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ABSTRACT

The Bernstein Markov Property for a compact set E and a positive finite mea-
sure u supported on E is a strong comparability assumption between Lft and uni-
form norms on E of polynomials (or other nested families of functions) as their
degree tends to infinity.

Admissible meshes are sequences of sampling sets Ay C E whose cardinality
is growing sub-exponentially with respect to k and for which there exists a positive
finite constant C such that maxg |p| < C maxy, |p| for any polynomial of degree at
most k.

These two mathematical objects have several applications and motivations from
Approximation Theory and Pluripotential Theory, the study of plurisubharmonic
functions in several complex variables.

The properties of Bernstein Markov measures and admissible meshes for a
given compact set E are very similar, indeed they may be seen as the continuous
and the discrete approach to the same problem.

This work is concerned on providing sufficient conditions for some different
instances of the Bernstein Markov property and explicitly constructing admissible
meshes.

As first problem, we study sufficient conditions for a version of the Bernstein
Markov property for rational functions on the complex plane and its relation with
the polynomial Bernstein Markov property.

In Chapter 5, we consider the case of a compact subset E of an algebraic pure
m-dimensional subset A of C" and we prove a sufficient condition for the Bernstein
Markov property for the traces of polynomials on E.

To this aim, we provide two new results in Pluripotential Theory regarding the
convergence and the comparability of the relative capacities, the relative and global
extremal functions and the Chebyshev constants on a (possibly non-smooth) pure
m-dimensional algebraic variety in C", which are of independent interest.

In the last part of the dissertation, we provide some construction procedures
for admissible meshes on some classes of real compact sets.

Finally, we present some algorithms, based on admissible meshes, for the
numerical approximation of the most relevant objects in Pluripotential Theory,
namely the transfinite diameter, the Siciak Zaharjuta extremal function and the
pluripotential equilibrium measure.
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La proprieta di Bernstein Markov per un compatto E ed una misura positiva finita
A avente supporto in E € un’ assunzione di comparabilita asintotica tra le norme
uniformi ed Lﬁ dei polinomi di grado al piu k (o altre famiglie innestate di funzioni)
al tendere all’ infinito di k.

Le Admissible Meshes sono sequenze di sottoinsiemi finiti A; del compatto E
la cui cardinalita cresce in modo subesponenziale rispetto a k e per i quali esiste
una costante positiva C tale che maxg [p| < C max,, |p| per ogni polinomi di grado
al piu k.

Questi due oggetti matematici hanno molte appliicazioni e motivazioni prove-
nienti dalla Teoria dell” Approssimazione e dalla Teoria del Pluripotenziale, lo stu-
dio delle funzioni plurisubarmoniche in piu variabili complesse.

Le proprieta delle misure di Bernstein Markov e delle admissible meshes per
un dato compatto £ sono molto simili, infatti le due definizioni possono essere
viste come gli approcci rispettivamente continuo e discreto dello stesso problema.

Questo lavoro si concentra nel fornire condizioni sufficienti per la proprieta di
Bernstein Markov in diverse situazioni e nella costruzione esplicita di admissible
meshes.

Come primo problema vengono studiate condizioni sufficienti per una versione
della proprieta di Bernstein Markov per successioni di funzioni razionali nel piano
complesso in relazione alla stessa proprieta per i polinomi.

Nel Capitolo 5 viene considerato il caso di un compatto E sottoinsieme di una
varieta algebrica A ¢ C" di dimensione pura m < n ed irriducibile e quindi provata
una condizione sufficiente per la proprieta di Bernstein Markov per le tracce dei
polinomi su E.

A questo scopo vengono provati due risultati nuovi in Teoria del Pluripoten-
ziale riguardanti la convergenza e la comparabilita della capacita relativa (di Monge
Ampere), delle funzioni plurisubarmoniche estremali globali e relative e delle co-
stanti di Chebyshev per sottoinsiemi E; di un dato compatto E della varieta alge-
brica A, anche nel caso A sia singolare. Tali risultati sono di interesse indipendente.

Nell’ultima parte della tesi vengono provate ed illustrate alcune procedure per
la costruzione di admissible meshes per alcune classi di compatti reali.

In ultimo vengono presentati alcuni nuovi algoritmi, basati sulle admissible
meshes, per 1’ approssimazione numerica delle pil rilevanti grandezze in Teoria del
Pluripotenziale: il diametro transfinito, la funzione estremale di Siciak-Zaharjuta e
la misura di equilibrio pluripotenziale.
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Introduction

E dunque sognando a occhi aperti,
io credo, che vivi intensamente; ed
é ancora con I'immaginazione che
puoi trovarti a competere persino
con inattuabile. E qualche volta
ne esci anche vincitore.

Walter Bonatti

The framework of our study

The Bernstein Markov Property. Orthogonal polynomials and their compu-
tation is a classical topic having its roots in the 19-th Century and going back to
the work of Hermite, Jacobi, Laguerre, Bessel and Chebyshev. They were moti-
vated by possible applications in several branches of Mathematics as Approxima-
tion Theory, Operator Theory, differential equations and Mathematical Physics; see
for instance [95], [96] and references therein.

The first study on the asymptotic of orthogonal polynomials of one complex
variable is due to Szego, [98]. His work gave even more impulse to this developing
area since he pointed out the deep connections among orthogonal polynomials,
Potential Theory and classical Complex Analysis. These mathematical relations
and their extensions are still being investigated, we refer to [97] and [99] for an
extensive treatment.

During the last decades, a new non linear potential theory related to plurisub-
harmonic functions in C" and the complex Monge Ampere operator (dd® u)" =
¢, det [8,-5 ju], namely Pluripotential Theory, has been developed, see [13], [12]
and [59].
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As a consequence, the well established topic of asymptotic of orthogonal poly-
nomials started attracting new attention since all the relations among orthogonal
polynomials of one complex variable and Potential Theory have their counterpart
relating the asymptotic of orthogonal polynomials of several complex variables
and Pluripotential Theory; see for instance [20] and [44].

One of the most important open problem in Pluripotential Theory was the as-
ymptotic of Fekete points, i.e., points that maximize the modulus of the Vander-

monde determinant
det VDMi(z1, . ..,2n,) = det[Z?j]lsist,Oslajlska Ny := dim 2X(C"),

on a given compact set E C C"; here 2% is the space of polynomials of n complex
variables of total degree not larger than k.

It was first conjectured by Leja that the behaviour of Fekete points for E ¢ C”
should be similar to the one of Fekete points for £ C C, that is, they should con-
verge weak™ to a finite positive measure supported on E being the unique minimizer
of an energy problem.

After many years this was finally proved by Berman Boucksom and Nystrom
[15], [16]. They proved that the sequence {u} of uniform probability measures as-
sociated to any sequence of Fekete points for E is converging weak™ to the pluripo-
tential equilibrium measure pg. One has ug := (dd° V)" where V. is the pluri-
complex Green function introduced by Siciak [94] and Zaharjuta and enjoys in this
theory the role that the Green function does in one complex variable.

The work by Berman Boucksom and Nysrtom pointed out (among many other

deep facts) that,

e provided a strong asymptotic comparability of Lﬁ and L™ (E) norms of
polynomials holds, one can equivalently work with uniform or Lﬁ maxi-
mization of Vandermonde determinants, the arising asymptotic quantities

being the same.
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They termed such an assumption the Bernstein Markov Property of the measure u
for the set E. Precisely, they assume that there exists a sequence {My} of positive
real numbers such that lim sup, M ]1/ ¥ <1 and for each polynomial p of degree not

larger than k one has

m <M, .
ax pl < Millpll.2

There are several variants of this property: one can consider weighted polynomials
pe~92rC for an admissible weight function Q (see [91]) or rational functions or
even exponentials of Riesz potentials [29].

It is worth to say that, under a further assumption on E, the class of Bern-
stein Markov measures for E corresponds to the class of measures with regular
asymptotic behaviour first introduced in [97] for E c C and generalized to several
variables in [20].

Note that one can take M; = maxg (Z;V:kl Ic]j(z,,u)lz)l/2 =: maxE(B’,:(Z))l/z,
where g (z, 1) are the orthonormal polynomials with respect to u obtained by Gram-
Schmidt orthonormalization applied to monomials sorted by graded lexicograph-

ical ordering, and Bg is termed the Bergman function. Therefore, the Bernstein

1/2k

Jr<L

Markov property is equivalent to lim sup, ||B’lz||

Several lines of research generated by the results by Berman Boucksom and
Nysrtom: asymptotic of orthogonal polynomials can be used to derive probabilis-
tic results concerning random polynomials and random matrices [27],[28], large
deviations for certain sequences of random arrays, and vector energy problems
[30].

Also, the Bernstein Markov property and the asymptotic of orthogonal poly-
nomials can be used in an Approximation Theory context, it turns out, see [68],
that one has a several variables L? version of the classical Bernstein Walsh Lemma
[100]: the k-th root asymptotic of Lﬁ approximation numbers of a given continuous

function is related to its maximum radius of holomorphic extension, provided the

Bernstein Markov property holds.
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Admissible Meshes. Very recently, Calvi and Levenberg [37] introduced the
definition of admissible meshes. These are sequences {Ax} of finite subsets of a

given compact set £ C C" such that the sampling inequality
max |p| < Cmax|p|, Vpe Pk
E Ay

holds for some positive finite C and whose cardinality is increasing sub-exponentially
as k — oo.

Their original aim was to give sufficient conditions for the polynomial discrete
least squares projection Ag[f] of a given continuous function f € %(E) being
uniformly convergent to f on E. Indeed their approach is very profitable: they
can prove a theoretical bound [37, Th. 5] on ||f — At[f]llg, moreover numerical
experiments show that the "typical" behaviour (on some trial cases) of the error is
even better than the a priori estimate; see [32].

Admissible meshes have been shown [31] to be very interesting also because
one can always extract from them a sequence of "good" points for multivariate
polynomial interpolation by standard numerical linear algebra. More relevant, it
turns out that any of these sequences of points is a nice approximation of true
Fekete points, the two sequences having the same asymptotic of the Lebesgue con-
stant and having the same weak™ limit ug.

Since admissible meshes has been shown to be well promising both from the
theoretical and computational point of view, much study has been done in order to
be able to construct explicitly these sets starting by a rather "general" compact set
E; see [69] and references therein.

It is possible to show that admissible meshes are actually a nice discrete model

of Bernstein Markov measures in the sense that

e the orthogonal polynomials with respect to the uniform probability mea-

sure uy on the admissible mesh Ay enjoy the same asymptotic properties
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of the orthogonal polynomials with respect to a fixed Bernstein Markov
measure (L.

e All the fundamental quantities in Pluripotential Theory can be recovered
by L? methods based either on a Bernstein Markov measure y for E or on

an admissible mesh {A;} for E.

‘We discuss this in Section 6.3.

Our findings

In this thesis we consider some problems in the framework that we described
above. Part I is concerned on several instances of the Bernstein Markov property, in
particular on providing sufficient conditions for it in different contexts. Part II take
into account the problem of constructing admissible meshes on some classes of
compact sets and presents algorithms, based on admissible meshes, to approximate
the most relevant object in Pluripotential Theory.

In view of the above discussion, these two topics can be actually seen as the
continuous and the discrete approach to the same problem.

In Chapter 2 we study the Bernstein Markov property for rational functions of
one complex variable with restricted poles in P ¢ C, PN E = 0, rational Bernstein
Markov property for short; the results of this chapter are essentially the ones of
[76].

First, we relate (Proposition 2.3.2 and Proposition 2.3.3) the rational Bern-
stein Markov property to the Bernstein Markov property for weighted polynomials
with respect to a specific class of weights (defined by P), then we use this connec-
tion to prove that, under certain additional hypothesis, the polynomial Bernstein
Markov property implies the rational Bernstein Markov property; see Theorem
2.3.5.

In particular, it follows that the classical mass density sufficient condition for

the Bernstein Markov property stated by Stahl and Totik, i.e., there exists t > 0
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such that

cap(supp i) = rli)I(I)1+ cap ({z € suppu : u(B(z, 1)) > rt})

implies the rational Bernstein Markov property as well, see Theorem 2.4.6. Here
cap(-) is the logarithmic capacity and E is assumed to coincide with supp u.

We consider sequences of Green functions gEj(z, aj) for C\ E;, E; C E with
arbitrary logarithmic poles P 3 a; — a € P and we prove (Theorem 2.2.4) that
the convergence of the logarithmic capacities of E to the one of E is equivalent to
the local uniform convergence of gg;(-, a;) to gg(-, a). This result is used to give an
alternative direct proof of Theorem 2.4.6 and of its extension Theorem 2.4.7.

Moreover, in Theorem 2.5.8 we show that it is possible to formulate a L?
version of the Bernstein Walsh Lemma in the complex plane for rational approxi-
mations to a meromorphic function.

The central part of this work is concerned on Pluripotential Theory on an al-
gebraic set A ¢ C". This is an extension of the "flat" case A = C” mainly due to
Bedford [11] Zeriahi [107] and Sadullaev [88]; in Chapter 3 and the appendices
to Part I we provide the definitions and all the tools we need later on.

In Chapter 4 we present two original results. We consider the Chebyshev
constant T'(E,A) with respect to certain pseudoball Q0 C A for all compact sets

EcQ,

my(E) = inf{l|pllg : p € 2/(C"),lIplig > 1},

T(E,A) := inf mj(E)"/ = limm;(E)"/.
Jj20 j
Also we consider the relative capacity Cap(E, Q) of E with respect to Q,
Cap(E, Q) := sup {f (dd° u)" ,u € PSH(, [0, 1])} ,
E

where (dd®-)" is the complex Monge Ampere operator defined in Section 3.1 and

PSH is the set of plurisubharmonic functions.
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In Theorem 4.2.1 we prove the following comparability. There exist positive

finite constants ¢y, ¢ such that

&)
>T(E,A) >exp|l————|.
(&:A4) p( Capz(E,g))

1/m
Cap(E, Q)
This result extends [2, Th. 2.1] to our setting.
Then we consider the relative extremal function
Uy o(z) == limsup sup {u({), u € PSH(Q,[-1,0]),ulg < -1}
) pae
and a sequence {E;} of subsets of E C Q.

In Theorem 4.3.2 we show that the following properties of the sequence {E}

are equivalent.

(1) Cap(Ej, B) — Cap(E, B),
(2) Ug, p = Upgp

(3) HE; = HE,

(4) Vi (,4) = Vi(, A),

where the mode of convergence depends on possible further assumptions on E, E;.
Here VZ_(-, A) is the extremal plurisubharmonic function, see Subsection 3.3.2,
whose definition is the natural extension to our setting of the Siciak Zaharjuta func-
tion V(z) for E C A := C™.

As an application, we consider the problem of finding a sufficient condition for
the Bernstein Markov property for the traces of polynomials on a compact subset
of an algebraic set.

We show in Theorem 5.1.1 that the classical mass density sufficient condition
for the Bernstein Markov property, introduced by Stahl and Totik [97] in C and
extended by Bloom and Levenberg to C" [24], can be slightly modified to work in

our setting of E being a compact subset of an algebraic set. Precisely, our mass
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density condition reads as follows.
Cap(E, Q) = lim Cap (fz€ E:d@.v) > 2rand p(Qj (2. 1) > '}, Q).
r—0*

Here we assume E = supppu; Y is a certain analytic subset of C", Qj(z,7) is
one of the components the pseudoball Q(z, r), and 7’ := (z1,...2,) for any z €
A c C". Here the choice of coordinates in C" is relevant, precisely it needs to be
performed according to the Rudin’s characterization of algebraic subsets of C”,
[86]; see Appendix A.

In Chapter 6 we give a brief introduction to the theory of admissible meshes
that has been developed during the last seven years, presenting their theoretical
properties and showing why they should be understood as Bernstein Markov se-
quences of discrete measures. In particular we present algorithms for the approxi-

mation of

(1) the plurisubharmonic extremal function V7.,
(2) the pluripotential equilibrium measure ug,
(3) the transfinite diameter 6(E), i.e., the asymptotic of the modulus of the

Vandermonde determinant computed on its maximizers.

We test our approximation of the transfinite diameter and extremal function on
some trial cases, some of the few instances where they are known analytically. To
the author’s knowledge these are the first produced algorithms for the numerical
computation of these quantities in the several variables setting.

Finally, in Chapter 7 we present some results from our articles [80], [79] and
[75] on the existence of optimal admissible meshes (i.e., having cardinality increas-
ing at the optimal rate O(k")) on some classes of real sets. Since the proofs are fully

constructive they define computing algorithms as well. Precisely we construct
(1) Optimal admissible meshes on the closure of a star shaped bounded do-
main in R”.

(2) Optimal admissible meshes on the closure of a €’!"! domain in R”.
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Also, we provide some numerical examples of explicit computations of admissible

meshes.






Part I

ConNTINUOUS APPROACH: BERNSTEIN MARKOV

PROPERTY






CHAPTER 1

Motivations for the Study of the Bernstein Markov
Property

1 think it all comes down to
motivation. If you really want to do
something, you will work hard for
it.

Edmund Hillary

In this chapter we present the main reasons of interest for studying the Bern-
stein Markov property. The reader is invited to compare this to Section 6.3, where
we reprise these motivations in a discrete fashion, i.e., for certain sequences of
measures with finite support. For a survey on the Bernstein Markov property we
refer to [29].

1.1. From Approximation Theory

Let E be a compact polynomial determining subset of C* (i.e., if p(z) = O for
a polynomial p and all z € E then p = 0) and f be any bounded function defined
on E. Assume that a Borel finite positive measure u with support in E (we use the
notation u € M*(E)) is given. We can define the least squares projection A; on
the space Z?¥(C") of polynomials of degree not greater of k in n complex variables
2% with respect to the scalar product (f, g) L= f f(2)8(z)du(z). If we denote by
BZ = Z;\Zl Iqj(z)l2 the Bergman function of the Hilbert space L@/’j = (9", (; '>Lﬁ)

of polynomials of degree not greater than k, these estimates follow easily.

IALAE <Az AIBEIE,

IAKLFT = flle < IARLF] = Pk + pic = flle < Ik = flle + 1A(pr = PllE

< lpic = flle +11f = pellyz AIBLIe
< llpe - flie (1 ¥ Ju(E)MB;an)

13
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= d(£.B) (1 + JuENBE).

Here we denoted by py the best uniform polynomial approximation to f on E of
degree not greater than k and by di(f, E) = ||f — pillg its error.

In general, the factor ||B£ ||z may grow very fast as k — oo, in this case it may be
not possible to approximate by Ag[-] even of very "nice functions" (e.g., functions
whose approximation numbers di(f, E) decay rather fast to 0); from the Approx-
imation Theory point of view it is then important to find sufficient conditions to
ensure that IIB’/;II £ has a moderate growth.

Given a Borel finite measure y of compact support supp u C E where E is any
compact subset of C"*, we say that (E, u) has the Bernstein Markov property if there

exists a sequence of positive numbers {My} such that

(1.1.1) Iplle < Milipllz Vp € 24C"),
(1.1.2) limsup M,* < 1.
k

It is not difficult to see (by Parseval Identity) that

[ B = sup Ip(2)|

b
0+ pe 2k ||P||Lf,

thus the best possible factors M; in the Bernstein Markov inequality (1.1.1) are

precisely the numbers ||B§(‘||2/ 2 and vice versa if (E, 1) has the Bernstein Markov

1/2k

g <L This is a first motivation of interest

property, then we have lim sup, || B} ||
for the Bernstein Markov property.

If E c C is compact, regular (i.e., C \ E has a classical Green function gg
with logarithmic pole at infinity, see Section 2.2) and polynomially convex (e.g,
E = E, where £ := {z € C : |p(z)| < |Ipllg for all polynomials}) Walsh [100]
showed that a striking phenomenon takes place, he termed this overconvergence.
Given a function f € %(F) the k-th roots of the approximation numbers dy(f, E )17k
tends to 1/R for some R > 1 if and only if f is actually the restriction to E of f
which is a holomorphic function on certain sub-level set Dg of the Green function
with logarithmic pole at infinity, if this is the case, the best uniform polynomial
approximation on E indeed converges locally uniformly on Dg.

This theorem is even more interesting because it goes precisely to the several

complex variables setting, replacing the Green function with logarithmic pole at

infinity by the pluricomplex Green function V.. Such a function, commonly termed
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the Siciak Zaharjuta extremal function, is defined as follows

VEe(2) = sup {u(z), u € L(C"), |lullg < 1}
V() = limsup,_, V().

(1.1.3)

Here £(C") is the Lelong class of plurisubharmonic functions' with logarithmic
pole at infinity.

Two situation may occur: either V. is a locally bounded plurisubharmonic
function, or V5. = +oo. The latter situation occurs when E is a pluripolar set, i.e.,
there exists a plurisubharmonic function # # —co such that £ C {u = —oo}. If E is
non pluripolar and V; is a continuous function, then E is said to be a regular (or
L-regular) set.

Precisely, the C" statement of the Bernstein Walsh Siciak Lemma, see [68],
reads as follows. Let E be a compact regular polynomially convex subset of C”,

f € F(E)and R > 1, then one has
(1.1.4) limsupdi(f, E)''* = 1/R o f = flg, f € hol(Dy),
k

where Dg := {V, < log R} and hol(Dg) is the class of holomorphic functions on
Dg.

Let us assume that £ = supp u for a finite Borel positive measure u. If (E, u)
has the Bernstein Markov property (1.1.1) the Bernstein-Walsh-Siciak Lemma can
be rephrased in a L? fashion. Namely, the following properties can be shown to be

equivalent; see [66].

i) f = fl, for certain f € hol(Dg).
i) lim sup, dx(f, E)'/* = 1/R.
iii) limsupy |1 — AeLFIY* = 1/R.

iv) limsupy IIf — Ac[£1I) = 1/R.
‘u

In Section 2.5 we prove an extension of this result in the complex plane for the
rational approximations to a meromorphic function whose poles are away from E,

provided the measure u satisfies a Bernstein Markov property for rational func-

tions.

IPlurisubharmonic functions are function that are globally upper semi-continuous and subharmonic
along each complex line.
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1.2. From Pluripotential Theory

Let us briefly recall the definitions of some important quantities in weighted
Pluripotential Theory, we refer to [25] for details.

We start by a closed, possibly unbounded, set E ¢ C" and an admissible weight
0, this means that

e O: E — RU{co}is lower semi-continuous,
e theset{z € E : Q(2) < oo} is not pluripolar (see Section 3.1 below (3.1.2))
and

e in the case E is unbounded we assume lim infgs,(Q(z) — |z]) = +o0.

We introduce the weighted extremal function defined by

Vi o
(1.2.1) VE,0(2) := supfu(z) € L(C"), ulg < O}

Vi 0(@) = limsup Vg o(0).

{—z

It turns out that the weighted equilibrium measure
(12.2) pEg = (dd° vy )
has support S g o € E and more precisely we have
SEo = S*E’Q \ F, where S*E’Q :={z€ E: Vgg > Q}, F is pluripolar.

Also, one has a easier representation of V 0 the defining upper envelope (1.2.1)

can be taken among weighted polynomials instead of functions in the £(C") class.

