LAPLACE BELTRAMI OPERATOR IN THE BARAN METRIC AND

PLURIPOTENTIAL EQUILIBRIUM MEASURE: THE BALL, THE
SIMPLEX AND THE SPHERE

FEDERICO PIAZZON

ABSTRACT. The Baran metric §g is a Finsler metric on the interior of E C R"
arising from Pluripotential Theory. We consider the few instances, namely E being
the ball, the simplex, or the sphere, where g is known to be Riemannian and we
prove that the eigenfunctions of the associated Laplace Beltrami operator (with no
boundary conditions) are the orthogonal polynomials with respect to the pluripo-
tential equilibrium measure pgp of E. We conjecture that this may hold in wider
generality.

The considered differential operators have been already introduced in the frame-
work of orthogonal polynomials and studied in connection with certain symmetry
groups. In this work instead we highlight the relationships between orthogonal
polynomials with respect to pug and the Riemannian structure naturally arising
from Pluripotential Theory.
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1.1. Potential Theory and polynomials. The study of Approximation Theory in the
complex plane and on the real line (by polynomials and rational functions) is deeply
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related to Logarithmic Potential Theory (i.e., the study of subharmonic functions and
the Laplace operator). The relations between Logarithmic Potential Theory and Ap-
proximation Theory are manifested in Markov, Bernstein and Nikolski type polynomial
inequalities, the asymptotics of optimal polynomial interpolation arrays and Fekete points,
overconvergence phenomena (i.e. uniformly convergent sequence of polynomials defining
a holomorphic function in a larger open set) and its quantitative version, the Bernstein
Walsh Theorem , and the asymptotics of orthogonal polynomials, random polynomials
and random matrices. Moreover, most of such relations extend to the more general case
of weighted polynomials and Logarithmic Potential Theory in presence of an external field.
We refer to [52, 51, 54, 55, 49] and the references therein for extensive treatments of these
subjects.

More recently a non linear potential theory in multi dimensional complex spaces has
been introduced and many analogies with the linear case have been shown, provided there
is a suitable ”translation” of the quantities that come into the play. Pluripotential Theory
(see for instance [35, 36]) is the study of plurisubharmonic functions (i.e., functions which
are subharmonic along each complex line) and the complex Monge Ampere operator; [9].

Though the lack of linearity makes this new theory much more difficult and requires
working with different tools, many connections with polynomial approximation have been
extended to this multi dimensional framework; see [16, 18, 38]. Indeed, polynomial in-
equalities in C™ are usually obtained by means of Pluripotential Theory, see for instance
[4, 2], the Bernstein Walsh Theorem has been extended by Siciak to C" [53], to more
general complex spaces by Zeriahi [63], and very recently to different polynomial spaces
by Bos and Levenberg [21]. In his seminal work [56, 57, 58], Zaharjuta extended the
equivalence between (a suitably re-defined version of) the Chebyshev Constant (i.e., the
asymptotics of the uniform norms of monic polynomials) and the Transfinite Diameter
(i.e., the asymptotics of the maximum of the Vandermonde determinant). Very recently,
Berman Boucksom and Nystrom [11, 12] showed that Fekete points converge weak™ to the
pluripotential equilibrium measure of the considered set in C™ and in much more general
settings. This is a deep extension of the one dimensional case which can be obtained only
by means of the weighted theory. The work of Berman and Boucksom stimulated different
lines of research such as L? theory and general orthogonal polynomials [15], the study
of multi-variate random polynomials and holomorphic sections [59, 19, 48], the theory of
sampling and interpolation arrays [40, 13, 41] and the study of Bernstein Markov measures
[45, 20]. From the point of view of Approximation Theory, the widely used heuristic that
the equilibrium measure is the "best” measure for producing uniform polynomial approzi-
mations by L? projection has been fully motivated and theoretically explained in [12] also
in its multivariate setting.

For a wide class of compact subsets F in R™ C C", there is a natural Finsler metric 65
associated to F called the Baran metric (see (9) below). In particular, for a convex body
E (i.e., E C R™ is compact, convex and has non-empty interior) this metric, arising from
pluripotential theory, has been well-studied [27, 25, 24, 23, 3, 2]. Baran metric is closely
related to polynomial approximation and interpolation. Indeed the Baran Inequality (see
[1, Th.1.1.4] and [3, 5, 6])

| &p(20 + tv)]i=o]
(1) 1 — p?(wo)
Vao € int B,v € S"7', pe 2(C), [lplle < 1,

< (degp) 0g(wo,v),

can be understood as a generalization of the classical Bernstein Inequality and has appli-
cations in polynomial sampling. For instance, if £ C C" is a compact and polynomial
determining set and N C E is such that, denoting by dr the Finsler distance induced by
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0 (see (10) below), we have

1
in d < =
sup min e (es00) <
for some k € N and ¢ > 1, then N is a norming set for E and constant ¢/(c — 1) for the

space of polynomials of degree not greater than k, i.e.,
c
Iple < ——llpll~, VP e 7hen).

This essentially follows by the Baran Inequality (1). Even more importantly in connection
with the present work, in [24] it is shown that, for E being the simplex or the ball or
the sphere, Fekete points of degree k of E (arrays of points maximizing the modulus of
the Vandermonde determinant and thus near optimal for polynomial interpolation) have
spacing of order 1/k on E. These results may be used to construct good sampling sets for
polynomials, namely admissible meshes, see [28, 37, 26, 39, 44, 46|, that have applications
in polynomial approximation and optimization [47].

In what follows we will focus only on the case when the Baran metric turns out to be
Riemannian.

The present work attempts on the one hand to (partially) extend to the C™ case another
connection between polynomials and Potential Theory, and on the other hand, to highlight
how polynomial L* approzimation with respect to the equilibrium measure may be regarded
as Fourier Analysis on a suitable Riemannian manifold. These ideas rest upon the relation
between the Laplace Beltrami operator relative to the Baran metric and the orthogonal
polynomials with respect to the pluripotential equilibrium measure.

We would like to introduce such relations starting by some examples that treat the
instances of the interval [—1,1] and the unit sphere.

1.2. Two motivational examples.

1.2.1. Chebyshev polynomials. The Chebyshev polynomials Tp,(z) := arccos(ncosz) are
the orthogonal polynomials with respect to L =dz, the equilibrium measure of the

T\ 1—x

interval [—1,1] as a subset of C, i.e., the unique minimizer of the logarithmic poten-
tial — [log|z — w|du(z)du(w) among all Borel probability measures p on the interval
[—1,1]. Another classical characterization of Chebyshev polynomials is given by the eigen-
functions of the Sturm-Liouville eigenvalue problem

{fm(:c) = (1-2%)¢"(2) — 29/ (2) = ~Mp(e), wel-L1[
¢'(w0) =0, z0 € {—1,1}

The set of eigenvalues turns out to be {n” : n € N} and .[T,] = n*T,.
Instead, we re-write this eigenvalue problem as

1 d 1 R
3) \/lljdx(mu—x)w))——n o(@), @€~ 1,1

This apparently useless manipulation actually illustrates another property of Chebyshev
polynomials. To explain this property, we first recall that the Laplace Beltrami operator
relative to a metric g can be written in local coordinates as

1 < ij
(4) Arpf = \/Ttg;% <\/detg§j:g ’”f%f) 7

where ¢g*7 are the components of the inverse of the matrix representing g.

Let us endow ] — 1, 1[ with the Riemannian metric g(z) := ;==z, we canonically obtain
T 1

= dx. Note that, up to a re-normalization,

T0 \/1—=z

(2)

the Riemannian distance d(zo,z1) =
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the resulting volume form is precisely the equilibrium measure of [—1, 1]. If we plug g(z) :=
# in the expression (4) for the Laplace Beltrami operator, we obtain precisely the left
hand side of (3). In other words, we observe that:

(f) Chebyshev polynomials are eigenfunctions of the Laplace Beltramsi operator with

respect to the density of the equilibrium measure of the interval.

It is relevant to notice that the density of the equilibrium measure on [—1,1] at = is
obtained as the normal (i.e., purely complex) derivative of the Green function of C\ [—1, 1]
with pole at infinity; see [52, Ch II.1]. This operation has a multidimensional counterpart
(see [2]) that, under some assumptions, leads to the so called Baran metric ([17, 3]), see
equation (9) below.

Remark 1. The observation (f) above can also be understood in a more general frame-
work. To this aim, let us recall that a weighted Riemannian manifold is a triple (M, g, p)
where (M, g) is a Riemannian manifold and p is a positive smooth function on M. In
such a setting one defines the weighted Laplace Beltrami operator A, acting on smooth
functions by setting

1 ¥
Apu = P\/M;&% (p\/c?tg;g 896;“) :

It turns out that the classical orthogonal polynomials on the interval [—1, 1], e.g., Legendre
and Gegenbauer orthogonal polynomials, are indeed eigenfunctions of A, on ([—1, 1], ﬁ, (1-

2?)#) with an appropriate choice of 3, this has already been shown in [29].

1.2.2. Spherical harmonics. We mention another relevant example of this relation be-
tween eigenfunctions of the Laplace Beltrami operator with respect to the metric defined
by (pluri-)potential theory and the (pluripotential) equilibrium measure. In contrast to
case of Chebyshev polynomials, now we work in a multi dimensional setting and the flat
euclidean space C" is replaced by a complex manifold. A more detailed account of this
example requires some preliminary notions in addition to the ones of Subsection 2.1, and
so we decided to give the explicit computations in Appendix A, together with the needed
facts from pluripotential theory on algebraic varieties. At this stage we only sketch the
results to underline the analogy with the case of Chebyshev polynomials.

