�eren
es between the model for
lassi
al sto
hasti
 resonan
e and the delay model. The harmoni
 signal in equation (1.1) 
an be regardedas an external for
e, be
ause it is � as a deterministi
 fun
tion � independent of the �ltration generatedby the solution pro
ess. The delay term in equation (2.1), on the 
ontrary, depends on the solutionpro
ess itself and is measurable with respe
t to (FX
.−r). Clearly, the harmoni
 signal periodi
ally altersthe potential lands
ape, no matter in what way the solution pro
ess evolves, while the quasi-periodi
ityof the delay for
e must be derived from the solution pro
ess itself.At this point we should mention a di�eren
e between the two models that 
an be over
ome. Theharmoni
 signal of equation (1.1) 
auses the potential lands
ape to 
hange smoothly. The tilting of thedouble well potential V due to the delay for
e, though being 
ontinuous, is less regular, be
ause it dependson the point value of a traje
tory of usually unbounded variation. In addition, interwell transitions take
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Figure 2.11: Typi
al path of a solution to (2.1) with σ = 0.40, β = −0.1 and r = 500 from time 1000r to 1013r.Large random �u
tuations, short intrawell sojourns.pla
e almost instantaneously, triggering almost instantaneous 
hanges of sign in the delay for
e. Thise�e
t 
ould partially be transferred to the 
lassi
al model by repla
ing the sinus fun
tion in (1.1) with anappropriate periodi
 step fun
tion. The other way round, the two models 
an be brought into line withone another by introdu
ing a distributed delay in equation (2.1) instead of a point delay.A more formal distin
tion regards the Markov property. Equation (1.1) is a non-autonomous SDE,equation (2.1) an autonomous SDDE. Solutions are real-valued sto
hasti
 pro
esses indexed by t ∈ [0,∞)in the �rst 
ase and t ∈ [−r,∞) in the se
ond. As su
h they are non-Markovian. In order to re
over theMarkov property one has to enlarge the state spa
e. In 
ase of equation (1.1) this leads to pro
esses withvalues in R × S1, while solutions of (2.1) are C([−r, 0])-valued Markov pro
esses.Last but not least, while it makes little di�eren
e whether the amplitude a in equation (1.1) is positiveor allowed to be negative, there is an important di�eren
e in the transition behaviour of solutions to (2.1)depending on the sign of the delay parameter β.



Chapter 3The two state model in dis
rete timeApplying the ideas presented in se
tion 1.3, we will develop a redu
ed model with the aim of 
apturingthe e�e
tive dynami
s of the referen
e model from 
hapter 2. To simplify things further we start withdis
rete time. As the segment pro
ess asso
iated with the unique solution to (2.1), the referen
e modelequation, enjoys the strong Markov property, it is reasonable to approximate the transition behaviour ofthat solution by a sequen
e of Markov 
hains. One unit of time in the dis
rete 
ase 
orresponds to r/Mtime units in the original model, where the delay interval [−r, 0] is divided into M ∈ N equally spa
edsubintervals.In se
tion 3.1 the approximating Markov 
hains are de�ned, while in se
tion 3.2 an expli
it formulafor their stationary distributions is obtained. In se
tion 3.3 we make use of this formula in order to
al
ulate, for ea
h M ∈ N, the residen
e time distribution in the stationary regime and then derive itsdensity fun
tion in the limit of dis
rete time tending to 
ontinuous time. Finally, in se
tion 3.4, basedon the residen
e time distributions, we introdu
e two simple measures of resonan
e.The results on Markov 
hains we need are elementary and 
an be found, for example, in Brémaud(1999), whi
h will be our standard referen
e.3.1 A sequen
e of Markov 
hainsLetM ∈ N be the dis
retisation degree, that is the number of subintervals of [−r, 0]. The 
urrent state ofthe pro
ess we have to 
onstru
t 
an attain only two values, say −1 and 1, 
orresponding to the positionsof the two minima of the double-well potential V . Now, there are M + 1 latti
e points in [−r, 0] thatdelimit theM equally spa
ed subintervals, giving rise to 2M+1 possible states in the enlarged state spa
e.Let SM := {−1, 1}M+1 denote the state spa
e of the Markov 
hain with time unit r/M . Elementsof SM will often be written as (M+1)-tuples having {−1, 1}-valued entries indexed (from left to right)from −M to 0. The strange 
hoi
e of the index range serves to re
all how we have dis
retized the delayinterval [−r, 0]. Thus, l ∈ {−M, . . . , 0} 
orresponds to the point l · r/M in 
ontinuous time. This is, of
ourse, only a mnemoni
, the link to the referen
e model has to be established in a di�erent way.To this purpose, let α, γ be positive real numbers. If X(.) is the unique solution to (2.1) in the 
aseof �interesting� noise parameter σ and delay parameter β then one may think of α as the es
ape rate of
X(.) from one of the two potential wells under the 
ondition X(t) ≈ X(t− r) and of γ as the es
ape rateof X(.) under the 
ondition X(t) ≈ −X(t − r). All of the parameters of the referen
e model, in
ludingthe delay length and the geometry of the potentials U and V , will enter the dis
rete model through thetransition rates α and γ. In se
tion 5.2 we derive an approximation formula for the transition rates anddis
uss the assumptions underlying their introdu
tion.17



18 CHAPTER 3. THE TWO STATE MODEL IN DISCRETE TIMEIn the dis
rete model of dis
retisation degree M , instead of two di�erent transition rates we have twodi�erent transition probabilities αM and γM with αM = Rsc(α,M), γM = Rsc(γ,M), where Rsc is anappropriate s
aling fun
tion. In analogy to the time dis
retisation of a Markov pro
ess we set(3.1) Rsc : (0,∞) × N ∋ (η,N) 7→ η
α+γ

· (1 − e−
α+γ

N ) ∈ (0, 1).Let Z = (Z(−M), . . . , Z(0)), Z̃ = (Z̃(−M), . . . , Z̃(0)) be elements of SM . A transition from Z to Z̃ shallhave positive probability only if the following shift 
ondition holds:(3.2) ∀ l ∈ {−M, . . . ,−1} : Z̃(l) = Z(l+1).Example. Take the element (−1, 1,−1) ∈ S2. A

ording to the shift 
ondition, starting from (−1,1,−1)there are at most two transitions with positive probability, namely to the elements (1,−1, 1) and
(1,−1,−1). ♦If (3.2) holds for Z and Z̃ then there are two 
ases to distinguish whi
h 
orrespond to the 
onditions
X(t) ≈ X(t− r) and X(t) ≈ −X(t− r), respe
tively. Denote by pM

ZZ̃
the probability to get from state Zto state Z̃. Under 
ondition (3.2) we must have

Z(0) = Z(−M) ⇒ pM
ZZ̃

=







αM if Z̃(0) 6= Z(0),

1 − αM if Z̃(0) = Z(0),

Z(0) 6= Z(−M) ⇒ pM
ZZ̃

=







γM if Z̃(0) 6= Z(0),

1 − γM if Z̃(0) = Z(0).

(3.3)The fa
t that � be
ause of (3.1) � we always have αM , γM ∈ (0, 1), implies
pM

ZZ̃
6= 0 ⇔ shift 
ondition (3.2) is satis�ed.(3.4)Now de�ne PM := (pM

ZZ̃
)Z,Z̃∈SM

. Clearly, PM is a 2M+1 × 2M+1 transition matrix. Interpreting theelements of SM as binary numbers, where −1 has to be read as 0, PM is of the form (only non-zeroentries are indi
ated)














CM . . .
CM

C̃M . . .
C̃M















,(3.5)
where CM ≡

(
1−αM αM 0 0

0 0 γM 1−γM

) and C̃M ≡
(

1−γM γM 0 0
0 0 αM 1−αM

).Example. The following table illustrates the transition matrix PM for M = 2.
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




−1

−1

−1











−1

−1

1











−1

1

−1











−1

1

1











1

−1

−1











1

−1

1











1

1

−1











1

1

1






(−1,−1,−1)
T

1 − α2 α2 0 0 0 0 0 0
(−1,−1, 1)

T 0 0 γ2 1 − γ2 0 0 0 0
(−1, 1,−1)

T 0 0 0 0 1 − α2 α2 0 0
(−1, 1, 1)

T 0 0 0 0 0 0 γ2 1 − γ2

( 1,−1,−1)
T

1 − γ2 γ2 0 0 0 0 0 0
( 1,−1, 1)

T 0 0 α2 1 − α2 0 0 0 0
( 1, 1,−1)

T 0 0 0 0 1 − γ2 γ2 0 0
( 1, 1, 1)

T 0 0 0 0 0 0 α2 1 − α2

♦For every M ∈ N we may 
hoose an SM -valued pro
ess (XM
n )n∈N0

on some measurable spa
e (ΩM ,FM )and probability measures PM
Z , Z ∈ SM , on FM su
h that under PM

Z the dis
rete pro
ess XM is ahomogeneous Markov 
hain with transition matrix PM and initial 
ondition PM
Z (XM

0 = Z) = 1.If ν is a probability measure on the power set ℘(SM ) then, as usual, PM
ν will denote the probabilitymeasure on FM su
h that XM is a Markov 
hain with transition matrix PM and initial distribution νwith respe
t to PM

ν . Sin
e SM is �nite, we have
PM

ν =
∑

Z∈SM

ν(Z) PM
Z .When there is no ambiguity about the probability measure PM , we will write Pν instead of PM

ν . For theprobability of a singleton {Z} under a dis
rete measure ν let us just write ν(Z).3.2 Stationary distributionsFrom relation (3.4), 
hara
terizing the non-zero entries of PM , it follows that PM and the asso
i-ated Markov 
hains are irredu
ible. They are also aperiodi
, be
ause the time of residen
e in state
(−1, . . . ,−1), for example, has positive probability for any �nite number of steps.Now, if the transition matrix of a homogeneous Markov 
hain is �nite-dimensional or, what is thesame, the state spa
e is �nite, irredu
ibility implies positive re
urren
e, and these two properties togetherare equivalent to the existen
e of a uniquely determined stationary distribution on the state spa
e, 
f.Brémaud (1999: pp. 104-105). Therefore, for every M ∈ N, we have a uniquely determined probabilitymeasure πM on ℘(SM ) su
h that

πT

M = πT

MPM , that is
πM (Z̃) =

∑

Z∈SM

πM (Z) pM
ZZ̃

for all Z̃ ∈ SM .(3.6)Note that XM is a stationary pro
ess on (ΩM ,FM ,PπM
) in the sense of de�nition 2.6, where the index set

I is 
hosen to be N0, be
ause XM
n+1

d∼ XM
n with respe
t to PπM

for every n ∈ N0 and XM
n+1 is independentof σ(XM

0 , . . . ,XM
n−1) given σ(XM

n ), sin
e XM has the Markov property.There is a simple 
hara
terization of the stationary distribution πM in terms of the number of �jumps�of the elements of SM . Let Z = (Z(−M), . . . , Z(0)) be an element of SM , and de�ne the number of jumpsof Z as
J (Z) := #

{

j ∈ {−M+1, . . . , 0}
∣
∣ Z(j) 6= Z(j−1)

}

.



20 CHAPTER 3. THE TWO STATE MODEL IN DISCRETE TIMEAt the moment, �number of 
hanges of sign� would be a label more pre
ise for J (Z) than �number ofjumps� in view of the fa
t that we have not yet de�ned what a jump for Z should be. This will be
ome
lear in se
tion 4.2. Let us here make use of the new notation.Proposition 3.1 (Number of jumps formula). Let M ∈ N. Set α̃M := αM

(1−γM ) , γ̃M := γM

(1−αM ) , η̃M :=

α̃M · γ̃M . Then for all Z ∈ SM it holds that(3.7) πM (Z) =
1

cM
α̃

⌊J (Z)+1
2 ⌋

M γ̃
⌊J (Z)

2 ⌋
M =

1

cM
α̃

J (Z) mod 2
M η̃

⌊J (Z)
2 ⌋

M ,where cM := 2 ·
M∑

j=0

(
M
j

)
α̃ j mod 2

M η̃
⌊ j

2 ⌋
M .Proof. The right-hand part of equation (3.7) is just a rearrangement of the middle part. For Z ∈ SMde�ne
ψM (Z) := α̃

⌊J (Z)+1
2 ⌋

M γ̃
⌊J (Z)

2 ⌋
M .We then have cM =

∑

Z∈SM
ψM (Z), be
ause J (Z) ∈ {0, . . . ,M} for every Z ∈ SM , and with j ∈

{0, . . . ,M} there are exa
tly 2 ·
(
M
j

) elements in SM having j jumps.Let Z = (Z(−M), . . . , Z(0)) be an element of SM . De�ne elements Z̃, Ẑ of SM as
Z̃ :=

(
Z(−1), Z(−M), . . . , Z(−1)

)
, Ẑ :=

(
−Z(−1), Z(−M), . . . , Z(−1)

)
.Be
ause of (3.3) and (3.4) the global balan
e equations (3.6) redu
e to(3.8) πM (Z) =







(1 − αM ) · πM (Z̃) + (1 − γM ) · πM (Ẑ) if Z(−1) = Z(0),

αM · πM (Z̃) + γM · πM (Ẑ) if Z(−1) = −Z(0).Equations (3.8) determine πM up to a multipli
ative 
onstant. Of 
ourse, ∑Z∈SM
πM (Z) = 1, and wehave already seen that 1

cM

∑

Z∈SM
ψM (Z) = 1. It is therefore su�
ient to show that ψM (Z), Z ∈ SM ,satisfy (3.8). Let Z, Z̃,Ẑ be elements of SM as above. Then

J (Z̃) =







J (Z) if Z(−M) = Z(0),

J (Z) + 1 if Z(−M) = −Z(−1) = −Z(0),

J (Z) − 1 if Z(−M) = Z(−1) = −Z(0),

J (Ẑ) =







J (Z) if Z(−M) = −Z(0),

J (Z) + 1 if Z(−M) = Z(−1) = Z(0),

J (Z) − 1 if Z(−M) = Z(0) = −Z(−1),and ψM (Z̃), ψM (Ẑ) 
an now be 
al
ulated. This yields the assertion.From proposition 3.1 we see that πM is symmetri
 in the sense that for all (Z(−M), . . . , Z(0)) ∈ SM

π
(
(Z(−M), . . . , Z(0))

)
= π

(
(−Z(−M), . . . ,−Z(0))

)
= π

(
(Z(0), . . . , Z(−M))

)
.For later use, it is 
onvenient to take note of the following lemma.



3.3. RESIDENCE TIME DISTRIBUTIONS 21Lemma 3.1. Let a, b, η be positive real numbers. For n ∈ N0 set
an = an(a, b, η) :=

1

2

(

a+
b√
η

)

· (1 +
√
η)n +

1

2

(

a− b√
η

)

· (1 −√
η)n,

bn = bn(a, b, η) :=
1

2
(b+ a · √η) · (1 +

√
η)n +

1

2
(b− a · √η) · (1 −√

η)n.Then
an =

(
⌊n
2 ⌋
∑

k=0

(
n

2k

)

ηk
)

· a +
(
⌊n−1

2 ⌋
∑

k=0

(
n

2k+1

)

ηk
)

· b,(3.9a)
bn =

(
⌊n
2 ⌋
∑

k=0

(
n

2k

)

ηk
)

· b +
(
⌊n−1

2 ⌋
∑

k=0

(
n

2k+1

)

ηk+1
)

· a.(3.9b)Proof. Splitting up the sum in the binomial formula applied to (1 ±√
η)n gives

(1 ±√
η)n =

⌊n
2 ⌋
∑

k=0

(
n

2k

)

ηk ±
(
⌊n−1

2 ⌋
∑

k=0

(
n

2k+1

)

ηk
)√

η.The assertion follows by linear 
ombination of (1 +
√
η)n and (1 −√

η)n.The sequen
es (an), (bn) de�ned in lemma 3.1 above, arise as the result of a Fibona

i-like iteration ifwe set a0 := a, b0 := b and re
ursively de�ne
an := an−1 + bn−1, bn := η · an−1 + bn−1, n ∈ N.Let cM be the normalizing 
onstant from proposition 3.1. Then (3.9a) of lemma 3.1 implies(3.10) cM =

(

1 +
√

α̃M

γ̃M

)(
1 +

√

η̃M

)M
+
(

1 −
√

α̃M

γ̃M

)(
1 −

√

η̃M

)M
.3.3 Residen
e time distributionsLet M ∈ N \ {1}, let the transition probabilities αM , γM , the transition matrix PM , the asso
iated

SM -valued Markov 
hain XM on (ΩM ,FM ), the stationary distribution πM on ℘(SM ) and the indu
edprobability measure PπM
on FM be de�ned as in se
tions 3.1 and 3.2 above.Let Y M be the {−1, 1}-valued sequen
e of 
urrent states of XM , that is we set1

Y M
n :=







(XM
n )(0) if n ∈ N,

(XM
0 )(n) if n ∈ {−M, . . . , 0}.Now de�ne(3.11) LM (k) := PπM

(
Y M

0 = 1, . . . , Y M
k−1 = 1, Y M

k = −1
∣
∣ Y M

−1 = −1, Y M
0 = 1

)
, k ∈ N.

LM (k) gives the probability to remain exa
tly k units of time in the same state 
onditional on theo

urren
e of a jump. Note that LM (.) is well de�ned, be
ause
PπM

(
Y M
−1 = −1, Y M

0 = 1
)

= πM

(
{(∗, . . . , ∗,−1, 1)}

)
> 0.1Re
all the tuple notation for elements of SM .