VEo(@) = sup{ log|p(2)l, p € P(C"), |Ipe”*€P9||p < 1}.

degp
In the weighted theory in C" one has (at least) two different notions of weighted
transfinite diameter (see [26, Prop 2.1 and lines above]), here we will consider
only one of them, the other notion being equivalent up to a normalization constant
exp (L [, Odu.g).

One defines first the Vandermonde determinant

. aj
VDMy(z1..... 2y,) = det|] ]i,|a,«|:1 ..... N

and the weighted Vandermonde determinant

VDM, o(z1, .. ., zn,) := det [zf’jefl‘lle(Z")]

ilejl=1,...Ng
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Here the multi-indexes «; are ordered by the graded lexicographical ordering.
Then we define the Fekete points for E as any Ni-tuple (21, ..., Zy,) which maxi-
mizes | VDM (z1, ... ,zn,)l among (z1,...,2n,) € ENe Similarly, weighted Fekete
points for E with respect to Q are any Nj-tuple (Z1,...,Zy,) which maximizes
| VDM, o(z1, - - - » 2, )| among (z1, .. ., zy,) € ENE.

The transfinite diameter 5(E) is defined as

n+l
nkNy,
s

(1.2.3) 8(E) = lim [VDM;(z®)

where {z®} = {(zgk), . ,ZE\]/{;)} is any sequence of Fekete points. The existence of
the limit in this several variables setting has been proved by Zaharjuta, see [105].

Finally the weighted transfinite diameter 6o(E) is defined as follows

el
(1.2.4) So(E) := khm ’VDMk,Q(Z(k)) N
where {zW} = {(Z(lk), . ,zg\l,‘z)} is any sequence of weighted Fekete points. where

the limit has been shown to exist in [26].
The results in the next subsections can be found, for instance, in [68] and [67],

with detailed proofs and a explanation of the relevance of the involved quantities.

1.2.1. Recovering the weighted transfinite diameter. For a given admissible
weight function Q : E — R U {oo} for any finite positive Borel measure u € M*(E)
and for any k € N we introduce the scalar product {f; g),.x0 := f f(@)5()e *Cdu.

We consider as basis for 2 the graded lexicographical ordered? set of mono-
Then we form the Gram matrix GkQ(ﬂ) of the space of weighted polynomials in this

basis, we have

G2 = [ o,

L ]=
Let us denote by {g;(z, )} j=12,...n, the orthonormal basis with respect to the scalar
product {f; g)uko obtained by the Gram Schmidt orthonormalization procedure

starting by the monomial basis. The function

Ni
K**9(z,0) = Z q(z, 1)q;(Z 1)
—

J

2This means to use the following order relation among multi-indexes @; > «; if |a;| > || or || = |aj|
and there exists m € {1,2,..., n} such that @' > o’/ and al = aé for all I < m.
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is the reproducing kernel of the Hilbert space WllfQ = (9"(@”), (- -)#,kQ) and we

define as customary its Bergman function BkQ’” (z) setting

Ni
BkQ’#(Z) = K’u’kQ(Z, Z)e—ZkQ(Z) = Z |q]'(Z,/J)|2€_2kQ(Z)~
=

The most interesting property of the Bergman function is its extremality, indeed by

Parseval Identity one has

—kQ(2)
z)le
BkQ,,u(Z) = sup |P( )l
0+ pe Pk ”p”(HﬁQ
Let us assume that [E, u, Q] has the Weighted Bernstein Markov property, that is,

there exists a positive sequence of numbers {M; o} such that

(1.2.5) lIpe™ e < Migllpllyo Vp € 24T,

(1.2.6) limksup M5 <1.

By the lines above, the weighted Bernstein Markov property for the triple [E, u, Q]

is equivalent to

1/2k
<

(1.2.7) lim sup (IBZ#|lz) "~ < 1.
k

Also we denote by VkQ (u) the generalized Vandermonde matrix of the measure
p with respect to the weight Q and the degree £, that is

VkQ (W = [(z“"; qj(z,ﬂ)MkQ],-, J=lN

Note that for u being the probability measure canonically associated to an array
of unisolvent interpolation points of degree k, VkQ(,u) is precisely the standard
weighted Vandermonde matrix divided by vN.
It is not difficult to see that (denoting by A" the conjugate transpose of A) we
have
G2 = V2w (Vew) -
An important property that a measure 4 € M*(E) may have is to lead to the

weighted transfinite diameter, that is

n+l
nkNy

_n+l .
(1.2.8) lim det G2 ()™ = lim |det V()

= 6o(E).
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Note that, for any finite measure v € M*(E) one has (see [26])

Jom VDM o(&1, .- dn)Pdv() - . . dv(z,)
N¢! '

det GkQ(v) =

Here VDMi({1, . . ., {n,) stands for the Vandermonde determinant of degree k with
respect to the basis {z*/} computed at the points ({1, ..., {n,).
In the case [E, u, Q] has the weighted Bernstein Markov property (1.2.5), we

have
200 = [ IVDMiol@i,.. o du@....dutciv)
1 2
ST fE o max VDM oo ) (@) . )
1 2
ZIIBkQ’”Il,Zg J;_Nk , max [VDMy 021,22, 83 .. dn)|” duia) - . dp(dy,)

2
> e 1 VO oG- 2]

Therefore we have

1 by
hm inf det GQ(/J) 2"ka = hmk inf (N ') ‘ ZQ(y) Z”ka

n+l

1\ 20w 1 kN
2(_') —M(max |VDMk Q(Zl,...,ZNk)) .
Nk- ”BQ,UHan z€ENk

Notice that ( le )2”“”‘ — 1 as k — oo (use the Stirling Formula) and IIBQ”H b -1

since [E, u, O] has the Weighted Bernstein Markov property, thus
n+l
lim inf det G() ™ > 60(E).

On the other hand, since y is a finite measure, one can use the trivial inequality
max.cg |f(2)| = (y(E)‘l/ 2 £l 2 for all upper semi-continuous bounded functions f
to get

limksup det GkQ(y)% < op(E).

Therefore we proved the following.

ProrosiTion 1.2.1 (Recovering the transfinite diameter; [26]). Let E C C" be
any compact set and Q : E — R U {oo} any admissible weight. For any weighted
Bernstein Markov Measure u € M*(E) one has

ntl
lim det G2 ™ = §o(E).
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If E is compact and non pluripolar and Q = 0 the same conclusion holds true for

any measure i € M*(E) such that (E, i) has the Bernstein Markov property.

1.2.2. Recovering the extremal function.

TueorEM 1.2.1 (Bernstein Markov k-th root asymptotic). Let E C C" be a
compact regular set and p € M*(E). Suppose that (E, i) has the Bernstein Markov
property, then

1
li]£n Y log B’,i (z) = Vi(z2) uniformly in C".
Proor. Without loss of generality we can assume y € MJ(E). Let us introduce

the following sequence of functions and families

1
M@ =sup {; log [p(2)l, deg p < k. lIplz < 1}

1
=: sup {% log|p(2)l, p € 77,1(/()}

1
log ®P(z) = sup{z log|p(2)l,deg p <k, llplle < 1}

1
=: sup {% log|p(2)l,p € T’ék)} -

The sequence of function d)gc) has been introduced by Siciak and has been shown
to converge to exp Vg, locally uniformly if Vg = V. is continuous; [94], see also
Subsection 3.3.2.

Now notice that, due to the Parseval Identity, we have

1

Bﬁé(z) = sup Ip(z)lz, thus we have flﬁk)(z) =% log B'Z(Z)-

peF

Let us pick p € T/fk), we have ||pllg < ||B§:||E||p||L/% for the reason above, thus
-1/2 k
q:= pIBl; " € 7.
Hence

1 1 1
log ®(2) = - loglg()l = 7 log p()] - - og I1BYle. Vp € 77"

It follows that
1
log @) + 3 log 1B = /" 2).
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On the other hand, since u is a probability measure, we have ||p|lg > ||pl| I
for any polynomial. Hence if p € Ték) it follows that p € Tﬂ(k) . Thus ﬁk)(z) >

log CI)%O (z). Therefore we have
1
log Cbg)(z) + Y log ||B$€‘||E > ﬁfk)(z) > log @g)(z).

Note that the Bernstein Markov property in particular implies

1/2k

g < 1, hence we can conclude that locally uniformly we have

lim sup,, ||B’;||
1
« o ®)
Vi(z) < hmkmf log®,"(z) - 7 logllB‘,:HE)

< liminf £*(z) < limsup £"(2)

< lim sup log d)fé‘)(z) = Vi(@.
k

1.2.3. Recovering the weighted equilibrium measure. The following is a
deep result by Berman Boucksom and Nymstrom regarding the asymptotic of the
Bergman function for Bernstein Markov measures; see [16], [15]. We refer to
[22] as well. Recall that the weighted extremal measure has been defined above in
(1.2.2).

THeEOREM 1.2.2 (Strong Bergman asymptotic; [16]). Let E ¢ C" be a closed
(possibly unbounded) set, Q an admissible weight on E and u € M*(E). Suppose
that [E, u, Q] has the weighted Bernstein Markov property, then

.0
B;é—kﬂ —" HEQ-
The same conclusion holds true for Q = 0, provided that E is compact non pluripo-

lar.

It is worth to stress that Theorem 1.2.2 is achieved by an argument that does

need the weighted setting, even if one aims to prove it for Q = 0.

1.2.4. Further motivations. Finally, it is worth to recall that the (weighted)
Bernstein Markov property it is a key tool in a series of probabilistic results re-
garding zeros of random polynomials and eigenvalues of random matrices, vector
energy problems in the complex plane and large deviations of random arrays gen-

erated by a determinantal point process.
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The history of this line of research goes back to Kac [57], [58] and Szeg6 and
is still developing recently; see for instance [106], [54], [28], [30] and references

therein.



CHAPTER 2

Bernstein Markov Properties in C

When people say, "it can’t be done”
or "you don’t have what it takes", it
makes the task all more interesting.

Lynn Hill

In this chapter we introduce the Bernstein Markov Property for polynomials
in C and some variants concerning weighted polynomials and sequences of ratio-
nal functions with restricted poles; we essentially base our exposition on [76]. In
Section 1 we present these properties also by some examples. In Section 2, after
recalling some standard facts in Logarithmic Potential Theory, we establish some
convergence results for sequences of Green functions, this will be a tool later. In
Section 3 we compare the different Bernstein Markov properties finding out some
conditions for the polynomial Bernstein Markov Property to imply the rational one.
In Section 4 we give a sufficient condition for a finite Borel measure of compact
support to satisfy the rational Bernstein Markov Property on its support. Finally,
in Section 5 we give an application of the rational Bernstein Markov Property:
we relate the Lﬁ approximation numbers of a given continuous function f to the
property of being the restriction to K := supp u of a meromorphic function on a
certain specific domain related to K, this extends the classical result of Bernstein
and Walsh.

2.1. Polynomial, Weighted and Rational Bernstein Markov Properties in C

2.1.1. Definitions. Let K c C be compact and have infinitely many points. In
such a case ||pllx := max,ex |p(z)| is a norm on the space Pk of polynomials of
degree not greater than k for any k € N.

Let us pick a positive finite Borel measure y supported on K. When || - || LK) is
a norm on ZX we can compare it with the uniform norm on K. In fact, since &%
is a finite dimensional normed vector space, there exist positive constants cy, ¢z

23
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depending only on (K, y, k) such that

cillpllz < lIpllx < ealipllz Vp € 2,

Notice that there exists such a ¢; because the measure y is finite (one can take
c1 = u(K)~/2) while ¢, is finite precisely when u induces a norm.

The Bernstein Markov property is a quantitative asymptotic growth assumption
on ¢y as k — oco. Namely, the couple (K, u) is said to enjoy the Bernstein Markov

Property if for any sequence {p;} : px € 2* we have

1/k
(2.1.1) lim sup m <1
k lIPillz2

We remark that the class of measures having the Bernstein Markov property is
very close to the Reg class studied in the monograph [97] (later generalized to the
multidimensional case in [20]). Precisely, if we restrict our attention to measures
u whose support supp u is a regular set for the Dirichlet problem for the Laplace
operator (i.e., C \ supp p admits a classical Green function g with logarithmic pole
at infinity such that glpq, = 0, where Q is the unbounded component of C \ K)
the two notions coincide.

We define the following classes of sequences of rational functions, in order to

study a slightly modified Bernstein Markov Property.

R(P) = {{pe/ai} © pr-qi € P*. Z(qr) € P Vk € N} and
QP) = {{pe/ar) = pr.qr € P*.degqi = k. Z(qi) € P Vk € N},
where we set Z(p) := {z € C: p(z) = 0} and where P c C is any compact set that

from now on we suppose to have empty intersection with K.

Let us introduce the following definition.

DeriniTion 2.1.1 (Rational Bernstein Markov Property). Let K, P C C be com-
pact disjoint sets and u € M*(K).

(i) (Rational Bernstein Markov Property.) If

1/k
2.1.2) imsup [ K| 21 i e ROP),
k lI7ell 2

then (K, u, P) is said to enjoy the rational Bernstein Markov Property.
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(ii) (sub-diagonal Rational Bernstein Markov Property.) If

1/k
(2.1.3) 1imsup[”rk”K] <1 Y{r e QP),
k

el
then (K, u, P) is said to enjoy the sub-diagonal rational Bernstein Markov

property.

Another modification of the classical Bernstein Markov Property is the follow-
ing.

DerintTion 2.1.2 (Weighted Bernstein Markov Property). Let K € C be a
closed set and w : K — [0, +oo[ be an upper semicontinuous function, let u €

M*(K), then the triple [K, u,w] is said to have the weighted Bernstein Markov

property if for any sequence of polynomials py € % we have
1/k
k
_ w
(2.1.4) lim sup M <1
ko Ut
One motivation to study such properties is given by the discretization of a quite

general class of vector energy problems performed in [30]. Bloom, Levenberg and

Wielonsky introduce a probability Prob(-) on the space of sequences of arrays of

points {z(V, ..., z™}, where z¥ = {zg), e z}(l)} e (KDY on a vector of compact
sets (KD, ..., KU} in the complex plane based on a vector of probability measures

u? e MT(K(i)) such that (K@, u® U j;tiK(j)) has the rational Bernstein Markov
property. In [30] the authors actually deal with strong rational Bernstein Markov
measures, which is a variant of rational Bernstein Markov property where weighted
rational function are considered instead of standard ones, however their paper can
be read in the un-weighted setting picking (in their notation) Q = 0. Then they
prove a Large Deviation Principle (LDP) for measures canonically associated to
arrays of points randomly generated according to Prob. Also, they show that the
validity of the LDP is not affected by the particular choice of {u", i, ..., u™)
that are only required to form a vector of rational Bernstein Markov measures.
Measures having the rational Bernstein Markov property are worth to be stud-
ied also from the approximation theory point of view. In fact, for such measures
it turns out that the radius of maximum meromorphic extension with exactly m
poles of a function f € € (K) is related to the asymptotic of its Lﬁ approximation

numbers

1/k
( min IIf—p/qIILg) .

deg p<k.deg g=m
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The reader is referred to Section 2.5 for a precise statement.

2.1.2. Examples. Let us illustrate some significantly different situations which
can occur by providing some easy examples where we are able to perform explicit
computations.

We recall that, given an orthonormal basis {g;};-=12,.. of a separable Hilbert

oo

space H (endowed with its induced norm || - ||) of continuous functions on a given
compact set, the Bergman Function By(z) of the subspace Hy, := span{q1, g2, . .., gk}
is

k
Bi(@) = ) lg;@)P
j=1
It follows by its definition and by Parseval Identity that for any function f € Hj

one has |f(2)] £ VBr(2)||fllg, while the function f(z) := ZIJ‘-ZI q(z0)q(z) achieves
the equality at the point zg, thus

2.1.5 Bi(z) = ma
(2.1.5) k) fer\’?m(nan

ExampLE 2.1.1. (a) Let u be the arc length measure on the boundary 0D of the

unit disk. Let K = 0D and P = {0}.

Let us take a sequence {ry} = {%} in R(P) where deg p;, = Iy < k, then we

have

Irellg = || 2%
K k

= llpyllx <
(2.1.6) K

1/2 1/2
”BZ”K ||pzk||L2(,,>=||BillK 7l 2 -

Here we indicated by B/; (z) the Bergman function of the space (@k, () 2 )
For this choice of u the orthonormal polynomials q;(z, ) are simply the

. . k
normalized monomials {Z—}, thus we have

Va2

-\ 1/2k
oy )" (i)

wy1/2k _ _
2.1.7) (mlgx B)) (mlgx o e

It follows by (2.1.6) and (2.1.7) that (K, u, P) has the rational Bernstein Markov
Property. A similar computation shows that actually any v such that (K, v) has
the Bernstein Markov Property is such that (K, v, P) has the rational Bernstein
Markov Property.

(b) On the other hand, the same measure u does not enjoy the sub-diagonal ratio-

nal Bernstein Markov Property in the triple (K, u, P) with K = {1/2 < |z] < 1}
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and P = {0} as the sequence of functions {1/z*} clearly shows: ||z7¥||x = 2,
27K = 1. A fortiori the rational Bernstein Markov Property is not satisfied
by (K, u, P).

(¢) On the contrary, the arc length measure on the inner boundary of K = {1/2 <
|z < 1} and P = {0} has the sub-diagonal rational Bernstein Markov Property,
equation (2.1.3), but neither the rational Bernstein Markov Property equation

(2.1.2), nor the polynomial one, equation (2.1.1), as is shown by the sequence

{Zk}. Notice that

1/2

(f |z?* ds) = V2% and |||k = 1, thus
LoD
2

140 )
Zk Kl —on k5041,
P

In fact, in these last two examples the support of u is not the whole set K,
however we can provide a similar example also under the restriction supp u =
K.

(d) Let us take a dense sequence {z;} in K = {1/2 < |z| < 1} and a summable

sequence of positive numbers c := {c,} such that Z;‘;l cj =1, we define

1 1<
He = o dslop + 5 ; cid;; € Mi(K).

Notice that suppu = K. It is well known that ds|sp has the Bernstein Markov
property for D, so does the measure 1. have.
On the other hand, we can show that (K, u.,{0}) does not have the rational

Bernstein Markov property, provided a suitable further assumption on c and

Zj.
Precisely, let {c;} € € Vand a sequence {ny} of natural numbers be such that
- 1/2m
.. 2,
hmklnf[l + Z cjlzjl ”k] =1
j=k+1
(2.1.8) 0<k<m

lilznk/nk <1

We construct a sequence {7} € Q{0}) of rational functions for which
(2.1.3) does not hold with u = u. and P = {0}; hence we show that (K, u., P)

does not have the sub-diagonal rational Bernstein Markov property.
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Pk(Z) ﬂ, 137U

T . We notice that

Let us define ry, (2) :=

7 llx = max {2 pilli 200, Ipellon} = 2" pilli 20,

1
[ :{E f |pk|2ds+— Z
¢ aD

1/2
|2nk — (el ]

Jj= k+1
" 12
e
< Ipillop | Z ;
‘/5 J=k+1 |Zj| "
. 12
—1/2+k i
<
<2 ||pk||1/zaD[1 + ) lz,lgnk] -
j=k+1

Here we used the second equation in (2.1.8) and the classical Bernstein Walsh

Inequality for 1/20D twice, e.g. |p(2)| < ||plli/20p exp(deg plog™ (2z])). It fol-

lows that
1/ng
( 7l ] L ikl !
T
I nk”L‘%" (1 + j She1 Clz

We can construct the sequence {¥,,} above setting ¥, = r,, for any m for

| 2nk)l/an ’

which it exists k with m = ny and picking any other rational function with at
most m zeros and a m-order pole at O for other values of m. Now we use the

assumptions (2.1.8) and properties of lim sup to get

1/m 1/ny
: llrmllx . Il
lim sup > lim sup
m ||rm||L;Zlc k ”rnk”LﬁU

1
> =1

.. 1/2ny
lim infy (1 + Z;’;Hl Cj|Zj|2nk)

Thus (K, ., {0}) does not have the rational sub-diagonal Bernstein Markov
property, since the rational Bernstein Markov is a stronger property.

(e) Lastly, the measure du = duy + duy = 1/2dslop + 1/2dsl126p (here ds
denotes the standard arc length measure and 1/20D := {z : |z| = 1/2}) has the
rational Bernstein Markov property for K = 0D U 1/20D, P = {0}.

In order to show that, we pick any sequence of polynomials {py} of degree

not greater than k and {my} where my € {0, 1, ..., k}, we consider the Bergman
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Sfunction for uy and pp and using (2.1.5) we get
Pk

7"

— my >
i ||1Dk||L§1 +2 III?klllel2 >

(Blljl(Zl))_l/zlpk(m)l‘meam * zmk(Blléz(ZZ))_]/zlpk(ZZ)leel/wD -

5 12 5 12
JT JT
——| I + 2" | Pr@)lseom.
pRENE o 2122717
Jj=0 1 z1€0D J=0

Now we pick 71 € 0D and zp € 1/20D maximizing |py| and we get

Dk 2m " 3
e 2 T + 2"\ — >
2l iz 1||pk”6D \ pTES 1||Pk||1/26D
3n
v (Ipedlon + 2" |pill1j20m) =
37T & & S
4ol — 1 \llzmellop 1z Mhj2om) —
37T Pk
4k+1 -1 ZTI‘ K .

It follows that, denoting py/7* by ry, we have

i ) ghet MR
limsup| —— < lim( ) =1,
k ||rk||L§ k 3r

hence (K, u,{0}) has the rational Bernstein Markov property.

The relation between these three properties is a little subtle: the examples
above show that different aspects come in play from the geometry of K and P
and the classes R(P), Q(P). It will be clear later that the measure theoretic and

potential theoretic features are important as well.

2.2. Logarithmic Potential Theory in C: Convergence of Capacities and

Green Functions

2.2.1. Preliminaries. In this section we briefly recall for the reader’s conve-
nience some classical results about Logarithmic Potential Theory on the complex
plane; we refer to [85] and [91] for proofs and details.

Let Q c C be a domain and & € €(Q), we say that u is harmonic in Q if

_ Ohy =
Ah = %(Z) =0.
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Letu : Q — [—o0, +00[ be a upper semicontinuous function such that

u(zo) < —— f WA (), V20 € Q' Blz,r) C Q.
271'1‘ 63(20,7)

Then u is said to be subharmonic. One can equivalently require u to be upper

semicontinuous and one of the following property to hold true.

o u(20) < 75 Jye WOAMQ), V20 € Q2 B(zo,7) € .
e For any domain Q' C Q and any A4 harmonic on  such that hlsq > ulyo

one has & > uin .

We denote the set of subharmonic functions on Q by shm(€2).

Given a subharmonic function u we can consider the Laplacian Au in the dis-
tributional sense. It follows by the properties of subharmonic functions above that
this distribution is positive and thus it is a positive measure.

Using the Green Identities one can prove that Alogl|z| = dp in the sense of

distributions, it follows that, given a positive measure y one has

Adlog| - | p) = p.

Indeed, the Riesz Decomposition Theorem states that any subharmonic function
can be expressed as the sum of an harmonic one and a term of the type log| - | = u
for some positive Borel measure.