Let us consider the unit sphere S"' C R™ endowed with the round metric g induced
by the flat metric on R™ and denote by A the Laplace Beltrami operator on S !, It is
well known that spherical harmonics are a dense orthogonal system of L*(S™') which
consists of polynomials that are eigenfunctions of A.

Let us look at S"™! as a compact subset of the complezified sphere ™' := {z € C™ :
S° 22 = 1}. By a fundamental result due to Sadullaev [50], since S"' is a irreducible
algebraic variety, one can relate ( see Appendix A) the traces of polynomials on S™ ! to
pluripotential theory on the complex manifold of S*~!. On the other hand, due to Lemma
3 below, we can define a smooth Riemannian metric ggn—1 on S” ! suitably modifying the
construction (see eq. (9)) of the Baran metric of convex real bodies. In particular such a
definition is given by the generalization of the case of the real interval [—1, 1]. Indeed, it
turns out that ggn—1 = g and its volume form is, up to a constant scaling factor (chosen
to make it a probability measure), the pluripotential equilibrium measure of S* !, as a
compact subset of S"7!. In other words

(1) the eigenfunctions of the Laplace Beltrami operator of (S"™', g) are the orthogonal
polynomials with respect to the pluripotential equilibrium measure of S™™1, seen

as a compact subset of S"~*; see Corollary 1.

1.3. Our results and conjecture. The aim of the present paper is to present a conjec-
ture on the extension to the C™ case of the relation between potential theory and certain
Riemannian structure that holds in the examples above. We support it by full proofs of all
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the few known instances, see Theorems 1 and 2 below, fulfilling the required hypothesis,
i.e., their Baran metrics are Riemannian.

Conjecture 1. Let C denote either C" or any irreducible algebraic sub-variety of it. Let
E C C be a fat* real compact set. Assume that the Baran metric g of E is a Riemannian
metric on intgnnc E, then the orthonormal polynomials with respect to the pluripotential
equilibrium measure pe,c of E in C are eigenfunctions of the Laplace Beltrami operator
relative to the metric 0.

Remark 2. We stress that the orthogonal bases used in our proofs as well as most of
their properties are already known in the framework of orthogonal polynomials (see [33],
[30], [31] and the references therein). Moreover, our differential operators (i.e., Laplace
Beltrami operators with respect to the metrics arising from Pluripotential Theory) turn
out to be already studied in relation to certain symmetry groups [33, Ch. 8], but they have
not been related to any potential theoretic aspects before. More precisely, the Laplace
Beltrami operator on the ball endowed with its Baran metric turns out to be the operator
2, in [33, pg. 142] with the parameter choice p = 0. Instead, in the simplex case, A is
precisely the operator defined in [33, eq. 5.3.4] (see equation 29 and Theorem 4 below) if
we set (in the authors notation) x = (0,...,0) € R*T1.

Our goal is precisely to relate such families of functions and their properties to the
Riemannian structure that comes from Pluripotential Theory.

Remark 3. Note that we will deal with the open sets S™ and B™ but we will refer, by a
slight abuse of notation and nomenclature that aims to an easier notation, to their Baran
metrics ds» and dpn instead of dgn and dzn.

Theorem 1 (Laplace Beltrami on the Baran Ball). Let us denote by A the Laplace
Beltrams operator of the Riemannian manifold (B™,dpn) acting on

€ (B") := {u € ¢*(B") : max sup |0%u(z)| < oo}7
|e|<2 zeBn
where B"™ := {z € R™ : |z| < 1} and the Baran Metric dgn(x) of the ball, see (12), is
represented by the matriz

2
x r1x Tr1xT
14+ 1 12 1Tn

-0, «F 172?:12”% -7, «f
1— ;;112 1+ 1_236712, z2 1— ;:21"
Gpn(z) = Ty @} i=1T% Ty}
TnZ] InT2 3 . 1 + 2 _
1- Z’L 1 z 1- 27 1 1 Et 1 7

The operator A is symmetric and unbounded, it has discrete spectrum
c(A)={As:=s(s+n—-1):s €N}

and the eigen-space of \s is span{pq, |a| = s}, where o (see Proposition 4) are orthonor-
mal polynomials with respect to the pluripotential equilibrium measure

1

Moreover, A can be closed to a self-adjoint operator D(A) — L*(B™,dpn) (having the
same spectrum), where

XBn VOl]Rn = VOL;B,L .

D(A) =S ue L*(B",0pn): Y A2 > |ial® <00 p C H'(B",dpn)
s=0

la|=s

1This should be intended as the closure in C of the interior in R” N C of E equals to FE itself.
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and U s the Fourier coefficient an Wdlmn'
LZ(M n)

The operator AY? has domain

D(AY?) = Qu e L} (B",dpn) 1 Y _As Y |ial® <00 p = H'(B",dpn).
s=0 |a|=s
Here and from now on we denote by « a integer multi-index and by |a| its length. For
a precise definition of the Sobolev space H*(B™,dgn) see Subsection 2.2.2 below.

Theorem 2 (Laplace Beltrami on the Baran Simplex). Let us denote by A the Laplace
Beltrami operator on the Riemannian manifold (S™,dsn), acting on

EL(S™) = {u € ¢*(S8™) : max sup |[0%u(z)| < oo}
|a|<2 zegn

where S™ = {x € R" : 31" @i <1, > 0Vi=1,2,...,n} and the Baran metric s (x)
of the simplex, see Equation (13), is represented by the matriz

b0 L. 0
0 2;' 0 0 i 1 1
Gsn (z) : S ! 11 1
sn = : . : . _—
S L= | g 1
. . . . 1 1 1
0 R

The operator A is symmetric and unbounded, it has discrete spectrum

o= {pms (54751 o)

and the eigen-space of \s is span{ta, || = s}, where 1o (see Proposition 5) are orthonor-
mal polynomials with respect to the pluripotential equilibrium measure of the simplex

1
VA= w) [T @
Moreover, A can be closed to a self-adjoint operator (still denoted by A) D(A) — L*(S™, dgn)
(having the same spectrum) where

nsn = Xsn ({E) VOI]RTL = VOLSSn .

D(A) = u e L*(S",0sn) 1 D AT D il <00 p C H'(S™,55n)
s=0 |a|=s

d/,Lsn .

and Uq s the Fourier coefficient an uy
(kgn)

¢2|L2

The operator AY? has domain

D(AY?) = Qu e L3(S™,0sn) 1 Y As D ita|® <00 p = H'(S",65n).

s=0 |a|=s

Remark 4. In view of Remark 1 above one may ask if Theorem 1 and Theorem 2 have
their counterparts if the considered Riemannian manifold is endowed with a weight p. It
is possible to prove that this is indeed the case, provided that p satisfies p = nd Volgn,
where 7 is a positive power of the density of ugn (or pgn) with respect to Volgn (or Volgn,
respectively).

Remark 5. In order to better understand how the Baran metrics of the ball and the
simplex look like, it is worth recalling their special relation with a certain portion of the
sphere.
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Let us denote by (HY, g]]-ﬂ"’i) the upper unit hemisphere, i.e., the Riemannian manifold
which can be obtained by intersecting the unit sphere S™ (thought as a sub-manifold of
R"™*! endowed with the euclidean metric) with the positive half space {£ € R"™! : &,41 >
0}. The map = : H}f — B", w(§) := (&,...,&n) clearly is a one-to-one ¥°° map of
manifolds. Therefore we can define a metric g on B™ by means of the pull-back operator

with respect to F := 7~

g(v,w) = F*g}m (v,w) = gur (dFv, dFw), Yo, w € TB".

One can verify by direct computations that indeed g = dpn.

Similarly, we can define the map Sqrt : S" ={z e R} : Y7 2 <1} - B"N{z €
R™ :x; > 0,Vi = 1,...,n}, Sart(z) := (v/Z1,/2,...,/Tn), and pull back by Sqrt on
S™ the Baran metric of the ball, see (12) and (13) below. Again this new metric indeed
coincides with the Baran metric of the simplex; [23].

Question 1. Since the the property of a compact set of having a Riemannian Baran
metric is stable under taking the pre-image of such a set via certain polynomial maps, we
expect that it is possible to prove the equivalence of Theorem 1 and Theorem 2.

Note that, since the manifolds (B™,dp») and (S™, dgn) are isometric to certain portions
of S™, the local differential and metric properties of this manifolds are the same as those
of S™. We recall that a Riemannian manifold (M, g) is termed Einstein when its metric
tensor is a solution of the Einstein vacuum field equation

(5) Ric = kg.
Here
Ric;,; := Z(alré',i — 8]'F§,i) + Z (karfz - Fékrﬁ)
=1 k=1

is the Ricci tensor (written by means of the Christoffel symbols ;k) and k > 0. Since
it is a well known fact that (S™,gsn) is Einstein, we get the following proposition as a
consequence of Remark 5.

Proposition 1. The unit ball and the unit simplex, endowed with their Baran metric
respectively, are Einstein Manifolds.

Since for all cases where the Baran metric is known to be Riemannian it happens that
it solves Equation (5), the following question naturally arises.