22 CHAPTER 3. THE TWO STATE MODEL IN DISCRETE TIMEHere, {(∗, . . . , ∗,−1, 1)} denotes the set {Z ∈ SM | Z(−1) = −1, Z(0) = 1}. Be
ause of the symmetryproperties of PM and πM the roles of −1 and 1 in (3.11) are inter
hangeable. Under PπM
not only XMis a stationary pro
ess, but � as a 
oordinate proje
tion � Y M is stationary, too, although it does not, ingeneral, enjoy the Markov property. For any n ∈ N, we have

LM (k) = PπM
(Y M

n = 1, . . . , Y M
n+k−1 = 1, Y M

n+k = −1 | Y M
n−1 = −1, Y M

n = 1), k ∈ N.We note that LM (k), k ∈ N, gives the residen
e time distribution of the sequen
e of 
urrent states of
XM in the stationary regime.We observe that LM (.) has a �geometri
 tail�. To make this statement pre
ise set(3.12) KM := PπM

(
Y M

0 = −1, Y M
1 = 1, . . . , Y M

M = 1
∣
∣ Y M

0 = −1, Y M
1 = 1

)
.In view of the �extended Markov property� of Y M , that is the Markov property of the segment 
hain

XM , we have
LM (k) = PπM

(
{Y M

0 = −1, Y M
1 = 1, . . . , YM

M = 1} ∩ {Y M
M+1 = 1, . . . , YM

k = 1, Y M
k+1 = −1}

| {Y M
0 = −1, Y M

1 = 1}
)(3.13)

= (1 − γM ) ·KM · αM · (1 − αM )k−M−1, k ≥M + 1,where (1 − γM ) ·KM is the probability mass of the geometri
 tail. Stationarity of PπM
implies that

KM =
πM

(
(−1, 1, . . . , 1)

)

πM

(
{(∗, . . . , ∗,−1, 1)}

) .From proposition 3.1 we see that
πM

(
(−1, 1, . . . , 1)

)
=

α̃M

cM
,and arranging the elements of {(∗, . . . , ∗,−1, 1)} a

ording to their number of jumps we obtain

πM

(
{(∗, . . . , ∗,−1, 1)}

)
=

1

cM
·

M−2∑

j=0

(
M−2

j

)
(
α̃ j+1 mod 2

M η̃
⌊ j+1

2 ⌋
M + α̃ j+2 mod 2

M η̃
⌊ j+2

2 ⌋
M

)

=
α̃M

cM
·
(
(⌊

M−2
2 ⌋
∑

j=0

(
M−2

2j

)

η̃ j
M

)

+
(⌊

M−3
2 ⌋
∑

j=0

(
M−2

2j+1

)

η̃ j+1
M

)

+
(⌊

M−2
2 ⌋
∑

j=0

(
M−2

2j

)

η̃ j
M

)

γ̃M +
(⌊

M−3
2 ⌋
∑

j=0

(
M−2

2j+1

)

η̃ j
M

)

γ̃M

)

=
α̃M

2cM
·
(
(

1 +
√

γ̃M

α̃M

)(
1 +

√

η̃M

)M−1
+
(

1 −
√

γ̃M

α̃M

)(
1 −

√

η̃M

)M−1

)

,where in the last part of the above equation lemma 3.1 has been applied. We therefore have(3.14) KM =
2

(

1 +
√

γ̃M

α̃M

)(
1 +

√
η̃M

)M−1
+
(

1 −
√

γ̃M

α̃M

)(
1 −√

η̃M

)M−1
.In a similar fashion we 
an 
al
ulate LM (k) for k ∈ {1, . . . ,M}. We �rst noti
e that

LM (M) =
PπM

(
Y M

0 = −1, Y M
1 = 1, . . . , Y M

M = 1, Y M
M+1 = −1

)

πM

(
{(∗, . . . , ∗,−1, 1)}

) = γM ·KM ,(3.15a)
LM (M−1) =

πM

(
(−1, 1, . . . , 1,−1)

)

πM

(
{(∗, . . . , ∗,−1, 1)}

) = γ̃M ·KM .(3.15b)



3.3. RESIDENCE TIME DISTRIBUTIONS 23Now, let k ∈ {1, . . . ,M−2}. Set n := M−2−k and denote by {(−1, 1, . . . , 1,−1, ∗, . . . , ∗)} the set
{Z ∈ SM | Z(−M) = −1, Z(−M+1) = 1, . . . , Z(−M+k) = 1, Z(−M+k+1) = −1}. Then
LM (k) =

πM

(
{(−1, 1, . . . , 1,−1, ∗, . . . , ∗)}

)

πM

(
{(∗, . . . , ∗,−1, 1)}

) =
cM
α̃M

·KM · πM

(
{(−1, 1, . . . , 1,−1, ∗, . . . , ∗)}

)

=
1

α̃M

·KM ·
n∑

j=0

(
n

j

)
(
α̃ j+2 mod 2

M η̃
⌊ j+2

2 ⌋
M + α̃ j+3 mod 2

M η̃
⌊ j+3

2 ⌋
M

)

=
η̃M

α̃M

·KM ·
(
(⌊

n
2 ⌋
∑

j=0

(
n

2j

)

η̃ j
M

)

+
(⌊

n−1
2 ⌋
∑

j=0

(
n

2j+1

)

η̃ j+1
M

)

+
(⌊

n
2 ⌋
∑

j=0

(
n

2j

)

η̃ j
M

)

α̃M +
(⌊

n−1
2 ⌋
∑

j=0

(
n

2j+1

)

η̃ j
M

)

α̃M

)

=
γ̃M

2
·KM ·

(
(

1 +
√

α̃M

γ̃M

)(
1 +

√

η̃M

)n+1
+
(

1 −
√

α̃M

γ̃M

)(
1 −

√

η̃M

)n+1

)

,where we have again made use of lemma (3.1). A last rearrangement yields for k ∈ {1, . . . ,M − 1}

LM (k) =

√
γ̃M

2
·KM ·

(√

γ̃M

(
(1 +

√

η̃M )M−1−k + (1 −
√

η̃M )M−1−k
)

+
√

α̃M

(
(1 +

√

η̃M )M−1−k − (1 −
√

η̃M )M−1−k
))

.

(3.16)More interesting than the residen
e time distribution in the 
ase of dis
rete time is to know this distri-bution in the limit of dis
retisation degree M tending to in�nity.Re
all (3.1) from se
tion 3.1, where a s
aling fun
tion Rsc was de�ned for some numbers α, γ > 0. If
αM = Rsc(α,M) and γM = Rsc(γ,M) for all M ∈ N, then � with the usual notation O(.) for the orderof 
onvergen
e � we have

αM =
α

M
+ O(

1

M2
), γM =

γ

M
+ O(

1

M2
).(3.17)Indeed, if 
ondition (3.17) holds between the transition probabilities αM , γM , M ∈ N, and some positivetransition rates α, γ, then we 
an 
al
ulate the normalizing 
onstant cM , the �tail 
onstant� KM and thedensity fun
tion of the residen
e time distribution in the limit M → ∞.Proposition 3.2. Let αM , γM ∈ (0, 1), M ∈ N. Suppose that the sequen
es (αM )M∈N, (γM )M∈Nsatisfy relation (3.17) for some positive real numbers α, γ. Then cM and KM 
onverge to c∞ and

K∞, respe
tively, as M → ∞, where
c∞ := lim

M→∞
cM =

(

1 +
√

α
γ

)

e
√

αγ +
(

1 −
√

α
γ

)

e−
√

αγ = 2 ·
∞∑

k=0

1

k!
αk mod 2 (αγ)⌊

k
2 ⌋,(3.18)

K∞ := lim
M→∞

KM =
2

(
1 +

√
γ
α

)
e
√

αγ +
(
1 −

√
γ
α

)
e−

√
αγ

=

√
α√

α cosh(
√
αγ) +

√
γ sinh(

√
αγ)

.(3.19)De�ne a fun
tion fL : (0,∞) 7→ fL(q) := lim
M→∞

M · LM

(
⌊qM⌋

). Then(3.20) fL(q) =







√
γ ·K∞ ·

(√
γ cosh

(√
αγ(1 − q)

)
+
√
α sinh

(√
αγ(1 − q)

)) if q ∈ (0, 1],

K∞ · α · exp
(
−α(q − 1)

) if q > 1.



24 CHAPTER 3. THE TWO STATE MODEL IN DISCRETE TIMEProof. If relation (3.17) holds, then in order to derive (3.18) and (3.19) from (3.10) and (3.14), respe
tively,it is su�
ient to observe that (1 + a
N

+ O( 1
N2 ))N N→∞→ ea for every a ∈ R. The last part of (3.18) isobtained by series expansion. Similarly, expression (3.20) for fL follows from equations (3.15a), (3.16)and (3.13).Observe that fL as de�ned in proposition 3.2 is indeed the density of a probability measure on (0,∞). In
ase α = γ this probability measure is just an exponential distribution with parameter α (= γ). If α 6= γthen fL has a dis
ontinuity at position 1, where the height of the jump is(3.21) fL(1+) − fL(1−) = K∞ · (α− γ).Clearly, the restri
tions of fL to (0, 1] and (1,∞), respe
tively, are still stri
tly de
reasing fun
tions,and fL(q), q ∈ (1,∞), is again the density of an exponential distribution, this time with parameter α( 6= γ) and total probability mass K∞. The fun
tion fL(q), q ∈ (0, 1), is the density of a mixture of two�hyperboli
� distributions with the geometri
 mean √

αγ of α and γ as parameter and total probabilitymass 1 −K∞. The ratio between the hyperboli
 
osine and the hyperboli
 sine density is √γ to √
α.Re
all how at the beginning of se
tion 3.1 we interpreted the dis
retisation degree M as the number ofsubintervals of [−r, 0], where r > 0 is the length of the delay that appears in equation (2.1). Anti
ipatingthe dis
ussion of 
hapter 5, let us assume that the numbers α, γ are fun
tions of the parameters of ourreferen
e model, in parti
ular of the noise parameter σ and the length of the delay r. Then we shouldinterpret the density fL as being de�ned on normalized time, that is one unit of time 
orresponds to runits of time in the referen
e model. The density of the residen
e time distribution for the two statemodel in 
ontinuous time should therefore read as(3.22) f̃L(t) := 1

r
fL

(
t
r

)
, t ∈ (0,∞).Before we may 
all f̃L the density of a residen
e time distribution, we have to justify the passage to thelimit M → ∞ at the level of distributions of the Markov 
hains XM , whi
h underlie the de�nition of

LM . This is the subje
t of 
hapter 4. We will return to the issue of residen
e times in se
tion 4.5.3.4 Two measures of resonan
eDrawing on the residen
e time distribution of the Markov 
hain XM that was studied in se
tion 3.3 weintrodu
e simple 
hara
teristi
s that provide us with a notion of quality of tuning for the redu
ed modelin dis
rete time.We 
onsiderXM and the resonan
e 
hara
teristi
s to be de�ned in the stationary regime only, be
auseby doing so we have the guarantee that an eventual resonan
e behaviour of the traje
tories of XM isindependent of the initial distribution. From se
tion 3.2 we know that PM is a positive re
urrent,irredu
ible and aperiodi
 transition matrix and, therefore, the distribution of XM
n 
onverges to πM intotal variation as n → ∞ for every initial distribution of X0 (Brémaud, 1999: p. 130). In se
tion 2.2.3we saw an analogous result for the segment pro
ess of a solution to (2.1), the equation of the referen
emodel.Let us assume that the transition probabilities αM , γM are related to some transition rates α, γ by meansof a smooth s
aling fun
tion like (3.1), for example, su
h that 
ondition (3.17) is satis�ed. Under thisassumption we let the dis
retisation degree M tend to in�nity. Assume further that α, γ are fun
tionsof the parameters of the referen
e model, in parti
ular, that α = α(σ), γ = γ(σ) are C

2-fun
tions ofthe noise parameter σ ∈ (0,∞). The resonan
e 
hara
teristi
s 
an then be understood as fun
tions of σ.This view enables us to de�ne what we mean by sto
hasti
 resonan
e in the two state model.



3.4. TWO MEASURES OF RESONANCE 25Re
all from se
tion 3.3 that the residen
e time distribution LM has a geometri
 tail in the sense that
LM (k), k ≥ M+1, renormalized by the fa
tor (1 − γM ) ·KM is equivalent to a geometri
 distributionon N \ {1, . . . ,M} with KM as de�ned by (3.12). The distribution whi
h LM indu
es on {1, . . . ,M} isgiven � up to a renormalizing fa
tor � by equations (3.16) and (3.15a). A natural 
hara
teristi
 seems tobe the jump in the density of the residen
e time distribution fL that we en
ountered in se
tion 3.3. Indis
rete time, i. e. with dis
retisation degree M ∈ N, we set(3.23) υM := M ·

(
LM (M+1) − LM (M)

)
.Be
ause of (3.13), (3.15a) and (3.21) we have

υM = M ·KM ·
(
(1 − γM ) · αM − γM

)
,(3.24)

υ∞ := lim
M→∞

υM = K∞ · (α− γ).(3.25)To 
onsider the height of the dis
ontinuity of fL as a measure of resonan
e has already been proposedby Masoller (2003), 
f. se
tion 1.4. Following this proposal we de�ne what sto
hasti
 resonan
e meansa

ording to the jump 
hara
teristi
.De�nition 3.1. Let M ∈ N ∪ {∞}, and suppose that the following 
onditions hold:(i) υM as a fun
tion of the noise parameter σ is in C
2((0,∞)),(ii) lim

σ↓0
υM (σ) = 0,(iii) υ′M has a smallest root σopt ∈ (0,∞).If υM has a global maximum at σopt, then let us say that the Markov 
hain XM or, in 
ase M = ∞, theredu
ed model de�ned by the family (XN )N∈N exhibits sto
hasti
 resonan
e and 
all σopt the resonan
epoint. If υM has a global minimum at σopt, then let us say that the Markov 
hain XM (or, in 
ase

M = ∞, the redu
ed model) exhibits pseudo-resonan
e and 
all σopt the pseudo-resonan
e point.Alternatively, we may take the probability of transitions in a 
ertain time window as 
hara
teristi
 of theresonan
e e�e
t. For M ∈ N and q ∈ (0, 1] de�ne
κ̂M :=

M∑

k=1

LM (k), κ
(q)
M :=

⌊(q+1)M⌋
∑

k=M+1

LM (k).(3.26)By summation over k we see from (3.13) that
κ̂M = 1 − (1 − γM ) ·KM ,(3.27a)
κ

(q)
M = (1 − γM ) ·KM ·

(
1 − (1 − αM )⌊qM⌋),(3.27b)and letting M tend to in�nity we get

κ̂∞ := lim
M→∞

κ̂M = 1 −K∞,(3.28a)
κ(q)
∞ := lim

M→∞
κ

(q)
M = K∞ · (1 − e−q·α).(3.28b)Re
all thatM steps in time of the 
hain XM or the {−1, 1}-valued pro
ess Y M 
orrespond to an amountof time r in the referen
e model. Thus, κ̂M 
orresponds to the probability of remaining at most time r in



26 CHAPTER 3. THE TWO STATE MODEL IN DISCRETE TIMEone and the same state, while κ(q)
M approximates the probability of state transitions o

urring in a timewindow 
orresponding to (r, (q+1)r] of length q · r given a transition at time zero.2In (3.26) we 
ould have allowed for a �window width� q > 1. The interesting 
ase, however, is a smalltime window, be
ause then κ(q)

M measures the probability of transitions within the se
ond delay interval.For q = 1 the two 
omponents of our resonan
e measure 
orrespond to time windows of equal length,that is κ̂M gives the probability of transitions within the �rst delay interval, while κ(1)
M is the probabilityof hopping events o

urring in the se
ond delay interval. Sin
e LM is geometri
ally distributed on

N \ {1, . . . ,M}, κ(1)
M majorizes the transition probability for all time windows of the same length startingafter the end of the �rst delay interval. Let us write κM for κ(1)

M .The idea of the following de�nition is to maximize quasi-periodi
ity by �nding a noise level su
h thatsojourns in the same state be
ome neither too long nor too short. Here, short sojourns are those thatlast less than the length of one delay interval, long sojourns those that last longer than the length oftwo delay intervals. Observe that if the 
urrent state of XM remains the same for more than M steps indis
rete time, then the in�uen
e of the delay will be 
onstant until a transition o

urs.De�nition 3.2. Let M ∈ N ∪ {∞}, and suppose that the following 
onditions hold:(i) κM as a fun
tion of the noise parameter σ is in C
2((0,∞), [0, 1]),(ii) lim

σ↓0
(κ̂M + κM )(σ) = 0,(iii) κM has a unique global maximum at σopt ∈ (0,∞).If κM (σopt) > κ̂M , then let us say that the Markov 
hain XM or, in 
ase M = ∞, the redu
ed modelde�ned by the family (XN )N∈N exhibits sto
hasti
 resonan
e of strength κM (σopt), and 
all σopt theresonan
e point, else let us speak of pseudo-resonan
e and 
all σopt the pseudo-resonan
e point.In the above de�nition we might have taken a shorter time window than the se
ond delay interval. Anatural 
hoi
e would have been the probability of transitions o

urring in a time window 
orrespondingto (r, (1 + q)r] normalized by the window width. In the limit M → ∞ we obtain(3.29) lim

q↓0

1

q
· κ(q)

∞ = K∞ · α = fL(1+).Here, fL is the density of the residen
e time distribution from proposition 3.2 and fL(1+) is the right-handlimit appearing in equation (3.21), whi
h gives the height of the dis
ontinuity of fL.Of 
ourse, de�nition 3.2 
ould be modi�ed in other ways, most importantly by allowing the time windowthat 
orresponds to κM to �oat. This would be ne
essary for a distributed delay. Suppose that in thereferen
e model instead of the point delay we had a delay supported on [−r,−δ] for some δ > 0. Thena reasonable starting point for a measure of resonan
e 
ould be a time window of length r with its leftboundary �oating from δ to r.Noti
e that a distributed delay (in the referen
e or in the redu
ed model) 
an be 
hosen in su
h away as to render 
ontinuous the density fL.As the resonan
e 
hara
teristi
s are de�ned over the distribution of the Markov 
hain XM in the sta-tionary regime, it is natural to ask, how the distributions of XM , M ∈ N, behave in the limit M → ∞.More pre
isely, we shall study weak 
onvergen
e of those distributions on a suitable Skorokhod spa
e.This task is 
arried out in 
hapter 4.2Again, the time 
orresponden
e is to be understood as a means of illustration only. We are not yet in a position tomake those statements pre
ise.