The logarithmic potential is defined (up to the sign) as the convolution above,

that is, for any positive Borel measure ¢ of compact support S, one sets

1
UH(2) := flog |Z_§|du(§)-

Two situation may occur, either U* is identically +oo, or —U* is a subharmonic
function on C that is harmonic on C \ § .
To the log kernel it is attached a variational problem (representing the electro-

static in the plane):

Minimize I[u] := f f log E i 7 du(O)du(z)

among u € M| (K).

Here M (K) is the set of Borel probability measures on K endowed with the weak”
topology.
This classical problem can be solved by the Direct Method. One shows first

that the functional I[-] is lower semicontinuous, then observes that the domain is



2.2. CONVERGENCE OF CAPACITIES 31

a convex locally compact space, this proves the existence of minimizers, possibly
having infinite energy.

Then the strict convexity is showed and this leads to the unicity of the mini-
mizer, provided the class of the measures supported in K having finite energy is

non empty. Therefore one can have

A) either I[u] = +oo for all u € M{(K),
B) or there exists a unique ug € MT(K ) such that I[ug] = inf ¢ MEK) ITu].

When situation (A) above occurs, we say that the compact set K is polar. It turns
out that K is polar if and only if K C {u = —oo} for some subharmonic function
(not identically —oo) defined in a neighbourhood of K.

If a property holds outside of a polar set we will say that such property holds
quasi everywhere, g.e. for short.

When situation (B) occurs we term the unique minimizer ug the equilibrium
measure of K and U¥X its equilibrium potential.

The quantity I{ug] = inf ¢ Mo [¢] is termed the Wiener constant of K and
usually denoted by Wg. The number

cap(K) := exp(-Wk) = exp (— e /i\itlff(l() 1 [u])

is called the logarithmic capacity of the set K, note that the condition cap(K) = 0
characterize polar sets by definition.
In the following we will make repeated use of these properties of logarithmic

potentials.

Tueorem 2.2.1 (Principle of Descent). Let K C C be compact and {u;} be a
sequence in M| (K) weak* converging to i € M| (K). For any sequence C > z; — Z
we have

UH(2) < liminf U"(z;)).
j
If U* is a continuous function the inequality U* < liminf; U* holds locally uni-

formly in C.

THeEOREM 2.2.2 (Principle of Domination). Let u,v be finite Borel measures

with compact support. Suppose that I[u] < oo and v(C) < u(C). Then if
Ut <c+U" p-ae.,

it follows that U* < ¢ + U” in C.
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Also the characterization of the equilibrium measure in terms of its potential is

very useful.

THeoreM 2.2.3 (Frostman). Let K C C be a compact set and u € M;'(K ), then

u = ug if and only if we have for some constant ¢ > 0

Ut(z) <c YzeC

Ut(z) = ¢ ge. inkK.

Then necessarily ¢ = I[ug] = —log cap(K).

For any compact set K C C there exists a standard splitting of C,, \ K. Namely,
one considers the (countable) collection of its connected components, due to the
compactness of K, only one of these contains {co}, this is the only unbounded
connected component of C, \ K and it is usually denoted by Qg while the others
by Q/, e N.

Given a compact set K ¢ C the polynomial hull of K is denoted by K and
defined as

(2.2.1) K :={zeC:|pQ)|<lplkV¥p € Z).

Here & denotes the set of all polynomials.

It follows by the Maximum Modulus Theorem and the Runge Theorem that
actually one has K = C\ Qg = K |J (Uij).

Given a proper sub-domain D C C, the Green function with logarithmic pole
at w is defined (when it does exist) as the unique function Gp : D X D — R U {+o0}

such that

i) Gp(z, w) is harmonic with respect to the variable z in D \ {w} and bounded out
of each neighbourhood of w.
i) Gp(w,w) = +o0 and
lim, ,oc Gp(z,w) —loglz| =0 if w = oo,
lim,,,, Gp(z,w) +log|lz—w| =0 if w# co.
iii) For q.e. zo € dD we have lim,_,,, Gp(z,w) = O for all w € D.

In the rest of the chapter we will deal with Greens functions for the domain Qg for

a given compact non polar set K, we use a specific notation for the extension of



2.2. CONVERGENCE OF CAPACITIES 33

such a function:

Goy(z,w) 7€ Qg
8k(z,w) = limsupgy,,. Go (L, w) zedKk  , weC\K
0 z€ K\ 0K

If gk (-, w) is a continuous function (obviously one needs to check this only at 9K)
we say that the compact set K is regular. Note that gx (-, w) is globally subharmonic
and locally bounded.

These type of Green function are usually expressed in terms of the upper semi-
continuous regularization of a Perron Bremermann upper envelope
(2.2.2) Vk(2)* := limsup sup{u({) : u € L(C),ulx < 0}.

=z

Here £(C) is the Lelong class of all subharmonic function u« having a logarithmic
pole at infinity, e.g., for any neighbourhood of oo the function u —log |z| is bounded
above. Moreover, it is very useful to our aims to recall that one can replace the

upper envelope of (2.2.2) with the following.

1
Vg = sup{d log|pl,p € Z,|Ipllk < 1} =: exp P (2).

€gp

Hence in particular one has the Bernstein Walsh Inequality

(2.2.3) Ip(2)| < llpllk exp(deg p Vi (2)).

It turns out (see for instance [85, Ch. 4] of [68, Sec. 3]) that the extremal sub-
harmonic function V¢(z) := lim sup,_,, Vi ({) coincides with gk(z, o). Moreover,

it follows by the Frostman Theorem that
gk(z,00) = —=U"¥(z) — log cap(K).

Thus in particular Agg(z, 00) = ug.
Finally we recall some nice properties of gx under mappings. Let w € Qg \ {oo}

and set 1,,(2) := Z_Lw, we have Go,(z,w) = Gy, (Qx)(2, ). More in general one has

Gp (f(2), f(W)) =2 Gp(z,w)

for any meromorphic function f of the domain D to the domain D’ and any z,w €

D. Equality holds for conformal mappings.
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2.2.2. Convergence of capacities and Green functions. The aim of this sub-
section is to relate the convergence of logarithmic capacities of a sequence of com-
pact subsets of a given compact set K to the convergence of Green functions, where
we allow the poles to move in a compact set P C Q; precisely, we have the fol-

lowing.

THEOREM 2.2.4. Let K C C be a regular compact set and P a compact subset of
Qk. Then there exists an open bounded set D such that K C D and P ND = 0, such

that for any sequence {K;} of compact subsets of K the following are equivalent.
(i) li§n cap(K;) = cap(K).
(i) li§n gk;(z,a) = gk(z,a) loc. unif. forz € D, unif. fora € P

In order to prove Theorem 2.2.4 we need the following proposition.

ProposiTioN 2.2.1. Let K C C be a regular compact set and {K;} a sequence
of compact subsets of K, let D be a smooth bounded domain such that K C D and
f: D — C a bi-holomorphism on its image. Suppose that lim; cap(K ;) = cap(K).
Then

i) gk, (z,00) — gk (z, ) locally uniformly,
ii) gfk;(2, ) = gf(k)(2, ) locally uniformly and
iii) lim; cap(f(K;)) = cap(f(K)).

*

Proor. It follows by the hypothesis on convergence of capacities that ug, —
Uk, see for instance [97, Proof of Th. 4.2.3].
Let us pick any sequence {z;} of complex numbers converging to Z € C, it
follows by the Principle of Descent [91, Th. 6.8], see Theorem 2.2.1, that
lim sup —U**i(zj) < —UK(2).
J
On the other hand, due to regularity of K, the fact that K; C K for all j and

since by assumption the sequence —log cap(K ;) does have limit, we have

gK(z’ OO)
= lim 1nfj gK(Zj’ OO) < lim lnfj ng(Zj, OO) < lim Supj ng(Zj’ OO)
(2.2.4) = limsup; —~U"i(z;) - log cap(K ;)

lim sup; —=U"*i(z;) — log cap(K)
—UHK(2) — log cap(K) = gk (2, ).

IA



2.2. CONVERGENCE OF CAPACITIES 35

Thus equality holds, moreover, since the sequence and the limit point are arbitrary
we get gk (-,00) — gk(-,0) locally uniformly in C. Indeed, we can pick any
compact set L C C and any maximizing' sequence {z j} of points in L for |gk,(z, 00)—
gk (z, )|, i.e., gk, (2, ) — gk (2, ) = maxzer gk,(2, ) — gk (2, ©), and notice that
extracting a converging subsequence of z;, — Z € L and relabelling indexes we
have

liijUP lIgk;(z, 00) — gx(z, )l = liijUP gk, (zj, ) — gk (zj, )|

<limsup gk, (2, @) — gx(Z, )| + limsup g (z;, o) — gk (%, o)
J J

=lim sup|gk;(z, ) — gk (2, )| = 0.
J

Here we used both the continuity of gg(-, o) and (2.2.4).

Now we introduce some tools that are classical in (pluri-)potential theory in
several complex variables. The one variable counterparts of these notions are just
normalizations by a negative scaling factor: this leads to consider sup in place of
inf and superharmonic functions in place of subharmonic. We choose this setting
because it is easier to provide a proof of the above statement in this notation; we
refer the reader to [91, Ch. I1.5] for the one variable definitions and properties.

We pick a domain D containing K and we define the relative extremal subhar-
monic function
(2.2.5) U}‘(,D(z) = lir? sup sup{u({) € shm(D),u <0, ulg < —1}.

(-2
Here shm(D) stands for the set of subharmonic functions on D. This is a sub-
harmonic function on D whose distributional Laplacian is a positive measure sup-
ported on K, moreover Uy ,(z) = —1 q.e. on K for an arbitrary compact set K
and U}"(’ plk = —1 for any regular compact set K; see [13]. The reader is invited to
compare this to the Green potential of the condenser (K, dD) in [91, Ch. IL.5].
The function U}kg p — 1 is a maximizer for the following variational problem

that defines the relative capacity of K in D.
(2.2.6) cap(K, D) := sup {f Au :u € shm(D, [0, 1])} s
K

namely one has cap(K, D) = fK AUy = fK —Uy pAUx p.

INotice that 8k;(z,0) < gk(z,0) at any z € C and, by the continuity of gg(:, ), the function
lgx;(zj,00) — gx(zj, 00)| = gk, (z), °0) — gk (z;, o) is upper semi continuous, thus it achieves its maxi-
mum on L.
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Now we show that U};j’ p U;"(’ p uniformly on D.

On one hand, by the definition (2.2.5) above, we have
Ugp@ < U};j’D(z),
Uk,.p(@) — max Ug,p— 1< Ugp@) Vz€D
and thus
2.2.7) 0< U,*(I’D(z) - U}}’D(z) < mI?x U,*(I’D +1VzeD.

On the other hand, by the estimate gk,(z, o) > infeap gk, (4, OO)(U;(]- p@+1)
for all z € D (see [59, Prop. 5.3.3]), it follows that

8k, (z,0)
inf{GaD ng(gv OO)

1< U;(/,D(Z) < -1VzeD.

Note that the right hand side of the above inequality converges uniformly on K
to -1 = U;‘(’ p since we proved that gk;(z, ©0) — gk(z, o) locally uniformly and
hence infyeap gk, (W, ) — infyeyp gx(w, 00). We get maxg U}}j’D +1 — 0 locally
uniformly on K and finally, due to (2.2.7), U;‘{j, p U}"(, p locally uniformly on D.

It follows by the above convergence that cap(K;, D) — cap(K, D) as well. To
show that we simply pick ¢ € €°(D, [0, 1]) such that ¢ = 1 in a neighbourhood of

K and we write

cap(K,D)zfAU,*(,D=f<pAU;<,D=f¢AU;F<,D
K D D
= lim f @AU} = limcap(K,, D).
J Jp » J

Now we note that, given a biholomorphism f of D on the smooth domain f(D) =
Q c C there is a one to one correspondence between functions in {u € shm(D) :
u<0,ulg < -1} and {v € shm(Q) : v < 0,v|¢) < —1} for any compact set G C D.
For this reason, setting F' = f(K) and F; = f(K;), one has U;j’g = Uk;po f and

U;Q = Uk p o f. Therefore we have

U;/»Q — Up.q locally uniformly in Q. and
cap(F;, Q) — cap(F, Q).

Let us recall that we can find a constant A > 0 such that supg gr,(z, ) <

m for each subset F'; of the compact set F'; see [2]. Thus we can pick jj such
that, for j > jo, we have supg gpj(z, 00) < ﬁ =M.
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It follows by the definition of relative extremal function that we have

8gF;(z, )

~ 1< U; o(2,¥) > jo,Y2€Q.

But since the right hand side converges uniformly to —1 on F we get that g¢;(z, o0) —
0 uniformly on F. Note that the same reasoning shows that in particular gg(z, o) =
O on F, thatis F is regular.

In particular for any € > 0 we can pick j. such that for any j > j. we have
8r;(z,00) — € <0 = gp(z,00) forany z € F.

Hence, we get gr;(z, ) — € < gr(z,00),Yj > je,z € C.

On the other hand, gp(z, o) < gF,(z,00),Yj € N,z € C, since F; C F. There-
fore we have gp j(z, 00) — gr(z, 00) locally uniformly in C.

It follows by this uniform convergence that up; —* up (note that ur = Agp(z, o)
and the distributional Laplacian, by linearity, is continuous under the local uniform
convergence) and thus U¥ = lim; U"/ uniformly on compact sets of C \ f(K) (by
the uniform continuity of the log kernel away from 0), thus in particular U#* (Z) =
lim; U"i(2) for any given 2 € C \ F.

Now we have, forany 2 € C\ F
— log cap(F)
=gF,(2,00) + UM (2) = gp(2,00) + UM (2)

= —log cap(F).

Proor or THEOREM 2.2.4. By Hilbert Lemniscate Theorem for any € < d(K, P) :

inf ek d(z, P) we can pick a polynomial g such that
K cD:={qgl <llqlix} c K, KNP =0.

Let D be fixed in such a way.

We introduce a more concise notation for the Green functions involved in the
proof: we denote by g(z,a) the Green function with pole at a for the set Qg, we
omit the pole when a = oo, we add a subscript j if K is replaced by K; and a

superscript b if K or K; are replaced by 1,(K) or n,(K ), where n,(z) := 1/(z — b).
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In symbols
8(2) :=gk(z, ) , gj(z,a) = gk,(z,a),
8i(2) = gk;(z,) . gz a) = gk(z a),
8(z.a) = gk(z.a) , §1(z.a) = gyk,(z Q).
Moreover we set E; := nu_,.(Kj) and E := n3(K).

Proof of (i) = (ii). In order to prove the local uniform convergence of g;(:, a)

to g(-, a), uniformly with respect to a € P, we pick any converging sequence P >

aj — a, we set D := n;(D) and we prove
(2.2.8) gj-f — g% loc. unif. in D.

Finally we notice that g;(-,a;) = gjj o 77;/,1 — g%o0 ngl = g(-,a) loc. unif. in D
hence the result follows.

We proceed along the following steps:

(S1) lim cap(E ) = cap(E).
j

(82) ME; = HE.

(S3) lim gz (z, ) = gg(z, ), loc. unif. in C.
mEE

By the above argument, (S3) implies in particular (i7).
To prove (S1) we use [85, Th. 5.3.1] applied to the set of maps ¢; := 1,4, © 7751
and ¢; := goj‘.l together with the assumption (i). Each map is bi-holomorphic on a

neighbourhood of D, moreover we have

1
leillnaciy = max —————3
J Zena(K) |1 +(a- aj)d

(2.2.9) R )

|z — al? la —ajl

<max ——— <l+— T =L
K |z-— aj|2 | dist(K, P)?
-2
/. R L= . 1 + A
113117 ) ({efi?;(r}(,)| (a; a){’
(2.2.10)
lz—a,P la —ajP
< max — < ———— =1L,
Kj |z —af? | dist(K, P)[?

We denoted by dist(K, H) := inf{e > 0 : K 2 H, H® 2 K} the Hausdorff distance
of K and H. Notice that L; — 1 as j — oo.

We recall that cap(f(E)) < Lipg(f)cap(E), where Lipg(f) := inf{L : |f(x) —
fOI| < Lix —y|VYx,y € E} for any Lipschitz mapping f : E — C; [85][Th. 5.3.1].
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Therefore, due to (2.2.9) and (2.2.10), we have the following upper bounds.

cap(E;) =cap(p;(na(K;))) < Ljcap(na(K;)),

cap(a(K;)) = cap(a o ) () = cap(y;(E)) < Ljcap(E)).
Thus, using lim; L; = 1, we have

1
(2.2.11) lim inf cap(E;) > lim inf i cap(na(K;)) = liminf cap(na(K;)),
J J g j

(2.2.12) lim sup cap(E;) <limsup L; cap(n,(K;)) < lim sup cap(n4(K)).
j J J

Now we use Proposition 2.2.1 to get lim; cap(,(K;)) = cap(17,(K)) and thus
Lijlimjinf cap(Ej) > li}qn cap(na(K;)) > Lijlimjsup cap(E)).

But since L; — 1 all inequalities are equality and lim;cap(E;) = cap(E); this

concludes the proof of (S1).

The proof of (S2) is by the Direct Method of Calculus of Variation. More ex-
plicitly, let 4 := pg; be the sequence of equilibrium measures, i.e., the minimizers
of I[-] among the classes u € M;(E;). From (S1) it follows that liminf; I{u;] =
I[ug]. Therefore, if u is any weak™ closure point of the sequence, by lower semi-
continuity of I, we get I[u] < I[ug].

Notice that without loss of generality we can assume K, and thus £, to be not
polar, since cap(K;) > 0 for j large enough.

If suppu C E, by the strict convexity of the energy functional, we have that
u = ug and the whole sequence is converging to ug; see [91, Part I, Th. 1.3]. Then
we are left to prove suppu C E, this follows by the uniform convergence of n,; to
1, and by properties of weak™ convergence of measures.

To this aim, we suppose by contradiction suppu N (C\ E) # 0. It follows that
there exists a Borel set B ¢ C\ E with u(B) > 0. Since u is Borel we can find a
closed set C C B still having positive measure. Being C a metric space and we can
find an open neighbourhood A of C disjoint by E with u(A) > 0.

Due to the Portemanteau Theorem (see for instance [17, Th. 2.1]) we have
0 < u(A) < liminf u;(A).
j

Therefore C C A C E;, for an increasing subsequence j,.
By the uniform convergence 14, — 7, it follows that C € A C E, a contradic-

tion since we assumed C N E = 0.
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Let us prove (S3).
First, we recall (see for instance [91, pg. 53]) that for any compact set M ¢ C
we have gy(z, ) = —log cap(M) — U*¥(z). Hence it follows that

(2.2.13) gg;({, ) = —logcap(E;) — U"({).
Due to (S2) and by the Principle of Descent 2.2.1 for any { € C we have

(2.2.14) lim sup —UX/(0) < —UM(0).
J

It follows by (S1),(2.2.13) and (2.2.14) that
lim sup g, (£, ) < gr({, ), VL € C,
J

The sequence of subharmonic functions { gk, (¢, 00)} is locally uniformly bounded
above and non negative, therefore we can apply the Hartog’s Lemma. For each

€ > 0 there exists j(e€) € N such that

llge; (£, @)lE < lIge(d, )lE + € =€

Here the last equality is due to the regularity of K and thus of E (e.g. gg({,00) =0
V¢ € E). Therefore we have

(2.2.15) 8e;({,0) —€ < gp({,00), V[ € E.

By the extremal property of the Green function (see (2.2.2) and lines below)
and the upper bound (2.2.15) it follows that

(2.2.16) gE;({, ) —€ < gp(l,), Y €C, j 2 j(e).

Since gg (-, 00) is continuous (hence uniformly continuous on a compact neigh-
bourhood M of E containing all E;) for any € > 0 we can pick 6 > 0 such that
ge(l,00) < eforany € E°.

Let us set j’(€) := min{j : E; € E°Yj > j}, notice that j/(¢) € N for any

(sufficiently small) € > O since
E; € 1q,(K) € Lina(K) = L;E ¢ E¢m Ve,

where L; is defined in equations (2.2.9) (2.2.10) and L; — 1.
It follows by this choice that

lge(Z, o)llg; < € Vj= j(e)
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Therefore, again by the extremal property of gg;({, o), we have

(2.2.17 8E({, ) — € < gp,({,), YL €C,j> j(e).

Now simply observe that (2.2.17) and (2.2.16) imply

8E({,0) — € < gp,({, ) < gp(f, ) + €, Vj2=max{je), j(e)}

Therefore gEj(-, o0) converges locally uniformly to gg(-, ).

To conclude the proof of (i) = (ii) let us pick any compact subset L of D.

g7 = &llz = llgE; (4,2, 00) = gE(a(2), 0)lIr, <
||gEj(r]aj(Z), OO) - gE(naj(Z)’ OO)HL + ”gE(na,-(Z)’ OO) - gE(nfl(Z)s OO)HL - 0

Here we used the continuity of gg(z, ) and the local uniform convergence of 7,
to 175. By the arbitrariness of the sequence of poles {a;} (ii) follows.
Proof of (ii) = (i). Fix any pole a € P and set 1,(z) := Z_La, E = n.,(K),

E; := n,(K;), by our assumption we have g;? — g% locally uniformly in C thus
gEj('7 OO) - gE(; OO),

uniformly on some neighbourhood D of E (where 77,! is a biholomorphism on its
image).

It follows that ug; —* ug. Let us pick a point Z € D \ E, by uniform continuity
of the log kernel away from 0 we have U"fi(3) — UH£(Z). On the other hand

gk, (2, 0) = gg(2, ), therefore we have
lim(—log cap(E))) = lir_n(gEj(z, o0) + Ui (%))
J J
=gg(Z, ) + UE(Z) = —log cap(E),

where existence of the limit is part of the statement and follows by the existence of
the limits of the two terms of the sum.

We apply Proposition 2.2.1 with f := n;! to get —log cap(K;) — —logcap(K).

O

2.3. Relations among Bernstein Markov Properties

It is rather natural to ask which are the relations among the different Bernstein
Markov properties we defined. In this section we relate the sub-diagonal ratio-

nal Bernstein Markov property and the rational Bernstein Markov property to the
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weighted Bernstein Markov property with respect to a specific class of weights
in Proposition 2.3.2 and 2.3.3. Namely, for any compact set P we introduce the

following notation

WP) :=1{eV : 0 e M*(P),0 < o(P) < o0},

Wi(P) := (V" : 0 e M{(P)},

where U7 (z) := - f log|z — {|do(¢) is the logarithmic potential of the measure o
and we set by definition U = 0. This approach will allow to prove (see Theorem
2.3.5) that, under certain further assumption on K and P, the Bernstein Markov

Property implies the rational one.

ProrosiTion 2.3.2. Let K C C be a non polar compact set, u € M*(K) and P
any compact set disjoint by K. Then the following are equivalent

(i) Yw € W1(P) the triple [K, i, w] has the weighted Bernstein Markov Property.
(ii) (K, u, P) has the sub-diagonal rational Bernstein Markov Property.