Question 2. Assume that F is a Baran body in the sense of Definition 1 below. Is it
necessary for its Baran metric tensor to solve the Einstein vacuum field equation (5)7

Remark 6. Recently, Zelditch [61] studied the spectral theory of the Laplace Beltrami
operator on a real analytic Riemannian manifold M in connection with the Pluripotential
Theory of the so called Bruhat-Whitney complexification M¢ of M. In particular, working
under the assumption of ergodicity of the geodesic flow, [62, 60] present asymptotic results
on the zero distribution of the eigenfunctions and series of functions with random Fourier
coefficients. These results closely resemble the relation between the behaviour of zeros
of orthogonal polynomials (or random polynomials) and the pluripotential equilibrium
measure.

Even though our study is far from being as general as the context of the above ref-
erences, in the author’s opinion our result may be cast within this framework and offer
concrete examples where explicit computations are performed. Indeed our Appendix A
exactly fits in the framework of [61].

The paper is structured as follows. In Section 2 we furnish all the required definitions
from Pluripotential Theory, Operator Theory and Differential Geometry. In Section 3 we
prove Theorems 1 and 2, giving a precise spectral characterization of the involved Sobolev
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spaces. Finally, in Appendix A it is shown how to define the Baran metric on the sphere
and its equivalence with the standard round metric.

Acknowledgements. The ideas of the present paper surfaced during the open problems
session of the workshop Dolomites Research Week on Approzimation (DRWA16), held in
Canazei (TN) Italy in September 2016. However, the content of the present paper has been
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P. Ciatti for useful discussions, and Prof. M. Putti and M. Vianello for their support.
The author thanks the referees for their work that was determining for improving his
manuscript.

2. PRELIMINARIES AND TOOLS

2.1. The Pluripotential Theory framework. Pluripotential Theory is the study of
plurisubharmonic functions, i.e., any uppersemicontinuous function u : @ — [—o0, +00|
being subharmonic along each one complex dimension affine variety in Q Copenn C". We
use the operators d := 8 + 0 and d° := i(—0 + 0), where

"9 N
a._;a—zj.dzj, 8._28—%@@

The operator dd® is sometimes referred as the complex Laplacian and correspond with the
usual Laplacian (up to a scaling factor) when n = 1.

Since dd° is a linear operator, one can consider dd®u for a Li,. function in the sense
of currents (distributions on the space of differential forms) and it turns out that, for an
uppersemicontinuous function u, dd®w« > 0 if and only iff w is plurisubharmonic.

The complez Monge Ampere operator (dd®)™ is defined for € functions as

(6) (dd®u)™ :=dduAdd®uA -+ Add®u = ¢, det (dd° u)d Volen .

Clearly trying to define wedge products of factors of the type dd®w for any plurisub-
harmonic function u leads to serious difficulties due to the lack of linearity. Bedford
and Taylor [9] showed that the definition of equation (6) can be extended to any locally
bounded plurisubharmonic function, with (dd®w«)™ being a positive Borel measure.

One may think to plurisubharmonic functions in C™ as ”the correct counterpart” (see
[35, Preface]) of subharmonic functions on C, while harmonic functions should be replaced
in this multi dimensional setting by mazimal plurisubharmonic functions, i.e., functions
u dominating on any subdomain €’ any plurisubharmonic function v such that u > v on
€Y. Locally bounded maximal plurisubharmonic functions satisfy (dd®u)™ = 0.

The multi dimensional counterpart of the Green function for the unbounded component
of the complement of a compact set E is the pluricomplex Green function (also known as
Siciak-Zaharjuta extremal function) V. Let E C C™ be a compact set, then we set

Vi (C) = sup{u(¢), u € L(C"),u|z < 0},
(7) Vg(z) := limsup Vg(¢).
(—z
Here £(C") is the Lelong class of plurisubharmonic functions on C™ of logarithmic growth,
i.e., u(z) — log |z| is bounded above at infinity.

It is worth recalling that, as in the one dimensional case, due to [53] (see also [35]) we
can express Vg by means of polynomials &2(C"). That is

Vi) = sup{ log™ [p(O)],p € 2(C™), Ipll < 1}.

degp
Here log* (z) := max{log x, 0}.
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The function V3 is either identically +oo or a locally bounded plurisubharmonic func-
tion on C™, maximal on C"\ F (i.e., (dd® V)" is a positive Borel measure with support in
E) having logarithmic growth at oo; if the latter case occurs we say that E is non pluripo-
lar. In principle V3 is only a uppersemicontinuous function. When Vg is continuous the
compact set F is said to be regular. It is worth recalling that it turns out that Vg is
continuous if and only if Vi identically vanishes on E. We will treat only such a case in
what follows.

For any non pluripolar compact set £ C C" the pluripotential equilibrium measure of
E is defined as

(8) = (A Vi)™,

this is a Borel probability measure supported on E. We stress that, since ug(F) = 1 for
any non pluripolar set [9], the total mass of the measures (and volume forms) that we are
going to deal with is not important. We avoid introducing normalizing constants in the

metrics to keep the notation simple.
Let E be a real convex body, Baran showed that in this case

9) 0g(x,v) := limsup Vi(@ +itv)
t—0t+ t

exists for any z € int E, v € R". We refer to dg(x,v) as the Baran metric of E. It is
worth mentioning that in many cases limsup,_,,+ can be replaced by lim; ,o+ in the
above definition, [5, 10]. We refer the reader to [25] for a study on the connections among
this metric, polynomial inequalities and polynomial sampling. The Baran metric defines
in general a Finsler distance on F

1
(10 duto) = int { [ 65060, (9)ds, € Lin([0.11, ).7(0) = 7(1) = v}
however it may happen that 0z (z,v) is indeed Riemannian, i.e.,
0 (z,v) = V/v!Ge(z)v

for a positive definite matrix Gg(z). Note that Gg(z) is then well defined by the paral-
lelogram law. More precisely we have
6% (z,u+v) — 05 (2, u —v)
1 .
We believe that the following definition is worth being introduced.

u Gp(z)v =

Definition 1 (Baran body). Let C denote either C™ or a irreducible algebraic variety of
pure dimension 7, and let Cg denote the real points of C. Let E C Cr a compact fat? non
pluripolar set. If the Baran metric of F is a Riemannian metric for the real interior of F,
then we term E a Baran body.

In [25], the Baran metrics of the real ball, real simplex are computed (see Theorem 1
and Theorem 2 above), showing in particular that they are Baran bodies. For the sake
of completeness, we recall how dp» and ds» can be computed. The pluricomplex Green
function of the real unit ball is given by the Lundin Formula (see for instance [35, Th.

5.4.6])
fo—l)], vz € C",
=1

where h : C\[—-1,1] = C\{z € C: |z| < 1} is the inverse Joukowsky map z — z++/22 — 1.
The function Vg~ (z) is differentiable at any ¢ B™ so that one can compute the Baran

(11) Vign () = %log

h(i s |* +

i=1

2This mean that the closure in Cr of the interior of F in Cp coincides with E.
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metric taking the limit
. Vpn (z + itv . .
dpn (x,v) := limsup Vor(z+itv) _ lim ;.. Vin (z + itv).
t—s0+ t t—0t

A direct computation leads to

opn(x,v) = /vtGpn(x)v,
where
1+ o Z1T3 &
] =37 1, o 1-37, =F
% 1 + —2— L. L M
- -
(12) GBW(IE) = Zl 1 T3 Z‘L 173 Zl 1 %3
Ty Tp T 14 7“”2
1- 211 i 172?:1”? 1- 211 i
The square map (z1,2,...,Tn) — (x3,23,...,22) is a polynomial map from the unit

ball to the simplex satisfying the so called Klimek condition, see [35, pg. 196], therefore
applying [35, Thm. 5.3.1] one has

Van (21,22, .-y 2n) = 2Ven (\/21,V/22, - - s V/Zn)-

The chain rule leads to

VT
VT2
Ggn(z) = diag : Gpn(\/T1,3/T2,...,\/Tn) diag

VIn
P | B 0
0 z;' 0 0

13y = D o+

— = a
3

— e e e
— e e

-1
0 R 2

Remark 7. To the best of the author’s knowledge, these are all the examples of Baran
compact sets in C™ known in the literature. Indeed, such a property seems to be very
rare: for instance in [25] some counterexamples are given as the regular hexagon and the
cordinate square [—1,1]. We offer a further instance of a Baran manifold in Appendix A:
the real sphere as subset of the complexified sphere.

Remark 8. In [7] Barthleme intruduces for the first time a natural Laplace operator on
Finsler manifolds. It is an interesting question to investigate if it is possible to prove a
statement equivalent to Theorem 1 and Theorem 2 at least for particular cases of Baran
manifolds arising from pluripotential theory. A natural starting point for this should be
the case of the standard coordinate square K = [—1,1]" endowed with its Baran metric,
see [14] and references therein,

|vi

5 = Vi—a2
K(mav) ie{1,2,...,n} 1 71,12

We postpone this study for a future work.

2.2. Differential operators and Sobolev spaces on a Riemannian manifold.
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2.2.1. Differential operators. We recall that a linear connnection on a vector bundle 7 :
E — M (built on the differentiable manifold M) is a mapping (here £(M) is the space of
smooth sections of the vector bundle F and 7 (M) is the tangent bundle)

V:T(M) x E(M) — E(M)

(X, V) —  VxV

such that it is ¥ °°-linear in X, R-linear in V, and for which holds the Liebnitz Rule
Vx(fV)=VX(f)+ fVx(V) holds for any f € ¢°°(M). In particular we have Vx f =
X(f).

Let (M, g) be a (possibly non compact) Riemannian manifold. It is well known that
there exists a unique torsion-free linear connection on 7 (M) that is compatible with the
metric g; namely the Levi-Civita connection. Since we will deal only with such a connection
we will still denote it by V.