Chapter 4The two state model in 
ontinuous timeOur aim in this 
hapter is to justify the passage from time dis
retisation degree M to the limit M → ∞as undertaken in se
tions 3.3 and 3.4. To this end we will look for a pro
ess in 
ontinuous time that is thelimit in distribution of the Markov 
hains XM , M ∈ N, in the stationary regime. We 
an then 
onsiderthe distribution of residen
e times for this new pro
ess and show that it 
oin
ides with the limit of theresiden
e time distributions in dis
rete time whi
h was 
al
ulated in se
tion 3.3. Sin
e the measures ofresonan
e introdu
ed in se
tion 3.4 were de�ned over the (dis
rete) residen
e time distributions, we may
on
lude that in this 
ase, too, the passage to the limit M → ∞ is admissible.For M ∈ N the Markov 
hain XM takes its values in the �nite spa
e SM with 
ardinality 2M+1.The �rst thing to be done, therefore, is to 
hoose a 
ommon state spa
e for the Markov 
hains. Thiswill be D0 := D{−1,1}([−r, 0]), the spa
e of all {−1, 1}-valued 
adlag fun
tions, i. e. right-
ontinuousfun
tions with left limits, on the interval [−r, 0], endowed with the Skorokhod topology. This simplestof all Skorokhod spa
es is introdu
ed in detail in se
tion 4.1.1, while in se
tion 4.1.2 we present D∞ :=

D{−1,1}([−r,∞)), the spa
e of all {−1, 1}-valued 
adlag fun
tions on the in�nite interval [−r,∞).Re
all how in se
tion 3.1 we partitioned the delay interval [−r, 0]. Time step n ∈ {−M,−M+1, . . .}with respe
t to the 
hain XM was said to 
orrespond to point n · r
M

in 
ontinuous time. Keeping inmind this 
orresponden
e we embed the spa
es SM , M ∈ N, into D0, whi
h allows us to look upon thestationary distributions πM as being probability measures on B(D0) and to view the random sequen
es
XM as being D0-valued Markov 
hains. This is done in se
tion 4.2.1.Now, be
ause of the shift 
ondition (3.2) from se
tion 3.1 one may regard XM as being a pro
esswith traje
tories in D∞. If the dis
retisation of time is taken into a

ount, then the 
hain XM indu
esa probability measure on B(D∞) for every initial distribution over SM ⊂ D0. The indu
ed measures arede�ned in se
tion 4.2.2.Weak 
onvergen
e of the stationary distributions or, equivalently, 
onvergen
e of the πM with respe
tto the Prohorov metri
 indu
ed by the Skorokhod topology on D0 will be established in se
tion 4.3. Weak
onvergen
e of the distributions on B(D∞) is the obje
t of se
tion 4.4.Finally, in se
tion 4.5, we return to the question of identity between the residen
e time distributionfor the limit pro
ess and the one we obtained above as the limit of dis
rete distributions.4.1 {−1, 1}-valued 
adlag fun
tionsHere, we spe
ialize results from the literature on the Skorokhod spa
es D0

R
= DR([−r, 0]) and D∞

R
=

DR([−r,∞), summarized in appendi
es A.2 and A.3, respe
tively, to the 
orresponding Skorokhod spa
esof {−1, 1}-valued 
adlag fun
tions, namely D0 = D{−1,1}([−r, 0]) and D∞ = D{−1,1}([−r,∞)).27



28 CHAPTER 4. THE TWO STATE MODEL IN CONTINUOUS TIME4.1.1 The Skorokhod spa
e D0There are two equivalent ways of topologizing D0. The �rst is to de�ne metri
s dS , d◦S in analogy toappendix A.2, where |. − .| should be interpreted as a metri
 on {−1, 1}. In fa
t, if (E, d) is a metri
spa
e, one 
an de�ne the Skorokhod spa
e DE([−r, 0] with its a

ompanying metri
s. If, in addition,
(E, d) is 
omplete and separable, then an analogue of theorem A.4 holds.1The se
ond option is to restri
t the metri
s dS , d◦S and the Skorokhod topology of D0

R
to D0. Thisworks, be
ause D0 is a 
losed subset of D0

R
with respe
t to the Skorokhod topology. Theorem A.4 nowimplies that D0 is a separable metri
 spa
e under dS , and 
omplete and separable under d◦S , as is the 
asefor D0

R
. De�ne the moduli of 
ontinuity w, w̃ by restri
tion or in analogy to (A.1) and (A.2), respe
tively.For f ∈ D0 de�ne J(f), the set of dis
ontinuities or jumps, and ζf , the minimal distan
e between twodis
ontinuities or an inner dis
ontinuity and one of the boundary points of [−r, 0], as

J(f) :=
{
t ∈ (−r, 0]

∣
∣ f(t) 6= f(t−)

}
,

ζf := min
{
|t− s|

∣
∣ t, s ∈ J(f) ∪ {−r, 0}

}
,where f(t−) is the left-hand limit of f at t. Set J̇(f) := J(f)∩ (−r, 0), the set of inner dis
ontinuities of

f . Noti
e that the only possible dis
ontinuity of f not in J̇(f) is 0, the right boundary of [−r, 0].Proposition 4.1. Let f ∈ D0, δ ∈ (0, r), and let I ⊆ [−r, 0] be an interval. Then
w(f, I) ∈ {0, 2}, w(f, I) = 0 ⇔ f is 
onstant on the interval I,(4.1)
#J(f) ∈ N0,(4.2)
w̃(f, δ) ∈ {0, 2}, w̃(f, δ) = 0 ⇔ ζf > δ.(4.3)Proof. Obviously, |f(s) − f(t)| ∈ {0, 2} for all s, t ∈ [−r, 0], and (4.1) is a 
onsequen
e of (A.2), thede�nition of w.If there were an f ∈ D0 with #J(f) = ∞, one 
ould 
hoose a sequen
e (tn)n∈N ⊂ J(f) su
h that

tn
n→∞→ t and tn 6= t for all n ∈ N. Sin
e f is a 
adlag fun
tion, there would be δl, δr > 0 su
h that f is
onstant on the intervals (t− δl, t), (t, t+ δr), ex
ept if t were a boundary point of [−r, 0], in whi
h 
aseonly one of the 
onstants δl, δr 
ould be 
hosen appropriately. In any 
ase, tn ∈ (t−δl, t) or tn ∈ (t, t+δr)for n big enough, a 
ontradi
tion, be
ause f 
annot be 
onstant on an open interval and at the sametime have a dis
ontinuity in it.Clearly, w̃(f, δ) ∈ {0, 2}. Suppose w̃ = 0. Then there are m ∈ N and a partition −r = t0 < . . . <

tm = 0 su
h that ti − ti−1 > δ and w(f, [ti−1, ti)) = 0 for all i ∈ {0, . . . ,m}. Hen
e, f is 
onstant on ea
hinterval [ti−1, ti), and the minimal distan
e between two dis
ontinuities or an inner dis
ontinuity and theboundary of [−r, 0] is at least min{(ti − ti−1) | i ∈ {0, . . . ,m}}.Conversely, ζf > δ implies w̃(f, δ) = 0, be
ause −r = t0 < . . . < tm = 0 forms a suitable partition of
[−r, 0], if one 
hooses m = #J̇(f)+1 and takes as t1, . . . , tm−1 the inner dis
ontinuities of f .Theorem A.5, whi
h states ne
essary and su�
ient 
onditions for 
ompa
tness in D0

R
, takes on a simpleform in the present 
ontext.Proposition 4.2. Let A ⊆ D0. Then the 
losure of A is 
ompa
t in the Skorokhod topology if and onlyif inf{ζf | f ∈ A} > 0.1Skorokhod spa
es for E-valued fun
tions on the in�nite interval [0,∞) are de�ned in Ethier and Kurtz (1986).



4.2. EMBEDDING OF THE DISCRETE-TIME CHAINS 29Proof. Condition (i) of theorem A.5 is satis�ed for any A ⊆ D0. Hen
e, we must show that 
ondition (ii)of A.5 is equivalent to inff∈A ζf > 0.Let f ∈ D0, then w̃(f, δ) ∈ {0, 2} for all δ ∈ (0, r). Therefore, limδ↓0 supf∈A w̃(f, δ) = 0 if and only ifthere exists δ0 ∈ (0, r) su
h that for all δ ∈ (0, δ0) and all f ∈ A we have w̃(f, δ) = 0. A

ording to (4.3)the latter 
ondition is equivalent to the existen
e of δ0 ∈ (0, r) su
h that ζf ≥ δ0 for all f ∈ A, whi
h inturn is just inff∈A ζf > 0.Condition inff∈A ζf > 0 implies supf∈A #J(f) < ∞, but the 
onverse impli
ation does not hold, as 
anbe seen by 
onsidering the sequen
e (fn) de�ned in the example of appendix A.2.4.1.2 The Skorokhod spa
e D∞First observe that for any t > −r the spa
e D{−1,1}([−r, t]) of all {−1, 1}-valued 
adlag fun
tions on
[−r, t] 
an be de�ned in analogy to the spa
e D0.Denote by D∞ = D{−1,1}([−r,∞)) the set of all {−1, 1}-valued 
adlag fun
tions on [−r,∞). Clearly,
D∞ is a subset of D∞

R
, but it is also 
losed with respe
t to the Skorokhod topology of D∞

R
as 
an be seenfrom proposition A.1 and se
tion 4.1.1. We may therefore restri
t the topology of D∞

R
and its metri
s

d∞, d◦∞, thus topologizing D∞.4.2 Embedding of the dis
rete-time 
hainsFirst we interpret the �nite enlarged state spa
e SM as a subset of D0. After that, we 
hange philosophyand regard a 
hain XM as being equivalent to a {−1, 1}-valued 
adlag pro
ess.4.2.1 Embedding into D0The embedding of SM , the state spa
e of the Markov 
hain XM , into D0 is in a sense the reverse ofwhat one does when approximating solutions to sto
hasti
 delay di�erential equations by Markov 
hainsin dis
rete time.2 Approximation results of this kind were obtained for the multi-dimensional version ofequation (2.5) by S
heutzow (1983, 1984). The method is more powerful, though, as Lorenz (2003) shows,where weak 
onvergen
e of the approximating pro
esses to solutions of the multi-dimensional version of(2.4) is related to a martingale problem that 
an be asso
iated with the 
oe�
ients of the target equation.Of 
ourse, D0 is a toy spa
e 
ompared to C([−r, 0],Rd). Noti
e, however, that linear interpolation asin the 
ase of C([−r, 0],Rd) is ex
luded, be
ause the only 
ontinuous fun
tions in D0 are the two 
onstantfun
tions −1 and 1.Let M ∈ N, Z ∈ SM , and asso
iate with Z = (Z(−M), . . . , Z(0)) a fun
tion fZ : [−r, 0] → {−1, 1} de�nedby
fZ(t) := Z(0) · 1{0}(t) +

−1∑

i=−M

Z(i) · 1[i r
M

,(i+1) r
M

)(t), t ∈ [−r, 0].Clearly, fZ ∈ D0. Hen
e, ι̃M : Z 7→ fZ de�nes a natural inje
tion SM →֒ D0, whi
h indu
es the followingembedding of probability measures on ℘(SM ) into the set of probability measures on B(D0).
M1

+(SM ) ∋ µ 7→ µ̃ :=
∑

Z∈SM

µ(Z) · δfZ
∈ M1

+(D0),2Under suitable 
onditions the approximating time series 
onverge in distribution to the (weakly unique) solution of theSDDE.
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 or point measure 
on
entrated on f ∈ D0.Denote by π̃M the probability measure on B(D0) asso
iated with the stationary distribution πM forthe 
hain XM , and write X̃M for the 
orresponding D0-valued Markov 
hain. Sin
e all we have done sofar is a reinterpretation of the state spa
e the results obtained in 
hapter 3 regarding XM are also validfor X̃M .Although the embedding ι̃M given above is natural in view of how the delay interval [−r, 0] shouldbe partitioned a

ording to se
tion 3.1, it is not the only one possible. Indeed, one 
ould sele
t di�erentinterpolation points in the de�nition of fZ . As the degree of dis
retisation M in
reases the 
ompleteSkorokhod distan
e between the di�erent fun
tions fZ , Z ∈ SM being �xed, tends to zero, and the
onvergen
e results stated in 4.3 and 4.4 still hold true.Following the notation of se
tion 4.1.1, for Z ∈ SM we write
J(Z) := J(fZ), J̇(Z) := J̇(fZ), ζZ := ζfZ

,thereby denoting the sets of dis
ontinuities or jumps of Z, and the minimal distan
e between two dis-
ontinuities. Noti
e that our new de�nition of J(Z) agrees with the number of jumps J (Z) de�ned inse
tion 3.2 in the sense that #J(Z) = J (Z).For the proof of 
onvergen
e it will be useful to partition SM into subsets of elements whi
h have equalnumber of inner jumps. With i ∈ {0, . . . ,M−1} set
SM (i) :=

{

Z ∈ SM

∣
∣ #J̇(fZ) = i

}

.We then have SM =
M−1⋃

i=0

SM (i) a pairwise disjoint union.4.2.2 Embedding into D∞Let M ∈ N. Re
all the notation of se
tion 3.1. Let ν be a distribution on ℘(SM ) and denote by PM
νthe probability measure on FM su
h that XM is a Markov 
hain with transition matrix PM and initialdistribution XM

0
d∼ ν. For a �point distribution� on Z ∈ SM write PM

Z .For f ∈ D0 let Z(f) be the element of SM su
h that Z(i) = f( r
M

·i) for all i ∈ {−M, . . . , 0}. Let
(Y M

n )n∈{−M,−M+1,...} be the sequen
e of 
urrent states of XM as de�ned at the beginning of se
tion 3.3.Write
Ỹ M (t) := Y M

⌊ t
r

M⌋, t ≥ −r.For A ∈ B(D∞) set
P̃

M

f (A) := PM
Z(f)

(
Ỹ M ∈ A

)
, P̃M (A) := PM

πM

(
Ỹ M ∈ A

)
,thereby de�ning probability measures on B(D∞). Note that P̃

M

f , P̃M are well de�ned and 
orrespond tothe distribution of XM with XM
0

d∼ Z(f) and XM
0

d∼ πM , respe
tively.4.3 Convergen
e of the stationary distributions on D0The aim of this se
tion is to prove that the sequen
e (π̃M )M∈N of probability measures on the Borel
σ-algebra B(D0) 
onverges weakly to a probability measure π̃. Sin
e (D0, d

◦
S) is separable, theorem A.1says that weak 
onvergen
e of (π̃M ) to π̃ is equivalent to 
onvergen
e under the Prohorov metri
 indu
edby d◦S .
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onvergen
e. First, we 
he
k that the 
losureof {π̃M | M ∈ N} is 
ompa
t in M1
+(D0) with respe
t to the Prohorov topology. Now, (D0, d

◦
S) is also
omplete. A

ording to the Prohorov 
ompa
tness 
riterion, 
ited as theorem A.2 in the appendix, it istherefore su�
ient to show that the set {π̃M |M ∈ N} is tight.For the se
ond step, 
hoose a limit point π̃ ∈ M1

+(D0) of {π̃M | M ∈ N}, whi
h exists a

ording tothe �rst step. It remains to show that π̃ is the unique limit point of (π̃M ).Before embarking on the a
tual proof of 
onvergen
e we need some te
hni
al preparation, whi
h
onsists in de�ning suitable approximation sets and estimating their probability under the measures πM .4.3.1 PreliminariesIn order to 
onstru
t 
ompa
t sets for the proof of tightness we need spe
ial subsets of SM . Let N ∈ N,
Z ∈ SN , and set for M ∈ N \ {1, . . . , N−1}

UN
M (Z) :=

{

Z̃ ∈ SM

∣
∣
∣ #J̇(Z̃) = #J̇(Z) ∧

(
∃λ ∈ Λ : sup

s∈[−r,0]

|λ(s) − s| ≤ r
2N+1 ∧ fZ̃ ◦ λ = fZ

)}

.For N big enough in 
omparison to r, UN
M (Z) ⊂ SM is the set of elements Z̃ ∈ SM su
h that dS(fZ , fZ̃) ≤

r
2N+1 . Furthermore, #J(fZ̃) = #J(fZ) for all Z̃ ∈ UN

M (Z).Noti
e that fZ̃ is not ne
essarily an approximation of fZ with respe
t to the 
omplete metri
 d◦S ,be
ause the slope of λ 
an be of order N for all admissible time transformations.Re
all from proposition 3.1 that the probability πM (Z) of an element Z ∈ SM under the stationarydistribution πM depends only on the number of jumps of Z. The sets SM (i), i ∈ {0, . . . ,M−1}, form apartition of SM into subsets of elements of equal number of inner dis
ontinuities. For Z, Z̃ ∈ SM (i) wehave |#J(Z)−#J(Z̃)| ∈ {0, 1}. Noti
e that we pres
ribed #J̇(Z) = #J̇(Z̃) instead of #J(Z) = #J(Z̃)in the de�nition of SM (i). Elements Z ∈ SM su
h that fZ jumps at position 0 play a spe
ial role, as theira

umulated probability under πM tends to zero as M tends to in�nity.Before establishing this point in se
tion 4.3.2, we need two more lemmata. Let us start by estimatingthe number of elements of SM (i) and UN
M (Z), respe
tively.Lemma 4.1.