Proor oF (1) iMpLIES (). Let us pick a sequence {ry} = {pr/qr} in Q(P), where

qi = Hljzl (z = zj), and let us set o := % Z’;zl 0;;. Then we can notice that

k
1 1 1 1
U = | lo d == > 1o =—-1Io .
f e 4o k; 8= - ek

Thus, setting Uy := U%*, we have

1/k kUy) 1/k
(2.3.1) ak;:(”rk”K] =(Ilpke ||K] |

||rk||L5 ||pk€(kU")||Lg

Now we pick any maximizing subsequence j — k; for ay, that is limsup, a; =
lim; ay;. Let us pick any weak™ limit o € MT(P) and a subsequence [ — j; such
that 6 := T, —" o. Moreover lim; b; := limy; ax;, = lim supy, ay.

Let us notice that U := UY and all U; := U% are harmonic functions on
C \ P, moreover, due to [91, Th. 6.9 1.6], {U;} converges quasi everywhere to U.
Notice that U%! := —E x 6, where E(z) := log z| is a locally absolutely continuous
function on C \ {0}, hence weak convergence of measures supported on P implies
local uniform convergence of potentials on C \ P.

We can exploit this uniform convergence as follows. For any € > 0 there exists

l¢ such that for any / > [, we have

(2.3.2) U —-¢e<U; <U + € uniformly on K.
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Now we denote kj, by k; and P, by pi. It follows by (2.3.2) that for / large enough
~ WU ~ k(U ke = kU
1Y Ik < 115"l < lIpieV I,
~ kU = T(U- —eky) 5 kiU
15z = 11" N2 = e preY]l 5 and thus

15"V < ke 151" 1k

1pre" Yl 2 B 1€V 2

Hence, exploiting w := eV € ‘W (P) and u having the weighted Bernstein Markov

property for such a weight, we have

k Uk i 1/k
- - U
. . pie ' e
lim sup gx = lim [u] < ok ll}n[ pre™” Ik ]

k E\ et 2 1p1e4 Y2
- 1/k
~
. w
< ¢*lim M =e* 1 ase—0.
E\Ipw ’IILIg

O

To prove the reverse implication we need the following fact. Let P be a com-

pact set in C and o a Borel measure supported on it having total mass equal to 1.

There exists a sequence of arrays {(ng)’ cees zg‘))} of points of P such that we get

k
3
E ok — O.
Z
N J
Jj=1

To show that one picks a countable dense basis of %(K) made of functions uni-

(2.3.3) O =

=

formly bounded by one, then first produces a sequence of measures 6, := Z’;zl E’j‘.é,h.
with 54 € R* such that P b = 1 and [ fidu = [ fidé for all j < k. Then a

weakly* converging subsequence can be extracted and it is possible to show that the

(k)

A zl(ck))} are constructed repeating

limit coincides with o Finally the arrays {(z

each n; m’]‘ times such that m’]‘ / (Zl;: | m’;) approximate 13]]‘. .

ProoF oF (1) IMPLIES (1). Suppose by contradiction that there exists o € ‘W (P)
such that [K, u, exp U“] does not have the weighted Bernstein Markov Property.

We pick {Z(lk), ... ,z,((k)}kzlw and oy = % ZI;.ZI 64@ as in (2.3.3).

Let us set w = exp U7, wy = exp U%*. We can perform the same reasoning as
above, using the absolute continuity of the log kernel away from O, to get U%* —
U? uniformly on K. Thus for any € > 0 we have U%* —€ < U7 < U%* + € uniformly

on K for k large enough. That is

(2.3.4) wre € <w < wie® uniformly on K for k large enough.
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Notice that given any sequence {py} such that p; € 2% we have

k Pk
= = — Q(P).
{re} == {pewy} {H§:1(Z - Zj)} € Q(P)

Since we assumed that [K, u, w] does not have the weighted Bernstein Markov

property we can pick py such that, using (2.3.4),

el ) lpewkll )"
1 <lim sup(—kK) < lim sup ¢*€ —:
ko Ulpew®li k Iprwill 2

<’ > 1 ase— 0.

This is a contradiction. O

We can prove the following variant of the previous proposition by some minor

modifications of the proof.

ProrosiTioN 2.3.3. Let K c C be a non polar compact set, u € M*(K) and P

any compact set disjoint by K. Then the following are equivalent

(i) Yw € W(P) the triple [K, u, w] has the weighted Bernstein Markov Property.
(ii) (K, u, P) has the rational Bernstein Markov Property.

Proor oF (1) mpLIES (). We pick an extremal sequence in R(P) (i.e., for a; as
in (2.3.1) ry := ;i, where deg p;, = Iy < k and deg g,,,, = my < k.
my

We notice that
't
oTm ton
e = p;ke(mkU ) = pie =: plke(kU k), where

o are as in the previous proof. Notice that the sequence of measures {0} :=
{%(rmk} has the property de&k < de(ka = 1 since my /k < 1.

By the local sequential compactness we can extract a subsequence (relabeling
indeces) converging to any weak™ closure point o that necessarily is a Borel mea-
sure such that fP do < 1. Notice that o can be also the zero measure: here is the
main difference between this case and Proposition 2.3.2 where each weak™ limit
has the same positive mass.

Notice that U%* converges to U’ uniformly on K as in the previous proof,

hence for any € > 0 we can pick k¢ such that for any k > k. we have

UP* —e<U% <U% +e.
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Therefore, seetting w := U we have
I’ke_kE = p[ke(kU(Tk)e(_ke) < plke(kU”) = plkwk
(2.3.5) ) )
< plke( )eke) = rres.
The result follows by the same lines as in proof of Proposition 2.3.2, using the

weighted Bernstein Markov property of [K, u, w] Yw € ‘W(P). O

Proor oF (1) iMpLIES (1). Pick o such that U7 € ‘W(P). If o = 0 we notice that
the rational Bernstein Markov property is stronger than the usual Bernstein Markov
property.

If o is not the zero measure we set ¢ := deO', 0 =0/c€ MT(P), and we
pick a sequence of natural numbers 0 < my < k such that limy my /k = c. We find
o € M1+(P), o = (1/my) Z;":k ] 6Z(/mk) such that oy —* & as in the previous proof,
thus Ztoy —* 0.

It follows that
(23.6)  mU%* + ke = k(%U‘” —o <kU” < k(%U‘” —€) = mU%* — ke,

for k large enough.
We can work by contradiction supposing that [K, u, U?] does not satisfy the
weighted Bernstein Markov property and following the same lines of the proof of

(if) implies (i) of the previous proposition using (2.3.6) instead of (2.3.4). |

Remark 2.3.1. The combination of the two previous propositions proves in
particular that if (K, u, P) has the sub-diagonal rational Bernstein Markov prop-
erty and (K, u) has the Bernstein Markov property, it follows that (K, u, P) has the
rational Bernstein Markov property.

On the other hand if (K, u, P) has the sub-diagonal rational Bernstein Markov
property but not the rational Bernstein Markov property, it follows that (K, i) does

not satisfy the Bernstein Markov property.

According to Proposition 2.3.3, our original question boils down to whether
the Bernstein Markov property implies the weighted Bernstein Markov property
for any weight in the class ‘W(P). In the next theorem we give two possible suf-
ficient conditions for that, corresponding to two different situations that are rather
extremal in a sense. The reader is invited to compare them with situation of Exam-

ple 1(a) and 1(b).
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We denote by S g the Shilov boundary of K with respect to the uniform algebra
P(K) of functions that are uniform limits on K of entire functions (or equivalently
polynomials). We recall that S g is defined as the smallest closed subset B of K
such that max ek |f(2)] = max,ep |f(2)| for all f € P(K).

Tueorem 2.3.5. Let K C C be a compact non polar set and yu € M*(K) be such
that suppu = K and (K, u) has the Bernstein Markov Property. For a compact set
P c C such that K N P = 0, suppose that one of the following occurs.

Case a: Sk =K.

Case b: KnpP=0.

Then the triple [ K, u, w] has the weighted Bernstein Markov Property with respect
to any weight w € W(P) and thus (K, u, P) has the rational Bernstein Markov
Property.

Proor. Let us pick o € M*(P) and set w = exp U7, also we pick a sequence
{pr}, where p; € 2% We show that in both cases [K, u, w] has the weighted Bern-
stein Markov Property with respect to any weight w € “W(P), the rest following
by Proposition 2.3.3.

Case a. We first recall (see [97, Lemma 3.2.4 pg. 70]) that the set {|g| : g € &}
is dense in the cone of positive continuous functions on S g, which w belongs to.

For any € > 0 we can pick g, € & such that
(2.3.7) (1 -e)lgel <w < (1 +6)lgel-

Notice that |gc[* = Iglgl = |texl, where T¢x € ek,

+1)k

If for any py € Pk we set Pk = TexPr € Ptk then we have

Pl <1+ eFlirerpillx = Il

k k -
lprw ||L3 >(1-¢) ||Te,kPk||L§ = ||Pk||L§, and thus

. 1/k 1 me+1
~ me+1)k
lprw™llx L+ eif lIpilx freth
15el.2

IpewHllz )~ 1-€
Using the polynomial Bernstein Markov property of (K, 1) and the arbitrariness of

(2.3.8)

k
€ > 0 we can conclude that lim sup, (||||lfkk"“;vk|l|ll(2 ) <l
L
‘u

Case b. Suppose first that K is connected, then it follows that there exists an

open neighbourhood D of K which is a simply connected domain and PND = 0. We
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recall that any harmonic function on a simply connected domain is the real part of
a holomorphic one. Hence, being U“ harmonic on D, we can pick f holomorphic

on D such that
(2.3.9) w=expU” =expRf =|expfl.

Since g := exp f is an holomorphic function on D, by Runge Theorem, we can
uniformly approximate it by polynomials g, on K := {z € C,|p(z)| < llpllx Vp €
Z(C)}). Now we can conclude the proof by the same argument (2.3.8) and (2.3.9)
of the Case a above.

If otherwise K is not known to be connected, we apply the following version of
the Hilbert Lemniscate Theorem [56, Th. 16.5.6], given any open neighbourhood
U of K not intersecting P we can pick a polynomial s € &7 such that |s(z)| > [Isllz =
||s||x forany z € C\ U.

It follows that, picking a suitable positive d, the set E := {|s| < ||s||[x + J} is a
closed neighbourhood of K not intersecting P.

Notice that the set E has at most deg s connected components E; and by defini-
tion it is polynomially convex. Moreover the Maximum Modulus Theorem implies
that each D; := int E; is simply connected or the disjoint union of a finite number
of simply connected domains that we do not relabel.

Forany j = 1,2,...,deg s we set w; := w|p,. We can find holomorphic func-
tions f; and g; on D;, continuous up to its boundary, such that w; = |exp fj| = Ig|l.

Now notice that the function g(z) = g;(z) Yz € D; is holomorphic on D and
continuous on E, since D is the disjoint union of the sets D;’s. Hence we can apply

the Mergelyan Theorem to find for any € > 0 a polynomial g, such that
(1 - O)lge() < w(2) < (1 + ©)Ige(z)| Yz EDK.

We are back to the Case a and the proof can be concluded by the same lines. O

2.4. Mass Density Sufficient Condition for the Rational Bernstein Markov
Property in C

In the case of K = suppu being a regular set for the Dirichlet problem, the
Bernstein Markov Property for (K, w) is equivalent (cfr. [20, Th. 3.4]) to u € Reg.

A positive Borel measure is in the class Reg or has regular n-th root asymptotic
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behaviour if for any sequence of polynomials {p,} one has

1Pe(2)| 1/ deg p
(2.4.1) Tim sup | 2% <1 forze K\ N, N C K, N is polar.
k 1Pkl

However, the definition can be given in terms of other equivalent conditions, see
[97, Th. 3.1.1, Def. 3.1.2].

Moreover in [97, Th. 4.2.3] it has been proven that any Borel compactly sup-
ported finite measure having regular support K c C and enjoying a mass density
condition (A*-criterion [97, pag. 132]) is in the class Reg, consequently (K, u)
has the Bernstein Markov property. In order to fulfil such A* condition a measure
needs (roughly speaking) to be thick in a measure-theoretic sense on a subset of
its support which has full logarithmic capacity. Precisely, the positive finite Borel
measure y having compact support K is said to satisfy the mass density condition

A* if there exists ¢ > 0 such that
lir(r)l+ cap ({z € K : u(B(z,r) > r’}) = cap(K).

It is worth to say that, even if this A* criterion is not known to be necessary for
the Bernstein Markov property, in [97] authors show that the criterion has a kind
of sharpness property and no counterexamples to the conjecture of A* being nec-
essary for the Bernstein Markov property are known. Moreover, this mass density
sufficient condition has been extended (here the logarithmic capacity has been sub-
stituted by the relative Monge-Ampere capacity with respect to a ball containing
the set K) to the case of several complex variables by Bloom and Levenberg [24].
Here we observe that under the hypothesis of Theorem 2.3.5 this condition
turns out to be sufficient for the rational Bernstein Markov property as well; we

state this in Theorem 2.4.6 then we generalize this result in Theorem 2.4.7.

THEOREM 2.4.6 (Mass-density sufficient condition I). Let K ¢ C be a compact
regular set and P C Qg be compact. Let u € M*(K), supp u = K and suppose that

there exists t > 0 such that

(2.4.2) lim cap (z € K : p(B(z. 1) 2 '}) = cap(K).
r—0*

Then (K, i, P) has the rational Bernstein Markov Property.

SHORT PROOF OF THEOREM 2.4.6. By [97, Th. 4.2.3] it follows that (K, u) has
the Bernstein Markov property, by Theorem 2.3.5 Case b we can conclude that the
rational Bernstein Markov property holds for (K, u, P) for any P C Qg as well. O
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We provide a direct proof of Theorem 2.4.6 by the convergence of Green func-

tions result of Theorem 2.2.4.

Direct PrROOF OF THEOREM 2.4.6. The proof follows the idea of [97, Th. 4.2.3],
except for the lack of the Bernstein Walsh Inequality (2.2.3) which is not available
for rational functions.

In place of it we use the following variant due to Blatt [18, eqn. 2.2] which

holds for any rational function r¢ of the form

Ck rﬁ ¢ - Z;k))

no = B8 -
k(¢ H(é’—ai-k))
j=0
For ¢ ¢ {ai1,...,a,} we have

(2.4.3) [ (DI < [Irellk exp [Z gk, a;) + (my — np)gg(C, OO)J .

J=1

Thus in particular we have

) < Il exp (s max g, (€ ) + om = mOgi, (€, 0)) VE € C\ P

Notice that, for any sequence K; C K such that cap K; — cap K, from Theorem
2.2.4 it follows that

max gk ;({,a) — max gg({,a) locally uniformly in C\ P.
acP aeP
Moreover, from Proposition 2.2.1 we have
8k, (¢, 00) = gk({, 00) locally uniformly in C.

Pick any {r;} € R(P). By the regularity of K and the compactness of P for any

€ > 0 there exists § > 0 such that

gx(l,a)<e V(¢ :dist({,K) <06, Yae P

gr(l,0) <e VY :dist(Z,K) < 6.

Let us pick € > 0, it follows by (2.4.3) that there exists 6 > 0 such that V¢ :
dist({, K) < 6 we have

(2.4.4) Ir()] < ”rk”Ke(nk maxgep gk ({,a)+(mp—ny)gx (£,00)) < e(ké)llrkllK.
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By Theorem 2.2.4 (possibly shrinking §) we have, for any A ¢ K, with cap(A) >
cap(K) — ¢ and locally uniformly in C \ P,

(2.4.5) max gald,w) < max gk(l,w) +e€,
(2.4.6) 8a({, ) < gg({,0) + €.

Using (2.4.4) and (2.4.6) we have
247 ) < e®Plrdla V¢ € K, YA c K with cap(A) > cap(K) — 6.

Let £y € A be such that ||r||l4 = [rx({o)], we show that a lower bound for |7| holds in

Wlegs o 2Rl
N - s ’

a ball centred at {y. By the Cauchy Inequality we have | ()| <
for any | — {o| < s, s < 0. Taking s = 6/2 we can integrate such an estimates as
follows Yz € B(yp,6/2)

PNyl

< re(@) + |z = ol 52

rlla = 1re(do)l =

m®+f rQde
[z.40]

It follows by the above estimate that

(2.4.8) min |z > il

o(—2¢€k)
2€B({0,%45—)

YA c K with cap(A) > cap(K) — 0.

Now we provide a lower bound for Lﬁ norms of 7 by integrating the last inequality
on a (possibly smaller ball) and picking A € K according to the mass density
condition (2.4.13).

Precisely, set p; := e(=3€) by the hypothesis we can pick r > 0 and Ay € K
with cap(Ax) > cap(K) — 6 such that u(By) := u(B(@, pr)) > P Vi € Ar. We pick

k > k such that p; < 59(;26“, thus using (2.4.8) we get

llrell3
2 2 . 2 Ak

llrell7> = Irel*dp = min |r(2)|"u(By) = Py
L 4
u By Z€By

e(—(4+3t)ke)

4

e(—3tke)
>

2
2= llrill-

2
2, >

1/k
It follows that (M) < 41/ke(3+30€) by arbitrariness of € > 0 we can conclude

||rk||L/3
that
Il )
lim sup KK <1
k ||rk||L5
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If we remove the hypothesis P C Qk, then Theorem 2.3.5 is no more applica-
ble. We go around such a difficulty in the case K C Qp by a suitable conformal
mapping f of a neighbourhood of K U P given by the Proposition 2.4.4 below.

We recall, for the reader’s convenience, the definitions of Fekete points and
transfinite diameter. Given any compact set K in the complex plane, for any pos-
itive integer k, a set of Fekete points of order k is an array zx = {z29,...,2} € K
that maximizes the product of distances of its points among all such arrays, that is

Vi = [ ki-gl=max [] K-t
1<i<j<k 1<i<j<k
Notice that such maximizing array does not need to be unique.
It turns out that, denoting by 0x(K) := (max{GKk V(& ))ﬁ the k-th diameter

of K, we have
(2.4.9) li]?q 0x(K) =: 6(K) = cap(K),

where 6(K) is the transfinite diameter of K (existence of the limit being part of the
statement). We refer the reader to [85, 91, 90] for further details.
Recall that we indicate by £ the polynomial hull of the set E, see (2.2.1).

ProposiTion 2.4.4. Let K, P C C be compact sets, where KN P = 0. Then there
exist wi,Wa,...,wm € C\ (KU P)and R, > Ry > 0 such that denoting by f the

Sfunction 7 — we have

1
[T z=w))
K cc{lfl <Ril,

P cc{R; <|f]l < Rx}.

Proor. We first suppose P to be not polar.
Moreover we show that we can suppose without loss of generality that
(2.4.10) log 6(P) < mlgn gp(+, ).
To do that, consider 0 < A < ﬁ and notice that
log 6(AP) = log A16(P) < 0.
On the other hand one has g,p(z, ) = gp(%, ), thus it follows that

min gp(z, 00) = min g p(z, ) > 0 > log 6(AP),
zeK z€AK

where the first inequality is due to the assumption K N P = 0.
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If we build f as in the proposition for the sets P’ := AP and K’ := AK, then
f = fo % enjoys the right properties for the original sets P, K. Hence in the
following we can suppose (2.4.10) to hold.

Letus pick 0 < p < p := d(IS, K)/2, where d(A, B) := infycg yep |x — y|, and
consider the set P?.

For the sake of an easier notation we denote by g(z) and g,(z) the functions
8p(z,00) and gp,(z, ).

For any k € N let us pick any set Z(p) := {z(lk), e ,z,({k)} of Fekete points for
PP, moreover we denote the polynomial ]_[]J‘.: (@ = zy‘)) by gr. Notice that Z;(p) C
(OPP)k c (C\ (K U P))*, hence {z(lk), e, z,((k)} is an admissible tentative choice for
Wi, W2, ..., W

Let us set

a(p) :=ming,,

a := min a(p) = a(p),

pEl0,p]

b := max max g, = max g.
pelop) kS T RS

We recall that (see [91, III Th. 1.8])
liIEn % log* gkl = gp» locally uniformly on C '\ Pr.
Thus for any € > 0 we can choose m(e) € N such that
Hl log* |gm| — gH < e Ym > m(e),
m B(p)

where B(p) := {z € C : a < g,(z) < b}, notice that PP N B(p) = 0.
Then, taking € < a we have Ym > m(e)

1
Kc{a(p)—es —log™ |gm| Sb+e} =
(2.4.11) m

{em P79 < || < "9} =: A(e, p, m).
On the other hand, exploiting the extremal property of Fekete polynomials [85, Th.
5.5.4 (b)], we have |lgullp, < 6,,,(?’/’)’", where 9,,(E) is the m-th order diameter of
E. In other words

P  {Ignl < 6u(P)"} =: Dip,m).
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In order to prove that A(e, p, m) N D(p, m) = @, for suitable € > 0, dist(K, P) >

p > 0 and m > m(e), we need to show that for such values of parameters

(2.4.12) log 6,,(PP) < a(p) — €.

In such a case the function f(z) := ﬁ satisfies the properties of the proposi-

tion since

1l < 7O < 6,(PP)™" < min |f].

To conclude, we are left to prove that we can choose admissible m, p > 0 and
€ > 0 such that (2.4.12) holds. To do that we recall that, since P = NP 1 by
[85, Th. 5.1.3] we have

6(P) = im6(Py) = lim lim 5,,(P} ).
m

By the same reason gi,,, is uniformly converging by the Dini’s Lemma to g on a
neighbourhood of K not intersecting Pj.

Therefore, it follows by (2.4.11) and (2.4.10) that possibly shrinking € to get
0 < € < min{a, mgng —logd6(P)} we have

limlimlog 6,,(P1) = logdé(P) < ming — € = limmin gy, — €.
[ m I K m K

Hence (possibly taking € < €) there exists a increasing subsequence k +— [, with
limlog 6,,(P1;;,) < lim mlgn g1/m — € forany k € N.
m m

In the same way we can pick a subsequence k — my such that log 6, (P1/,) <
ming gi/m, — € for all k € N. Taking k large enough to get my > m(e’’) and setting
m := my, p := 1/l suffices.

In the case of P being a polar subset of C we observe that for any positive
p the set PP is not polar since it contains at least one disk. Moreover notice that
limy,; 6,,(P1/m) = logd(P) = —oo whereas the sequence of harmonic (on a fixed
suitable neighbourhood of K) functions g1, is positive and increasing. Equation

(2.4.11) is then satisfied for m large enough. The rest of the proof is identical. O

We use the standard notation f,u(A) := j}*l @ du for any Borel set A c C.
If we use Proposition 2.4.4 and set E := f(K), O := f(P) we can see that EN
QO = 0 thus E, Q are precisely in the same relative position as in the Theorem 2.4.6.

Therefore we are now ready to state a sufficient condition for the rational Bernstein
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Markov property under more general hypothesis, where we do not assume K NP =
0.

TueEOREM 2.4.7 (Mass-density sufficient condition II). Let K, P C C be compact
disjoint sets where K is regular with respect to the Dirichlet problem and PNK = 0.
Let u € M*(K) be such that supp u = K and suppose that there exist t > 0 and f
as in Proposition 2.4.4 such that the following holds

(2.4.13) Tim cap ({z € f(K) : fou(B(z1) = ') = cap(F(K)).