Note that, for a given u € €°°(M), Vu is a (1,0) tensor field (i.e., point-wise it is a
linear form) having the property that (X, Vu), = Vxu = X (u) and thus it can be written

in local coordinates o
_ ig Ou .
Vu = ; g oz, dz;.

Here (-, ), is the canonical duality induced by g and g* are the components of the matrix
representing ¢~ *. Hence it is convenient to define the tangent vector

i Ou
d j = Y 5
namely the covariant gradient of u, having the property that (X, Vu)y = (X, grad u).
The divergence operator acting on X € T (M) is defined by

1 .
divX =V - X=— 0i(y/det gX*).
iv detgzi: (v/det gX*)

Finally we can recall the definition of the Laplace Beltrami operator A.
1
(14) Au := div(gradu) = N ZZ: 0i(v/det g(grad u);).

2.2.2. Sobolev Spaces. Let (M, g) be a Riemannian manifold. Let us introduce on (M)

the norm
1/2 1/2
1,2 1= (/\u|2d\/olg> + </|gradu|2d\/olg> ,

where | grad u|® = (grad u, grad u)y. Let us denote by 6% (M) the space {u € € (M), ||u
The Sobolev space H'(M, g) is defined as the closure of €7%(M) with respect to || - ||1,2
in the space of square integrable functions, also we introduce the space Hg (M, g) defined
as the closure of €°(M) in the same norm. Note that in general H} (M, g) C H'(M, g).
An important fact about Sobolev spaces and manifold is that the above two spaces
may coincide, that is

(15) Hy(M,g)= H'(M,g)

Our interest in this phenomena is mainly due to the fact that the Laplace operator does
not need to be complemented with boundary conditions in such a case.

Indeed, Hg (M, g) = H' (M, g) for any complete Riemannian manifold M; see [34, Th.
3.1]. We recall for the reader’s convenience that a Riemannian manifold (M, g) is said to
be complete if the metric space (M, dgy) is complete, where

1
dg(xz y) := inf {-/0 \ <'Y/(s)’ ’Y/(S»g('y(s))dsr’y € Lip([09 1]7 M)?’Y(O) =, 'Y(l) = y} .

[[ul

|1,2 <
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The Hopf-Rinow Theorem asserts that the completeness of (M, g) is equivalent to the fact
that any relatively closed bounded subset of M is compact.

We denote by €;° (M) the set uniformly bounded functions that have uniformly bounded
partial derivatives of any order. Since for a complete manifold €°(M) C 6°(M) C
H'(M, g), it follows that for any complete manifold (M, g), €° (M) is dense in H'(M, g).

Unfortunately, both (int B",dp») and (int S™, ds») fail to be complete: it is very easy
to construct a Cauchy sequence in B™ not converging in B™. For instance take {zx} :=
cos (27%)u for any unit vector v € R"™. Since d(xy,z;) < 27 ™"D  this is a Cauchy
sequence, however zr — u ¢ B"™. Nevertheless, one may wonder whether equation (15)
holds in these instances. This fact indeed depends on finer properties of the manifolds
than completeness. Namely, Masamune [43, 42] showed that equality (15) holds if and
only if the metric completion of M lies in the category of manifolds with almost polar
boundary.

We recall that the Riemannian manifold (M UT, g) with boundary I is said to have
almost polar boundary if the outer capacity cap(I') of I" vanishes. Here we use the notation
cap(A) for the Sobolev (outer) capacity of the Borel subset A of M UT', where for any
open subset O of M UT we set

cap(0) = inf{||ull1,2,u € €,°(MUT),0 <u < 1lulpo =1}
and for for any Borel subset S we set
cap(A) := inf{cap(0), A C O}.

It is clear that one can replace €°°(M UT) by H(M UT,g) in the definition of cap(O)
obtaining an equivalent definition.

At this stage we can observe that dB" fails the sufficient condition (see [43, Th. 7])
to be polar

(16) lim inf log Vol ({z € B" : d(z,0B™) < €}) > 9
0t loge =7

Here the equality case is considered since OB™ itself is a manifold (see [43, Th. 7]).
Let us denote by N the set {z € B" : d(z,0B"™) < ¢}, we have N. = B"\ (cos¢) - B",
moreover

Vol(N.) = n3(1/2,n/2,1 — (cose)?).
Here f(a, b, z) denotes the Incomplete Beta Function [ t*~'(1 — t)*~'dt. Hence

VolN. ~ VolN. 1—(cose)* _ VolN. aseo 0t
e? 1 — (cose)? e? 1 — (cose)?
Note that
1Y 1/2,n/2 - n/2—
liminf VO gy BURRE) g vz et o
emot 1—(cose)? Lo+ z z—0+
Thus we have liminf,__, o+ % = +oo that in particular implies % < 2 for any

e < g&g.

Since the condition (16) is not fulfilled by B™ nor 9S™ we wonder if the ball and the
simplex, endowed with their Baran metrics, are not manifolds with almost polar boundary.
Indeed this is the case, as stated in the following proposition. We stress that, since these
conclusions are obtained as a consequence of Theorem 1 and Theorem 2 respectively, we
cannot use them in the proof of these theorems.

Proposition 2. The manifolds (B™,dpn) and (S™,dsn) are not manifolds with almost
polar boundary and

(17) H'(B",6pn) # Ho(B",0pn) ,  H'(S",05n) # Hy(S",dsn).
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Remark 9. We warn the reader that H'(B" dpn) # Hg(B",dpn) does not imply in
general that the eigenvalue problem Au = Au is not well posed when we do not impose
any boundary condition. The motivation depends on the following proposition which
allows us to write the weak formulations (25) and (31) of the Laplace Beltrami operator
used in the proofs of Theorem 1 and 2 which is based on ¢y° functions (for which the
boundary terms appearing in the integration by parts formulas we use vanish).

Proposition 3. Let (M,g) be (B™,dpn) or (S™,gsn). The space €°(M) is dense in
€55 (M) with respect to the norm || - ||1,2. Thus €5°(M) is dense in H* (M, g).

Before proving Proposition 3 we need the following technical Lemmas whose proofs are
omitted since it is sufficient to check the statements by easy direct computations.

Lemma 1 (The inverse Baran metric of the ball). Let us denote by GE}L the inverse of
the matriz Gpn which represents the Baran metric of the n-dimensional ball. Then we
have

1—22 —zize ... —T1Xp
L —xox1 1 — x% R L. —X2Tn
(18) Ggn(x) =
2
—Tnl1 . ce. —TpTp-1 1—x,

The matriz G5, (z) has eigenvalues {1,1— |z|*}, where the eigen-space of 1 is the tangent
space at x to the sphere of radius |x| and centred at zero, while the eigen-space of 1 — |x|?
is the Euclidean normal to this sphere at x.

Lemma 2 (The inverse Baran metric of the simplex). Let us denote by Ggn the inverse
of the matrixz Ggn which represents the Baran metric of the n-dimensional simplex. Then
we have

(1—=z1)z1 —X1To —X1Tn
( ) 1( ) —X2X1 (1 — .%‘2).1‘2 . - —T2Tn
19 Ggn(z) =
— T .. cie = ZnTn-1 (1 —zn)zn

Moreover we have
NS VoL

(20) Ggn () = diag : Gpndiag

Proof of Proposition 3. Let us start by considering the case M = B™ C R"™. We denote by
S™ the n dimensional unit real sphere endowed with the standard round metric gs» and
we introduce the embedding map

E:605(M) — Hoyen(S", gsn),

where

E[f] xl,...,xn,:lz

n

2

1-— g T3
i=1

_ 1 fz1,...,zn) ,Z?:lx?;zél
\/5 hmsupBagamf(glv e 75“) ) Z?:l 1"3 =1
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and
Helven (Sn7 gsn )
={g e H'(S", gsn), g(x1,...,Tns1) = g(x1,..., —Lni1) Volgn —a.e.}.

We claim that E is an isometry of Hilbert spaces.

Before proving this claim we stress that this would conclude the proof for the case of
the ball. For, by standard mollifications we can construct a sequence { fk} of function in
%> (S™) converging to E[f] in H*(S", gsn). To ensure that fy € Hlen(S", gsn) we replace
fe by (fr(@1,. .. Zns1)+ fu(z1,. .., —2ni1))/2. Finally define {fx} := {E'[fx]} and note
that the claim above implies that fr, — f in H*(B™,épn).

We stress that, while the injectivity of E is trivial, one needs to notice that the global
boundedness of fi together with its derivatives ensure that E~'[fs] is a well defined
element of 67%(M) which in particular is in €, (M).

Let us go back to prove that E is an isometric embedding. For simplicity we work in
the easy case of n = 2, the general case can be proved in a completely equivalent way.
Consider spherical coordinates

1 cos 0 cos ¢
T2 = cos 0 sin ¢
T3 sin 6

We recall that the round metric represented in these coordinates is

gs2(0, ) == { (1) 02 ]

cos” 6

and the corresponding volume form can be written d Volgz = cos 0dfdy. It follows that,
for any h € H'(S?, gs2) we have

||h||H1(S2) f/ / ) <|h\ + |Boh|? + 19 é) cos 0dfdp.
—m/2

To compute || E[f]||z1s2) we perform the change of variables suggested by the first two
components of the spherical coordinates, i.e.,

(z1,22) — (cos B cos p, cosOsin p).
Then
BNz o)

/ /—ﬂ/g (‘E *+ |00 ELf ” |8 E[gﬂ) cos 0dOdp

/2”/” ” (|E[f]| + 1o BLf + 122 E[a”)COSQde@

_ Vi > o 0S| |0:f)? 1
_2./132 (7—&—(1—351—@) 5 + 5 2dx1dac2

2
1—27— x5

:/52 (/12 + | grad £12,., ) d Vol .