∀M ∈ N ∀ i ∈ {0, . . . ,M − 1} : #SM (i) = 4 ·
(
M−1

i

)
,(4.4)

∀N ∈ N ∀Z1, Z2 ∈ SN ∀M ≥ N : Z1 6= Z2 ⇒ UN
M (Z1) ∩ UN

M (Z2) = ∅,(4.5)
∀N ∈ N ∀ i ∈ {0, . . . , ⌊

√
N⌋ − 1} ∀M ≥ N ∀Z ∈ SN (i) :

(⌊
2M

2N+1

⌋)i

≤ #UN
M (Z) ≤

(⌊
2M

2N+1

⌋
+ 1
)i

.
(4.6)Proof. Any element f ∈ ι̃M

(
SM (i)

) 
an be des
ribed as follows. Choose i out of M−1 possible positionsfor the inner dis
ontinuities, and de
ide on the binary values of f(−r), f(0). This determines f , and(4.4) follows.Let Z1 = (Z
(−N)
1 , . . . , Z

(0)
1 ), Z2 = (Z

(−N)
2 , . . . , Z

(0)
2 ) be elements of SN . By de�nition of UN

M (.), for
UN

M (Z1) ∩ UN
M (Z2) 6= ∅ we must have #J̇(Z1) = #J̇(Z2) as well as Z(−N)

1 = Z
(−N)
2 and Z(0)

1 = Z
(0)
2 .Suppose that Z1, Z2 have the same number of inner dis
ontinuities and agree at −N and 0, but still

Z1 6= Z2. Then Z1, Z2 di�er in the position of at least one inner dis
ontinuity, that is to say there is s1 ∈
(−r, 0) su
h that s1 ∈ J(Z1)\J(Z2); by symmetry, there is also s2 ∈ (−r, 0) su
h that s2 ∈ J(Z2)\J(Z1).Sele
t su
h an s2, then |s− s2| ≥ r

N
for all s ∈ J(Z1).
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M (Z1). Then for any inner dis
ontinuity s ∈ J̇(Z1) there is exa
tly one

s̃ ∈ J̇(Z̃1) su
h that |s̃− s| ≤ r
2N+1 , and vi
e versa. The same holds true for any element Z̃2 of UN

M (Z2)with respe
t to Z2. In parti
ular, there is s̃2 ∈ J̇(Z̃2) su
h that |s̃2 − s2| ≤ r
2N+1 . But s̃2 6∈ J(Z̃1),be
ause |s̃2 − s̃| ≥ r

N
− 2r

2N+1 > 0 for all s̃ ∈ J(Z̃1). Sin
e Z̃1, Z̃2 were arbitrary, this establishes (4.5).An element Z̃ ∈ UN
M (Z) is determined by the positions of its #J̇(Z) inner dis
ontinuities, where {k · r

M
−

r | k ∈ {1, . . . ,M−1}} is the set of possible su
h positions. If s ∈ J̇(Z), then there is k ∈ {1, . . . , N−1}with s = k · r
N

− r, and it exists exa
tly one s̃ ∈ J̇(Z̃) su
h that s̃ ∈ [s− r
2N+1 , s+ r

2N+1 ]. Equation (4.6)is now a 
onsequen
e of
⌊ 2M

2N+1⌋ ≤ #
({
k · r

M
− r

∣
∣ k ∈ {1, . . . ,M−1}

}
∩ [s− r

2N+1 , s+ r
2N+1 ]

)

≤ ⌊ 2M
2N+1⌋ + 1,for all s ∈ {k · r

N
− r | k ∈ {1, . . . , N−1}}, and the fa
t that #J̇(Z) = i for Z ∈ SN (i).The se
ond lemma shows that for M ∈ N large most of the probability mass of πM is 
on
entratedon elements of SM whi
h have a number of jumps small in 
omparison to M . It is even su�
ient torestri
t attention to elements of UN

M (Z), where Z ∈ SN is su
h that the number of jumps of Z is smallin 
omparison to N whi
h in turn must be small against M . We also see that the probability of a set
UN

M (Z) under πM gives a good approximation of the probability whi
h the �generating� element Z ∈ SNre
eives under πN .If we 
ompare probabilities with respe
t to probability measures πM for di�erent indi
es M ∈ N, wehave to assume that an appropriate relation holds between the 
orresponding transition probabilities αM ,
γM as M varies. We assume s
aling relation (3.17) as in se
tion 3.3, where we 
onsidered 
onvergen
e ofthe residen
e time distributions.Lemma 4.2. Let M , N , N0 be natural numbers su
h that N0 < N ≤ M , let ǫ > 0, and de�ne theexpressions ψ1, ψ2 and ψ3 as

ψ1 := πM

(N0⋃

i=0

⋃

Z∈SN (i)

UN
M (Z)

)

≥ 1 − ǫ,

ψ2 := ∀ i ∈ {0, . . . , N0} ∀Z ∈ SN (i) :
∣
∣πM

(
UN

M (Z)
)
− πN (Z)

∣
∣ ≤ ǫ

N i
,

ψ3 :=
N−1∑

i=N0+1

πN

(
SN (i)

)
≤ ǫ.Suppose that the sequen
es of transition probabilities (αM )M∈N, (γM )M∈N satisfy relation (3.17) for sometransition rates α, γ > 0. Then for all ǫ > 0

∃ Ñ0 ∈ N ∀N0 ≥ Ñ0 ∃ Ñ ∈ N ∀N ≥ Ñ ∃ M̃ ∈ N ∀M ≥ M̃ : ψ1,(4.7)
∀N0 ∈ N ∃ Ñ ∈ N ∀N ≥ Ñ ∃ M̃ ∈ N ∀M ≥ M̃ : ψ2,(4.8)

∃ Ñ0 ∈ N ∀N0 ≥ Ñ0 ∃ Ñ ∈ N ∀N ≥ Ñ : ψ3.(4.9)Finally, it holds that
∀ ǫ > 0 ∃N0, Ñ ∈ N ∀N ≥ Ñ ∃ M̃ ∈ N ∀M ≥ M̃ : ψ1 ∧ ψ2 ∧ ψ3.(4.10)



4.3. CONVERGENCE OF THE STATIONARY DISTRIBUTIONS ON D0 33Proof. Formula (4.10) follows by �putting together� (4.7), (4.8) and (4.9), whereN0 = N0(ǫ) 
an be 
hosenas the maximum of Ñ0 a

ording to (4.7) and Ñ0 a

ording to (4.9), Ñ = Ñ(ǫ,N0) as the maximum ofthe respe
tive variables Ñ , and in the same way for M̃ = M̃(ǫ,N0, Ñ ,N).The remaining formulae will be established one by one. Let ǫ > 0, without loss of generality ǫ < 1.Re
all proposition 3.1, where the normalizing 
onstant cM for the probability measure πM was de�ned,and equation (3.18) of proposition 3.2, where we obtained an expli
it expression for c∞ = limM→∞ cM .In analogy to propositions 3.1 and 3.2, respe
tively, we set
cM,M0

:= 2 ·
M0∑

k=0

(
M

k

)( αM

1 − γM

)k mod 2( αM · γM

(1 − αM )(1 − γM )

)⌊ k
2 ⌋
, M ∈ N, M0 ∈ {1, . . . ,M}.

c∞,M0
:= 2 ·

M0∑

k=0

1

k!
αk mod 2 (αγ)⌊

k
2 ⌋, M0 ∈ N,Be
ause of relation (3.17) it holds that ∀ ǫ̃ ∈ (0, 1) ∀M0 ∈ N ∃ M̃ ∈ N ∀M ≥ M̃ ∀ {0, . . . ,M0}:(4.11) (1 + ǫ̃) · (αγ)k ≥

∧ (1 + ǫ̃)α ≥

∧ 1 ≥

M2k ·
(

αM ·γM

(1−αM )(1−γM )

)k

M · αM

1−γM

M ·...·(M−2k+1)
M2k ≥ M ·...·(M−2k)

M2k+1

≥ (1 − ǫ̃) · (αγ)k

≥ (1 − ǫ̃)α

≥ 1 − ǫ̃.In view of the above we have
∀ ǫ̃ ∈ (0, 1) ∃ M̃0 ∈ N ∀M0 ≥ M̃0 ∃ M̃ ∈ N ∀M ≥ M̃ :

1 ≥ c∞,M0

c∞
≥ 1 − ǫ̃ ∧ M ≥ M0 ∧

∣
∣
cM,M0

c∞
− 1
∣
∣+
∣
∣
c∞

cM,M0

− 1
∣
∣ ≤ ǫ̃.

(4.12)To 
on
lude the preparations, re
all that for Z ∈ SM (i), where M ∈ N, i ∈ {0, . . . ,M−1}, we have
#J(Z) ∈ {i, i+1}, and that exa
tly half of the elements of SM (i) has a dis
ontinuity at 0.Let ǫ̃ > 0. Choose Ñ0 ∈ N su
h that c∞,N0

c∞
≥ 1 − ǫ̃ for all N0 ≥ Ñ0. Let N0 ∈ N with N0 ≥ Ñ0 = Ñ0(ǫ̃).Choose Ñ ∈ N su
h that ∀N ≥ Ñ ∀ i ∈ {0, . . . , N0}:

(
2

2N+1

)i ≥ 1−ǫ̃
Ni and 1

Ni

(
N−1

i

)
≥ 1−ǫ̃

i! .Let N ∈ N with N ≥ Ñ = Ñ(ǫ̃, N0). Choose M̃ su
h that ∀M ≥ M̃ ∀ i ∈ {0, . . . , N0}:
(
⌊ 2M

2N+1⌋
)i ≥

( 2M−(2N+1)
2N+1

)i ≥ (1 − ǫ̃)
( 2M−(2N+1)

2N

)i ≥ (1 − ǫ̃)2
(

M
N

)i

∧ c∞
cM

≥ 1 − ǫ̃ ∧
(
M
i

)(
αM

1−γM

)i mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i
2 ⌋ ≥ 1−ǫ̃

i! αi mod 2 (αγ)⌊
i
2 ⌋,where (4.11) has been applied. For N0 ≥ Ñ0(ǫ̃), N ≥ Ñ(ǫ̃, N0), M ≥ M̃(ǫ̃, N0, N) we have

πM

(N0⋃

i=0

⋃

Z∈SN (i)

UN
M (Z)

)

=

N0∑

i=0

( ∑

Z∈SN (i)∧ J(Z)=i

+
∑

Z∈SN (i)∧ J(Z)=i+1

)

πM

(
UN

M (Z)
)

≥ 1
2cM

N0∑

i=0

(
#SN (i)

) (
⌊ 2M

2N+1⌋
)i

((
αM

1−γM

)i mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i
2 ⌋ +

(
αM

1−γM

)(i+1) mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i+1
2 ⌋)as a 
onsequen
e of proposition 3.1. A

ording to the 
hoi
e of N0, N , M and be
ause of (4.4) it holdsthat

#SN (i) ≥ 4 · (1 − ǫ̃) · Ni

i! ,
(
⌊ 2M

2N+1⌋
)i ≥ (1 − ǫ̃)2

(
M
N

)i
, c∞

cM
≥ 1 − ǫ̃.
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πM

(N0⋃

i=0

⋃

Z∈SN (i)

UN
M (Z)

)

≥ 2
c∞

(1 − ǫ̃)4
N0∑

i=0

(
M−1

i

)((
αM

1−γM

)i mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i
2 ⌋ +

(
αM

1−γM

)(i+1) mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i+1
2 ⌋)

≥ 2
c∞

(1 − ǫ̃)4
N0∑

i=0

(
M
i

)(
αM

1−γM

)i mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i
2 ⌋

≥ 2
c∞

(1 − ǫ̃)5
N0∑

i=0

1
i! α

i mod 2 (αγ)⌊
i
2 ⌋ = (1 − ǫ̃)5

c∞,N0

c∞
≥ (1 − ǫ̃)6 ≥ 1 − 6ǫ̃.Sin
e ǫ̃ ∈ (0, 1) was arbitrary, we may set ǫ̃ := ǫ

6 , thereby establishing (4.7).Let ǫ̃ > 0, N0 ∈ N. Choose Ñ ∈ N su
h that ∀N ≥ Ñ ∀ i ∈ {0, . . . , N0+1}:
⌊
√
N⌋ ≥ 2N0 + 3 ∧ 1

N
≤ ǫ̃ ∧

(
2N

2N+1

)i ≥ 1 − ǫ̃ ∧ 1 + ǫ̃ ≥ c∞
cN

≥ 1 − ǫ̃

∧ 1 + ǫ̃ ≥ N
α
· αN

1−γN
≥ 1 − ǫ̃ ∧ 1 + ǫ̃ ≥

(
N2

αγ
· αN ·γN

(1−αN )(1−γN )

)⌊ i
2 ⌋ ≥ 1 − ǫ̃,whi
h is possible be
ause of (4.11). Let N ∈ N with N ≥ Ñ = Ñ(ǫ̃, N0). Choose M̃ su
h that

∀M ≥ M̃ ∀ i ∈ {0, . . . , N0}:
M ≥ N ∧

(
⌊ 2M

2N+1⌋
)i ≥ (1− ǫ̃)

( 2M−(N+1)
2N

)i ≥ (1− ǫ̃)2
(

M
N

)i ∧
(
⌊ 2M

2N+1 +1⌋
)i ≤ (1+ ǫ̃)

(
M
N

)i
.Let N ≥ Ñ(ǫ̃, N0), M ≥ M̃(ǫ̃, N0, N), i ∈ {0, . . . , N0}, Z ∈ SN (i). We have to distinguish two 
ases. Inea
h 
ase the �rst step will be an appli
ation of proposition 3.1.Case 1. #J(Z) = i, that is fZ has no dis
ontinuity at 0. Then

πM

(
UN

M (Z)
)
− πN (Z)

= 1
cM

(
#UN

M (Z)
)(

αM

1−γM

)i mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i
2 ⌋ − 1

cN

(
αN

1−γN

)i mod 2( αN ·γN

(1−αN )(1−γN )

)⌊ i
2 ⌋

≥ 1
cM

(
⌊ 2M

2N+1⌋
)i

(1 − ǫ̃)2
(

α
M

)i mod 2( αγ
M2

)⌊ i
2 ⌋ − 1

cN
(1 + ǫ̃)2

(
α
N

)i mod 2( αγ
N2

)⌊ i
2 ⌋

≥ 1
c∞

αi mod 2 (αγ)⌊
i
2 ⌋
(

(1 − ǫ̃)5
(

M
N

)i
M−(i mod 2+2⌊ i

2 ⌋) − (1 + ǫ̃)3N−(i mod 2+2⌊ i
2 ⌋)
)

= 1
c∞

1
Ni α

i mod 2 (αγ)⌊
i
2 ⌋
(
(1 − ǫ̃)5 − (1 + ǫ̃)3

)

≥ 1
c∞

1
Ni η(α, γ,N0) (1 − 5ǫ̃− 1 − 7ǫ̃) = − 12

c∞

ǫ̃
Ni η(α, γ,N0) ≥ − 12

c∞

ǫ̃
Ni η(α, γ,N0+1),where η(α, γ, n) := max{αk mod 2 (αγ)⌊

k
2 ⌋ | k ∈ {0, . . . , n}}. On the other hand,

πM

(
UN

M (Z)
)
− πN (Z)

≤ 1
cM

(
⌊ 2M

2N+1⌋ + 1
)i

(1 + ǫ̃)2 1
Mi α

i mod 2 (αγ)⌊
i
2 ⌋ − 1

cN
(1 − ǫ̃)2 1

Ni α
i mod 2 (αγ)⌊

i
2 ⌋

≤ 1
c∞

1
Ni α

i mod 2 (αγ)⌊
i
2 ⌋
(
(1 + ǫ̃)4 − (1 − ǫ̃)3

)
≤ 18

c∞

ǫ̃
Ni η(α, γ,N0+1).
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πM

(
UN

M (Z)
)
− πN (Z)

= 1
cM

(
#UN

M (Z)
)(

αM

1−γM

)(i+1) mod 2( αM ·γM

(1−αM )(1−γM )

)⌊ i+1
2 ⌋ − 1

cN

(
αN

1−γN

)(i+1) mod 2( αN ·γN

(1−αN )(1−γN )

)⌊ i+1
2 ⌋

≥ 1
c∞

1
Ni α

(i+1) mod 2 (αγ)⌊
i+1
2 ⌋( (1−ǫ̃)5

M
− (1+ǫ̃)3

N

)