Then (K, i, P) has the rational Bernstein Markov Property.

Proor. By Theorem 2.4.6 it follows that the triple (E, f.u, Q) has the rational
Bernstein Markov Property.
To conclude the proof it is sufficient to notice that for any sequence {ry} in

R(P), the sequence {#;} defined by
?j = rU/mJ Of j= 1,2,...

is an element of R(Q). Moreover by the rational Bernstein Markov property of

(E, fipt, Q) we can pick ¢; > 0 such that lim sup; c}/j <1and

lrillx = Fmille < CokllFmllr2crpy < Cmkllrellza)-
(fu) )

Thus we have

e\ 1/(mk)\"
- < (effmO) S =1,

rillz2) mk

We can also state the above result in a simpler way, thought not completely

equivalent.

CoroLLARY 2.4.1. Let K, P C C be compact sets where K is regular with respect
to the Dirichlet problem and P N K = 0. Let u € M*(K) be such that suppu = K
and suppose that there exist t > 0 and f as in Proposition 2.4.4 such that the
following holds

(2.4.14) lim cap (f (1 € K : (B, 1) 2 F'})) = cap(f(K)).

Then (K, u, P) has the rational Bernstein Markov Property.
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Proor. Let L := Lipg f = inf{L : |f(x) — f(y)| < L|x —yl|, for all x,y € K}, we

set

={{eK: B r/L) 27"}

A,
D, :={z€ f(K): fuu(B(z, 1) = 1r'}).

We observe that if {y € A, then zg := f({p) lies in D,.. For, notice that

Seu(B(zo, 7)) = f du > f du
F~1(B(z0.1)) B(o,r/L)

since f(B({y,r/L)) C B(zg,r). Therefore f(A,) C D,.
If we suppose that cap(f(A,)) — cap(f(K)), then it follows that cap(D,) —
cap(f(K)) as well by the inequality cap(f(K)) > cap(D,) = cap(f(A,)) — cap(f(K)).
Now consider the set B, := {{ € K : u(B(,r) = rt'}, for some ¢ > 1,
condition (2.4.14) says lim,_,o+ cap(f(B;)) = cap(f(K)). Now take s = r/L and
notice that for small r we have (f)t > 7, thus by condition (2.4.14) it follows

that lim,_,o+ cap(f(A,)) = cap(f(K)). By the previous argument condition (2.4.13)

follows and Theorem 2.4.7 applies. m|

2.4.1. Further examples.

ExampLE 2.4.2. We go back to the case of the Example 1 (e) to show that the
same conclusion follows by applying Corollary 1. Let us recall the notation. We
consider the annulus A = {7z : 1/2 < |z £ 1}, set K := 0A, P := {0} and
u:=1/2dslgp + 1/2ds|%(,D, where ds is the standard arc length measure.

We proceed as in Proposition 2.4.4 to build the map f: we take p = 0.1 and for
each m € N we pick a set of Fekete points for PP = {|z] < 0.1}.

In this easy example m = 2 suffices to our aim, so we can choose w; = 0.1,

wy = =01, f(2) = (z=wi(z-w2) ~ 72-0.01"

We notice that f is a holomorphic map of a neighbourhood K° of K and we can
compute its Lipschitz constant Lipg(f) ;= inf{L > 0 : |[f(x) — f()| < LIx—y|,Vx #
y € K} as follows.

(22 -0.01)2

Ls == Lip(f) = lIf'llgs = max
K‘S

z€K?

41-20) _ 53

For instance, taking 6 = 0.1 we get Ls = <5
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For any { € 0D and r < 1/2 we have

1 1 arg({)+arcsin(r)
wwern=5 [ as=5 | 1do
2 B({,r)NAD 2 arg({)—arcsin(r)
= arcsin (r),

similarly for any ¢ € 1/20D we have

1 1 arg {+2 arcsin(r) do
M(B(é,i’))=§f ds:if 1=
B({,r)N1/26D arg /-2 arcsin(r)

= arcsin(r).

Notice that taking t = 1 and r < 1/2 (2.4.14) is satisfied since {{ € K : u(B(,r)) >
r}=KforallO<r<1/2.

Finally we notice that also (A, u, P) has the rational Bernstein Markov property
(as we observed in Example 1 (e)) since any rational function having poles on P

achieves the maximum of its modulus on K.

It is worth to notice that a measure u can satisfy (2.4.14) even if the mass of
balls of radius r decays very fast (e.g. faster than any power of r) as r — 0 at some

points of the support of u. This is the case of the following example.

ExampLE 2.4.3. Let us consider the measure u, where

du = exp -1
oy

defined on the unit circle 0D and pick as pole set P := {0}.

) 0+2 arcsin r/2 2
(2.4.15)  u(B(e®,r) = f exp(L)du

6—2arcsinr/2 7'[2 — u2
i S _ _
24.16) > 4 arcsinr/2 exp (ﬂz—(6+2arcsin r/z)z) ,0< 0 <m—2arcsinr/2
h . 2 . :
4 arcsin r/ZexP(HT’M) ,—7 +2arcsinr/2 < 6 <0.

We try to test condition (2.4.14) using t = 1 and the map f(2) := z—(+01 which is a bi-
holomorphism of a neighbourhood of dD. Therefore the condition lim,_,g+ cap(f(K,)) =
cap(f(K)) of Corollary 1 for sets K, C K is equivalent to lim,_,o+ cap K, = cap K

and we are reduce to test the simpler condition

(2.4.17) li%1+ cap({z € D : u(B(z,r)) > r}) =: lir(lgl+ cap K, = cap(dD).
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It is not difficult to see by (2.4.16) that

K, D
{"9 0 € [0, 7 — 2 arcsin r/2[ ( —n )> d }U
e’ . ,m—2arcsinr/2[,ex > -
P m? — (0 + 2arcsinr/2)?] ~ 4arcsinr/2
{eie 10 €] —n+2arcsinr/2,0] exp( - ) > d } =
' T n2 — (§ —2arcsinr/2)*) ~ 4arcsinr/2
K'UK? =K,
where
K} =1{".0 € [a;. bil}
ma {0 2 arcsinr/2 \/1 + ! }
a) = X y mr -7 4—”/2
IOg arcszm
. . 1 .
by = min{x —2arcsinr/2,n .|l - ————— —arcsinr
log 2 arcsinr
r
. . 1 .
ar = min< —n + 2arcsinr/2, 7 . |l — —————— —arcsinr
log 2a1'crsmr

. 1
by = max {0, —2arcsinr/2 + ﬂ\/l + W}‘

It is not difficult to see that for r — 0% we have [a1,b;] = [0,7 — 2 arcsinr/2],
[a2,b] = [-m + 2arcsinr/2,0], hence K, 2 {€,0 € [-m + 2arcsinr/2, 7 —
2 arcsin /2]

We recall that the logarithmic capacity of an arc of circle of radius 1 and length

a is sin(a/4); see [85, pg. 135]. Therefore we have

cap(dD) > lir(r)l+ cap(K,) > lir(r)l+ cap(K,) =
(2.4.18) (

2m — 4 arcsinr/2
4

lim sin

r—0*

) =1 = cap(dD),

this proves (2.4.17) and since we considered a bi-holomorphic map f (2.4.14) fol-
lows. By Corollary 2.4.1 we can conclude that {OD, u,{0}} has the rational Bern-
stein Markov property.

2.5. A L> Meromorphic Version of the Bernstein Walsh Lemma

For a given compact set K € C we denote by D, the set {z € C : gx(z, ) <

log r} and by .#,,(D,) the class of meromorphic functions having precisely n poles
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(counted with their multiplicities) in D,. Let us denote by Ry, the class of rational
functions having at most k zeroes and at most n poles (each of them counted with
its multiplicity).

It follows by the work of Walsh [100], Saff [89] and Gonchar [52] that, given
a function f € ¥ (K), where K is a compact regular set, f admits a meromorphic
extension f € .#,(D,) if and only if one has the overconvergence of the best

uniform norm approximation by rational functions with n poles, that is
: 1k ._q; : 1/k
(2.5.1) limsup d, x(f, K)'* := limsup inf ||f —rllz" < 1/r.
k k r€Ry n

In the case of a finite measure ¢ having compact support K and such that (K, u, P)
has the rational Bernstein Markov property for any compact set P, PN K = 0,
one can rewrite such a theorem checking the overconvergence of best L/% rational
approximations instead of best uniform ones. Notice that if K = K any Bernstein
Markov measure supported on K has such a property. More precisely, we can prove
the following in the spirit of [68, Prop. 9.4 ], where we use the notation Poles(f)

to denote the set of poles of the function f.

TreOREM 2.5.8 (L? Meromorphic Bernstein Walsh Lemma). Let K be a com-

pact regular subset of C, let f € €(K) and let r > 1. The following are equivalent.

i) There exists f € M, (D,) such that flx = f.
ii) lim sup, d,"(f. K) < 1/r.
iii) For any finite Borel measure yu such that suppu = K and (K,u, P) has the
rational Bernstein Markov property for any compact set P such that PNK = (),

denoting by rjk’ , abest Lfl approximation to f in Ry, one has
. 1/k
lim sup (L =7 lk) ™ < 1/,

provided that {Poles(ri )}k N K = 0.

iv) With the same hypothesis and notations as in iii) we have
. 1/k
timsup (If = 1, ll;2) < 1/r:
provided that {Poles(ry )}k N K = 0.

Proor. (Proof of i & ii.) The theorem has been proven in [52], see also [55].

(ii = iii.) Let us pick p > r, we find C > 0 such that

dy)(f.K) < Clpt, Vk.
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Let us pick s, € Rk,n such that || f = sg ullk = din(f, K) and set Po, = {Poles(sy ;).
Notice that

(2.5.2) If =i llz < W = skallz < pC™VIf = sall
=u(K) ™ 2din(f, K) < u(K)~'*C/p".

In particular it follows that

u(K)"\2C(1 + p)
1 = P lliz < U = Pl + 0 = P gz < = :

We apply the rational Bernstein Markov property to (K, u, P), with P := Py U

Py, P, = {Poles(rx,)}k, in the following equivalent formulation, for any € > 0

there exists M = M(e, K, u, P) such that ||s|[x < M(1 + E)k||S||Lﬁ for any s € Ry,

Poless ¢ P, n < k, Yk. Notice that P, N K = 0 follows by the assumption

lim sup; d,"“(f, K) < 1/r: [100]. We get

k
(2.5.3) I = i alli < Mp(R)Y™2C(1 + p )(1 ; e) '

By equation (2.5.2) r‘Z’n — fin L2, therefore some subsequence converges almost
everywhere with respect to u. By equation (2.5.3) we can show that the sequence
of functions {ry,} is a Cauchy sequence in %’ (K) thus it has a uniform continuous
limit g. Therefore f = g and the whole sequence is uniformly converging to f on
K. Notice that f = g on a carrier of y, thus on a dense subset of the support K of p.

Now notice that

= realle < || )P = < s, - ik
Jj=k+1 K Jj=k+1
X4 e) 1 1+e\
SM/J(K)_I/ZC(l +p) Z (j) :MM(K)_I/ZC(l +E)£( +6) '
p—1\ p

Jj=k+1

Therefore we have

Mu(K)~12C(1 + X1 +p))1/k l+e l+e

p—1 -

limsup |If — reall* < lim sup(
k p p

k
The thesis follows letting € — 0* and p — r*.
(iii = ii.) By definition one has

1k 1/k
1/r > Tlimsup (Ilf =74 lIc) > limsup( inf ||f—r||K)
k ’ k

r€Rkn
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= limsup d,’*(f, K).
SUP Ay,

(iii = iv.) Simply notice that
. 1/k . 1/k
1/r 2 limsup (If = i M) = Timsup (u(K)'21f = 7 llz2)
k ’ k ’
. 1/k
= limsup (|If = 4 Il;2) " -
’ :

(iv = iii.) This implication can be proven using a similar reasoning to the one
of (ii = iii).

The sequence ry, is converging to f in Lﬁ by assumption, then there exists a
subsequence converging to f almost everywhere.

Due to the rational Bernstein Markov property of u with respect to K and P;
we have

k
7k = -1 ullk < M+ €)°|lri, — rk—l,n”LZl

and we can estimate the right hand side as follows

k
7k = Ti-tallz < Mk = fllz +1f = 7%-1allz < C/p"(1 + p)

for a suitable C > 0 and p > r. Thus the sequence ry, has a uniform limit co-
inciding p-a.e. with the continuous function f and hence the whole sequence is
uniformly converging to f, being the two continuous function equal on a carrier of
u which needs to be dense in K = supp u.

Now notice, as above, that

[Se] (o]
1 =reall < || D A =Pl < >0, =P ik
Jj=k+1 Jj=k+1
(e8]

K

1+p(1+e)k

J
<Mu(K)'*C(1 + p) Z (1 ”) = Mu(K)'2c(l +6)m -

Jj=k+1

Therefore we have

Mu(K)'2C(1 + e)(1 +p))”" l+e l+e

lim sup || — riqll}/* < lim sup(
k k p-1 P p

The thesis follows letting e — 0" and p — r*.



CHAPTER 3

Pluripotential Theory on Algebraic Sets: a Toolkit

Non esistono montagne impossibili,
esistono solo uomini che non sono
capaci di salirle.

Cesare Maestri

The aim of this chapter is to provide the definitions and the main tools that we
are going to use in Chapter 4 for proving some original results.

We recall the definition of the Monge Ampere operator acting on plurisub-
harmonic locally bounded functions on an irreducible pure m-dimensional alge-
braic variety and the extension of all standard notions of the classical Pluripo-
tential Theory in C". Much of what follows can be extended to the case of weakly
plurisubharmonic (see Definition C.1.1) functions or to plurisubharmonic functions
on more general spaces (e.g., Stein spaces) [42], or even in both directions, that is
on weakly plurisubharmonic functions on Stein spaces with a parabolic potential;
see [11, 107]. Here we chose to deal with this easier case both to simplify the
proofs and because this is the setting we need to work with in the rest of the thesis.
In particular we provide in the context of pure dimensional irreducible algebraic

sets:

o the definition of the Monge Ampere operator acting on locally bounded
plurisubharmonic functions,

o definitions of global and local extremal plurisubharmonic functions, ex-
tremal measures, relative capacity and pluripolar sets,

e continuity of the Monge Ampere operator under point-wise decreasing
limits,

e some integration by parts formulas for wedge powers of terms of the type
dd€ u for u plurisubharmonic locally bounded function,

e Lelong Jensen Poisson formula.

61
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3.1. Definition of the Monge Ampere Operator

In [13], see also [12, 14], authors introduce the generalized complex Monge
Ampere operator (dd® wk, 1 < k < n, foru € PSH(Q) N Ly>. as a positive (k, k)
current, where Q is a domain of C" (or any complex manifold) by an inductive
procedure. We refer to Appendix B for the definition and the main properties of
currents.

We briefly recall their procedure. The term dd® u is a well defined closed posi-
tive (1, 1) current for any plurisubharmonic function u.

Let us suppose that (dd® u)* has been defined as a closed positive (k, k) current
of order zero i.e., acting on compactly supported continuous forms. Note that for
any locally bounded measurable function v the current v(dd® u)* is well defined.

They set
(3.1.1) ((dd® ¥, @) == (u(ddC w)k, dd @) Yo e DRkl

Then they prove, using the properties of (dd° u)¥, that the above formula is a closed
positive (k + 1,k + 1) current, therefore it is of order zero and has measure coeffi-
cients.

Note that for u € €2 one has

62
(dd® u)" = 4”n!det[ d ] g,
207 i

where 3, := % Z?zl dzj A dz; is the standard Kéhler form on C".

It turns out, see for instance [59], that the following inequality, known as the
Chern Levine Nirenberg Estimate, holds for bounded plurisubharmonic functions
on open bounded sets of C". For any compact set K C ) there exists a positive finite
constant ci(K, Q) such that for all bounded u;,...,u; € PSH(Q), k = 1,2,...,n

we have

k
(3.1.2) f ddCuy AddSus A -+ ABYF < k(KL Q) ]_[ sup lul.
Q S

In the Pluripotential Theory of C" the notion of pluripolar set plays an im-
portant role. A set E C C”" is locally pluripolar if for each zg € E there exists a
neighbourhood B, of zg such that E N B, is contained in the set {u,, = —oo} for
some u;, € PSH(B,,), u;, # —oo. If this property can be satisfied globally, with
the same u for each point, the set is said to be pluripolar. In the C" case the two

notions coincide.
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For Q open bounded subset of C" Bedford and Taylor [13] introduced the rel-

ative capacity of any Borel subset E of ) as

Cap(E, Q) := sup {j‘(ddC u)",u € PSH(Q, [0, 1])}
E

and showed that, defining the relative extremal function
Uy o(2) := limsupsup {u({) : u € PSH(Q),u < 0,ulg < -1},
: e

one has

Cap(E, Q) = f dd U )" = f (dd° U% )" = f —U% o (dd° U )™
E ’ Q ’ Q ’ ’
Moreover the property
Cap*(E, Q) := inf {Cap(0,Q),E C O c Q, 0 open} =0

characterize (see [13]) the pluripolar Borel subsets of Q, thus in particular (dd® u)"
puts no mass on pluripolar sets for any locally bounded plurisubharmonic function
u.

It follows by the definition of analytic subsets that if A is a analytic subset of
C" it is locally pluripolar and thus pluripolar in C", for, one considers the logarithm
of the modulus of the product of a set of local defining functions for A; we refer to
Appendix A for definitions and main properties of analytic and algebraic sets.

Despite any analytic subset A of C" is pluripolar, the set Ag of its regular point
is a complex manifold and therefore the complex Monge Ampere operator is well
defined on it.

Indeed, the aim of this section is to extend the inductive definition of the Monge
Ampere operator to plurisubharmonic locally bounded functions on algebraic sub-
sets of C". The procedure to do that is the same used by Lelong [64] to show that
the current of integration on A, extends to A. That is, one first shows that the
considered current is locally finite at any neighbourhood of a bounded subset of
Asing, then uses this property to show that its extension by zero is well defined and
preserves the properties of the original current, e.g. is closed and positive'.

The first step is contained in Lemma 3.1.1 below. The proof is essentially the
same as [107, Lemma 1.7], where only the m-th wedge power instead of the k-th
one, with k < m, and the more general case of weakly plurisubharmonic functions

TA current T of bi degree (k, k) is closed if (dT; ) := (T; dy) = 0 for all test form ¢ € D" *m*; we
refer the reader to Appendix B for the definitions of test forms, currents and positivity.
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instead of plurisubharmonic ones is considered. For the second step, we prefer to
rely on a general theorem by El Mir, see Theorem 3.1.1 below.

We recall here, for the reader’s convenience, the definition of plurisubharmonic
and weakly plurisubharmonic functions on a open subset Q of an algebraic set A
in C".

A function u : Q — R U [—o0, +00] is said to be plurisubharmonic on Q if for
any zo € Q there exists an open neighbourhood D, of zp in C" and a plurisubhar-
monic function &, on D, such that #i;, = u on D, N Q. In such a case we write
u € PSH(Q).

Instead u : Q — R U [—o0, +00[ is said to be weakly plurisubharmonic on Q
if ulgmAreg is plurisubharmonic as function defined on a complex manifold and u« is

locally bounded on €2. We denote such a property by u € PSH(Q).

Lemma 3.1.1. Let A be a pure m-dimensional irreducible algebraic set in C"
and u/ € PSH(A) N Ly (A), then the currents dd° (u'la,,) A -+ A dd€ (ubl,,,),
k =1,2,...,m have locally finite mass near Aging, that is, for any open relatively
compact set O C A
sup{f W AddC (u'la,) Ao Add @la),

o

\Asing

(3.1.3)
Y € DO N Arg), IWlo < 1) < oo,

Here and later on we denote by |[/]|o the quantity sup,., max; ;s ;| for any
form = 37, ¥1dz’ A dZ’. The key idea of the proof is to define a family of
locally bounded plurisubharmonic functions u#; on C" obtained by composing the
given u € PSH(A) N L;5 . with the projections on each possible coordinate plane of
complex dimension m and then use the standard C theory to show that equation
3.1.3 is satisfied.

The previous lemma used in conjunction with the following theorem allow us
to define wedge powers of currents of type dd® u for u € PSH(A) N L7 . We recall
that a set P C Q is said complete pluripolar in Q if there exists a (not identically
—oo) function u € PSH(Q) such that P = {u = —oo}. Note that in particular an
algebraic subset of C" is complete pluripolar in C" and, given an algebraic set A
in C" we can always find an open neighbourhood Q of A in C” such that A is a

complete pluripolar subset of Q.

THeoreMm 3.1.1 (Extension of closed positive currents; [46]). Let S be a closed

complete pluripolar subset of an open set Q in C" and T a closed positive (k, k)
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current on Qp := Q\ S of locally finite mass on Q, that is for any open set O C Q

we have

(3.1.4) sup (T, ¢}, y € D" 0 N Qy), Wllo < 1} < oo.
Then the extension T of T to 0 on S is a closed positive current, where
(3.1.5) (T.y) 1= i (T.nup) Yy € DF" Q).

Here 0 < n, < 1 is any sequence of €.(Qy) functions such that for any compact set

K c Qi nlg =1 forall r < ro(K).

CoroLLARY 3.1.1 (Extension of the Monge Ampere operator). Let A be an irre-
ducible pure m-dimensional algebraic setin C" and u', . .., u* be plurisubharmonic
functions on A, the current dd° ullAmg A . ..dd® Mk|A,eg extends to a closed positive
current on C" supported on A that we denote by dd® u' A --- A dd° uf by setting for

any continuous (m — k,m — k) form  compactly supported on C"

reg

(3.1.6)  (ddu' A+ A ddE U, y) = lim f dd u'la,, A ...dd° uba,, T ym,,

where i, are as in (3.1.5) and 1 is the inclusion of A,eq in C".

Proor. The statement is local, so we can pick an open relatively compact sub-
set Q of A and an open subset Q of C" such that Q = QN A and prove the statement
on .

Let us denote by T} the current dd® ul| Areg N\ -+ dd® uk| Are ACting on Q \ Aging.
We notice that T} extends canonically to a closed positive current on Q \ Aging that
we denote by T,}. For, we use the fact that Q \ A, is a complex submanifold of
Q \ Aging, let 7 : Q\ Agpg — Q\ Asing be the inclusion map which is smooth and
proper. Then we set

T} = I.Ty.

Here 7. T} is the push-forward of the current Ty, i.e., {Z . Tk, ¢) = (Tk, I *¢) for any
@ € DITRTREG Asing) and I* is the usual pull-back of differential forms.
Positivity and closedness of T,i follows easily by the properties of exterior
derivatives under pull-back by smooth proper maps.
Now we notice that § := Agjpe N Qisa complete pluripolar subset of Q, being
an algebraic subset, moreover it follows by Lemma 3.1.1 that the hypothesis (3.1.4)
is satisfied by T on Q\ S.
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We can apply Theorem 3.1.1 to extend T ,i to a closed positive current on Q, its

support being necessarily on Q. |

Remark 3.1.1. We will refer to the integration as in the right hand side of
(3.1.6) as improper integration over A,.q. If Y is a continuous compactly supported

(m, m) form on an open set Q C C" we set

fe//:=f Y = lim .
Qna QNA g r=0% JONA

3.1.1. The operator d A d° A (dd°)""!. In the following we will sometimes
use the operator d A d° A (dd®)Y"~! acting on locally bounded plurisubharmonic
functions.