112150,
Let us now consider the case M = S™. We introduce the embedding map
F:675(S",0sn) =V,
where
V= {f € 673(B", 65m),
F&, . &, &) =&y =&, 60), V7 €41,...,d}}
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and )
F[h] (€1,...,&) = §h(g%,...,gi).

Again if the closure of F to H'(S™,dsn) is an isometric embedding we are done, since, for
any given target function h € H*(S™,dsn) we can pull back to €°(S™) any sequence of
¢y°(B™) approximations to F'[h].

To this aim, we introduce the partition Q1,...,Q2n of [=1,1]™ given by the coordinate
hyperplanes, we denote by T : S — B™ the map (£1,...,&n) — (£3,...,&2) = x and we
notice that, for any f € €°°(S™), we have

/ foTdVolgn = i/ fdVolgn .
BrNQ, 2" Jgn
Finally we compute

IE I 1 (7 5 5m)
_Z/B nAQ; (IF[RI(E)* + | grad F[R](€)]3,. ) d Volsn (€)

2"
%Z/BW (Iho T(€)* + Dh' o TJT 554 JTDh o T(€)) d Vol gn (€)

on

- Z / (|h(z)|* + DR (JT"55n JT) o T~ Dh(z)) d Volsn (z)
4 2 I(B”OQ)

= .1271 o / (@) + DR'(JT'S54IT) o T Dh(z)) d Vol (o).
Since, due to equation (20),
(JT'S5EJT) o T~ = ddiag(¢)d5L diag(f)‘gzﬁ — 4650 (z)
we conclude that || F'[h]|| g1 (gn s5n) = |Pllm1(sn,54n)- In view of the above reasoning this
concludes the proof. |

2.3. Unbounded linear operators on Hilbert spaces, some tools. We need to recall
some concepts from Operator Theory that allow a more precise and compact formulation
of our results. A linear operator on a Banach space Z# is a couple (Dg(T),T), where
Dgs(T) is a dense linear subspace of # and T is a linear map Dg(T) — A.

Let (D2 (T),T) be a linear operator. If for any sequence {f,} in Dg(T) such that

e ||fn = flle — 0 for some f € A,

e there exists g € # with ||T'f, — gl — 0
it follows that f € Dg(T) and T f = g, then the operator T is said to be closed. If #
is not finite dimensional, the notion of spectrum and set of eigenvalues are not the same.
More precisely, we denote by o(T) the spectrum of T

o(T) :={z € C: T — 2l is not invertible}.

Instead, A is an eigenvalue of T if there exists an element f € & such that T'f = \f.

If an operator 7' is not closed we may try to find an extension of it, i.e., (T, Dg(T))
such that Dgg(T) D Dg(T) and Tf = Tf for any f € Dg(T). If we can find such an
extension in the category of closed operators, then T is said to be closable and its minimal
closed extension T is termed the closure of T.

Now we replace the Banach space % by an Hilbert space J¢, clearly the above termi-
nologies are still well defined, since any Hilbert space is in particular Banach.

If for any f,g € Dy (T) we have (T'f,g) = (f,Tg) s, then the operator T is said
to be symmetric. It is a very useful fact that any symmetric operator is closable to a
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symmetric operator. Again, if S is infinite dimensional, one must pay attention to the
difference between symmetric and self-adjoint operators.
The adjoint T of the operator T is defined by the relation

where
Dy (T") :={g € # : 3h € S such that (Tf,g9) e = (f, ), Vf € D (T)} .

Clearly, we term T self-adjoint when the two domains indeed coincide.

The proofs of our results, besides the explicit computations, rely on the following
theorem which collects some classical results of Operator Theory; see for instance [32, Ch.
1 and Ch. 4].

Theorem 3. Let T be a linear non negative unbounded operator on the separable Hilbert
space (A, ]| - ||) with domain D(T). Assume that
a) T is symmetric,
b) It has discrete real spectrum o(T) = {\;}jen diverging to +oo.
Then
i) the closure T of T is a self-adjoint unbounded operator (i.e., T is essentially self-
adjoint),
i) o(T) = o(T),
ii1) the domain of T is

(21) D(T)={ue#: Y Nliy|* < oo}
=1
iv) the quadratic form
Qu) = (T"%u, T u) o

has domain

(22) DQ) ={uea: Y Nli;|* < oo}

Jj=1

which is complete in the norm

llulll := V@) + llull -

Here and throughout the paper @; denotes the j—th Fourier coefficients of the function

3. PROOFS

The strategy of the proofs of Theorems 1 and 2 is to show that the conditions a) and b) of
Theorem 3 holds for T being the Laplace Beltrami operator (with respect to the considered
metric), then to conclude applying Theorem 3. This will be done by considering the weak
formulation of the Laplace Beltrami operator and performing explicit computations on a
suitable orthogonal system.

3.1. Orthogonal polynomials in LiBn. The following family of orthogonal functions

on the unit ball has been first introduced in the Approximation Theory framework, indeed
the formula we will use is a special case of orthogonal polynomials for certain radial weight
functions; see [33, Ch. 5].

Proposition 4 ([33]). Let us set for any o € N"

n—1 i—1 _
(23) Vo 1= Ta, ___*Tn (1- Z zi)a,-/zc;uj'_ I E—
=1 k=1

/ 1 ! i—1
1= x% J \V 1-300 wi
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where Ty, is the Chebyshev polynomial of degree k, v; := % + ZZ:J-H ay and Cf denote

the monic Gegenbauer polynomials of degree t (i.e., C7 := J:_l/z’s_l/2 and J*P is the

monic Jacobi polynomial orthogonal on [—1, 1] with respect to the weight (1 —2)*(1+z)?).
The set {¢a : o € N"} is a dense orthogonal system in L*>(B™,dpn) and

n—1
2 2 in2
(24) ||<Poc\|L2(Bn,aBn) = TanlZ1/2,-1/2 H ||C;/§||aj71/2,ar1/27
j=1

1/2
where || f|

ar = ([ PGP =00 +1"dt)

Note that the density of the linear subspace span{@, : @ € N*} in H'(B",dpn) follows
from Proposition 3.

3.2. Proof of Theorem 1. We warn the reader that we will denote throughout this
section by D f the Fuclidean gradient of f.

Proof of Theorem 1. We start showing that A acting on €2(B") is a symmetric operator.
Namely, for any u,v € €2(B™), we have

(25) / uAvd Volgn = 7/ (grad u, grad v)s 5., d Vol gn :/ vAud Volgn .
Bn B™ B™

In order to prove this formula we perform two integrations by parts on By := {x : |z| < r}
letting r — 1.

—/n vAud Volgn = — - div(v/det 6 5» Gz Du)vdz
= lim — Baniv(\/MGgiDu)udx
:}LmA BHTDUTGE}LDU\/MCLIT - /@BHT uTGgiDu\/Mda)
:/n<gradu, grad v) s, d Volgn 7}1_% - VTG];}I,Du\/MdU

=— / div(v/det dpn Ggh Dv)udz+
B’ll

lim uv” Ggn Dvy/det dgndo — lim v Ggh Duy/det dpndo
r—1 8B™,. r—1 aB™,.
C - / uAvd Volgn + lim1 uuTGB}LDv\/det dpndo
n T— 9B™,.
— lim vuTGgi,Du\/ det dprndo

r—1 9B™,.

Here v is the (euclidean) unit outward normal to B", := {x € R" : |z| = r}.
The proof of (25) is concluded if we show that

lim UVTG;L Duvdetdgrndo =0

r—1 8B™,.

for any u,v € %2 (B™). To see this, simply observe (see Lemma 1) that v is an eigenvector
of G for the eigenvalue (det g)'| 4=, = (1 — r?), thus we have

lim vuTGngu\/det gdo = 1im1 V1-— r2/ vO,udo

=1 /5B, 2B,
<lim V1 =7r2[lullgz s IVl 62 (5n) = 0-

This shows that condition a) of Theorem 3 holds for A. To conclude the proof we need to
show that b) holds as well, i.e., there exists a L?(B™,gn )-orthogonal system in €2(B™)
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dense in L?(B™, §pn) made of eigenfunctions of A such that the corresponding eigenvalues
are a positive diverging sequence. We claim that such an orthogonal system is, indeed
{¢a,a € N}, see Proposition 4.

For the sake of readability we present here the case n = 2, which leads to slightly easier
notation and computations with respect to the general case. However, all the elements of
the proof of the general case are presented in such a simplified exposition. To simplify the
notation we denote B? by B.

The orthogonal basis of Proposition 4 reads as

se(zy) = (1 — a2 J8E (o) (L),o<k<seN,
90,’9( y) ( ) sfk:( ) k m = =

where we denoted by J%” the m-th Jacobi orthogonal polynomial with respect to (1 —
x)*(1 + x)”. We need to verify that

(—A@s i, Pm 1) 12(B,6 ) = As.k0s,mOk1 = (5 + 1)0s,m Ok 1.

Since s, are elements of €;°(B) we can use the above weak formulation (25) to get
(—A@s ks Pm,1) L2(Bs ) = / DgosT’ngchpm’n/det dpdxdy.
B

Let us introduce a change of variables

(z,2) = ¥(x,2) = (z,2V1 — 22) = (z,y).