≥ 1
c∞

1
Ni η(α, γ,N0 + 1) 1+7ǫ̃

N
≥ 8

c∞

ǫ̃
Ni η(α, γ,N0+1).In the same way one obtains

πM

(
UN

M (Z)
)
− πN (Z) ≤ 16

c∞

ǫ̃
Ni η(α, γ,N0+1).Set ǫ̃ := min{ǫ, c∞ǫ

18η(α,γ,N0+1)}, and the proof of (4.8) is �nished.Let ǫ̃ > 0. Choose Ñ0 ∈ N a

ording to (4.12) su
h that
∀N0 ≥ Ñ0 ∃Ñ ∈ N ∀N ≥ Ñ : 1 + ǫ̃ ≥ cN

c∞
≥ cN,N0

c∞
≥ 1 − ǫ̃.Making again use of proposition 3.1 we have for N0 ≥ Ñ0, N ≥ N̂ = N̂(ǫ̃, N0)

N−1∑

i=N0+1

πN

(
SN (i)

)

= 2
cN

N−1∑

i=N0+1

(
N−1

i

)((
αN

1−γN

)i mod 2( αN ·γN

(1−αN )(1−γN )

)⌊ i
2 ⌋ +

(
αN

1−γN

)(i+1) mod 2( αN ·γN

(1−αN )(1−γN )

)⌊ i+1
2 ⌋)

≤ 1
cN

(cN − cN,N0
) = 1 − c∞

cN

cN,N0

c∞
≤ ǫ̃

2 .This establishes (4.9).4.3.2 Tightness and uniqueness of the limit pointForM ∈ N let π̃M ∈ M1
+(D0) be the probability measure whi
h 
orresponds to the stationary distribution

πM , if we embed SM into D0 as was done in se
tion 4.2.1.Proposition 4.3. Suppose the sequen
es of transition probabilities (αM )M∈N, (γM )M∈N satisfy relation(3.17) for some transition rates α, γ > 0. Then there is a probability measure π̃ on B(D0) su
h that (π̃M )
onverges weakly to π̃ as M tends to in�nity.Proof. We will apply lemma 4.2 several times. The �rst step is to show that the 
losure of {π̃M |M ∈ N}is 
ompa
t in the Prohorov topology of M1
+(D0). A

ording to theorem A.2 it is su�
ient to provetightness of {π̃M |M ∈ N}, that is

∀ ǫ > 0 ∃ K̃ ⊂ D0 
ompa
t : inf{π̃M (K̃) |M ∈ N} ≥ 1 − ǫ,where 
ompa
tness means 
ompa
tness with respe
t to the Skorokhod topology ofD0. Re
all from se
tion4.2.1 the de�nition of ι̃M . For all natural numbers N0 < N ≤M we have
π̃M

(

ι̃M
(
UN

M

))

≥ πM

(N0⋃

i=0

⋃

Z∈SN (i)

UN
M (Z)

)

, where UN
M :=

⋃

Z∈SN

UN
M (Z).
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ording to (4.7) we 
an �nd natural numbers N0 < N ≤ M̃ su
h that for all M ≥ M̃ :
πM

(N0⋃

i=0

⋃

Z∈SN (i)

UN
M (Z)

)

≥ 1 − ǫ.Fix N , M̃ . In analogy to the de�nition of UN
M we set

Ã :=
⋃

Z∈SN

{

f ∈ D0

∣
∣
∣ #J̇(f) = #J̇(Z) ∧

(
∃λ ∈ Λ : sup

s∈[−r,0]

|λ(s) − s| ≤ r
2N+1 ∧ f ◦ λ = fZ

)}

.Then #J(f) ≤ N and ζf ≥ 2r
N(2N+1) for all f ∈ Ã, and by lemma 4.2 we see that cl(Ã), the 
losure of Ã,is 
ompa
t with respe
t to the Skorokhod topology. By de�nition we have UN

M ⊂ Ã for all M ≥ M̃ ≥ N .De�ne
K̃ :=

M̃−1⋃

M=1

ι̃M (SM ) ∪ cl(Ã).Then K̃ is 
ompa
t in the Skorokhod topology, and with M ∈ N it holds that
π̃M (K̃) ≥







π̃M

(
ι̃M (SM )

)
= 1 if M ∈ {1, . . . , M̃ − 1},

π̃M

(
ι̃M (UN

M )
)
≥ 1 − ǫ if M ≥ M̃.Hen
e, inf{π̃M (K̃) | M ∈ N} ≥ 1 − ǫ. Sin
e ǫ > 0 was arbitrary, we now know that {π̃M | M ∈ N} isrelatively 
ompa
t.Let (π̃M(j))j∈N be a weakly 
onvergent subsequen
e of (π̃M )M∈N. Denote by π̃ the limit of (π̃M(j)) in theProhorov topology. We have to 
he
k that π̃M
w→ π̃ as M → ∞. Be
ause of theorem A.1 it is su�
ientto show that

∫

D0

φ dπ̃M
M→∞−→

∫

D0

φ dπ̃ ∀φ ∈ Cb(D0) uniformly 
ontinuous.Let φ be a real-valued bounded and uniformly 
ontinuous fun
tion on D0 and set Kφ := sup{ |φ(f)| | f ∈
D0}. With M ∈ N it holds that

∣
∣
∣
∣

∫

φ dπ̃M −
∫

φ dπ̃

∣
∣
∣
∣
≤
∣
∣
∣
∣

∫

φ dπ̃M −
∫

φ dπ̃M(j)

∣
∣
∣
∣
+

∣
∣
∣
∣

∫

φ dπ̃M(j) −
∫

φ dπ̃

∣
∣
∣
∣

for all j ∈ N.The 
onvergen
e π̃M(j)
w→ π̃ implies |

∫
φ dπ̃M(j) −

∫
φ dπ̃| → 0 as j → ∞. We therefore have to showthat

∀ ǫ > 0 ∀ j0 ∈ N ∃ j ≥ j0 ∃ M̃ ∈ N ∀M ≥ M̃ :

∣
∣
∣
∣

∫

φ dπ̃M −
∫

φ dπ̃M(j)

∣
∣
∣
∣
≤ ǫ.Let ǫ > 0, j0 ∈ N. Choose natural numbers N0 = N0(ǫ), Ñ = Ñ(ǫ) a

ording to (4.10). Choose

δ = δ(ǫ, φ) > 0 su
h that |φ(f) − φ(g)| ≤ ǫ for all f, g ∈ D0 with dS(f, g) ≤ δ. Let j ∈ N be big enoughso that j ≥ j0, M(j) ≥ Ñ and r
2M(j)+1 ≤ δ. Set N := M(j).Re
alling the de�nition of our approximation sets3 we see that dS(fZ , fZ̃) ≤ δ for all Z ∈ SN (i) and

Z̃ ∈ UN
M (Z) if i ∈ {0, . . . , N0} and M ≥ N . By the 
hoi
e of δ this implies that |φ(fZ) − φ(fZ̃)| ≤ ǫ forall su
h Z, Z̃.3The sets UN

M
(Z) were de�ned at the beginning of se
tion 4.3.1.
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hoose a natural number M̃ = M̃(ǫ,N0, Ñ ,N) a

ording to (4.10). Then for M ≥ M̃

∣
∣
∣
∣

∫

φ dπ̃M −
∫

φ dπ̃N

∣
∣
∣
∣

≤ 2Kφ · ǫ +

N0∑

i=0

∑

Z∈SN (i)

∣
∣
∣
∣

( ∑

Z̃∈UN
M

(Z)

φ(fZ̃) πM (Z̃)
)

− φ(fZ) πN (Z)

∣
∣
∣
∣

≤ 2Kφ · ǫ +

N0∑

i=0

∑

Z∈SN (i)

( ∑

Z̃∈UN
M

(Z)

(
φ(fZ̃) − φ(fZ)

)
πM (Z̃)

)

+
∣
∣φ(fZ)

∣
∣

∣
∣
∣πM

(
UN

M (Z)
)
− πN (Z)

∣
∣
∣

≤ 2Kφ · ǫ + ǫ ·
( N0∑

i=0

∑

Z∈SN (i)

πM

(
UN

M (Z)
))

+ Kφ · ǫ ·
( N0∑

i=0

N−i
(
#SN (i)

))

≤ 2Kφ · ǫ + ǫ · πM

(
SM

)
+ 4Kφ · ǫ ·

( N0∑

i=0

N−i
(
N−1

i

))

≤ 2Kφ · ǫ + ǫ + 4Kφ · ǫ ·
( ∞∑

i=0

1
i!

)

= (2Kφ + 1 + 4Kφe) · ǫ.For some spe
ial sets we 
an 
al
ulate their probability with respe
t to π̃.Proposition 4.4. Let π̃ be the weak limit of (πM )M∈N a

ording to proposition 4.3. For i ∈ N0 set
Hi := {f ∈ D0 | #J(f) = #J̇(f) = i}, Ĥi := {f ∈ D0 | #J(f) = #J̇(f)+1 = i+1}.Then for all i ∈ N0

π̃(Hi) =
2

c∞ · i! · α
⌊ i+1

2 ⌋γ ⌊ i
2 ⌋, π̃(Ĥi) = 0.Proof. Observe that Hi, Ĥi, i ∈ N0, are disjoint 
losed subsets of D0, be
ause 
onvergen
e with respe
tto the Skorokhod topology on D0 preserves the number of inner jumps.4 Indeed, Hi, Ĥi, i ∈ N0, are the
onne
ted 
omponents of D0, and they are also open sets, be
ause dS(f, g) = 2 for all f, g ∈ D0 su
hthat f(0) 6= g(0) or #J̇(f) 6= #J̇(g).The assertion now follows from theorem A.1, proposition 3.1, equations (3.19) and (4.4) of proposition3.2 and lemma 4.1, respe
tively, under the s
aling 
ondition (3.17).4.4 Convergen
e of the 
hain distributions on D∞Let the notation be that of se
tion 4.2.2, let us write D := D{−1,1}([0,∞)), DR := DR([0,∞)) and re
all

D0 = D{−1,1}([−r, 0]), D0
R

= DR([−r, 0]), D∞ = D{−1,1}([−r,∞)), D∞
R

= DR([−r,∞)). All spa
es 
omewith their respe
tive Skorokhod topology, and D ⊂ DR, D0 ⊂ D0
R
are 
losed subsets.We sket
h a proof for weak 
onvergen
e of the sequen
e (P̃M ) in M1

+(D∞) applying results fromsemimartingale theory as developed in Ja
od and Shiryaev (1987).A semimartingale with values in DR is des
ribed in terms of its 
hara
teristi
s, a triplet (B,C, ν), where Bis a trun
ated predi
table pro
ess (�drift�), C the quadrati
 variation pro
ess of the 
ontinuous martingale4Skorokhod 
onvergen
e in D∞ does not ne
essarily preserve the number of jumps.
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ompensator of the jump measure of the semimartingale (Ja
odand Shiryaev, 1987: pp. 75-76).Any probability measure Q on B(D) gives the distribution of a {−1, 1}-valued jump pro
ess. The
hara
teristi
s (B,C, ν) of su
h a pro
ess take on a spe
ial form. One may 
hoose a 
ontinuous trun
ationfun
tion with support 
ontained in (−2, 2), thereby eliminating the 
ontribution of B. The quadrati
variation pro
ess C of the 
ontinuous martingale part disappears, be
ause the only 
ontinuous fun
tionsin D are the two 
onstant fun
tions −1 and 1. The important 
hara
teristi
 is therefore the 
ompensatormeasure ν. If Q 
orresponds to a {−1, 1}-valued pro
ess in dis
rete time, then the 
ompensator 
an be
al
ulated expli
itly (Ja
od and Shiryaev, 1987: pp. 93-94).LetM ∈ N, Z ∈ SM and let P̃
M

Z be the 
orresponding probability measure on B(D∞) as de�ned in se
tion4.2.2. Re
all that P̃
M

Z is the distribution of the {−1, 1}-valued 
adlag pro
ess (Ỹ M (t))t≥−r indu
ed bythe sequen
e Y M of 
urrent states of XM when time dis
retisation is taken into a

ount. Denote by
(Y (t))t≥−r the 
anoni
al pro
ess on D∞ and by (Ft)t≥−r the 
anoni
al �ltration in B(D∞).Noti
e that (Y (t))t≥−r under P̃

M

Z is equivalent to the pro
ess (Ỹ M (t))t≥−r under PM
Z and that thejumps of (Y (t))t≥0 under P̃

M

Z are 
on
entrated on { r
M
k | k ∈ N}. We 
an now 
al
ulate the 
ompensatormeasure ν̃M,Z : D∞ × [0,∞)×R → [0,∞] of (Y (t))t≥0 under P̃

M

Z in terms of the in
rement pro
ess of Y .Observe that ν̃M,Z is determined by the integral pro
esses (ψ ∗ ν̃M,Z)t≥0, ψ any bounded Borel fun
tion.5Set s(k) := r
M
·k, k ∈ {−M,−M+1, . . .}. A

ording to II.3.11 in Ja
od and Shiryaev (1987: p. 94) it holdsfor all fun
tions ψ, all t ≥ 0, ω̃ ∈ D∞ (all probabilities with respe
t to P̃

M

Z )
(ψ ∗ ν̃M,Z)t(ω̃) =

⌊ t
r

M⌋
∑

k=1

E
(

ψ
(
Y (s(k)) − Y (s(k−1))

)
· 1Y (s(k)) 6=Y (s(k−1))

∣
∣ Fs(k−1)

)

(ω̃)

=

⌊ t
r

M⌋
∑

k=1

E
(

. . .
∣
∣ σ
(
Y (s(k−M−1)), . . . , Y (s(k−1))

))

(ω̃)

= 1(ω̃(s(−M)),...,ω̃(s(0)))=Z(ω̃) ·
⌊ t

r
M⌋
∑

k=1

ψ(2) · P
(
Y (s(k)) = 1

∣
∣ Y (s(k−M−1)) = −1, Y (s(k−1)) = −1

)
· 1ω̃(s(k−M−1)=−1,ω̃(s(k−1))=−1(ω̃)

+ ψ(2) · P
(
Y (s(k)) = 1

∣
∣ Y (s(k−M−1)) = 1, Y (s(k−1)) = −1

)
· 1ω̃(s(k−M−1)=1,ω̃(s(k−1))=−1(ω̃)

+ ψ(−2) · P
(
Y (s(k)) = −1

∣
∣ Y (s(k−M−1)) = 1, Y (s(k−1)) = 1

)
· 1ω̃(s(k−M−1)=1,ω̃(s(k−1))=1(ω̃)

+ ψ(−2) · P
(
Y (s(k)) = −1

∣
∣ Y (s(k−M−1)) = −1, Y (s(k−1)) = 1

)
· 1ω̃(s(k−M−1)=−1,ω̃(s(k−1))=1(ω̃)

= 1...(ω̃) ·
⌊ t

r
M⌋
∑

k=1

ψ(2) ·
(
αM · 1ω̃(s(k−M−1)=−1,ω̃(s(k−1))=−1(ω̃) + γM · 1ω̃(s(k−M−1)=1,ω̃(s(k−1))=−1(ω̃)

)

+ ψ(−2) ·
(
αM · 1ω̃(s(k−M−1)=1,ω̃(s(k−1))=1(ω̃) + γM · 1ω̃(s(k−M−1)=−1,ω̃(s(k−1))=1(ω̃)

)
,where the formula of Bayes has been applied.Let f ∈ D0 with f(0) = f(0−), and write Z(f) = Z(f,M) for the element of SM su
h that fZ(f) = f .The 
ompensator measure ν̃M,Z(f) then indu
es a random measure

νM,f : DR × [0,∞) × R → [0,∞], νM,f (ω) := ν̃M,Z(f)(θf (ω)), where
θf : DR → D∞

R
θf (ω)(t) := f(t) · 1[−r,0)(t) + ω(t) · 1[0,∞)(t).5See Ja
od and Shiryaev (1987: p. 66) for a de�nition of the integral pro
ess w. r. t. a random measure.
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aling relation (3.17) is satis�ed for some positive transition rates α, γ. Then for allfun
tions ψ : R → R, ω ∈ DR, t ≥ 0 it holds that
lim

M→∞
ψ ∗ νM,f

t (ω) =

∫ t

0

ψ(2) ·
(
α · 1ω̃(s−r)=−1,ω̃(s)=−1(θf (ω)) + γ · 1ω̃(s−r)=1,ω̃(s)=−1(θf (ω))

)
ds

+

∫ t

0

ψ(−2) ·
(
α · 1ω̃(s−r)=1,ω̃(s)=1(θf (ω)) + γ · 1ω̃(s−r)=−1,ω̃(s)=1(θf (ω))

)
ds,whi
h de�nes a random measure νf : DR × [0,∞) × R → [0,∞].Let µ : DR × [0,∞) × R → [0,∞] be the jump measure asso
iated to the D-valued pro
ess (Y (t))t≥0, 
f.Ja
od and Shiryaev (1987: pp. 68-69). We have for all fun
tions ψ : R → R, ω ∈ DR, t ≥ 0

(ψ ∗ µ)t(ω) =
∑

0<s≤t

1ω(s) 6=ω(s−)(ω) ·
(
ψ(2) · 1ω(s)=1,ω(s−)=−1(ω) + ψ(−2) · 1ω(s)=−1,ω(s−)=1(ω)

)
.Theorem IX.2.31 in Ja
od and Shiryaev (1987: p. 495) guarantees the existen
e of a probability measure