We notice that for non negative u, by convexity of x — x2, the function u?
is a locally bounded plurisubharmonic function for any u € PSH(Q) N L;S . If u
is smooth, we have dd® u? = 2udd® u + 2du A du, we use this to define the term
du A du

1
du A du := 5 dd®u? — udd®u Yu € PSH(Q)NL®

loc*
In a similar way we introduce d(u + v) A d°(u + v).

Now notice that for any smooth (m — 1,m — 1) form ¢ and u,v € %2 one has
du Ndv Ay =dvAduniy.

We use this to introduce Yu,v € PSH(Q) N L?

loc
X 1 X )
du Ndv Ny = E(d(u+v)/\d‘(u+v)—du/\dcu—dv/\d‘v)/\1&.

Again we can notice that the right hand side makes sense not only for ¥ smooth
form but even for any positive (m — 1,m — 1) current of locally finite mass, hence

we can introduce the following operator for any w € PSH(Q) N L5 .

du A dv A (dd® w)™!

1
::E(d(u F V) A+ V) —du Adu—dv Adv) A (ddS w)™!
:1(l dd®(u + v)2 = (u +v)ddS(u + v) — L gde 24

212 2

1
udd® u = 5 dd°v? + v dd® v) A (ddw)"!

1[1
=3 [5 (dd°(u + v)* = dd® u? = dd°v?) — (udd® v + v dd® u)| A (dd° w)" "
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3.2. The Domination and Comparison Principles

ProposiTioN 3.2.2 (Domination Principle for open sets [107]). Let Q2 be an open
set of the pure m dimensional algebraic set A and u,v € PSH(Q) N L. such that
(1) limsup,__,5q [u*(z) = v(2)| = 0 and
(2) fyrayy (A w)" = 0.
Then one has

vi<u® on Q.

It is worth to notice that in the case of A being irreducible and u continuous
the above statement improves a bit (regarding the points in Agj,g). In particular it
follows that for u, v € PSH(€2) N L7 - and u continuous if conditions 1 and 2 above

hold then v < v* < u on Q.

Tueorem 3.2.2 (Comparison Principle; [11]). Let u,v € PSH(A) N L , where
A is a pure m dimensional irreducible algebraic subset of C", be such that {u <

v} cC A. Then we have

(3.2.1) f (dd°v)" < f (dd® u)™ .
{u<v} {u<v}
We recall that, following [107], we denote by L(A) the Lelong class of plurisub-

harmonic functions on A with respect to the parabolic potential (z,w) — logl|z],
where (z, w) is a system of Rudin coordinates for A; see Proposition A.0.2. That is
u € L(A) if u € PSH(A) and there exists a constant C = C,, such that

(3.2.2) u(z,w) < Cy +log™ Iz].

We introduce also the class L*(A) of functions u € L(A) such that there exists

a constant C/, such that C}, + log™ |z| < u(z, w). We need also this modified version

of [14, Lemma 6.5].

TueEoREM 3.2.3 (Global Domination Principle). Let u € L(A) and v € L*(A).
Suppose that u < v (dd°v)"-a.e., then u({) < v({) for any € Ae.

Proor. We refer to the original proof of [14, Lemma 6.5], the only modification

being the improper integration over Ayeg. m|
RemArk 3.2.2. We stress that, under the additional hypothesis of

u(zo) = limsup u(z) , v(zo) = limsup v(z) Yzo € Asing
Areg32_>20 Areg52_>20
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the conclusion of Theorem 3.2.3 holds at each point of A.

3.3. Capacities and Extremal Functions

3.3.1. Relative capacity and extremal function. Let A be an irreducible pure
m-dimensional set in C", we introduce the Monge-Ampere relative capacity fol-
lowing [107] and [11]. For any open set Q C A and any Borel set £ C Q we

set

(3.3.1) Cap(E, Q) := sup {f (dd°u)" ,u € PSH(Q), 0 < u < 1}.
n reg

Also we define the outer relative capacity by setting

Cap*(E, Q) := inf{Cap(0, Q), E C O open}.

It will be useful to use also the so called (m — k)-relative capacities for any k =

1,2,...m—1, we set

(3.3.2) CaE(E, Q) :=sup { fE A (dd® u)"™* A BX ,u e PSH(Q), 0 < u < 1},
m— NAreg
where (3, is the standard Kahler form induced by C" on Ae;. We also introduce
the outer (m — k)-relative capacities as above, that is
Cap, (E,Q) := inf{CaE(O, Q), E C O open}.
—
It is worth to notice that, as in the case of € being a domain in C" one has for any

Borel subset E of the open set Q
(3.3.3) Cap, (E,Q) < AqgCap*(E,Q).

Here the positive finite constant Ag depends only on ; see [102, pg. 458].

We will use the following definition.

DeriniTion 3.3.1 (Pluripolar sets). Let A be an algebraic set in C" and E C A
be a Borel set. The set E is said to be pluripolar in A if E N A, is pluripolar in the

usual sense in the complex manifold A .

It is worth to say that usually one defines also locally pluripolar subsets P of a
complex space X as sets such that for each zy € P there exists a neighbourhood O
of zo in X such that P N O C {u = —oo} for a plurisubharmonic function on O not

identically —oo; the notion not a priori coinciding with being globally pluripolar.
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However Bedford [11] showed that in our setting (and even in more general ones)

the local and global definitions coincide.

ReMARK 3.3.3. Let us stress that Agjye is pluripolar in A by definition, since it

does not contain any regular point.

Let u € PSH(Q) N L5, for some open set Q C A, we say that u is maximal if
for any open relatively compact set G C Q and any v € PSH(G) N L7 such that
liminf, 56 (u({) — v({)) = 0 we have u > v in G N Aee. Note that in this sense
maximal plurisubharmonic functions enjoy the role of harmonic functions in one

complex variable.

ReMaRk 3.3.4. We stress that, due to the Global Domination Principle Theo-
rem 3.2.3, a locally bounded plurisubharmonic function satisfying the generalized
Monge Ampere equation in Q, that is f ¢ (dd° )™ = 0 for all ¢ € €.(Q), is neces-

sarily maximal.

As in the flat case we can introduce® the relative extremal function U, as

follows
(3.3.4) Ugo(z,A) :=sup{u(z) : u € PSH(Q), u <0, ulg < -1}
(3.3.5) UE,Q(z,A) = limsup Ug (<, A).

Aregd(—2
If A is clarified by the context we may drop it from the notation.

We stress that, due to Theorem C.1.1, and the properties of plurisubharmonic
functions under upper envelopes, Uy ,(z,A) is either a plurisubharmonic function
and identically —1 on E \ N, where N is a pluripolar set, or identically O in Q.
The latter situation occurs if and only if E is pluripolar in A. This follows by

the original methods of Bedford and Taylor [13], see also [107], applied to E N

*

Areg in Q N Apee. Indeed, we could even define U E.

o(z,A) by the upper semi-

continuous regularization lim sup Areg30—2 UEnA,.,.0nA,,(¢) and this would lead to

reg

the same function.

TueOREM 3.3.4 (Extremal property of U 107]). Let A, E,Q be as above,

o |
then UZ o(sA) is a maximal plurisubharmonic function on Q \ E and we have
ZNotice that we are taking an upper envelope only among PSH(Q) functions. In [107] such an enve-

lope is taken among PSH(Q) functions but in our setting the two classes coincide, up to performing
a upper semi-continuous regularization among Ay,.
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(dd° Uy )" = 0in Q\E and
(3.3.6)

Cap(E, Q) = fE (dd° U;q)" = fg (dd° U} )" = fQ ~Upq (dd° Us )"

We will refer to the measure (ddC UZ’Q)m as the relative equilibrium measure
of E with respect to Q2 and denote it by yg .

As in the case of A = C" it is convenient to introduce the class of hyperconvex
open sets. An open bounded subset Q of the algebraic set A is said to be hypercon-
vex if there exists a function p € PSH(Q, [—o0, 0[) such that {z € Q : p(z) < ¢} CC
Q Ve < 0, i.e., if there exists a negative plurisubharmonic exhaustion function p.
Notice that one necessarily has limgs;,; o({) = 0 for all z € JQ, existence of the
limit being part of the statement.

The use of this class of open sets is easy to see: if Q is a hyperconvex open

subset of the pure m dimensional algebraic set A, then one has

Qlizrn Up o) =0, YzedQ,VE C Q compact.
(2 >

Proposrition 3.3.3 ([11]). Let A be a m dimensional algebraic subset of C",

then for any open bounded set ) we have

(3.3.7) Cap”(Asing N Q,Q) =0,

(3.3.8) Cap, ,(Asng NQ,Q)=0,Vk=1,2,...,m—k.

We remark that in [11] one can find only the proof of equation (3.3.7), while
equation (3.3.8) follows by equation (3.3.3).

3.3.2. Global extremal functions. Let us introduce two other extremal func-
tions mimicking the case of C". Let A be a analytic set in C" and E a compact

subset of it, then we set

1
3. log ®g(z,A) =
(3.3.9) 0g Op(z,A) sup{ deg p

(3.3.10) log ®}.(z,A) := limsup log ®g({, A).

Aregaé‘_’z

log|p(z)|, p polynomial, ||pllz < 1}

We refer to log ®7.(z, A) as the Siciak extremal function; [93],[94],[92]. We also in-

troduce the Zaharjuta-Sadullaev type extremal function S .(z, A), see [105], [103],[104]

and [88], for A being an analytic subset of C". For, let us denote by £L(C") the Le-

long class of functions u € PSH(C") of logarithmic growth as A 3 z — oo,
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For z € A we define

(3.3.11) SE(z, A) := sup {u(z), u € LC), lullg < 1}
(3.3.12) S*E(z,A) = limsup S g({, A).
Aregd{—z

Also, for an algebraic pure dimensional irreducible set A we consider the Lelong
class L(A) with respect to the parabolic potential (z’,z”") — log|z|, where (', z")
are Rudin coordinates for A, see Proposition A.0.2, and define the Zaharjuta-

Zeriahi extremal function

(3.3.13) Ve(z,A) := sup{u(z), u € L(A),|lullg < 1}
(3.3.14) Vi(z,A) := limsup Vg({, A).
Areg3§—>z

Note that a priori one has V. > S, > log @}, by the obvious inclusion of the classes
where we took upper envelopes.
The following characterization of algebraic sets due to Sadullaev is of main

importance for our aims.

Tueorem 3.3.5 (Characterization of algebraic sets by log ®.(-, A); [88]). Let A
be an irreducible pure m-dimensional analytic set in C". The set A is an algebraic
set (i.e., it is a subset of a pure m-dimensional algebraic subset A of C") if and only
if the following condition holds.

(3.3.15)
There exists a compact E C A such that S g(:, A) is locally bounded on A.

In such a case this holds for any compact non pluripolar set E C A. Moreover
§%(,A) is a maximal plurisubharmonic function on A\ E, locally bounded on A

for any non pluripolar compact set E C A.

RemARK 3.3.5. Notice that the intersection A of two irreducible pure m dimen-
sional subsets A; and A, of C™ is either pluripolar in both Ay and A, or coincides
with Ay and Aj;. It follows that, in the case when the condition (3.3.15) is satisfied,
the conclusions of the theorem hold true for any pure m dimensional algebraic set
A\ containing A and in particular on the pure m dimensional algebraic subset A of

C" containing A. From here on we use the notation A for such an algebraic subset

of C",
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In the flat case of C" and E being compact one has S = V. by definition,
while Siciak and Zaharjuta showed that S}, = log ®7,.

The following result was proved for m = 1 by Sadullaev [88, Prop. 3.4], while
just stated as a consequence of a conjecture (proved later by Bedford and Taylor)
for 1 <m < n—1, see Remark 3.5 of the same paper. Finally Zeriahi gave a explicit

proof in [107], see also [108].

ProrosiTion 3.3.4 (Siciak-Zaharjuta extremal function). Let A be a pure irre-
ducible m-dimensional algebraic subset of C", then for each compact non pluripo-

lar set E C A we have
(3.3.16) log ®y(z,A) = Vi(z,A) = S (2, A).

3.3.2.1. Bernstein Walsh Type Inequality. We recall here for future use the
following estimate of Bernstein Walsh type; see [107].

(3.3.17) Ip(2)| < lIplle exp(kVe(z, A)) Yz € A, p € 22XC™).

Also, it is worth to mention that one can replace V,(z,A) in equation (3.3.17) by
VE(z, A). This follows by the fact that V£(z, A) can be expressed by the supremum
of a family of continuous function, thus it is lower semicontinuous on A. There-
fore the replacement of the value of Vg(zg,A) at a singular point zg € Agjyg by

limsup,

(=20 VEe(L, A) will preserve the above inequality.

3.3.3. Regularity of a compact set.

DerintTion 3.3.2 (Regular set). Let E be a compact (non pluripolar) subset of
a pure m-dimensional algebraic set A C C". The set E is said to be regular if V. is

continuous on E.

We refer to [101, Sec. 3] for a discussion on a possible different definition that
in our setting coincide with the one above.

It follows by adapting the argument as in [59, Prop. 5.3.3 and below] that one
can equivalently define regular sets as the sets for which UZ’Q is continuous on E
for all open sets Q D E, where E is the polynomial convex hull of E in A.

It is possible to get a stronger result. One can use the Domination Principle
[107, 1.10] to show that if for some open neighbourhood Q of E in A one has
UZ,’Ql e = —1, then V, is continuous on E, i.e., Vi|g = 0 and vice-versa. Note that,

in order to do that, one needs to know that ug (respectively (g o) puts no mass on
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pluripolar sets, but this can be proven by the Chern Levine Nirenberg type estimate

[42, Th. 2.2] using the local boundedness of V}, (respectively Uy ).

3.3.4. Chebyshev constant. Let A be an irreducible pure m-dimensional al-
gebraic subset of C" and let us considered embedded in C" with a set of Rudin
coordinates C" 3 z = (7/,7”) € C™ x C"™™, see Proposition A.0.2. We use the
following notation

Q:={zeA:|ZI<1}

and we refer to Q as the pseudoball of radius 1, we denote by Q the closure of Q
in A.
We introduce the Chebyshev constant 7(E, A) of E € Q in A (relative to these

coordinates) as follows:
my(E) := inf{lpllg : p € 2/(C"), lIplig = 1}
T(E,A) := inf m;(E)"7 = limm;(E)'/.
Jj20 J
In the case of A = C" it has been proven by Siciak [94] that one has
T(E) := T(E,C") = exp (~IIV}lig) -

It turns out that the same holds true in a pure dimensional irreducible algebraic set.

Prorosition 3.3.5 ([94], [108]). Let A be a pure m-dimensional irreducible

algebraic set, then for any compact subset E of Q one has

T(E.A) = exp (-IIV;ll5)-

3.4. Continuity Property of (dd®)* Operator under Monotone Limits

In [13] authors introduce the operator .#* (generalizing (dd®)*) mapping PSH(Q)N
L™ in (Z)g”_k’m_k(Q))/, the space of (k, k) currents of order zero, see Appendix B,

loc

where
LR, .y = fuo ddu' Ao AddSuF Ay, Yy € DRRQ)

and Q is any domain in C".
They show the continuity under decreasing monotone limits of plurisubhar-

monic locally bounded functions both of (dd®)* and Z*. This result has been
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extended to a much more general context by Bedford in [11]. We recall such a re-
sult here for using it later on, while we offer the proof of a slightly weaker version
in Appendix D.

Following Bedford [11] we introduce the following notation.

DEerINITION 3.4.3 (27%(A)). Let o/*(A), k < m be the linear space of wedge
products of factors of the type

a) smooth forms 6 on A

b) currents of the form du, d°u or dd® u for u € PSH(A) N L?

loc’

such that the total sum of the bi-degrees does not exceed k.

We also recall that, given an open subset € of the pure m-dimensional algebraic
set A, a sequence of Borel functions f; is said to converge quasi uniformly to the

Borel function f on Q if

e they are locally uniformly bounded on Q, uniformly in j,

e f; — f almost everywhere with respect to 3},

o for each € > 0 there exists an open set O, C € such that Cap(O, Q) < €
and f; — f uniformly on Q \ O..

THEOREM 3.4.6 (Continuity under monotone limits; [11]). Let Q be an open set

of the pure m dimensional algebraic set A, and let

(1) {fj} be a sequence of functions converging quasi uniformly to f,

(2) 1//5. be sequences of smooth (p, q;) forms on Q converging locally uni-
formly to the forms /',

(3) {M.li} be sequences of function in PSH(Q) N L;>  converging monotonically

almost everywhere to the functions u' € PSH(Q) N L®

loc*

Then the sequence of Radon measures

. X 1 ll ll+1 c ll+2 C 12 C 13
uj._f](//j/\---/\wj/\duj /\duj A---Add uj/\...dd u;,

where the bi-degrees are such that j1; € <f m(Q), ie.

Iy
Y+l -h+D+2-h+1)=m,
=1

I
Ya+ta-li+)+205-L+1)=m
=1
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converges weak™ on Q to
FUl A AP A AU A dUTE A A ddC a2 AL ddE B,
3.5. Integration by Parts on Algebraic Varieties

3.5.1. The Stokes Theorem and its consequences. An important feature of
any pure dimensional analytic (and in particular algebraic) set A is that a version
of the Stokes Theorem holds on it when one considers compactly supported forms
on A with differentiable coefficients; see [38, Ch. 14 sec. 3]. We recall that a ©*
form 7 on a open set Q c C” is said to have compact support on the algebraic set
A if suppy N A is a compact set, in such a case we say that 77 is of class €’ (A).

The combination of the Stokes Theorem, the existence of smooth decreasing
approximations to plurisubharmonic functions and Theorem 3.4.6 allows to prove

the following.

ProposiTion 3.5.6 (Integration by parts formula for smooth forms). Let A be a
pure m dimensional algebraic set in C", uy,uy,...,uy, locally bounded plurisub-

harmonic functions on A and 1 a €*(A) function, then we have
(3.5.1) fnddcul A-e-AddS W™ = fulddcn/\ddCMZ/\---/\ddcum.

Proor. We simply pick a sequence of smooth (possibly non plurisubharmonic)

[

monotonically decreasing approximations u; converging to u' foreachl = 1,2,...,m

as in Lemma C.2.1. Note that u} — u! quasi uniformly due to Proposition C.2.2,
thus
dd®uj A dd®uF -+ Add® W] —* dd®u' Addu? -+ A ddC u”

and
wydd®ui Ao Add W = ul ddCu A A ddC W

Therefore we have

fr]ddculA---Addcu’”:limfnddcu}/\---/\ddcu]”.’

J
limfu}/\ddcn/\ddcu§~-/\dd°u;”:fulddcn/\ddcuz/\---/\ddcum.
J
O

3.5.2. Stokes Theorem for currents and integration by parts formulas for
plurisubharmonic functions. A stronger statement of the Stokes Theorem is proved

in [11]; we recall that given € &/ Zm=1(AY (see Definition 3.4.3) is said to have
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compact support if there exists a compact set S C A such that for each smooth form

y compactly supported in A \ S one has (dy,7) = 0 and (d“y¥, 1) = 0.

THeOREM 3.5.7 (Stokes in .@7*"~1(A); [11]). Let n € «/*"~1(A) have compact

support, then
f dn = 0.

The above theorem is very important to our aims since it allows to prove the
following integration by parts formulas, the first and the second being partial ex-
tensions of Theorems [39, Th. 3.1 and 3.3].

THeEOREM 3.5.8 (Integration by parts for plurisubharmonic functions I). Ler Q
be a open bounded hyperconvex subset of the pure m-dimensional algebraic set A
inC", we PSH(Q) N L and u,v € PSH(Q) N L7 be negative functions. Assume
that u = v on Q\ K for a compact set K C Q. Then
(3.5.2) f udd®v A (dd®wy" ! = f vdd®u A (ddS w)" .

Q Q

Proor. We consider the current n € o Zm=1 n = [(u—v)dvVv—vdu—-v)] A
(dd® wy"~! and we claim that it is compactly supported. For, we pick any ¢ €
¢:°(Q\ K) and we compute (1, d) using smooth approximations u;,v; to u, v as
in Lemma C.2.1 (produced relaying on the same covering and the same partition

of unity for # and v) and the continuity property Theorem 3.4.6.
(n,de)y = li§nfd<p Auj—v)dvi—vidwj—vjl A (dd° wj)m_l.

Note that since the support S of ¢ is compactly contained in the set {z € Q : u = v},
we have § C {z € Q: u; = v;} for jlarge enough. Therefore the right hand side of
the above equation vanishes identically for j > j,, thus the limit is zero.

A similar approximation argument shows, in particular, that (du A d°v — dv A
d‘u) A (dd® w)™! is the zero current.

Thus Theorem 3.5.7 implies
0= f dn = f d[(u = v)d°v — vd“(u = v)] A (dd° w)"~!
= f[d(u — V) AdV—dv Ad(u—v)] A(ddw)y" 1+
+ f[(u —v)dd®v — vdd® (u — v)] A (dd w)™!

= f (du A d — dv A du) A (dd°Ew)" 1+
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+ fu dd® v A (dd¢ wym! - fvddc u A (ddE wym!

) f udd®y A (dd )" = f vdd®u A (dd®w)" .

O

THeEOREM 3.5.9 (Integration by parts for plurisubharmonic functions II). Let Q

be a open bounded hyperconvex subset of the pure m-dimensional algebraic set A

in C", w e PSH(Q) N LY and u,v € PSH(Q) be bounded functions.

loc
a) Assume that v is a negative exhaustion function for Q and fQ dd® vA(dd® w)"! <

0o, then

(3.5.3) f udd®v A (dd® wy™ ! > f vdd®u A (dd® wy" 1.
Q Q

b) Equality holds if both u and v are negative exhaustion functions for Q and
Joy dd€ u A (ddE wy™ ! < oo, [ ddv A (dd° w)™! < co.

Proor. Let us pick € > 0 and set u; := max{u — €, jv}. By the assumptions on v
we have u; = jv on some neighbourhood of the boundary, moreover the sequence
u; decreases point-wise to u — €. It follows by the Monotone Convergence Theorem

and the assumption fQ dd®v A (dd® w)"! < oo that
f(u —e)dd v A (ddS w)" ! = limf u;dd®v A (ddS wy™ .
Q i Ja
On the other hand by Theorem 3.5.8 we have
f ujddv A (dd®wy" ! = f vdd®u; A (ddSw)™ !
Q Q
Now notice that the measure v dd® u; A (dd° wy™ s negative for each j and hence
fvddc uj A (ddewy™ ! < f @vdd®u; A (dd° w)" !, Vg € G.(Q, [0, 1]).
Q Q
Thus
f udd®v A (dd°w)y™ ! — € f dd® v A (dd® w)™!
Q Q
= f(u— €)dd®v A (dd w)™ ! = lir_nf u;dd®v A (dd w)™!
Q i Ja
= limf vdd®u; A (dd® wyn ! < f evdd®u; A (dd® w)n1
i Ja Q

= f v dd® u A (dd® w)™ L.
Q
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Here we used that vdd® u; A (dd® w)™! —=* vdd® u A (dd° w)™"! by Theorem 3.4.6.