We denote by J1 the Jacobian matrix of ¥ so we get

/ Df{ G5 Dfyr/det gdudy =
B

1 1
:/ D(fi o W) JUTGZ JU ' D(fz 0 q/)de
—1J-1 1—22
1 1 1—22 0 dz
= D(f1 o 0T D(f2 0 W)dz ——.
[1 —1 (h ) 0 }:;z :| (/2 ) V1—22

Note that not only ¥ is a change of variables that diagonalizes Ggl, it also has the
property of giving to the basis functions ¢, ; a tensor product structure. Indeed we have
@s 0 U(x, 2) = (1 — 22)*2 5 (2)T(2), thus

1ol 1—z2 0 dz
D(ps, ko ¥)T 2 | D(pmioW)de————o
L penewr| 7 }Iz} (pma oW =

:/1 0:1(1 = &*)"2 T (2)]0:((1 = 2*)' 2T (@))(1 - 2®)de x

[ mme =+

1
/ (1 —2®)EFEL T (@) T (@) de

1
1

/ 0:Ti(2)0.T1(2)V/1 — 22dz.
—1

It is well known that

1 dz F)
Tiu(2)Ti(2) ——= = 2% 7/201 k.
| Tane) s = 22

Here we denoted by d; the Kroneker delta at 0, i.e., 0 = 1 if £ = 0 and vanishes elsewhere.
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Also one has T}, = kUx_1, where Uy are the orthogonal Chebyshev polynomials of the
second kind, i.e.,

/Uk(z Wi(2)V'1 — 22dz = /20 k.

Using such orthogonality and differentiation relations in the above computation we get

/ Ba[(1 — 2*) 2Tk (@) 0 [(1 — )2 T8 (@)1 — 2%)dx
dz
/_ TN
/1 (1- )(k+l)/2 1J ( )Jl,l (ﬂc)]dx

1

1
0Tk (2)0.T1(2) V1 — 22dz

—1

=Zou( [ 0al(1 =2 IR @)1 — )Pk, (@] (1 - 2%)da -2

s
-1

—+

(26) + k2 /_1(1 =2 I (@) I (@)da).

Now, letting k = I, we note that

1

ol — 2®)E 2 TR ()]0:[(1 — &) TEE, (2))(1 - 2%)dx
/ Ox[ TR ()]0 [ T8 L (2)] (1 — 2*)F T da
+ / a0, 74, ()5 ()1 ) da

1
+ k:2/ 22 J5E (2)JEF (2)(1 - 2*)" .
-1
Integration by parts in the second term leads to

/ 0ul(1 — 22N ()]0 (1 - 222 IR (@)1 - o)da
- / Ou[TE (@)]0: 175 (@))(1 - ) da
—2k/ 2TEE () JEF ()1 = 2 e
+k Jf;kk(x)Jk’f ()1 — z*)Fdz

m—k
—1

1
+ K 22 JEF (2)JEF (2)(1 - 2*) e

s m—k
—1
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We plug this last identity to (26) with & =1 to get
(—ABYs i, Pm, l>L2(B Sgn)
:51 k25k / D[ )]0, [JEF () (1 — 2°) " da

+ k2 /_1(1 — x2)Jsk_kk($)an’fk(x)(1 _ :C2)k*1
" k/ T (@) (@) (1~ xQ)kdx)
,751 k26k / 0z [kak(ﬁ?)](l _ 2ty

k+1/ TEE (@) 5 (2 )(1—x2)kdx).

The last term in the sum vanishes for any m # s, this follows from the orthogonality of
the Jacobi polynomials. When instead m = s we have (see for instance [33])

1 241 o)
W 1) [ O @@ 0 - ) e = G EEE IR

For the first term, we recall that %J:;kk = S'H“T'Hijkl_kal, Hence, using again the
orthogonality, we get

0L (@)]0n T @)](1 - ) de

) m—k
2
- () [ e
-1
=(s+k+1) 2 (s)"

(2s+1)(s+k)(s—k—1)!"
We finally compute

(—ABYs,ks Pm,1) L2(B,5gn)

_71' N 22k+1(5!)2
NI C vy porey S T pyT (4 1)+ (s + 4 1)~ B)
22k+1(8.)2

_ i i :
B R A C Ry TPy [Ty

=s(s + Dokl 72(p,)00,506,m.-

Here the last line is due to Proposition 4. O

3.3. Orthogonal polynomials in LMS,, .

Proposition 5 ([33]). Let us set for any aeN" andx € S™
= . aj,—1/2 2z
Jj=1 ’ 1- Zk 1 $k

where J%° is the m-th Jacobi polynomial of parameters a,b and

min(n,j+1) n— ] -1
aj =2 Z ai + —
k=1

The set {1o : o € N"} is a dense orthogonal system in L?(S™, dgn).

This result (see Th. 8.2.2 in [33]) plays a key role in our proof.
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FIGURE 1. Some notations used in the proof of Theorem 2.

Theorem 4 ([33]). Let us introduce the differential operator

(28) Df =N @t f -2 Y walif+ % S0 = (04 D)), f.

i=1 1<i<j<n i=1

Then we have

n+1
(29) Do =lal (Jal + 54 ) v
It will turn out in the proof of Theorem 2 that D agrees on smooth functions with
the aforementioned Laplace Beltrami operator with respect to the Baran metric of the
simplex.

3.4. Proof of Theorem 2.

Proof of Theorem 2. Since Gg» blows up at the boundary of the simplex, our strategy is
to carry out integration by parts on certain exhausting subsets of S™ and then we take
the limit approaching the boundary. To this aim it is convenient to introduce, see Figure
1, the following notations for € > 0

Sf:: {xesn2$i>87(l—2$i)>8},
Tg’ozz{xeaS::(l—Zwi)zs},
k=1

Tg’iZZ{xeaSginZS}y t=1,...,n.

Also let v; be the Euclidean unit normal to T™* (for any £ > 0). We note that ST =
?:OTEn’Z.
Following the first part of the proof of Theorem 1, we show that A is a symmetric
operator on the space €5°(S™) which is dense (see Proposition 3) in H*(S™, §gn).
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To this aim we perform integration by parts twice. Let u,v € €;,°(S™), then

—/ vAudVolgn = — div(v/det dsn Ggn Du)vdx

n S’n,

= lim — / div(v/det dsn Ggn Du)vdz
e—=0 n

= lim+< Do¥ GSnDu\/det(Ssndx— g / VY; GSnDu\/det(Ssnd(T)
e—0 Sn

/ (grad u, grad v) 54, d Volgn 72 lim / _ ViTGE%Du\/det dsndo
n Tgl,l

e—0T+

= —/ vAud Volgn +
hm+ (uuiTngl Dv — vl Ggh Du) Vdet dsndo.
e—0 T i

Thus we need to prove that for any u,v € 6,°(S™) and any i € {0,1,...,n} we have

(30) lim uv] Ggn Dvv/det dsndo = 0.

e—0t T

To see this, it is sufficient to notice (using Lemma 2) that for any = € T™°

Gsn\/detésn = (z1,22,...,x n)T
\/l_l;c T

and for any z € /%, i =1,2,...,n

v Ggny/detdgn =

g
\/(1—€—Zn I xk(ﬂflyx%wwftifl»l_57xi+1»~-~7xn)Tv
k=1 ki k=1 ki

Therefore we have

/ uv] Gga Dvy/det 6gndo
0

< fnmax (|Dv|oo|u])

L=

L1

and, for any i = 1,2,...,n

/ uv Ggn Dvv/det 6gndo
"

—1/2
n n

gﬁnnéglx(\Dv|oo|u|) 1-e—- Z zK) H Tk —0
k=1 ki  k=1,k#i .
L (T
and thus (30) holds. This shows that A is a symmetric operator on ¢3°(S™), i.e., for any
such u and v
(31) / uAvd Volgn = —/ (grad u, grad v) 54, d Volgn :/ vAud Volgn .
n S’!L

n

Now we want to show that A has discrete spectrum o(Ag) = {As := s(s+25%) : s € N}
and the eigen-space of A is span{ta, |a| = s} (see Proposition 5).

Instead of proving this directly, we rely on the known properties of the basis {t¢a},
namely (29), and we simply show that for smooth functions

(32) Af=Df,

this allows us to characterize o(A) due to Theorem 4. Then we apply Theorem 3 and the
result follows.
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We introduce the notation h(z) := (1 — >_7_, «x) [[4_; «&. It is worth noting that

Z; L= i Th 1

.
h(x)0; = - =—-(1+ 72) .
WO 2 w2 (i
For any smooth f we have

Agn f

_\ﬁZa (ﬁaf Zx;%‘)

_Z{ﬁaraf ijaf + ;0 (aif—iwjajf)}

:2{;(1 1—Ek 133k) @f — Zx]af )+ i (05 f — ijaf}
ijaf Z(Hl_zk lwk)+
5;8if+m;xiaif+

i=1 j#i

:;xi(lfxi)affo S w0 f + %;a,.f

1<j<i<n

= (1 s 1
(;xi&f)‘{_;(24_2(1—22_19%))+2(1—Zz_1$k)_1}
:;xi(l—xi)aff—Z 3 ximjaijf+%;aif

1<j<i<n

6 n+2 fZ?IIxiJrl}

(Z"” f) SRR
1 n

:;xi(l—xi)aff—Q > ximjaijf+§;aif

1<j<i<n

n

n 1

2 2

= Zwlahlf -2 Z xixjé?i’jf =+ 5 Z(l — (n —+ 1)$1)8lf
i=1 1<i<j<n i=1

—Df.