Qf on B(DR) su
h that
• Qf

(
{ω ∈ DR | ω(0) = f(0)}

)
= 1,

• the 
anoni
al pro
ess is a semimartingale under Qf with 
hara
teristi
s (0, 0, νf ).We noti
e that Qf (D) = 1. Let us interpret Qf as a probability measure on B(D). A

ording to theoremII.2.21 in Ja
od and Shiryaev (1987: p. 80) the se
ond property implies that
• (ψ ∗ µ− ψ ∗ νf )t≥0 is a lo
al martingale under Qf for every fun
tion ψ : R → R.Observe that theorem IX.2.31 does not guarantee uniqueness of the probability measure Qf . Here,however, uniqueness 
an be established by 
onsidering sequen
es of stopping times τ1, τ2, . . . whi
h exhaustthe jump positions. The above lo
al martingale property must be applied to show that any two solutionmeasures to the semimartingale problem 
oin
ide on the sets {τn ≤ t} for all t ≥ 0, n ∈ N. Re
all thatevery element ω ∈ D is determined by its value ω(0) and the positions of its dis
ontinuities. By theuniqueness theorem of measure theory we see that Qf is uniquely determined.Let p : D∞ → D be the natural proje
tion. Then theorem IX.3.21 in Ja
od and Shiryaev (1987: p. 505)implies that P̃

M

Z(f,M) ◦ p−1 w→ Qf in M1
+(D). De�ne a probability measure P̃

f ∈ M1
+(D∞) as P̃

f
:=

Qf ◦ θ−1
f . We have δZ(f,M)

w→ δf in M1
+(D0). In view of Qf ({ω ∈ DR | ω(0) = f(0)}) = 1 we 
on
ludethat P̃

M

Z(f,M)
w→ P̃

f .The last step is to show that (P̃M ) 
onverges weakly, that is in pla
e of a deterministi
 initial 
ondition
f ∈ D0 we have π̃M ∈ M1

+(D0) as initial distribution. Let π̃ be the weak limit of (π̃M ) a

ording toproposition 4.3. As a 
onsequen
e of proposition 4.4 we have π̃({f ∈ D0 | f(0) = f(0−)}) = 1. De�ne
P̃ ∈ M1

+(D∞) by
P̃(A) :=

∫

D0

P̃
f
(A) dπ̃(f), A ∈ B(D∞).If f1, . . . , fn ∈ D0 with fi(0) = fi(0−), i ∈ {1, . . . , n}, then any 
onvex 
ombination of the sequen
es

(P̃
M

Z(f1,M)), . . . , (P̃
M

Z(fn,M)) 
onverges weakly to the 
orresponding 
onvex 
ombination of the measures
P̃

f1
, . . . , P̃

fn . An approximation argument analogous to that in the proof of proposition 4.3 leads toProposition 4.5. Suppose s
aling relation (3.17) holds. Let P̃M , M ∈ N, be de�ned as in se
tion 4.2.2,and let π̃ be the weak limit of (πM )M∈N a

ording to proposition 4.3. Then there is a probability measure
P̃ ∈ M1

+(D∞) su
h that P̃M
w→ P̃.



40 CHAPTER 4. THE TWO STATE MODEL IN CONTINUOUS TIME4.5 Residen
e times revisitedIn se
tion 3.3 we 
al
ulated the residen
e time distribution for the two state model of dis
retisation degree
M for ea
h M ∈ N. We then let M tend to in�nity in order to obtain the residen
e time distributionand its density fun
tion in the �
ontinuous time� limit.At that stage, however, we had not yet established the existen
e of a 
orresponding limit pro
ess.This was done in se
tion 4.4, where we saw that (P̃M ), the sequen
e of distributions indu
ed by the twostate 
hains in dis
rete time, 
onverges weakly to a probability measure P̃ on B(D∞). We are now in aposition to show that any pro
ess with distribution P̃ has the same residen
e time distribution as the oneobtained in se
tion 3.3.On the probability spa
e (D∞,B(D∞), P̃) a pro
ess with distribution P̃ is, of 
ourse, given by the
anoni
al pro
ess of 
oordinate proje
tions pt : D∞ → {−1, 1}, be
ause pt is Borel measurable for all
t ≥ −r, 
f. appendix A.3. We 
ontinue to work dire
tly on the 
anoni
al spa
e. De�ne a mapping

τ : D∞ → [0,∞], τ(f) := inf{t ≥ 0 | f(t) = −1}.(4.13)Then τ is Borel measurable as we have
τ−1[0, t] = p−1

0 {−1} ∪
∞⋂

n=0

n⋃

k=1

p−1
0 {1} ∩ . . . ∩ p−1

k−1
n

t
{1} ∩ p−1

k
n

t
{−1} for all t ≥ 0,where the 
adlag property of the elements of D∞ has been exploited. Be
ause of this property thein�mum in (4.13) is really a minimum provided τ <∞. We noti
e that τ is a stopping time with respe
tto the natural �ltration in B(D∞) and that τ is �nite P̃-almost surely.For ea
h δ ∈ (0, 1) denote by Ãδ the event that in the time interval [−δr, 0] there is exa
tly one jump,that jump going from −1 to 1. This means we set(4.14) Ãδ :=

{
f ∈ D∞

∣
∣ ∃ δ̃ ∈ [0, δ) : f(t) = −1 ∀ t ∈ [−δr,−δ̃r) ∧ f(t) = 1 ∀ t ∈ [−δ̃r, 0]

}
.Observe that Ãδ ∈ B(D∞) and P̃(Ãδ) > 0 for all δ ∈ (0, 1). The distribution fun
tion of τ 
onditional onthe event of exa
tly one jump from −1 to 1 �just before� time zero 
an be approximated by fun
tions ofthe form(4.15) Fδ(t) := P̃

(
τ ≤ t

∣
∣ Ãδ

)
, t ∈ [0,∞),where δ > 0 must be small. Sin
e τ is P̃-almost surely �nite and Ãδ has positive probability under P̃,the fun
tion Fδ determines indeed a probability distribution on [0,∞).Let f̃L be the residen
e time distribution density in the limit of dis
retisation degreeM tending to in�nityas given by (3.22). Set(4.16) F (t) :=

∫ t

0

f̃L(s)ds, t ∈ [0,∞).We have to show that Fδ(t) tends to F (t) as δ goes to zero for ea
h t ∈ [0,∞). From the proof ofproposition 4.6 it will be
ome 
lear that in (4.13) and (4.14), the de�nitions of τ and Ãδ, respe
tively,instead of time zero we 
ould have 
hosen any starting time t0 ≥ 0.Proposition 4.6. Suppose s
aling relation (3.17) holds. Let the distribution fun
tions Fδ, δ ∈ (0, 1),and F be de�ned by (4.15) and (4.16), respe
tively. Then
lim
δ↓0

Fδ(t) = F (t) for all t ∈ [0,∞).



4.5. RESIDENCE TIMES REVISITED 41Proof. Clearly, Fδ(0) = 0 = F (0) for all δ ∈ (0, 1). With M ∈ N let P̃M be the probability measure on
B(D∞) as de�ned in se
tion 4.2.2. Re
all that P̃M is the measure indu
ed by the sequen
e of 
urrentstates of the Markov 
hain XM under PπM

, i. e. in the stationary regime. For δ ∈ (0, 1), M ∈ N set
FM

δ (t) := P̃M

(
τ ≤ t

∣
∣ Ãδ

)
, t ∈ [0,∞).From proposition 4.5 we know that P̃M

w→ P̃ as M tends to in�nity. Che
k that for δ ∈ (0, 1), t ∈ (0,∞)the events Ãδ, Ãδ ∩ {τ ≤ t} are P̃-
ontinuity sets of B(D∞). An appli
ation of theorem A.1 yields
P̃M

(
τ ≤ t | Ãδ

) M→∞−→ P̃
(
τ ≤ t | Ãδ

)
, i. e. FM

δ (t)
M→∞−→ Fδ(t) for all δ ∈ (0, 1), t > 0.(4.17)For all t > 0, δ ∈ (0, 1), M ∈ N we have

∣
∣Fδ(t) − F (t)

∣
∣ ≤

∣
∣Fδ(t) − FM

δ (t)
∣
∣ +

∣
∣FM

δ (t) − F (t)
∣
∣.In view of (4.17) it is su�
ient to show that for ea
h t > 0 and ea
h ε > 0 there are δ0 ∈ (0, 1), M0 ∈ Nsu
h that(4.18) ∣

∣FM
δ (t) − F (t)

∣
∣ ≤ ε for all δ ∈ (0, δ0), M ≥M0.As in se
tion 3.3, let (Y M

n )n∈{−M,−M+1,...} be the random sequen
e of 
urrent states on (Ω,F) at dis-
retisation degree M ∈ N. Let δ ∈ (0, 1) and let M ∈ N be su
h that δ ·M ≥ 1. Set
Aj

δ,M :=
{
Y M
−⌊δM⌋ = −1, . . . , YM

−j−1 = −1, Y M
−j = 1, . . . , YM

0 = 1
}
, j ∈ {0, . . . , ⌊δM⌋−1}.Noti
e that Aj

δ,M is an event in F . The 
orresponding event in B(D∞) is given by
Ãj

δ,M :=
{
f ∈ D∞

∣
∣ ∀ l ∈ {j+1, . . . , ⌊δM⌋} : f

(
− l

M
r
)

= −1 ∧ ∀ l ∈ {0, . . . , j} : f
(
− l

M
r
)

= 1
}
.For all δ ∈ (0, 1) and all M ∈ N su
h that δ ·M ≥ 1 it holds that

PπM

(
Aj

δ,M

)
= P̃M

(
Ãj

δ,M

) for all j ∈ {0, . . . , ⌊δM⌋ − 1},

Ãδ = Ã0
δ,M ∪ . . . ∪ Ã⌊δM⌋−1

δ,M P̃M -almost surely.In analogy to (3.11), the de�nition of the residen
e time distribution LM (.) of dis
retisation degree M ,we set
Lj

δ,M (k) := PπM

(
Y M

0 = 1, . . . , YM
k−1 = 1, Y M

k = −1
∣
∣ Aj

δ,M

)
, k ∈ N.Then, by 
onstru
tion of FM

δ , for all δ ∈ (0, 1) and all M ∈ N su
h that δ ·M ≥ 1 we have
FM

δ (t) =

⌊ t
r

M⌋
∑

k=1

⌊δM⌋−1
∑

j=0

P̃M

(
Ãj

δ,M

∣
∣ Ãδ

)
· Lj

δ,M (k), t > 0.It is not ne
essary to 
al
ulate the probabilities P̃M (Ãj
δ,M | Ãδ). Instead, pro
eeding in a way very mu
has in se
tion 3.3, we will estimate limes inferior and limes superior of M ·LjM

δ,M (⌊qM⌋) as M tends toin�nity, where q > 0 and (jM ) ⊂ N0 is any sequen
e su
h that jM ∈ {0, . . . , ⌊δM⌋−1} for all M ∈ N.The estimates will be uniform in δ ∈ (0, δ0] for any small δ0 > 0.In analogy to (3.12), the de�nition of the tail 
onstant KM , we set for δ ∈ (0, 1) and M big enough
Kj

δ,M := PπM

(
Y M
−⌊δM⌋ = 1, . . . , Y M

−j−1 = 1, Y M
−j = 1, . . . , Y M

M−⌊δM⌋ = 1
∣
∣ Aj

δ,M

)
.



42 CHAPTER 4. THE TWO STATE MODEL IN CONTINUOUS TIMEBe
ause of the shift invarian
e of Y M under PπM
, the above de�nition of Kj

δ,M is really analogue to thatof KM . Exploiting the stationarity of XM under PπM
, we obtain

Kj
δ,M =

πM

(
(

⌊δM⌋−j
︷ ︸︸ ︷

−1, . . . ,−1,

M−⌊δM⌋+j+1
︷ ︸︸ ︷

1, . . . , 1)
)

πM

(
{(∗, . . . , ∗
︸ ︷︷ ︸

M−⌊δM⌋

,−1, . . . ,−1
︸ ︷︷ ︸

⌊δM⌋−j

, 1, . . . , 1
︸ ︷︷ ︸

j+1

)}
) .As a 
onsequen
e of proposition 3.1, the formula for the stationary distributions πM , we see that Kj

δ,Mis the same for all j ∈ {0, . . . , ⌊δM⌋−1}. Pro
eeding as in the derivation of (3.14) we �nd that(4.19) Kj
δ,M =

2
(

1 +
√

γ̃M

α̃M

)(
1 +

√
η̃M

)M−⌊δM⌋
+
(

1 −
√

γ̃M

α̃M

)(
1 −√

η̃M

)M−⌊δM⌋ =: Kδ,M .In order to 
al
ulate Lj
δ,M we apply proposition 3.1 again in a way similar to that of se
tion 3.3. Let

δ ∈ (0, 1), let M ∈ M be su
h that ⌊δM⌋ ≥ 1, and j ∈ {0, . . . , ⌊δM⌋−1}. Then for k ∈ {1, . . . ,M−⌊δM⌋}

Lj
δ,M (k) =

√
γ̃M

2
·Kδ,M ·

(√

γ̃M

(
(1 +

√

η̃M )M−⌊δM⌋−k + (1 −
√

η̃M )M−⌊δM⌋−k
)

+
√

α̃M

(
(1 +

√

η̃M )M−⌊δM⌋−k − (1 −
√

η̃M )M−⌊δM⌋−k
))

.

(4.20a)While Lj
δ,M (k) in (4.20a) does not vary with j as long as k ≤M−⌊δM⌋, for k ∈ {M−⌊δM⌋+1, . . . ,M−j}it holds that

Lj
δ,M (k) = Kδ,M · γM · (1 − γM )k−M+⌊δM⌋−1,(4.20b)and for k ≥M−j+1 we have

Lj
δ,M (k) = Kδ,M · αM · (1 − γM )⌊δM⌋−j · (1 − αM )k−M+j−1.(4.20
)Now, let the dis
retisation degree M tend to in�nity, where we assume that s
aling relation (3.17) holdsfor some rates α, γ. From (4.19) we see that

K∞,δ := lim
M→∞

KM,δ =
2

(
1 +

√
γ
α

)
e(1−δ)

√
αγ +

(
1 −

√
γ
α

)
e−(1−δ)

√
αγ

=

√
α√

α cosh
(
(1 − δ)

√
αγ
)

+
√
γ sinh

(
(1 − δ)

√
αγ
) .

(4.21)Let q > 0 and let (jM ) ⊂ N0 be any sequen
e su
h that jM ∈ {0, . . . , ⌊δM⌋−1} for all M ∈ N. If
q ∈ (0, 1−δ], then from (4.20a) we �nd that(4.22a) lim

M→∞
M ·LjM

δ,M

(
⌊qM⌋

)
=

√
γ ·Kδ,∞ ·

(√
γ cosh

(√
αγ(1−δ−q)

)
+
√
α sinh

(√
αγ(1−δ−q)

))

.If q ∈ (1−δ, 1), then a rough estimate of (4.20b) and (4.20
), respe
tively, yields
lim sup
M→∞

M · LjM

δ,M

(
⌊qM⌋

)
≤ max{α, γ} ·Kδ,∞,

lim inf
M→∞

M · LjM

δ,M

(
⌊qM⌋

)
≥ min{α, γ} ·Kδ,∞ · e−δγ · e−(q+δ−1)α.

(4.22b)On the other hand, if q ≥ 1, then by (4.20
) we have
lim sup
M→∞

M · LjM

δ,M

(
⌊qM⌋

)
≤ α ·Kδ,∞ · e−(q−1)α,

lim inf
M→∞

M · LjM

δ,M

(
⌊qM⌋

)
≥ α ·Kδ,∞ · e−δγ · e−(q+δ−1)α.