Since we assumed fg dd®v A (dd° w)"! < oo, letting € — 0" we get
fg udd®v A (dd® wy" ! < fg ovdd®u A (dd w)™ !, Yo € €.(Q, [0, 1]).
Finally, by the inner regularity of the Borel measure —v dd® u A (dd® w)"~! we get
L udd®v A (dd°w)" ! < L vdd®u A (ddw)™ "

The equality case is obtained by the same procedure interchanging u and v. |

Using the integration by parts Theorem 3.5.9, Theorem 3.4.6 and Corollary
D.0.1 one can extend to the case of irreducible pure dimensional algebraic sets a
useful estimate holding in C", we refer the reader to [19, Th. 2.1.8] for a detailed

proof.

ProposiTion 3.5.7 ([19]). Let Q be a bounded hyperconvex subset of the pure
m dimensional irreducible algebraic set A C C" and K any compact subset of Q.

Let u,v,w be bounded plurisubharmonic functions on Q such that

i) lim50(v(0) — u({)) = 0 and

i) v=uonQ.

Then the following holds for any p € N, p > m.

(3.5.4) L(v —u)? (dd*w)" < T f!m)! lIwlley L(v —w)P™" (dd° u)" .

3.6. The Poisson Jensen Lelong Formula

Let ¢ € PSH(A) be a non-positive continuous exhaustive function for A, —co <
R < Osuchthat Qg :={z€ A : ¢(z) <R} cC A, for any —c0 < r < R we denote by
¢, the plurisubharmonic function max{¢p, r}. Following Demailly we introduce the
family of measures

pr = (dd° @r)" = xavq, (dd° @)™ .

Here ys is the characteristic function of the set S.

THeEOREM 3.6.10 (Poisson Jensen Lelong Formula; [42],[43]). Let A be a m
dimensional algebraic set of C", u € PSH(A) N L (A) then u € L'(u,) for any

loc
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—o0 < r < R and for such r we have

.
f udy, = f u (dd® @)™ + f f ddC u A (ddC )™ 'dt
Q, —o0 J

(3.6.1)

= f u(dd® ¢,)" + f (r — @) dd® u A (dd€ o)™ .
Q, Q,
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CHAPTER 4

Two New Results in Pluripotential Theory on Algebraic

Sets

"Why did you want to climb Mount
Everest?"
Because it’s there.

George Mallory”

“This question was asked of George
Leigh Mallory, who was with both expe-
ditions toward the summit of the world’
s highest mountain, in 1921 and 1922.
He plans to go again in 1924, and he
gave as the reason for persisting in these
repeated attempts to reach the top, "Be-
cause it’s there."

4.1. Introduction

The aim of this Chapter is to prove two new results in the context of Pluripoten-
tial Theory on algebraic subsets of C". We refer to Chapter 3 for all the definitions
and the results about Pluripotential Theory both in C" and on its algebraic subsets.
In Pluripotential Theory in C" many capacities have been introduced as relative
capacity, projective capacity, transfinite diameter, Chebychev constant or Siciak
capacity see for instance [65], [60], [1], [87] and [26]. In contrast with the case of

C, if n > 1 these capacities are not in general equal, but they have been proved

e to be comparable and therefore
e to characterize pluripolar sets, i.e. C,(E) = 0 is equivalent to E being

pluripolar, for any of these capacities C,,.

Note that the generalization of the notions of Chebyshev constant and transfinite
diameter to algebraic varieties is a current subject of research, some interesting
progress has been done in [71] and [5]. It is worth to underline that the definition
of Chebyshev constant in the aforementioned papers differs from the one of this
Chapter.

81
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Here we deal with a given irreducible pure m-dimensional algebraic subset A
of C", for any m < n.
Section 4.2 is dedicated to prove the comparability of the Chebyshev constant

T(E,A) with normalization on the pseudo-ball
Q:={zeA: || <1},

where C" 5 7z — (7/,7’) € C" x C" is a system of Rudin coordinates for A, see
Proposition A.0.2, and the relative capacity Cap(E, Q) (with respect to the same
pseudo-ball) for any compact subset E of Q. This result extends [2, Theorem 2.1]
proved by Alexander and Taylor in the case A = C".

We state such result in Theorem 4.2.1 and give the proof in Subsection 4.2.2.

Our main motivation for the study of the comparability of Chebyshev constant
and relative capacity is given by the fact that this allows to compare the maximum
of the Siciack-Zaharjuta extremal plurisubharmonic function V(z, A) (see Subsec-
tion 3.3.2) on the closure of the pseudo-ball Q2 (see equation 4.2.1 below) with the
relative capacity of E with respect to the same pseudo-ball. Since the plurisubhar-
monic function v := V;}(Z,A)llVE(z,A)l%1 — 1 is a competitor for the upper enve-
lope defining the relative extremal function U*E’Q(z) (see 3.3.1), the comparability
of T(E, A) with Cap(E, ) boils down to a comparability of V}.(z,A) with UEQ(Z).

In Section 4.3 we use this comparabilities to study the relationship among the
following properties that a sequence {E;} of subsets of E' may have (the mode of

convergence will be specified later and depends on the assumptions on F)

(1) Cap(Ej,Q) — Cap(E,Q),
2) UE,.,Q = Ug g

(3) uE; = uE,

@) Vi (A) = Vi(,A).

Here ug := (ddC Uz’g)m is the relative Pluripotential equilibrium measure of E
with respect to Q and (dd®)™ is the Monge Ampere operator on A; see Theorem
3.3.4 and Section 3.1.

This study has been done in the "flat" case of C" by Bloom and Levenberg
[24], including also the Robin Function. In Theorem 4.3.2 we state that the above
properties (1)-(4) are equivalent with a mode of convergence depending on the
further assumptions we may do on E. This is the analogue of [24, Th. 1.1,Th. 1.2]

in our setting.
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4.2. Comparison Theorem for Relative Capacity and Chebyshev Constant

4.2.1. Statement of the Result. Here we consider a pure m dimensional ir-
reducible algebraic subset A of C*, n > m, that we suppose to be endowed in
C" = C™ x C"™ by a set of Rudin coordinates (z’,z"") € C" x C"™™, see Proposi-
tion A.0.2.

It is convenient to introduce some further notations. We denote by 7 : A — C™"

the coordinate projection z — 7’ and use the following symbols for the pseudo-balls

Qzo,r) = {(@,2)eA: | —zl<r}
(4.2.1) Q(r) = {,Z)eA I <r},
Q = Q).

Let us notice that each of the above pseudo-balls is a hyperconvex set (see Sub-

section 3.3.1 below Theorem 3.3.4), being p,;,(2) = |7 — 2ol> = 7?

a negative
plurisubharmonic exhaustion function for it.
We recall here for the reader’s convenience the definitions of Chebyshev con-

stant, relative capacity and relative extremal function; see Chapter 3.

mj(E) := inf{llplle : p € 27(C"),lpllg > 1),

T(E,A) := inf mj(E)"/ = limm(E)"/.
J20 j
Cap(E, Q) := sup {f (dd°u)" ,u €e PSH(Q), 0 < u < 1}.
ENAreq

Uga(z,A) := sup{u(z) : u € PSH(Q), u <0, ulg < -1},

UEQ(z,A) := limsup Ug (<, A).

Areg 3(—z

One can a priori consider any open bounded hyperconvex set B C A in place of Q.

We also stress that we may drop A from the definition of UEQ(Z,A) when it
is clear by the context or even replace it by C" when we want to consider the
(standard) relative extremal function of some compact subset of the unit ball in
cm.

Here is our main result of this section.

TueEOREM 4.2.1 (Comparison of Chebyshev Constant and Relative Capacity).
Let A be a irreducible pure m-dimensional algebraic subset of C". Forany 0 <r <

1 there exist two positive constants c1, ¢y (depending only on A and r) such that for
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any compact non pluripolar E C Q(r) we have

1/m
c
42.2 —=— >T(E,A),
e exp[ (Cap(E,m) = e
4.2.3) T(E,A) > exp (—;—2)
Cap“(E, Q)

In particular
(4.2.4) max Vi(, A) € — .

Q Cap“(E, Q)

It is worth to compare Theorem 4.2.1 with its C* analogue [2, Th. 2.1]. The
two statements are equivalent except for of the exponent in the right hand side
of (4.2.3). In our inequality the capacity is squared while in the Alexander and
Taylor version such an exponent is one. This allow them to prove certain optimality
property of the bound itself that we can not prove for the reason above.

This difference is intrinsic in the strategy of the proof, where one compares
(extremal functions and capacities of) the compact set E with its projection m(E)
on the first m coordinates 7z’ and with the lifting (back to A) 7' o n(E) of the
projection. In this sense our proof plays the same procedure of [2, Th. 2.1] twice,
however working on a (non smooth) algebraic set in place of an euclidean space

causes several technical obstacles that we need to overcome.

4.2.2. Proof of Theorem 4.2.1.

Proor oF (4.2.4). We notice that, given equation (4.2.3), the estimate (4.2.4)

follows by
(4.2.5) T(E, A) = — log(sup VE(-, A)),
Q
see Proposition 3.3.5, [108]. m]

Proor oF (4.2.2). The proof is equivalent to the one of [2], but uses the Com-
parison Principle for complex spaces, see Theorem 3.2.2, in lieu of the one for C”,
see [13].

Precisely, one takes a big pseudoball Q(R) containing € and for each € > 0
picks A(e) such that, setting ve(z) := (1 — €)log™* |Z’| + A(€), we have
liminfas; a0k (Vi(z,A) = ve(z)) 2 0 and Vi (z,A) < ve(2) q.e. on E.
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Then, by Comparison Principle, we obtain

f (dd°v,)" = f (dd°ve)" < f (dd vz )"
E Vi(z,A)<ve Vi(z,A)<ve

E E
= f (dd° V(z.4))".
E
Hence in particular
f (dd° Viz.4)" > (1 - " f (dd® log* I2'])" .
E A

Then we repeat the same argument, but we consider the functions

Vi(z,A)

v::*——l, I/tZ:(l+€)U* (Z,A)
IViz Alla Bo

to obtain

Cap(E,Q) =

1 c m 1 mn c % m
‘(1+e>mfg(dd u) Z(<1+e>||vg<z,A>||Q) fA (0 Vice. )

1 mf
>|— dd®lo +|z'| .
(va(z,A)ng) (44 log" I

The proof is concluded using (4.2.5). |

The proof of (4.2.2) is quite long and technical, hence we prefer to split it in
some lemmata.
We set
K=n(E), H=n"on(E).

Also we consider the positive (1, 1) form

N —

m
P = dd° [ = = ) dz Az,

J=1

Notice that 8,, = dd°p, for any positive . We will denote by 7 the canonical
inclusion of A in C" that needs to be used to define integrations of global forms
on Apg. To avoid an heavier notation we will sometimes identify (for instance)

I3, with B,,,, since the domain of integration will clarify it.

LemMa 4.2.1. Let Q be a bounded hyperconvex open set of C™ and let Q =
71~ 'Q (in particular it is a bounded open hyperconvex subset of A). Let 6 € D" (Q)

depend only on 7/, then there exists a positive constant C depending only on n,m, A
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such that

(4.2.6) (Cll0lloBm = 0) is a strongly positive form on Aeg.

Proor. This can be proved modifying the proof of [59, Prop. 3.2.7] and taking
into account that @ is depending only on z’. Notice that only positivity needs to
be proved since for (1, 1) forms the notion of positivity coincides with the strong

one. O

We need the following specific version of the Chern Levine Nirenberg Estimate
[42, Th. 2.2], [59].

ProposiTion 4.2.2 (Chern Levine Nirenberg type Estimate). Let D be an open
bounded subset of A, for any compact subset E of the open relatively compact
domain D' C D there exists a constant C depending on D,D’ such that Yu €
PSH(D, [—00,0[) N L®

loc’
(4.2.7) f (dd® u)" < " ul! f ddunpmt.
E D’

Proor. Let us pick a increasing sequence of compact subsets H;, j =0,1,...,m
of 7D’ with Hy = K = nE. Also we pick a sequence of smooth cut-off functions 7;

suchthatVj=0,...,m—1
7]j|H,- = 1.

We denote the lifting n; o 7 of 57; still by n;, while we set G; := n‘lHj.
Here we use Proposition 3.5.6 and the constant C is chosen accordingly to

Lemma 4.2.1.
f (dd® uy* A Bk < f no(ddS w)* A gk
E G
= f u(dd® )= A ddCpo A g1
G
=f u(dd® )= A (dd€ no + CI1dd® 1ollG, Bm) A B+
G
+ C|| dd® |, f —u(dd® uy* =t A gkt
Gy

Since u is negative and (dd® u)*=! A (dd®ny + C||dd® nollg,Bm) A B is positive
by Lemma 4.2.1, the term fGl u(dd® w1 A (dd® o + C||dd nollG,Bm) A B is
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negative, thus we have

f WA ) A B < CIldd ol f —u(dd® ! A g
E Gy

<C|1dd® nollg, lullg, fG (dd® )~ A gt
1

Now we perform the second step replacing E by Gy, ng by n; and G| by G», so we
get

f (dd® u =t A B < Ol ddS millgyllulle, | (ddSw)¥2 A pIRE2,
Gy G

After k — 1 steps we get

f (dd® )k A gk < k!
E

k-1
[ ] el das m_1||G1} f dd°un B!
=1

Gi-1

Since Gy_1 € D’ we have

k—1
[t gt < ! []‘[ndde_lnn] | awung
E =1 b

Finally we take k = m and we get (4.2.7). |

CoroLLARY 4.2.1. Let E C Q(r), r < 1 and zg € Q(r), then there exists 0 < C <
+00 not depending on zo such that we have
(4.2.8) Cap(E, Q(z0,3)) < C f dd® Uy, Oz0.3) /\,8%_1.
Q(z0.2) T
Proor. Simply apply Proposition 4.2.2 with D = Q(zg,3), D’ = Q(z0,2), u =
m}

*
UE,Q(10,3) :

Proposition 4.2.3. Let 0 < ¥ < r and u € PSH(Q(zg, r), [—00,0]) N L , then

loc’

we have
1
(4.2.9) f dd°u Ay < ——— ~uB.
Q0. (r= = 1) Jaw.n

Proor. Fix R > r. We use the Poisson Jensen Lelong formula [42], see Theo-
rem 3.6.10, applied to the defining function pg(z) := |z’ — z|* — R* for some R > 3.
Notice that dd® pg = dd® |Z’|* = B,, and Q(zo, ) = {pr < > — R*}. We have

r2—R2
f udp,_go + f —u(dd® pg)™" = f f dd® u A (dd° pg)™dt.
Q(zo.r) —c0 Q(z0.1)
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By the remark above and being u negative and p,>_g2 a positive measure we get

2_R2
(4.2.10) f —uplt > f f dd®u A g ldt.
Q(z0,7) -R? Q(z0,1)

Let us focus on the right hand side. Set n(r) := fQ(ZO 5 dd®u A /3,,”’1‘1, notice that n(t)

is positive and increasing in [-R?, > — R*] hence

2_R2 2_R2
4.2.11) f n(Hdt > f n(dt > n(r'* = R - r’?).

R2 2_R2

Due to equations (4.2.10) and (4.2.11) one has

f —uB” > (r* = r?) dduApr!
Q(z0,7) Q(z0,1")
and the thesis follows. O

Applying Corollary 4.2.1 and Proposition 4.2.3 we get the following.

CoROLLARY 4.2.2. In the above hypothesis we have

4.2.12) Cap(E, Q(z0,3)) < C» f ~Up o 35
)

(z0,2

Now we start comparing the relative extremal functions for E with respect to a

pseudo-ball in A with the one for K in the honest C” ball of the same radius.

LemMma 4.24. Let 0 < r < 1, E C Q(r) and zg € Cr), there exists a positive
finite constant C3 not depending on E or zg such that, setting B := n{)(z¢,3) =

B(zz), 3), we have
(4.2.13) Cap(E, Q(z0,3)) < ~C3U p(zp).
Proor. We set u(z) := U}‘(’ (@), it follows that
u(z) < Up g, 3@ Yz €Qz0,3),

since u is an element of the upper envelope defining Ug o, 3)-

In particular

(4.2.14) u(zo0) < Ug gz 3)(20)-

Let us recall (see Theorem A.0.3) that there exists an algebraic subset Y of

B(zf), 3) such that ¥ 2 m(Aging N €2(z0, 3)) and for some positive integer /

=m0 Qz0,3)\ 7N (Y) = B(z),3)\ Y
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has / holomorphic inverses 7Tl_l that are local coordinates on each component of
Q(z0,3) \ 7 1(Y). Also, we notice that V := 771 (Y) is a pluripolar set.

Now we consider B = (ddC |z — zf)lz)m and we notice that, being |7/ — zf)l2 a
locally bounded plurisubharmonic function, (ddc lz/ — zélz)m does not charge any
pluripolar subset of (z, 2); this follows from the Chern Levine Nirenberg esti-

mate [42]; see equation 3.1.2 and lines below. Therefore

(4.2.15) f —uf, = f —uf,.
Q(20,2) Q(z0.2\V

Now we use Corollary 4.2.2, equation (4.2.14) and equation (4.2.15) to get

Cap(E, Q(z0,3)) < sz
Q(z0,2)

“Ug a.3Pm < C2 f —uBy,

Q(z0,2)

e f U (0 Card(x™ (OB < ~IC f Ui s(Q)dn (D).
(CeCmig—|<2NY «

G(C'":Ig“—zél<2}
Here A,, denotes the Lebesgue measure in C™.

Now notice that since Uy, , is plurisubharmonic we have

fl; - Uk 5(0)dn() = An({1d = 29| < 2D)U¥ p(z5)

ICy

and this conclude the proof since one can take C3 := EW(E=AT)
ml6 =%

Lemma 4.2.5. Let B:={{ € C" : | — z)| < 3}, K = n(E), H := 7" '(K), Y, V as

in Lemma 4.2.4. Moreover we set

V() = maxy-; Vi(z,A) Y. eB\Y,
V() = lim sup g y)se—, 7€) Y/ € B,
V() = ||VE<-,A>||H+V|*|&(K)M-1||Q<ZO,3> -1 Yi{eB,
u(l) := Uk 5O Y/ € B,
U(z) := Ug 0(0.3)@ Yz € Q(z0, 3).
We have
4.2.16) vor<uom<U onQ(zp,3).

Proor. Let us notice that the second inequality has already been proved in
the proof of Lemma 4.2.4, see equation (4.2.14). For the first we notice that ¥ €
PSH(B \ Y) being the projection a proper map with finite fibers and holomorphic
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inverses on B\ Y; see Theorem A.0.3. Therefore " is a plurisubharmonic function
on B.
Moreover it follows by the definition that Vy(z,A) — |[VL(, Allz < Vj(z, A),
hence
max Vi(z, A) = IVEC, Al < max Vi(z, A) < V(D).

It follows in particular that

V() < IVEC, Al + Vi)

Therefore M := [[7*]lp < V(- Alla + IVglls-

It follows by the definition as upper envelope of u that any function f € PSH(B)
with f < —1 on K and f < 0 has the property f < u on B. The function v =
M~'%* — 1 has been constructed to satisfy such assumptions, indeed 7* < 0 on K

and ¥ < M on B. It follows that v < uon Band thus vor < uomon Q(z9,3). O

LemMma 4.2.6. For any 0 < r < 1 there exists a positive finite constant C4 =

Cy4(r) such that for any compact set E C Q(z, 3) and any zg € Q(r) we have
“4.2.17) Cap(E, Q) < C4 Cap(E, Q(z9, 3)).

Proor. The proof is similar to the one of [2, Lemma 3.5], one needs just to
replace the use of the Comparison Principle of [13] with its version for complex

spaces, see Theorem 3.2.2. O
Recall that B := {{ € C" : |{ — zj| < 3}.

CoroLLARY 4.2.3. For any 0 < r < 1, there exist a constant Cs = C3 - Cy
(above) such that, for any E C Q(r) and any zo € H = 7 'n(E) such that
maxy -z Ve(z,A) = [Ve(, Alln, we have

IVglls
IWVEC, Dllac3)

Proor. Using lemmata 4.2.4,4.2.5 and 4.2.6 and the extremality property of zg

(4.2.18) Cap(E, Q) < Cs

we get

Cap(E, Q) < C4 Cap(E, Q(z0,3)) < Cy - C3(=Uk 5(20))
IVEC Dl + IVl — 7 (z5)
IVEC Al + IVills
_ s IVl < Cs IVl .
IVECAlE +1IVells T IVEC Dllac.3)

< Cy - C3(—v(z) = C4 - C3
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Lemma 4.2.7. For any 0 < r < 1 there exists a positive finite constant C¢ such

that for any compact subset E of Q(r) and any zo € Q(r) we have

Ce
IVklls

(4.2.19) Cap(E, Q(z9,3)) <

Proor. The proof can be provided repeating the whole argument of this section
but considering other quantities. More precisely, we pick z; € 9€(zp, 3) such that
SUPzeq(z3) V(2 = Vi (2)).

Using (an analogous version of) Lemma 4.2.6 we can find C}; such that

Cap(E, Q(z, 3)) < C; Cap(E, Q(z1,9)).

By the same argument as in 4.2.2 (and Proposition before) we can find a positive
finite constant C/, such that
Cap(E, €(z1,9)) < C;f Uk 0:,.98m
Q(z1,6)
Following the lines of Lemma 4.2.4 we can find a positive finite constant C; such
that
Cap(E, Q(z1,9)) < ~C5Uj o, 0)@1)-

Now we set By := 7€(z1,9) = B(z},9) and introduce the function

V(@)
W) = V,K—‘_ -
IVillz + IV
Following the proof of Lemma 4.2.5 it is not difficult to see that W € PSH(B),
W < 0 and W|g < —1, hence we have W(z) < UI*(,Bl(Z)' In particular, due to the

extremal property of z;, we have
Vil +IVZliE — IVillg Vel T Vel

On the other hand U 1*< B °T < UE,Q(Z1,9)

12|
T L M R v

since the former function is in the upper
envelope defining the latter.

Finally we combine the inequalities above to get
Ce

Cap(E, Q(z9,3)) < C5 - C} - log?2 =: )
P 0 3OSy e T Ikl
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Proor oF (4.2.3). To conclude the proof we use Corollary 4.2.3 and Lemma
4.2.7. We have

IVkllz < Cs - Cq
IVEC, Dl ~ Cap(E, Qzo, INVEC, Allac,3)

Thus, using Lemma 4.2.6,

Cap(E,Q) < Cs

3) < Cy-Cs-Cq SC4-C5-C6.
IVEC, Allags — IVEC, Alla
Taking ¢, := Cy4 - Cs - Cg this proves (4.2.4). ]

Cap(E, Q)* < C4 Cap(E, Q) - Cap(E, Q(zo,
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4.3. Convergence Theorem for Relative Capacity and Extremal Functions

4.3.1. Statement of the Result. In the case of a domain Q in C” it has been
proved in [13] that the Monge Ampere operator is continuous under any monotone
sequence of locally bounded plurisubharmonic functions. This results extends to
the setting of QQ C A, where A is an algebraic set, see Theorem D.0.1, and even to
more general settings [11].