O

3.5. Proof of Proposition 2. Let us first recall a result of Masamune [42, Th. 3] which
the proof of Proposition 2 relies. Assume (M, g) to be a compact Riemannian manifold
and let ¥ be a submanifold of M, let us define Aj; as the standard Laplace Beltrami
operator acting on €;°(M \ ). Then

(33) A is essentially self-adjoint if and only if dim(M) — dim(X) > 3.
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Proof of Proposition 2. Let M := S C R*™ and ¥ := {x € M : zpnt1 = 0}. Also
introduce the notation (z1,22,...,Zn, Tnt1) = (§, Tnt1).

Let us assume for a contradiction that €°(B™) is dense in H'(B™,dpn). In view of
the proof of Proposition 3 we have

H = ((KCOO(BHL || ) ||1,2,6Bn) S, ngzVen(M \ Z)’ H ' |
((gCOO(Bn% || : ||1,2,5B7Z) <:)isometry ( Cofc))dd(M \ 2)7 || . ||11219M) = (9((12'

Here € oqa(M \ X) denotes the subspace
{u € %)coo(M \ E)?QS")7 u(£7 $n+1) = 7“(57 *l’n+1) v(&axn+1) eEM \ Z}

and Groven(M \ X) is defined similarly. Note that, given u € €.°(M \ X) we can define
Ueven 1= 1/2(u(§, Tn+1) + u(§, —Tn+1)) € 61 and Uoaa = 1/2(u(§, Tnt1) — u(§, —Tnt1)) €
& such that © = Ueven + Uodd-

The assumption that €>°(B™) is dense in H'(B™,dpn) together with Theorem 1 and
the isometry property of the map E in the proof of Proposition 3 implies that the Laplace
Beltrami operator Ay acting on &1 and As acting on & are essentially self-adjoint. More-
over, since Apru = AqUeven + A2Uoad for any u € €°(M \ X), it follows that A,y itself is
essentially self-adjoint.

On the other hand, dim ¥ = n— 1 and dim M = n, this is in contrast with Masamune’s
result (33) and thus €°(B™) can not be dense in H'(B™,pn) and thus H'(B™,8pn) #
H{(B™,6pn). Note that, in view of [43, Th. 1], this is equivalent to the fact that B" is
not a manifold with almost polar boundary.

The proof for the simplex can be done in a equivalent way but using the map F' defined
in the proof of Proposition 3 instead of the map FE. O

isometry ( 1a27g1\/1) = (gol'

(34)

APPENDIX A. PLURIPOTENTIAL THEORY ON THE COMPLEXIFIED SPHERE AND
SPHERICAL HARMONICS

In this section we consider S" ™! as a compact subset of the complexified sphere S~ ! :=
{z€C":3 22 =1}. We can consider the space psh(S™™') of plurisubharmonic functions
on the complex manifold S"~! and form the usual upper envelope

Vin-1(2,8"" 1) == limsup sup {u(¢) :u € L(S" 1), ulgn-1 <0},

Sn=13¢—z

where £(S™™!) denotes the space of plurisubharmonic functions v on S™~' such that
u— 3 log S |zi|? is bounded above as 3"} |z;] — oo along S™!, defining the extremal
plurisubharmonic function; compare this definition with equation (7). This is a locally
bounded plurisubharmonic function which is maximal on S™~'\ §"~'; [63, 8].

On the other hand, it is clear that S™ ! is a irreducible algebraic sub-variety of C™ of
pure dimension n — 1,, hence we can use the result of Sadullaev [50] to get

Van-1(2,8""") = limsup sup{

§n=13(—z

+ . n <
Tors 08" O]9 € 2 Iplen s <1}

Here & denotes the space of algebraic polynomials with complex coefficients. It is worth
stressing that here deg denotes the degree of a polynomial on C", not the degree over the
coordinates ring of S™ .

In [22, Prop. 4.1] the authors prove the formula

(35) Vi (2,81 = %log (12 + VI =1), vz e 57,

we note that this function can be used to define the Baran metric on the sphere, due to
the following differentiability property.
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Lemma 3. Let x € "', the function Vgn—1(-,S™ ") has right tangent directional deriv-
ative at z in any direction i - v, for any v € T,S" 1, that is

ity Van-1 (2, 8" 1) = %Vsn-l(v(txsn‘l)h:o €R,
where v : [0,1] = 8™ is any differentiable arc with v(0) =z, v/ (07) =i - v.
Moreover we have 0., Van-1(z,S™ 1) = |v].

Proof. The problem is clearly rotation independent. We can thus assume z = (1,0,...,0) =
e1 and v = [v[(0, 1,0, ...,0) = |v|es without loss of generality.
Let us introduce the arc

z(t) = \/1 + |v]21log®(1 + t)er + |v|log(1 + t)ez, t € [0, +oo.
It is easy to verify that z enjoys the properties

2(t) € 8"Vt € [0, +o0],

z(0) =z,
d o
%Z(O )=1i-v.

Thus we are left to show that, setting u(t) := Vgn_1(2(t),8" "), we have £u(07) = |v].

Let us note first that |2()|* = 1 + 2|v|*log?(1 + t), then we can compute

1
u(t) =3 log {1 +2/v log®(1 +t) + \/4|v|2 log?(1 + t)(1 + |v]2 log?(1 + t))}

:% log {1 + 2Jv[* log?(1 + t) + 2|v| log(1 + t)\/l + [v]2 log?(1 + t)]

1

~5 log [1 + 20w + 2Juft/T+ m%z]
1

o log(1 + 2[v[t) ~ |v[t, ast— 0.

Therefore
W/ (01) = lim w(t) —u0) _ o ul®) [v].
t—0+ t t—ot+ &

d

Due to Lemma 3 we can define the Baran metric on the real unit sphere by setting
Osn—1(2,0) := 0.0 Van—1 (2, 8" ) = |v],

note the analogy with the partial derivative taken in the Lemma with the definition of the
Baran metric in the standard ”flat” case.

Using the Parallelogram Identity we can define for any z € S*~* and any u,v € T,S" !
the scalar product related to the Baran metric as

82, 1 (z,u+v) — 621 (z,u—v)
<uvv>gsn—1(1) = £ 4 <

_|u+v\2 —|u—v]?
B 4
that turns out to coincide with the standard (round) metric.

It is very well known that the Laplace Beltrami operator on the real unit sphere (en-
dowed with the round metric) has a discrete diverging set of eigenvalues and its eigen-
functions are polynomials: the spherical harmonics.

These observations lead automatically to the desired conclusion that we state as a
corollary.

= <u7 U>R" )
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Corollary 1. The eigenfunctions of the Laplace Beltrami operator with respect to the
Baran metric on the real unit sphere are the orthogonal polynomials with respect to the
pluripotential equilibrium measure pign—1 sn—1 of the real unit sphere S"t in the complex-
ified sphere S™71.

(1l
(2]
(3]
(4]
(5]
(6]
g
[9

10]
(11]
(12]
(13]
(14]

[15]
[16]

7]
18]
[19]
[20]
[21]
[22]

(23]

[24]
[25]
[26]
[27]
(28]
[29]
(30]
(31]

(32]

REFERENCES

M. Baran. Bernstein type theorems for compact sets in R™. J. Approz. Theory, 69(2):156-166,
1992.

M. Baran. Plurisubharmonic extremal functions and complex foliations for the complement of con-
vex sets in R™. Michigan Math. J., 39(3):395-404, 1992.

M. Baran. Complex equilibrium measure and Bernstein type theorems for compact sets in R"™.
Proc. Amer. Math. Soc., 123(2):485-494, 1995.

M. Baran and L. Bialas-Ciez. Holder continuity of the Green function and Markov brothers’ in-
equality. Constr. Approz., 40(1):121-140, 2014.

M. a. Baran. Cauchy-Poisson transform and polynomial inequalities. Ann. Polon. Math., 95(3):199—
206, 2009.

M. a. Baran. Polynomial inequalities in Banach spaces. In Constructive approzimation of func-
tions, volume 107 of Banach Center Publ., pages 23-42. Polish Acad. Sci. Inst. Math., Warsaw,
2015.

T. Barthelmé. A natural Finsler-Laplace operator. Israel J. Math., 196(1):375-412, 2013.

E. Bedford. The operator (dd°)™ on complex spaces. Lecture Notes in Math. Springer, Berlin-New
York, 919:294-323, 1982.

E. Bedford and B. A. Taylor. A new capacity for plurisubharmonic functions. Acta Mathematica,
149(1):1-40, 1982.

E. Bedford and B. A. Taylor. The complex equilibrium measure of a symmetric convex set in R"™.
Trans. Amer. Math. Soc., 294(2):705-717, 1986.

R. Berman and S. Boucksom. Growth of balls of holomorphic sections and energy at equilibrium.
Invent. Math., 181(2):337-394, 2010.

R. Berman, S. Boucksom, and D. Witt Nystrom. Fekete points and convergence towards equilibrium
measures on complex manifolds. Acta Math., 207(1):1-27, 2011.

R. J. Berman and J. Ortega-Cerda. Sampling of real multivariate polynomials and pluripotential
theory. arziv preprint 1509.00956, 2015.