(4.22
)



4.5. RESIDENCE TIMES REVISITED 43Noti
e that 
onvergen
e in (4.21) as well as in (4.22) is uniform in δ ∈ (0, δ0] for arbitrary δ0 ∈ (0, 1). Ifwe let δ tend to zero, we re
over the residen
e time distribution density fL of proposition 3.2. Takingthe time dis
retisation into a

ount, we obtain f̃L as given by (3.22) instead of fL.Given t > 0, ε > 0, uniform 
onvergen
e of (Lj
δ,M ) in δ and dominated 
onvergen
e of the 
orrespond-ing residen
e time distribution densities over the interval (0, t] imply that we 
an �nd δ0 ∈ (0, 1) and

M0 ∈ N su
h that inequality (4.18) is ful�lled. The assertion then follows.
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Chapter 5Conne
tion between the redu
ed andthe referen
e modelThe aim of this 
hapter is to provide a heuristi
 way of establishing the missing link between our originalmodel, whi
h is given by equation (2.1), and the redu
ed model developed in 
hapter 3. What we haveto do is 
al
ulate the transition rates α, γ of the two state model as fun
tions of the delay parameter
β, the noise parameter σ, the delay time r and some quantities related to the shape of the potentials Vand U . The situation here is quite similar to the one that was studied by Tsimring and Pikovsky (2001),and we will 
losely follow their approa
h in deriving a relation between the transition rates α, γ and theparameters of the original model.The main ingredient in �nding su
h a relation is the so-
alled Kramers rate, whi
h gives an asymptoti
approximation of the time a Brownian parti
le needs in order to es
ape from a paraboli
 potential wellin the presen
e of white noise only as the noise intensity tends to zero. The Kramers rate is des
ribedin se
tion 5.1 and employed in se
tion 5.2, where we 
al
ulate es
ape rates from potentials that shouldmirror the �e�e
tive dynami
s� of solutions to equation (2.1).In se
tion 5.3 we return to the issue of sto
hasti
 resonan
e. The resonan
e 
hara
teristi
s de�ned inse
tion 3.4 
an now be written down expli
itly as fun
tions of the noise parameter σ, whi
h allows us tonumeri
ally 
al
ulate the resonan
e point and to 
ompare the optimal noise intensity a

ording to thetwo state model with the behaviour of the original model.The last se
tion summarizes what we have found and points out problems we did not resolve. Animportant question in the 
ontext of the approa
h to sto
hasti
 resonan
e followed here is whether theredu
ed model � at least in the limit of small noise � really 
aptures the e�e
tive dynami
s of the originalmodel. This, of 
ourse, depends on whi
h feature of the original model is 
onsidered as being 
hara
teristi
and whi
h measure of resonan
e one 
hooses. In our 
ase, it was the distribution of interwell transitionsthat served as the basis for quantifying sto
hasti
 resonan
e.5.1 Es
ape rate from a potential wellOur sour
e for this se
tion is Herrmann et al. (2003) and the referen
es therein. Let U be a smooth doublewell potential with the positions of the two lo
al minima at xleft and xright, respe
tively, xleft < xright,the position of the saddle point at xmax ∈ (xleft, xright) and su
h that U(x) → ∞ as |x| → ∞. Anexample for U is the double well potential V from se
tions 1.1 and 2.1. Consider the SDE(5.1) dX(t) = −U ′(X(t)

)
dt + σ · dW (t), t ≥ 0,45



46 CHAPTER 5. CONNECTION BETWEEN THE REDUCED AND THE REFERENCE MODELwhere W (.) is a standard one dimensional Wiener pro
ess with respe
t to a probability measure P and
σ > 0 is a noise parameter. Denote by Xx,σ a solution of equation (5.1) starting in Xx,σ(0) = x, x ∈ R.With y ∈ R let τy(Xx,σ) be the �rst time Xx,σ rea
hes y, that is we set

τy(Xx,σ) := inf{t ≥ 0 | Xx,σ = y}.Sin
e we are interested in the transition behaviour of the di�usion, we need estimates for the distributionof τy(Xx,σ) when x and y belong to di�erent potential wells.In the limit of small noise the Freidlin-Wentzell theory of large deviations (Freidlin and Wentzell,1998) allows to determine the exponential order of τy(Xx,σ) by means of the so-
alled quasipotential
Q(x, y) asso
iated with the double well potential U . One may think of Q(x, y) as measuring the work aBrownian parti
le has to do in order to get from position x to position y. The following transition lawholds.Theorem 5.1 (Freidlin-Wentzell). Let Q be the quasipotential asso
iated with U , let x ∈ (−∞, xmax),
y ∈ (xmax, xright]. Set ql := Q(xleft, xmax). Then

lim
σ↓0

σ2 · ln
(
EP

(
τy(Xx,σ

))
= ql,(5.2a)

lim
σ↓0

P

(

exp
(ql − δ

σ2

)

< τy(Xx,σ) < exp
(ql + δ

σ2

))

= 1 for all δ > 0.(5.2b)Moreover, Q(xleft, xmax) = 2
(
U(xmax) − U(xleft)

). If x ∈ (xmax,∞), y ∈ [xleft, xmax) then ql has to berepla
ed with qr := Q(xright, xmax).We noti
e that in travelling from position x in the left potential well to y ∈ (xmax, xright], a position inthe downhill part of the right well, the transition time in the limit of small noise is determined ex
lusivelyby the way up from position xleft of the left minimum to position xmax of the potential barrier.A typi
al path of Xx,σ, if σ > 0 is small, will spend most of its time near the positions of the twominima of the double well potential. Typi
ally, the di�usion will rea
h the minimum of the potential wellwhere it started, before it 
an 
ross the potential barrier at xmax and enter the opposite well.Theorem 5.1 implies the existen
e of di�erent time s
ales for equation (5.1). On the one hand, thereis the time s
ale indu
ed by the Wiener pro
ess, where one unit of time 
an be 
hosen as 1
σ2 , that is thetime it takes the quadrati
 variation pro
ess asso
iated with σW (.) to rea
h 1. On the other hand, thereis the mean es
ape time given by (5.2a), whi
h is proportional to exp

(
2L
σ2

), where L > 0 is the height ofthe potential barrier. Clearly, with σ > 0 small, the time s
ale indu
ed by the white noise is negligible in
omparison with the es
ape time s
ale.Moreover, if U(xleft) 6= U(xright), then there are two di�erent heights Ll and Lr for the potentialbarrier depending on where the di�usion starts. Suppose, for example, that Ll < Lr. A

ording to (5.2b),waiting a time of order exp
(

2Ll+δ
σ2

) with 0 < δ < 2(Lr − Ll) one would witness transitions from the leftwell to the right well, but no transition in the opposite dire
tion. If the waiting time was of an exponentialorder less than exp
(

2Ll

σ2

), there would be no interwell transitions at all, where �no transitions� means thatthe probability of a transition o

urring tends to zero as σ → 0. Thus, by slightly and periodi
ally tiltinga symmetri
 double well potential quasi-periodi
 transitions 
an be enfor
ed provided the tilting periodis of the right exponential order. This is the me
hanism underlying sto
hasti
 resonan
e.Now, let us suppose that τy(Xx,σ), where x < xmax and y ∈ (xmax, xright], is exponentially distributedwith rate rK > 0 su
h that(5.3) rK ∼ exp
(

−2
(
U(xmax) − U(xleft)

)

σ2

)

.



5.2. AN APPROXIMATION FORMULA FOR THE TRANSITION RATES 47Equations (5.2a) and (5.2b) of theorem 5.1 would be ful�lled. In the physi
s literature it is generallyassumed that τy(Xx,σ) obeys an exponential distribution with rate rK provided σ > 0 is su�
ientlysmall. This is known as Kramers's law, and rK is a

ordingly 
alled the Kramers rate of the respe
tivepotential well. It is, moreover, assumed that the proportionality fa
tor missing in (5.3) 
an be spe
i�edas a fun
tion of the se
ond derivative of U at the positions of the minimum and the potential barrier,respe
tively. The Kramers rate thus reads(5.4) rK = rK(σ,U) =

√

| U ′′(xleft)U ′′(xmax) |
2π

exp

(

−2| U(xleft) − U(xmax) |
σ2

)

.Observe that both the assumption of exponentially distributed interwell transition times and formula(5.4) for the Kramers rate are empiri
al approximations, where the noise parameter σ is supposed to besu�
iently small.Re
ent results by Bovier et al. (2002a,b) show that in the limit of small noise the distribution ofthe interwell transition time indeed approa
hes an exponential distribution with a noise-dependent ratethat asymptoti
ally satis�es relation (5.3). The order of the approximation error 
an also be quanti�ed.For our purposes, however, Kramers's law and the Kramers rate as given by equation (5.4) will be goodenough.5.2 An approximation formula for the transition ratesThe arguments presented in this se
tion are based on those outlined by Tsimring and Pikovsky (2001).In 
hapter 3 we introdu
ed the transition rates α, γ as being swit
hing rates in the two state model
onditional on whether or not the 
urrent state agrees with the last remembered state.The idea, now, is to �nd two �e�e
tive� potentials Uα, Uγ su
h that α is proportional to the Kramersrate des
ribing the es
ape time distribution from potential Uα, while γ is proportional to the Kramersrate for potential Uγ , where the Kramers rate is given by formula (5.4). More pre
isely, we must have(5.5) α = α(σ) = r · rK(σ,Uα), γ = γ(σ) = r · rK(σ,Uγ).Note that the in
lusion of the delay time r as a proportionality fa
tor is ne
essary, be
ause in the
onstru
tion of our two state model in 
hapter 3 we took one unit of time as equivalent to the length ofthe interval [−r, 0].Assume that |β| and σ2 are small. Re
all from se
tion 2.2.3 that there is a unique stationary probabilitymeasure for equation (2.1). Let (X(t))t≥r denote a (weak or strong) stationary solution. Then it isreasonable to expe
t that the pro
ess X spends most of its time near the positions of the two minima ofthe double well potential whi
h arises as a deformation of V under the in�uen
e of the delay for
e. With
|β| small these minima are still near the two minima of V , that is we have with high probability X(t) ≈ 1or X(t) ≈ −1 for any t ≥ 0.In 
onstru
ting the desired potentials Uα, Uγ we may � by symmetry � restri
t attention to an es
apefrom the right-hand side of the double well potential. We therefore have to distinguish two 
ases, namely
X(t) ≈ 1 ≈ X(t − r) and X(t) ≈ 1 ≈ −X(t − r), the former 
ase 
orresponding to the 
ondition underwhi
h interwell transitions o

ur with rate α, the latter 
orresponding to interwell transitions with rate
γ. Let Uα, Uγ be C

2-fun
tions su
h that for all x ∈ R

U ′
α(x) = V ′(x) + β U ′(1), U ′

γ(x) = V ′(x) + β U ′(−1),where the term β U ′(±1) gives strength and dire
tion of the delay for
e. Be
ause of the symmetry of Uwe may 
hoose Uα(x) = V (x)+β U ′(1)x and Uγ(x) = V (x)−β U ′(1)x, x ∈ R. Denote by xα the position



48 CHAPTER 5. CONNECTION BETWEEN THE REDUCED AND THE REFERENCE MODELof the right-hand minimum of Uα and by xγ the position of the right-hand minimum of Uγ , and let xα,
xγ denote the positions of the respe
tive maxima.Expanding U ′

α, U ′
γ around 1 and re
alling that V ′(1) = 0 we obtain a rough, �rst order approximationof xα and xγ , respe
tively. An analogous 
al
ulation, this time using a Taylor expansion around 0 andre
alling that V ′(0) = 0, yields �rst order approximations for xα, xγ , and we obtain

xα ≈ 1 − U ′(1)

V ′′(1)
β, xγ ≈ 1 +

U ′(1)

V ′′(1)
β,(5.6)

xα ≈ − U ′(1)

V ′′(0)
β =

U ′(1)

|V ′′(0)| β, xγ ≈ U ′(1)

V ′′(0)
β = − U ′(1)

|V ′′(0)| β.(5.7)Noti
e that U ′(1) > 0, V ′′(1) > 0 and V ′′(0) < 0 as a 
onsequen
e of (2.2), our assumptions about V and
U , 
f. se
tion 2.1. There is an important point to be made here. In the above dis
ussion and in se
tion3.1, where we introdu
ed the two swit
hing rates α and γ, we assumed that X(t) ≈ 1 or X(t) ≈ −1.A

ording to (5.6), the error of this approximation is of �rst order in β, and its 
ontribution to the delayfor
e is proportional to β2 U ′′(1) + O(β3), i. e. of the se
ond order in β.As long as we 
ontent ourselves with an approximation of �rst order in β, two states 
orresponding tothe positions of the minima around −1 and 1 should be enough in order to model the e�e
tive dynami
sof the referen
e equation. If we wanted to 
apture the in�uen
e of se
ond order terms in the delay for
e,we would have to build up a model of four states 
orresponding to the positions ±xα, ±xγ of the minimaof the distorted potential V . The presen
e of the se
ond order minima is dis
ernible even in the �guresof se
tion 2.3, whi
h depi
t numeri
ally simulated solution paths to equation (2.1).1The problem disappears, of 
ourse, if U ′ is 
onstant ex
ept on a small symmetri
 interval (−δ, δ)around the origin (see �gure 2.1 
) in se
tion 2.1), for in this 
ase the delay for
e would not depend onthe parti
ular value of X(t− r) provided |X(t− r)| ≥ δ.In order to get expli
it approximations for the rates α, γ out of Kramers's formula (5.4), we have to
al
ulate the expressions |U ′′

α(xα)U ′′
α(xα)|, |Uα(xα) − Uα(xα)|, |U ′′

γ (xγ)U ′′
γ (xγ)|, |Uγ(xγ)) − Uγ(xγ)|. By
onstru
tion, U ′′

α = V ′′ = U ′′
γ , and V ′′′(0) = 0 as a 
onsequen
e of (2.2). Negle
ting terms of order higherthan one, from (5.6) and (5.7) we obtain

|U ′′
α(xα)U ′′

α(xα)| ≈ |V ′′(0)V ′′(1)|
(

1 − β V ′′′(1) U ′(1)
(V ′′(1))2

)

, |Uα(xα) − Uα(xα)| ≈ L− β U ′(1),

|U ′′
γ (xγ)U ′′

γ (xγ)| ≈ |V ′′(0)V ′′(1)|
(

1 + β V ′′′(1) U ′(1)
(V ′′(1))2

)

, |Uγ(xγ) − Uγ(xγ)| ≈ L+ β U ′(1),where L := V (0)−V (1) is the height of the potential barrier of V . Set ρ := |V ′′(0)V ′′(1)|, η := V ′′′(1) U ′(1)
(V ′′(1))2 ,

η̃ := U ′(1)
L

, then substitution in (5.5) yields
α = α(σ) ≈ r ·

√

ρ (1 − η β)

2π
exp

(

−2L (1 − η̃ β)

σ2

)

,(5.8a)
γ = γ(σ) ≈ r ·

√

ρ (1 + η β)

2π
exp

(

−2L (1 + η̃ β)

σ2

)

.(5.8b)Re
all from se
tion 5.1 that the Kramers rate is exa
t only in the small noise limit. Thus, for the formulae(5.8) to be
ome the a
tual rates of es
ape it is ne
essary that σ tends to zero. If the rates α, γ as fun
tionsof r and σ are to 
onverge to some �nite non-zero values, we must have σ → 0 and r → ∞ su
h that 1
σ2and ln(r) are of the same order.1Cf. also the numeri
al results in Curtin et al. (2004).



5.3. THE RESONANCE POINT ACCORDING TO THE REDUCED MODEL 49There remain errors due to the �rst order approximations of V , V ′′ and U , whi
h make sense onlyif V , U are su�
iently regular and the delay parameter β is of small absolute value. We do not haveanything pre
ise to say about the goodness of the above approximation for the es
ape rates α, γ, so welimit ourselves to a numeri
al 
omparison between the resonan
e point as predi
ted by our two statemodel if we 
hoose α, γ a

ording to (5.8) and the behaviour of solutions to the referen
e equation (2.1).5.3 The resonan
e point a

ording to the redu
ed modelIn se
tion 3.4 we de�ned two measures of resonan
e, namely the jump height υM of the residen
e timedistribution density f̃L and the probabilities κ̂M , κM of transitions within the �rst and se
ond delayinterval, respe
tively.2Re
all that M ∈ N ∪ {∞} is the degree of dis
retisation, where M = ∞ denotes the limit M → ∞.In view of the dis
ussion of 
hapter 4 we are justi�ed in restri
ting attention to the 
ase M = ∞, that isto the two state model in 
ontinuous time.Let K∞ be as de�ned by (3.19), that is
K∞ =

2
(
1 +

√
γ
α

)
e
√

αγ +
(
1 −

√
γ
α

)
e−

√
αγ
.A

ording to (3.25) and (3.28) we have

υ∞ = K∞(α− γ), κ̂∞ = 1 −K∞, κ∞ = K∞ · (1 − e−α).Suppose the transition rates α, γ are fun
tions of the referen
e model parameters as given by (5.8) readas equalities. In parti
ular, α, γ are fun
tions of the delay length r and the noise parameter σ. Letus further suppose that the delay parameter β is of small absolute value and the remaining parametersare su�
iently ni
e. Approximation formula (5.8) makes sense only for σ > 0 small. This is no seriouslimitation, though, as we may 
hoose r > 0 big enough so that the 
riti
al parameter region for σ lieswithin the s
ope of formula (5.8).As a 
onsequen
e of the exponential form the Kramers rate possesses, we noti
e that
√
αγ = r ·

√
ρ

2π
· 4
√

1 − η2β2 exp
(
− 2L

σ2

)
≈ r ·

√
ρ

2π
exp

(
− 2L

σ2

)
.In �rst order of β, the geometri
 mean √

αγ of α, γ 
oin
ides with the transition rate arising in 
ase
β = 0, that is when there is no delay. Compare this with proposition 3.2, whi
h states that the residen
etime density f̃L is distributed on the �rst delay interval a

ording to a mixed hyperboli
 sine - 
osinedistribution with parameter √αγ.We now turn to de�nitions 3.1 and 3.2, our two notions of resonan
e. Clearly, K∞, α, γ are smoothfun
tions of σ > 0, K∞ is stri
tly de
reasing, while α, γ are stri
tly in
reasing, and we have

lim
σ↓0

K∞ = 1, lim
σ↑∞

K∞ = 0, lim
σ↓0

α = 0, lim
σ↓0

γ = 0.For every ǫ > 0, σǫ > 0 the delay length r 
an be 
hosen big enough so that K∞(σ) ≤ ǫ for all σ ≥ σǫ. If
β > 0 then α > γ, if β < 0 then α < γ, and α = γ if β = 0. Noti
e that

lim
σ↓0

κ∞ = 0 = lim
σ↑∞

κ∞,2The jump height measure 
orresponds to a measure of resonan
e proposed by Masoller (2003).



