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H—(W)AM <E KEY FEATURES

We use standard identification C & R2 and let 1) By mimiking and slightly modifying the case of WAMSs we can prove some theorems:
\
_ T n R .| (i) Existence 1. If K preserves a Markov Inequality for algebraic poly-
He o= pe P (R Ap=0) = {C T Zajzj T Zaizj’ G, a5 C} | nomials of 2 real variables with exponent r (i.e. there exists M such
2 U dim N — 2m 1 = = ' that || Vp(z,y)||x < Mn"||p(z,y)|x for any p € 2"(R2)) and K is
= Un 1m = 2n + L. a compact connected Lipschitz manifold, then there exists an H—AM
We introduce Harmonic (Weakly) Admissible Meshes in the spirit of [1]. for K with O(n") points.
| Definition 1 (H—AM). Let K C C be a H-determining compact set. Let { A, }n - | (ii) Existence 2. If K is the closure of a bounded domain, 0K is a com-
be a sequence of finite subsets of K such that there exists C' < oo such that pact connected Lipschitz manifold and uniform (or even or L' (0K))

interior ball condition holds true, then there exists an H—AM for K

(A) Card A,, grows polynomially w.r.t. n and
with O(n) points. Namely Optimal H-AM.

(B) |lpllx < Cllplla,, for any p € H".
Then A, is said to be an Harmonic Admissible Mesh (H—AM). If instead (B) |' (iii) Holomorphic Mapping. If A,, is an H—WAM for () C €2 of cardi-

is substituted by nality c(n), f € hol(§2,C) is proper and K := f(Q) enjoys a Markov
(B’) lpllx < Cnllplla. for any p € H™, \\ Elqua%ii then)t.here Zcis%s{] X 1\?[e?uerll(ce( jf(n) g Ol(.iog(?) .s(ucsl)l)that

and C, 1s growing at most polynomually w.r.t. n, then A, s said to be an .hh e n-j(n)) 15 all ot Ot Cattiiatity AnJin .
Harmonic Weakly Admissible Mesh (H—WAM). \| (iv) Uniform Approximation by DLS. Let K be compact and
/S S S v s\ H—determining let A,, be a H—WAM of cardinality c¢(n) and constant
BASIC PROPERTIES C,,, let us de}?ote by A Ap the discrete least squares projection Oomto
H"™ and set d}-(f, H"™) := inf,eyn || f —p||x- Then for any f € ¢°(K)

Possibly located on the exterior boundary (Maximum Principle). we have

Stable under affine mapping.

Well behaving under polynomial maps. _A < (1 C (1 / ) dh ny
Good H interpolation sets are H—WAMs. ' Hf anK — ™ n( T C(n)) K(f’ H )

(v) Uniform Approximation of Derivatives. In particular if Af =

FEKETE AND H—FEKETE POINTS ‘ 0 in the open set {2 DD K and K is convex with respect to H and
- | An array of points of K maximizing the modulus of the Vandermonde | | H—regular then ||f — A, f|lxk — 0 and ||0;f — O; A, f||lxk — 0.
_- | Determinant a8\ A\ \ WA\ \ V@ \ \

— [,I7. .
VDM(z0,22 - 2n) 3= [2lij=0.1,.0m APPLICATIONS: PSEUDO-SPECTRAL METHODS
is said a Fekete array of degree n for K. Similarly a H—Fekete set of Au = 0 L int K W™ e yr
points is maximizing e Laplace ~ (n)
ulox = g. uw™ o = Anlg].

A ! it K ul™ = u(()n) 4F u§’”'>
U = in in
e Poisson { ~ Qud eH™, u{M e P

oxc =g 0 ore = Anlg] ) Aul = Ton f.

where Ilz, is the DLS projection onto .¥" = P?" [ker A w.rt. 1?(A4,)
with A, D A, any WAM for K.

—
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n

H-VDM(zg, 22 . . . z9p) := det 0 < ‘ 1 < 2n 1
' <7 < |

The transfinite diameter §(K) of K is defined by taking any sequence
F,, of Fekete sets and setting

e Constant coeflficient divergence form second order elliptic opera-
tors are diagonalized by an affine invertible change of coordinates ¢

A(uop)=:Aa =0 in ¢ '(int K)

< a|¢—1(aK) — g O .
Jo tAJp =1
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APPROXIMATE H—FEKETE POINTS ALGORITHM

Finding true H—Fekete points is an extremely hard task, however an approxi-

O0(K) := 1171;/11\/]21\/[(}7’”)%, where a,, 1= (n _2|_ 1).

Siciak |4| proved that in general one has the estimate for the harmonic
transfinite diameter 0 < A(K) := limsup,, %—VDMn(Hn)ﬁ < 0(K),
but for H—regular K (in particular for the closure of any finite union of
bounded simply connected domain |2|) equality holds.

/\ /\ /7 \N/7 N /N /7 X [ N
LOGARITHMIC ENERGY

If K is a regular compact set of positive capacity (i.e. d(K) < oo) the classical
minimization problem in the space .Z(K) of probability measures supported
on K w.r.t log energy functional I[u] := [ [log ——du(z)du(w) has an unique
solution pux, the Equilibrium Measure.

It is well known that ux = %AVK in a distributional sense, here Vi 1is the
Green function for (A, K') with pole at co having logarithmic growth. px is the
asymptotic of Fekete points (see prop below).

By standard techniques we can prove that

{div(AVu) =0 in intK

u‘aK — (.

| N

mate solution is provided by the (adapted version of the) greedy algorithm AFP
13|, namely the H—AFP that selects (QR factorization with partial pivoting)

the maximum volume square rank 2n + 1 sub-matrixz from the matric
%-VDM(ZO, LD e e chn).

Theorem 1. Let K C C be a compact H-reqular and -convex set and let

A,, be an H—WAM of degree n of constant C,, for K let H,, be extracted
from A,, by H—AFP, then

Proposition 1. if B,, C K 1s a sequence of finite sets having the property

(i) H, are unisolvent and have Lebesque Constant Ay < (2n+ 1)C,,.

(11) H, are asymptotically Fekete (i.e.limsup, H—VDMR(Hn)ﬁ
0(K))

(141) Let w, be the uniform probability measure canonically identified by

H,,, we have i, —* ng.

lim sup,, ”H—VDM(Bn)ﬁ = §(K), then the uniform probability measures p, rel-
ative to B, satisfies i, —" UK.

In particular any Fekete array do.
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