Z. Bt ocki. Equilibrium measure of a product subset of C™. Proc. Amer. Math. Soc., 128(12):3595—
3599, 2000.

T. Bloom. Orthogonal polynomials in C". Indiana Univ. Math. J., 46(2):427-452, 1997.

T. Bloom, L. Bos, C. Christensen, and N. Levenberg. Polynomial interpolation of holomorphic
functions in C and C". Rocky Mountain J. Math., 22(2):441-470, 1992.

T. Bloom, L. Bos, and N. Levenberg. The transfinite diameter of the real ball and simplex. Ann.
Polon. Math., 106:83-96, 2012.

T. Bloom, L. P. Bos, J.-P. Calvi, and N. Levenberg. Polynomial interpolation and approximation
in C?. Ann. Polon. Math., 106:53-81, 2012.

T. Bloom and N. Levenberg. Random polynomials and pluripotential-theoretic extremal functions.
Potential Anal., 42(2):311-334, 2015.

T. Bloom, N. Levenberg, F. Piazzon, and F. Wielonsky. Bernstein-Markov: a survey. Dolomites
Res. Notes Approz., 8(Special Issue):75-91, 2015.

L. Bos and N. Levenberg. Bernstein—Walsh theory associated to convex bodies and applications to
multivariate approximation theory. Computational Methods and Function Theory, Oct 2017.

L. Bos, N. Levenberg, S. Ma‘u, and F. Piazzon. A weighted extremal function and equilibrium
measure. Math. Scand., 121(2):243-262, 2017.

L. Bos, N. Levenberg, and S. Waldron. Metrics associated to multivariate polynomial inequalities. In
Advances in constructive approzimation: Vanderbilt 2003, Mod. Methods Math., pages 133-147.
Nashboro Press, Brentwood, TN, 2004.

L. Bos, N. Levenberg, and S. Waldron. On the spacing of Fekete points for a sphere, ball or simplex.
Indag. Math. (N.S.), 19(2):163-176, 2008.

L. Bos, N. Levenberg, and S. Waldron. Pseudometrics, distances and multivariate polynomial in-
equalities. J. Approz. Theory, 153(1):80-96, 2008.

L. P. Bos, S. De Marchi, A. Sommariva, and M. Vianello. Weakly admissible meshes and discrete
extremal sets. Numer. Math. Theory Methods Appl., 41(1):1-12, 2011.

D. Burns, N. Levenberg, S. Ma’u, and S. Révész. Monge-Ampeére measures for convex bodies and
Bernstein-Markov type inequalities. Trans. Amer. Math. Soc., 362(12):6325-6340, 2010.

J.-P. Calvi and N. Levenberg. Uniform approximation by discrete least squares polynomials. J.
Approx. Theory, 152(1):82-100, 2008.

M. Crasmareanu. Weighted Riemannian 1-manifolds for classical orthogonal polynomials and their
heat kernel. Anal. Math. Phys., 5(4):373-389, 2015.

F. Dai and Y. Xu. Approzimation theory and harmonic analysis on spheres and balls. Springer
Monographs in Mathematics. Springer, New York, 2013.

F. Dai and Y. Xu. Analysis on h-harmonics and Dunkl transforms. Advanced Courses in Mathe-
matics. CRM Barcelona. Birkhduser/Springer, Basel, 2015. Edited by Sergey Tikhonov.

E. B. Davies. Spectral theory and differential operators, volume 42 of Cambridge Studies in Ad-
vanced Mathematics. Cambridge University Press, Cambridge, 1995.



[33)
[34]
[35)
[36]
[37)
[38]
[39]
[40]
[41]
[42)
[43]
[44]
[45]
[46]
[47)
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]

[56]

(571

(58]
(59]
[60]
[61]
[62]

(63]

LAPLACE BELTRAMI OPERATOR IN THE BARAN METRIC 27

C. F. Dunkl and Y. Xu. Orthogonal polynomials of several variables, volume 81 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 2001.

E. Hebey. Nonlinear analysis on manifolds: Sobolev spaces and inequalities, volume 5 of Courant
Lecture Notes in Mathematics. New York University, Courant Institute of Mathematical Sciences,
New York; American Mathematical Society, Providence, RI, 1999.

M. Klimek. Pluripotential Theory. Oxford Univ. Press, 1991.

S. Kotlodziej. The complex Monge-Ampeére equation and pluripotential theory. Mem. Amer. Math.
Soc., 178(840):x+64, 2005.

A. Kroé. On optimal polynomial meshes. J. Approz. Theory, 163(9):1107-1124, 2011.

N. Levenberg. Approximation in CV. Surv. Approz. Theory, 2:92-140, 2006.

S. D. Marchi, F. Piazzon, A. Sommariva, and M. Vianello. Polynomial meshes: Computation and
approximation. Proceedings of CMMSE, pages 414-425, 2015.

J. Marzo and J. Ortega-Cerda. Equidistribution of Fekete points on the sphere. Constr. Approzx.,
32(3):513-521, 2010.

J. Marzo and J. Ortega-Cerda. Uniformly bounded orthonormal polynomials on the sphere. Bull.
Lond. Math. Soc., 47(5):883-891, 2015.

J. Masamune. Essential self-adjointness of Laplacians on Riemannian manifolds with fractal bound-
ary. Comm. Partial Differential Equations, 24(3-4):749-757, 1999.

J. Masamune. Analysis of the Laplacian of an incomplete manifold with almost polar boundary.
Rend. Mat. Appl. (7), 25(1):109-126, 2005.

F. Piazzon. Optimal polynomial admissible meshes on some classes of compact subsets of R%. J.
Approxz. Theory, 207:241-264, 2016.

F. Piazzon. Some results on the rational Bernstein-Markov property in the complex plane. Comput.
Methods Funct. Theory, 17(3):405-443, 2017.

F. Piazzon and M. Vianello. Suboptimal polynomial meshes on planar Lipschitz domains. Numer.
Funct. Anal. Optim., 35(11):1467-1475, 2014.

F. Piazzon and M. Vianello. A note on total degree polynomial optimization by Chebyshev grids.
Optim. Lett., 12(1):63-71, 2018.

I. E. Pritsker and A. M. Yeager. Zeros of polynomials with random coefficients. J. Approx. Theory,
189:88-100, 2015.

T. Ransford. Potential theory in the complex plane, volume 28 of London Mathematical Society
Student Texts. Cambridge University Press, Cambridge, 1995.

A. Sadullaev. An estimates for polynomials on analytic sets. Math. URSS Izvestiya, 20(3):493-502,
1982.

E. B. Saff. Logarithmic potential theory with applications to approximation theory. Surveys in
Approzimation Theory, 5:165—200, 2010.

E. B. Saff and V. Totik. Logarithmic potentials with external fields. Springer-Verlag Berlin, 1997.
J. Siciak. Extremal plurisubharmonic functions in C". Ann Polon. Math., 319:175-211, 1981.

H. Stahl and V. Totik. General orthogonal polynomials, volume 43 of Encyclopedia of Mathematics
and its Applications. Cambridge University Press, Cambridge, 1992.

J. L. Walsh. Interpolation and approxzimation by rational function on complexr domains. AMS,
1929.

V. P. Zaharjuta. Extremal plurisubharmonic functions, Hilbert scales, and the isomorphism of
spaces of analytic functions of several variables. i, (russian). Teor. Punkcii Funkcional. Anal. i
PriloZen., 127(19):133-157, 1974.

V. P. Zaharjuta. Extremal plurisubharmonic functions, Hilbert scales, and the isomorphism of
spaces of analytic functions of several variables. ii, (russian). Teor. Funkcit Funkcional. Anal. i
Prilozen., 127(21):65-83, 1974.

V. P. Zaharjuta. Transfinite diameter, Chebyshev constant and capacity for compacta in C". Math.
USSR Sb., 25(350), 1975.

O. Zeitouni and S. Zelditch. Large deviations of empirical measures of zeros of random polynomials.
Int. Math. Res. Not. IMRN, (20):3935-3992, 2010.

S. Zelditch. Complex zeros of real ergodic eigenfunctions. Invent. Math., 167(2):419-443, 2007.

S. Zelditch. Pluri-potential theory on Grauert tubes of real analytic Riemannian manifolds, I. In
Spectral geometry, volume 84 of Proc. Sympos. Pure Math., pages 299-339. Amer. Math. Soc.,
Providence, RI, 2012.

S. Zelditch. Ergodicity and intersections of nodal sets and geodesics on real analytic surfaces. J.
Differential Geom., 96(2):305-351, 2014.

A. Zeriahi. Fonction de Green pluriclomplexe & pole & Dinfini sur un espace de Stein parabolique
et application. Mathematica Scandinavica, 69:89-126, 1991.

DEPARTMENT OF MATHEMATICS Tullio Levi-Civita, UNIVERSITA DI PADOVA, ITALY. PHONE +39 0498271452
E-mail address: fpiazzon@math.unipd.it
URL: http://www.math.unipd.it/~fpiazzon/




	1. Introduction
	1.1. Potential Theory and polynomials
	1.2. Two motivational examples
	1.3. Our results and conjecture
	Acknowledgements

	2. Preliminaries and tools
	2.1. The Pluripotential Theory framework
	2.2. Differential operators and Sobolev spaces on a Riemannian manifold
	2.3. Unbounded linear operators on Hilbert spaces, some tools.

	3. Proofs
	3.1. Orthogonal polynomials in L2Bn
	3.2. Proof of Theorem 1
	3.3. Orthogonal polynomials in L2Sn
	3.4. Proof of Theorem 2
	3.5. Proof of Proposition 2

	Appendix A. Pluripotential Theory on the complexified sphere and spherical harmonics 
	References