50 CHAPTER 5. CONNECTION BETWEEN THE REDUCED AND THE REFERENCE MODELwhile κ∞(σ) > 0 for all σ ∈ (0,∞), and κ∞ has a unique global maximum for all admissible 
hoi
es of β.The 
onditions of de�nitions 3.1 and 3.2 are satis�ed. If β > 0, then the redu
ed model exhibitssto
hasti
 resonan
e a

ording to both de�nitions. A

ording to the jump height measure there is noe�e
t in 
ase β = 0 and pseudo-resonan
e in 
ase β < 0, while the time window measure does notdistinguish between β = 0 and β < 0, 
lassifying both 
ases as pseudo-resonan
e.Let us spe
ify the potentials V and U a

ording to the model studied by Tsimring and Pikovsky (2001),that is V is the standard quarti
 potential and U a parabola, see �gure 2.1 in se
tion 2.1. For the
onstants appearing in formula (5.8) we have
L = 1

4 , ρ = 2, η =
3

2
, η̃ = 4.Set r = 500 as in the numeri
al simulations from se
tion 2.3. With β = 0.1 we obtain the resonan
epoint συ ≈ 0.32 a

ording to the jump height measure, while the time window measure yields σκ ≈ 0.29with probability κ∞(σκ) ≈ 0.88 for transitions o

urring in the se
ond delay interval. Both results seem
ompatible with simulation, see �gures 2.5, 2.6 and 2.7.Assume β is negative. Again, both measures yield an optimal noise level. With β = −0.1 we have

συ ≈ 0.30 as the noise level that maximizes the jump height in f̃L. A

ording to the time windowmeasure optimal noise level is at σκ ≈ 0.34, but κ∞(σκ) ≈ 0.02, that is sojourns of duration between rand 2r are rare.
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e time distribution in normalized time. Parametersof the original model: r = 500, a) σ = 0.30, β = 0.1, b) σ = 0.30, β = −0.1, 
) σ = 0.35, β = −0.1.There seems to be a dis
repan
y, now, between the predi
ted optimal noise level and the level of �mostregular� transition behaviour whi
h one would expe
t from numeri
al simulation, see �gures 2.10 and2.11. This is true espe
ially with regard to the jump height measure, the pseudo-resonan
e point συbeing too low.The problem is that the expe
ted residen
e time at the level of optimal noise in 
ase β < 0 is long
ompared with r. In spite of the fa
t that long residen
e times are rare, there is a high probability of�nding a solution path remaining in one and the same state for the length of many delay intervals or ofwitnessing a quasi-periodi
 transition behaviour break down.For example, let σ = 0.30, β = 0.1. The expe
ted residen
e time is then about 1.16r, while with
σ = 0.30 and β = −0.1 the expe
ted residen
e time is around 4.62r. Moreover, with β negative theexponential part of the residen
e time distribution has a �heavy tail� in the sense that long sojournsre
eive a relatively high probability, 
f. �gure 5.1.These properties of the residen
e time distribution support the distin
tion made in de�nitions 3.1 and3.2 between sto
hasti
 resonan
e and pseudo-resonan
e.



5.4. CONCLUSIONS AND OPEN QUESTIONS 515.4 Con
lusions and open questionsThe main advantage of the two state model whi
h has been our 
on
ern for most of this work is that itprovides a tool for the analysis of the phenomenon of noise-indu
ed resonan
e in systems with delay.The referen
e model introdu
ed in 
hapter 2 is a more elaborate system exhibiting sto
hasti
 reso-nan
e. Basi
 features of this model are the extended Markov property and the existen
e of an invariantprobability measure. Both properties 
arry over to the two state model.By �rst studying the two state model in dis
rete time we obtained an expli
it 
hara
terization of itsstationary distribution. It was thus possible to 
al
ulate the residen
e time distribution whi
h in turnserved as starting point for the de�nition of two simple measures of resonan
e. In 
hapter 4 we studiedthe passage from dis
rete to 
ontinuous time. The 
hara
terization of the stationary distributions indis
rete time together with the passage to the time limit also allows to 
al
ulate measures of resonan
edi�erent from those 
onsidered here, for example the entropy of a distribution.In the last 
hapter a heuristi
 link between the referen
e and the two state model was outlined. The twostate model seems to reliably mirror those aspe
ts of the referen
e model that are responsible for thephenomenon of sto
hasti
 resonan
e. Observe that we did not show whether the dynami
s of the originalmodel in the limit of small noise is redu
ible to the two state model nor whether the resonan
e measures
onsidered here are robust under model redu
tion.There are di�erent ways in whi
h to pro
eed. The referen
e model 
ould be modi�ed, for example,by substituting a distributed delay for the point delay. Clearly, the white noise 
ould be repla
ed withnoise of di�erent type, and higher dimensional equations may be 
onsidered.Lastly, the passage to 
ontinuous time as addressed in 
hapter 4 should be a spe
ial 
ase of moregeneral 
onvergen
e results for 
ontinuous time Markov 
hains with delay.
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Appendix ASkorokhod spa
es and weak 
onvergen
e
A.1 Weak 
onvergen
e in separable metri
 spa
esThe results summarized in this se
tion are taken from Ethier and Kurtz (1986: 
h. 3 �� 1-3) and Billingsley(1999: � 2). Let (S, d) be a separable metri
 spa
e, and denote by M1

+(S) the set of probability measureson the Borel σ-algebra B(S). De�ne the Prohorov metri
 ρ by
ρ(P, P̃) := inf

{
ǫ > 0 | P(G) ≤ P̃(Gǫ) + ǫ for all 
losed G ⊆ S

}
, P, P̃ ∈ M1

+(S),where Gǫ := {x ∈ S | infy∈G d(x, y) < ǫ}. Then ρ is indeed a metri
, and (M1
+(S), ρ) is a separablemetri
 spa
e. If, in addition, (S, d) is 
omplete, then (M1

+(S), ρ) is 
omplete, too (Ethier and Kurtz,1986: p. 101).Denote by Cb(S) the spa
e of all bounded 
ontinuous fun
tions on (S, d), topologized with the supremumnorm. A sequen
e (Pn)n∈N of probability measures on B(S) is said to 
onverge weakly to a probabilitymeasure P ∈ M1
+(S), in symbols Pn

w→ P, i�
∀ f ∈ Cb(S) :

∫

S

f dPn
n→∞−→

∫

S

f dP .The next theorem gives di�erent 
hara
terizations of weak 
onvergen
e and states that weak 
onvergen
eis equivalent to 
onvergen
e in the Prohorov metri
 (Ethier and Kurtz, 1986: p. 108). Re
all that weassume (S, d) to be separable. In an arbitrary metri
 spa
e 
onvergen
e under ρ would still imply weak
onvergen
e and its 
hara
terizations, but the 
onverse would not ne
essarily hold.Let P ∈ M1
+(S). A set A ⊆ S is 
alled a P-
ontinuity set i� A ∈ B(S) and P(∂A) = 0, i. e. A is Borelmeasurable and its boundary is a P-null set.Theorem A.1. Let (Pn)n∈N ⊆ M1

+(S), P ∈ M1
+(S). The following 
onditions are equivalent:(i) lim

n→∞
ρ(Pn,P) = 0,(ii) Pn

w→ P,(iii) ∫
S

f dPn
n→∞−→

∫

S

f dP for all uniformly 
ontinuous fun
tions f ∈ Cb(S),(iv) lim sup
n→∞

Pn(A) ≤ P(A) for all 
losed sets A ⊆ S,(v) lim inf
n→∞

Pn(A) ≥ P(A) for all open sets A ⊆ S,53



54 APPENDIX A. SKOROKHOD SPACES AND WEAK CONVERGENCE(vi) lim
n→∞

Pn(A) = P(A) for all P-
ontinuity sets A ⊆ S.Useful in proving 
onvergen
e in M1
+(S) is the Prohorov 
riterion for 
ompa
tness, provided the under-lying metri
 spa
e is 
omplete (Ethier and Kurtz, 1986: p. 104).Theorem A.2 (Prohorov). Let Γ ⊆ M1

+(S), and suppose that (S, d) is 
omplete. Then the following
onditions are equivalent:(i) Γ is tight, i. e. ∀ ǫ > 0 ∃A ⊂ S 
ompa
t : infP∈Γ P(A) ≥ 1 − ǫ,(ii) ∀ ǫ > 0 ∃A ⊂ S 
ompa
t : infP∈Γ P(Aǫ) ≥ 1 − ǫ,(iii) the 
losure of Γ is 
ompa
t in the Prohorov topology.The mapping theorem states that under a measurable map weak 
onvergen
e 
arries over to the sequen
eof image measures if the set of dis
ontinuities of the mapping is negligible with respe
t to the originallimit measure (Billingsley, 1999: p. 21).Theorem A.3. Let (Pn)n∈N ⊂ M1
+(S), P ∈ M1

+(S). Let (S′, d′) be a se
ond metri
 spa
e and ξ : S → S′be a B(S′)-B(S)-measurable map. Denote by Jξ the set of dis
ontinuities of ξ.If Pn
w→ P and P(Jξ) = 0 then Pn ◦ξ−1 w→ P ◦ξ−1.A.2 The spa
e D0

RHere, we gather results and de�nitions from Billingsley (1999: �� 12-13) on the nature ofD0
R

:= DR([−r, 0]),the Skorokhod spa
e of all real-valued 
adlag fun
tions on the �nite interval [−r, 0], i. e. of fun
tions
f : [−r, 0] → R su
h that

f(t+) := lim
s↓t

f(s) = f(t) for all t ∈ [−r, 0), f(t−) := lim
s↑t

f(s) exists for ea
h t ∈ (−r, 0].It is possible to de�ne Skorokhod spa
es of fun
tions with values in more general spa
es than R. In fa
t,the theory 
an be developed for DE([−r, 0]) essentially in the same way as for D0
R
as long as E is a Polishspa
e, i. e. a 
omplete and separable metri
 spa
e.Let f be any real-valued fun
tion on [−r, 0]. De�ne the modulus of 
adlag 
ontinuity as

w̃(f, δ) := inf
{

max
i∈{1,...,n}

w(f, [ti−1, ti))
∣
∣ n ∈ N, −r = t0 < . . . < tn = 0,

min
i∈{1,...,n}

(ti − ti−1) > δ
}
, δ ∈ (0, r),

(A.1)where w(., .) is the modulus of uniform 
ontinuity de�ned as
w(f, I) := sup

s,t∈I

|f(s) − f(t)|, I ⊆ [−r, 0] an interval.(A.2)A fun
tion f : [−r, 0] → R is in D0
R
if and only if limδ↓0 w̃(f, δ) = 0, 
f. Billingsley (1999: p. 123).Denote by Λ := {λ : [−r, 0] → [−r, 0] | λ bije
tive and stri
tly in
reasing} the set of �time transforma-tions� on [−r, 0]. For all λ ∈ Λ we have λ(−r) = −r, λ(0) = 0, and λ is 
ontinuous. On Λ de�ne apseudo-norm

‖λ‖Λ := sup
s,t∈[−r,0], s 6=t

∣
∣ln

(
λ(t) − λ(s)

t− s

)
∣
∣, λ ∈ Λ.



A.3. THE SPACE D∞
R

55Let f , g be elements of D0
R
, and de�ne the distan
es dS , d◦S as

dS(f, g) := inf
{
ǫ > 0

∣
∣ ∃λ ∈ Λ : sup

t∈[−r,0]

|λ(t) − t| ≤ ǫ ∧ sup
t∈[−r,0]

|f(t) − g(λ(t))| ≤ ǫ
}
,(A.3)

d◦S(f, g) := inf
{
ǫ > 0

∣
∣ ∃λ ∈ Λ : ‖λ‖Λ ≤ ǫ ∧ sup

t∈[−r,0]

|f(t) − g(λ(t))| ≤ ǫ
}
.(A.4)Both fun
tionals, dS and d◦S , measure the distan
e between f and g in terms of the supremum norm

‖f − g ◦ λ‖∞. In addition, dS requires that time transformations λ di�er as little as possible from theidenty on [−r, 0], while d◦S puts an extra restri
tion on the slope of the transformations.The most important di�eren
e between dS and d◦S lies in the fa
t that they give rise to di�erent sets ofCau
hy sequen
es. Theorem A.4 is a summary of Billingsley (1999: pp. 125-129).Theorem A.4. Let dS, d◦S be de�ned as above. Then D0
R
is a separable metri
 spa
e under dS as wellas under d◦S. Both metri
s generate the same topology, 
alled the Skorokhod topology.Equipped with the Skorokhod topology, D0

R
is a Polish spa
e, and d◦S is a 
omplete metri
, while D0

R
isnot 
omplete under dS.The example below illustrates why dS does not de�ne a 
omplete metri
 on D0

R
. The sequen
e to be
onstru
ted is a Cau
hy sequen
e with respe
t to dS , the only possible limit point of whi
h lies outsidethe spa
e of 
adlag fun
tions. The same sequen
e is not Cau
hy under d◦S .Example. Choose t0 ∈ [−r, 0). For n ∈ N big enough set fn := 2 · 1In

− 1, where In := [t0, t0 + 2−n).Then (fn) ⊂ D0
R
is a Cau
hy sequen
e of {−1, 1}-valued fun
tions with respe
t to the metri
 dS , and

fn(t)
n→∞→ −1 for all t 6= t0, but dS(fn,−1) = 2 for all n ∈ N, and f := 2 · 1{t0} − 1 is no 
adlagfun
tion. ♦The following 
riterion, whi
h is theorem 12.3 in Billingsley (1999: p. 130), is an analogue of the Arzelà-As
oli theorem for 
ompa
tness in spa
es of 
ontinuous fun
tions.Theorem A.5. Let A ⊆ D0

R
. Then the 
losure of A is 
ompa
t in the Skorokhod topology if and only ifthe following two 
onditions hold:(i) sup

f∈A

sup
t∈[−r,0]

|f(t)| <∞,(ii) lim
δ↓0

sup
f∈A

w̃(f, δ) = 0.A.3 The spa
e D∞
RDenote by D∞

R
:= DR([−r,∞)) the spa
e of all real-valued 
adlag fun
tions on the interval [−r,∞).Observe that a 
adlag fun
tion on [−r,∞) has at most 
ountably many points of dis
ontinuity (Ethierand Kurtz, 1986: p. 116). It is possible to de�ne Skorokhod metri
s on D∞

R
in a way similar to that ofappendix A.2, 
f. Ethier and Kurtz (1986: 
h. 3 � 5).There are two noteworthy di�eren
es, though, be
ause the interval the elements of D∞

R
live on is nolonger bounded to the right. In the de�nitions whi
h 
orrespond to (A.3) and (A.4) one needs a �fadingfun
tion� or a �fading series� to guarantee �niteness of the metri
s. More importantly, the spe
ial rolewhi
h the right boundary plays in (A.2) and in the de�nition of the set of time transformations Λ has no
ounterpart with D∞

R
.



56 APPENDIX A. SKOROKHOD SPACES AND WEAK CONVERGENCEAn alternative is provided by Billingsley (1999: � 16), where a 
onne
tion is established between D∞
R

andSkorokhod spa
es over �nite intervals. Observe that all de�nitions and properties of D0
R

= DR([−r, 0])
arry over to the spa
e DR([−r, t]) for any t ∈ (−r,∞). Set
θt : D∞

R
∋ f 7→ f|[−r,t·r] ∈ DR([−r, t · r]), t > −1.Let m ∈ N0. Set Dm

R
:= DR([−r,m · r]). Write dm, d◦m for the 
orresponding Skorokhod metri
s, andde�ne a fun
tion hm and a �
ontinuous restri
tion� ψm by

hm(t) :=







1 if t ∈ [−r, (m−1)r),

m− t
r

if t ∈ [(m−1)r,m · r),
0 if t ≥ m · r,

ψm : D∞
R

∋ f 7→ θm(f · hm) ∈ Dm
R
.De�ne a Skorokhod metri
 d◦∞ on D∞

R
by(A.5) d◦∞(f, g) :=

∞∑

m=0

2−m
(

1 ∧ d◦m
(
ψm(f), ψm(g)

))

.An equivalent (but in
omplete) Skorokhod metri
 d∞ 
an be de�ned as in (A.5) by repla
ing the metri
s
d◦m with dm (Billingsley, 1999: p. 168). Now de�ne a metri
 on the produ
t of the spa
es Dm

R
, m ∈ N0,that is one sets

ΠD :=

∞∏

m=0

Dm
R
, d̃◦∞

(
(fm)m∈N0

, (gm)m∈N0

)
:=

∞∑

m=0

2−m
(
1 ∧ d◦m(fm, gm)

)
.We have the following embedding theorem (Billingsley, 1999: p. 170).Theorem A.6. De�ne Ψ : D∞

R
→ ΠD by f 7→ (θm(f · hm))m∈N0

. Then1. Ψ is an isometry with respe
t to d◦∞ and d̃◦∞,2. Ψ(D∞
R

) ⊂ ΠD is 
losed,3. (ΠD, d̃
◦
∞) is a Polish spa
e, and so is (D∞

R
, d◦∞).The natural proje
tion pt : D∞

R
∋ f 7→ f(t) ∈ R is Borel measurable for ea
h t ≥ −r, and pt is 
ontinuousat f ∈ D∞

R
if and only if f is 
ontinuous at t. The proje
tions generate B(D∞

R
) and form a 
anoni
alpro
ess (Billingsley, 1999: p. 172). Noti
e that the restri
tions θt, t > −1, are measurable, too.The following proposition 
hara
terizes 
onvergen
e in D∞

R
in terms of 
onvergen
e of the restri
tedsequen
es (Billingsley, 1999: p. 169).Proposition A.1. Let fn, n ∈ N, f be elements of D∞

R
. Then fn

n→∞→ f w. r. t. d◦∞ if and only if
θt(fn)

n→∞→ θt(f) in DR([−r, t · r]) for every 
ontinuity point t · r of f .
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