Using this continuity it is not difficult to see that HE;.Q —* ugpg for any in-
creasing sequence of compact subsets E; of E such that Cap(E;, Q) — Cap(E, Q),
where E is a compact set in the open hyperconvex set 2 C A and A is a irreducible
algebraic set.

The aim of this section is to investigate, following the idea of Bloom and Lev-
enberg, [24], the relation of the convergence of the relative capacities Cap(E;, B) —
Cap(E, B) and the convergences U e,.8 = Urp and HE;.B —* ug.p, without any
monotonicity assumption on the sequence {E;}, where E; C E C Q and Q is a
pseudo-ball (see equations 4.2.1) in the pure m-dimensional irreducible algebraic
subset A of C".

A main tool in this Chapter is the notion of convergence in capacity.

Dernrrion 4.3.1 (Convergence in capacity). Let D a open set in A and v;,v €
PSH(D), j = 1,2,.... The sequence {v;} is said to converge in capacity to v if for

any compact subset K CC D and any 6 > 0 we have

4.3.1) limCap({z € K : |[v; —v| > 6},D) = 0.
J

We use the following notations, C" > A 5 z = (Z,7”) € C" x C"™™ where
the choice of global coordinates is done accordingly to Proposition A.0.2, Q :=
{z € A :|Z| < 1}. Also, we warn the reader that throughout this section we
use the following short notations, which slightly differ from the ones previously

introduced.
uj(z) := Uzﬁg(z,A) , o u(z) = UEQ(z,A)
vj(@) = Vg (@A), @)= Vg A).

We prove a result which is analogous to the ones achieved in [24, Th 1.1 and Th.

1.2] for the flat case A = C".
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TueOREM 4.3.2. Let A C C" be a pure m-dimensional irreducible algebraic
subset of C", and E C Q be a compact set. Let {E} be a sequence of Borel subsets

of E. Then the following are equivalent.

i) lim; Cap(E;, Q) = Cap(E, Q)
ii) limju; = u in capacity and (ddC uj)m —* (dd® )™ .
iii) lim;u; = u point-wise on Q.

iv) lim;v; = v point-wise on A.

If we furthermore suppose E to be regular and E; to be compact for any j, then

equations (iii) and (iv) can be replaced by

v) lim; u; = u uniformly on Q.

vi) lim;v; = v uniformly on A.

Remark 4.3.1. There exists a one to one correspondence between functions
in L(C") and of so-called w-plurisubharmonic functions on projective manifolds.
Thus, in the case of A being smooth, it may be possible to prove results related to
Theorem 4.2.1 and Theorem 4.3.2 by the techniques developed in this setting, see
for instance [53] and [36].

4.3.2. Proof of Theorem 4.3.2. The proof is provided by following the lines
of Bloom and Levenberg [24], adapting the steps to the context of algebraic sets
by using our findings of Section 4.2. Along the proof we need also an additional

property that the sequence u; may have:

(weak iii) limu; = u point-wise on Q N Ape,.
J

The proof of Theorem 4.3.2 is provided showing that

A (i) implies (ii),

B (ii) implies (i),

C (i) implies (weak iii), assuming A,

D (weak iii) implies (ii),

E (i) implies (iv), assuming A,

F (iv) implies (iii).

Notice that, as suggested by the name, trivially (iii) implies (weak iii), thus (see

Figure 4.3.1) proving the above implications will conclude the proof of the first

statement of Theorem 4.3.2.
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O E (assuming (ii1)) @

C (assuming (ii))

(weak-iii) (ii1)

Ficure 4.3.1. The diagram of the proof of Theorem 4.3.2.

Finally we show that, under the additional hypothesis of E being regular and
E js compact, one can has
e (i) implies (vi).

The replacement of (iii) by (v) is similar.
We start with some preliminary results. First we extend [24, Prop. 1.1] to our

setting.

ProrposiTion 4.3.8. In the notations and under hypothesis of Theorem 4.3.2

suppose that (1) holds, then

limy [ u;(dd® up)t A (ddS uy™™  k=0,1,...,m
= f u(dd® u)" .

(4.32)
lim; [}, u(dd® up)* A (dd°uy"*  k=0,1,...,m

Proor. We use the integration by parts formula of Theorem 3.5.9 and u; > u

(by definition as upper envelopes) to get
—Cap(E;, Q) :f uj(ddu;)" > f u(dd®u)” = f wjddC u A (ddC u;)"!
Q Q Q
> f udd®u A (ddCup)™ " = f ui(dd® u)® A (ddCup)" 2
Q Q
> —Cap(E, Q).

Note that the hypothesis of Theorem 3.5.9 are satisfied since each term fg(ddC u j)k A
(dd® u)"~* is finite by the definition of capacity.
Since by the hypothesis (i) the first term converges to the last, the same holds

true for each term in between. O
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To relate the convergence u; — u in capacity to the convergence of the corre-
sponding Monge Ampere measures we need the following proposition that can be
derived by minor modifications of [102, Th. 1]. Notice that the proof by Xing relies
on two facts: the quasi-continuity of locally bounded plurisubharmonic functions
[13, Th. 3.5] and the fact (see for instance [102, pg. 458]) that for any bounded
hyperconvex domain € there exists a constant Ag such that for any compact set
K c Q Cap,,_(K,Q) < Aq Cap(K, Q); see Subsection 3.3.1 for the definitions.
We stress that both these facts go directly to our setting. For the quasi-continuity
this follows directly by the definition of relative capacity on algebraic sets, notice
that a plurisubharmonic function on ( is in particular a plurisubharmonic function
on the complex manifold N A,. For the inequality between capacities this can
be proved exactly as in the flat case, using the expansion of (ddC u+ Izlz)m. For
another proof, see [61, Th. 1.1.1].

Proposition 4.3.9 ([102]). Let Q be an open hyperconvex domain in the pure
m dimensional irreducible algebraic subset A of C" and vj,v € PSH(Q) N L} .

Suppose that v; — v in capacity. Then (ddC v j)m — (dd°v)™.

The first step of the proof of Theorem 4.3.2 is equivalent to the original version

in [24]. However we use the estimate Equation (3.5.4) instead of [102, Th. 2].

(A) Proor oF (i) iMpLIES (ii). Let us pick any compact set F € Q and ¢ > 0: we

aim to estimate

Cap(F N{uj > u+6},Q) := sup f (dd® w)™.
wePSH(Q[0.1]) J Ffu>u+6}

It is more convenient to pick a large R such that Q c Q(R) =: Q' and notice that

Cap(F N{u; > u+06},Q) < CrCap(F N{u; > u+6},Q)

=Cp sup f (ddw)™.
wePSH(QY[0,11) J Fn{u>u-+6}

See the proof of Theorem 4.2.1.
First we modify u; away from F to make it agree with u on a neighbourhood
of 0Q in Q, for, we set

uj = max{u; — €, u}.

Now we use an argument which is taken from [13, Proof of Th. 3.4] and used in
[102, Proof of Th. 2], our variant relies on some integration by parts formulas in the

generalized sense that follow by Theorem 3.5.7, note that all considered currents
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are compactly supported in £ since uj —uis, and lie in 7> (see Definition 3.4.3).
We do not offer proofs of such formulas since they are analogous to the one of

Theorem 3.5.8.

Cap(F n{uj>u+6,LQ) = sup f (dd® w)™
wePSH(Q',[0,1]) J FN{uj>u+0}

= sup f (dd° w)™
WePSH(Q'.[0.1]) J F(us >u+6-e)

ut —

u
< sup f ——— (dd® w)™
wePSH(Q[0.1)) JFN(Fn{us>u+é—e) O — €

< sup f (§ — u) (dd°w)"
0—€ wePSH(QY,[0,1]) JQ
1
= sup = f d(u — u) A d°w A (ddC wy™!
0 — € yepsH@Q[0,1)  Jo
1

<

1/2
sup (= [0 n -0 nanr )
0 — € wePsH(Q.[0,1]) Q

1/2
(— f dw A d°w A (dd° w)’"_l)
Q

1/2

— 1

<C@Q, )2 ——  sup (— f d(u — u) A d(u — u) A (dd° w)"“)
— € wePSH(QY,[0,1]) Q

Here We used the Cauchy Schwarz inequality for currents, [13], and the Chern
Levine Nirenberg Estimate [13, Th 2.10 (iii)] stating that

C (ﬁ/, Q) = sup
wePSH(Q,[0,1])

- f dw A dw A (dd° w)"!

is bounded and depends only on Q' and Q. These results are originally stated for
domains in C", not in our setting. However, we already shown in Proposition 4.2.2
that an analogous of [13, Th 2.10 (i)] holds and the extension to our setting of its
variant [13, Th 2.10 (iii)] can be done precisely in the same way.

Now we perform a further integration by parts and we get

Cap (F N {u; > u+6),Q)

<C(Q,Q)

1/2
sup ( js; (u — u) dd® (u§ — u) A (dd° w)'"-l)

0 — € ,ePSHQ,[0,1])

&0 1/2
L&Y sup (f (e — u)(dd® u§ + dd® u) A (dd° W)m_l) '
60— € yepsH@ [0.1]) \JQ
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Then we repeat the procedure m — 1 times and we end up with an inequality of the

form

Cap(Fﬂ{uj > u+6},Q) <

1/2m
. (L(u; —u) (dd® u)" - (s —u) (ddC uj) ) )

Note that in the first m — 1 step we replace a factor dd° u€ — dd° u by dd® uf +dd®u

while in the last step we do not.
We consider only the term ﬁ fg(u; —u) (dd® w)" — (u; —u) (ddC u;)m
m
Note that the measure (uj—u) (ddC uj) is positive because uj > u by definition,

hence
f(u —u) (dd® u)" - u —u) dC 6 f(u —u) (dd® u)" .
Now we let e —» 0" and by Monotone Convergence Theorem we get
C 1/2)71
Cap(Fﬁ{uj>u+6},Q)Sg(fg(uj—u)(ddcu)m) ‘

By Proposition 4.3.8 this last term converges to 0 as j — oco. Thus Cap({u; — u >
6} NF,Q) — 0.
The convergence of relative equilibrium measures follows by Proposition 4.3.9.

O

(B) Proor oF (ii) mmpLIES (1). It suffices to pick ¢ € ‘KC‘X’(D), where D is an open

neighbourhood of E in C" and D N A cc Q such that ¢ = 1 on E and notice that,
since both (dd® u)" and (ddc u j)m are supported on E, we have

Cap(E, Q) = f ¢ (dd°u)" = lim f ¢ (dd° u;)" = lim Cap(E;;, Q).
Q J JQ J

We recall this property of subharmonic functions, for which we use the stan-

dard notation shm(D) for any domain D c C™.

LemMa 4.3.10 (Lemma 1.1 in [24]). Let O < s < rand a < b < r. There exists

0 :=d(a,b,r,s) > 0 such that Vv € shm(B({y, r)), v(zo) = b we have

(4.3.3) An (< € B(y, ) : v({) > a}) > 6.

Here we used the notation B({y,r) :={l € C" : |{ — ol < 1}.
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(C) Proor oF (i) mpLIES (wWeak iii). The proof is by contradiction. We assume

that there exists zo € © N A such that for some subsequence (that we relabel)
lim; uj(z0) > b — 1> u(zp).

Let us denote by I the set of all choices of m distinct increasing indexes in
{1,2,...,n} and, for each I € 1 denote by mr; the canonical projection on the coor-
dinate plane {z; = 0,V ¢ I}.

Being A algebraic (see Proposition A.0.3) for each / € 7 we can find an an-
alytic subset Y; of B(m;(zg), r) such that 7r; has a finite number of holomorphic
inverses n;ll on B(m;(z9),7r) \ Yy, we also set §; := nI‘I(Y 7). Moreover, for each
20 € Areg, there exists I € T such that 20 & S;.

Now pick a, a’ such that u(zp) < a’ < a < b and find a neighbourhood U of zg
in Areg \ S such that v(z) < a’ forall z € U. Also, possibly further shrinking U, we
can assume U to be of the form ”1_11 (B(rj(z0), 1))-

Let us introduce the functions v := u o ﬂl_ll +landv;:=ujo ﬂl_ll + 1, notice
that v; > v by definition and all of them is a (pluri-) subharmonic function on
B(rj(z0), r) bounded above by 1. We can apply Lemma 4.3.10 to these v;s and v

and we getforagiven0 < s <r

(4.3.4) An (I € Brj(z0),8) : vi(2) > a)) > 6 Vj=1,....
Now we claim that

(4.3.5) Cap(G. Q) > Au(1;G), ¥G <C 17, B(mj(z0), )-
From this claim it follows that V¥ j

Cap({z € Q:uj(zx) —u(z) >a—a'},Q) > CCap({z € Q : uj(z) > a}, Q)

>Ay(nifz € B uj(z) —u(z) >a—a'}) > 6> 0.

This contradicts the assumption (ii).
In order to conclude the proof we are left to prove the claim (4.3.5). To do that,

simply notice that

12\" 2\m
An(miG) = f (ddc i ) < f (ddc @)
G 2 GO Areg 2

<27 sup {f (dd°v)™, v € PSH(Q),0 < v < 1} =27"Cap(G, Q).
GVAreg

O
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(D) Proor oF (weak iii) iMpLIES (ii). Let us notice that

.— k
USUjSWji=Supl S W)
k>j

and wj. € PSH(Q, [-1,0]). Moreover since u; — u on Az N Q we have wj —u
on (Arg N Q) \ P for a negligible, hence pluripolar in Q N Ay, set P. Therefore,
setting w := lim; wj. = inf; w’;, we have w = u quasi everywhere on Q.

Now (for any compact set ' CC Q) we can repeat the argument we used for

proving (A) to get the following estimate

Cap({uj > u+ 6N F,Q) < Cap({wj. >u+o0)NFQ)

1/2m 1/2m
S% (L(w;‘- —u) (dd® u)m) - % (L(w —u) (dd® u)m) .

Here we use the Monotone Convergence Theorem, note that w}‘. is a decreasing
sequence.
Finally, since u is locally bounded, (dd® «)™ does not charge pluripolar sets,

thus we have

f w—u)(dd°w)" = f w—u)(dd°uw)" =0
Q Q\P
sinceu =wonQ\ P, |

Let us recall for the reader’s convenience that, given an open subset D of A,

f : D — [—o0,+00[ is said to be weakly plurisubharmonic if f|pna... is plurisub-

reg
harmonic as function on a complex manifold and f is locally bounded on D. We
denote such a property by f € PSH(D). We refer the reader to Appendix C for
further details.

In order to distinguish between regularization at points of Ay from the regu-
larization on A from A, we introduce a new notation. Precisely, for any function
f on an algebraic set A we define

[r (@)= 2119311132 Q) (e, (flag) (@), Yz € Areg,

recall that
[ (z) = limsup (), Yz € A.

Areg3{—z
In particular, we notice that, if f € Iggf{(A), then f* = f e = () Arg- Moreover
if A is irreducible and f € 1§§f-I(A) then f* is a plurisubharmonic locally bounded

function coinciding with f on Aeg. Let us recall a useful lemma.
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Lemma 4.3.11 (Pag. 494 [88]). Let {f;} be a decreasing sequence of weakly
plurisubharmonic functions on the irreducible pure m-dimensional algebraic set

A C C". Let us set f :=inf f; = lim; f}, then we have

(4.3.6) f*(z) = lim f;(Z)’ Vz € Asing

CoroLLary 4.3.4. {f} be a locally uniformly bounded decreasing sequence of
plurisubharmonic functions on the irreducible pure m-dimensional algebraic set
A C C". Let us assume that each f; has the following property.

4.3.7) limsup f;(0) = fi(z) , Yz € Aging.
{—z

Then, setting f := inf f; = lim; f;, we have

FePSHA)NLY and f*=f onA.

loc

Proor. By a standard argument, on any complex manifold the decreasing limit
of locally uniformly bounded plurisubharmonic functions is a locally bounded

plurisubharmonic function, thus we have fla,, € PSH(A). In particular, due

reg
to this plurisubharmonicity of f the upper semi continuous regularization does not
change its values on Are,. Hence f* = f*[4,, = fla,, € PSH(Arep).

Now notice that, being plurisubharmonic on A and locally bounded, f €
I;ST{(A). By Lemma 4.3.11 we get f*(zo) = lim; f;(z()) at any z9 € Aging. We use
our assumption on f;s to get:

[ (z0) = lim f7(z0) = lim limsup £;({) = lim fj(z0), Yzo € Asing-
J Areg{—20 J
Thus f* = f on A.

By [42] and being f € 15§f-I(A) and A irreducible, f* € PSH(A), but since

f = f* we actually have f € PSH(A) N L? O

loc*

(E) Proor oF (i) impLIES (iv). Let us pick jy such that for any j > jo we have
Cap(E}, B) > 1/2 Cap(E, B).

Now we use Equation 4.2.4 in Theorem 4.2.1: there exists a positive constant
C such that

4C
(4.3.8) sup Vi (z,A) < Yj = Jjo-

< :
wQ Cap*(E;,Q) ~ Cap’(E,Q)
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It follows by the definitions of relative and global extremal functions and by E; C E

that

(4.3.9) V(2) <vj(2) = Vg (2. 4) < (ujx)+1) Vze Q.

4C
Cap(E, Q)?
We already proved that (i) implies (weak iii), hence u; — wu in Q N Ay,. Since

u=—-1andv =0gq.e. in E it follows that
v;i—0, qe. inE.

We introduce the sequence of functions w; := supy. ; vk, by a standard argu-

ment w;‘ (z) € PSH(Areg). Moreover wj.l Ares

= w}* and is uniformly locally bounded,
since

v(z) <vj(z) < +1log" IZ'l, Yj> jo

Cap*(E, B)
due to the uniform bound (4.3.8). Thanks to [42] (w;.*)’k is a locally bounded
plurisubharmonic function on A, Notice that Ww; := (w;‘)* satisfy (4.3.7) by defi-
nition and Ww; > supy ; v on A thanks to the lower semicontinuity of w.

Also we define w(z) := 1lim;w;(z) =qe. limsup;v;(z). Notice that w is a de-
creasing limit of plurisubharmonic functions satisfying (4.3.8). Due to Corollary
43.4,we PSHA)N LY .

It follows by (4.3.9) and the convergence u; — —1 q.e. on E thatw = 0 g.e. on
E. In particular w < v (dd° v)"-almost everywhere.

On the other hand, again by (4.3.9) it follows that w € L(A); see Section 3.2.
We use the Domination Principle, see Theorem 3.2.3, to get w = w* < v* = von
A; here the first = sign is due to Corollary 4.3.4, while the second is by definition
ofv="Vj.

Now we have

w(z) < v(z) < limj infv;(z) < limsupv(z) < li}n w;i(z) = w(2),
j

thus equality holds and v; — v point-wise on A. m|

We need the following lemma, the proof is identical to the flat case, thus we

omit it and refer the reader to [59, Prop. 5.3.3].

LemMma 4.3.12. Let E C Q be a non pluripolar set, then we have

Vi(z,A) > inf Vi((,A)Up @)+ 1), Vz€Q.
14=79] ’
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(F) Proor oF (iv) mpLIES (iii). By Lemma 4.3.12 above we have

i(2) = inf v; - 1) > inf ~ 1).
VJ(Z) = gle%QvJ(g) (M](Z) +1)> gle%QV(g) (uJ(Z) +1)
By assuming (iv) we get u; — —1 on E. Now we set w; := sup, ; u; and we get
u(z) <uj(z) <wjz) ¥z € Q.

Also, set w(z) := lim; w;(z) and notice that w = —1 on E, thus w = w* < u* = u
(see Proof of (i) implies (iv) for a detailed explanation) on Q due to the Domination
Principle [107, 1.10].
It follows that for any z € Q
w(z) < w'(z) < u(z) <liminfuj(z) < limsup uj(z) < w(z),
J

thus equality holds and u; — u on Q. m|

We now consider the case when E is a regular subset of Q and E; is compact
for each j > 0. Our main tool for replacing (iii) and (iv) by the stronger properties
(v) and (vi) is the Hartogs Lemma on plurisubharmonic functions, see [88, 1.4 pg
495] for analytic varieties and [107] for the statement for weakly plurisubharmonic
functions on complex spaces. We give the proof of (i) implies (vi), as the proof of

(1) implies (v) is analogous.

PROOF OF (i) IMPLIES (Vi) UNDER THE ADDITIONAL HYPOTHESIS. We already shown that

vj — v point-wise, in particular limsup; v;(z) < v(z) = 0 for any z € E, because E
is regular. Since the sequence {v;} is locally uniformly bounded, it follows by the
Hartogs Lemma that for any € > 0 there exists j. € N such that v;(z) < € for any
J = jeand z € E. Now we notice that v; — € € L(A) and v; — € < 0 on E. Hence we
have

v(2) —€<vi(z) — € <v(2), Vj= je, Yz €A.

Therefore sup, |[v; — vj| < e forall j > jo, thatis v; — v uniformly on A. O






CHAPTER 5

Mass-Density Sufficient Condition to the Berstein Markov
Property on Algebraic Sets

A mathematician who can only
generalise is like a monkey who can
only climb up a tree, and a
mathematician who can only
specialise is like a monkey who can
only climb down a tree. In fact
neither the up monkey nor the down
monkey is a viable creature. A real
monkey must find food and escape
his enemies and so must be able to
incessantly climb up and down. A
real mathematician must be able to
generalise and specialise.

George Pdlya

Let E be any compact subset of A and u be a positive Borel finite measure on
A such that suppu C E. Suppose that for any sequence of polynomials {p;} in n

complex variables we have

lim sup <1,

k

1/ deg p
{upkuE)
IIPklng

then we say that (E, u) has the Bernstein Markov Property. We stress that in the
above formula we considered deg py, the total degree of the polynomial py, and not
the degree of it over A.

The aim of this chapter is to prove a sufficient condition he Bernstein Markov
property for a measure with compact support in an algebraic m dimensional set
A c C" extending [24, Th. 2.2].

We assume from now on that A € C”" is irreducible and has pure dimension m;
see Section A for the definition.

We recall here (see Proposition A.0.2) that, possibly after a linear unitary
change of coordinates of C", the canonical projection  from A to C" is a proper
map, moreover it is an analytic covering, see Theorem A.0.3. Precisely, there ex-
ists an analytic subset Y of C™ such that, setting S := 7~!(Y), the restriction 7 of 7

105
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to A\ S is a holomorphic s-sheeted covering of A \ § on C" \ Y, i.e., & has holo-
morphic inverses 7r]‘.1 j=1,2,...,s. We will refer to these coordinates as Rudin

coordinates and use the notation
7= (Z,,Z”) c Cm X Cn—m , Z/ — ﬂ(Z).

Given z € A\ § we denote by j(z) the unique index j € {1,2,..., s} such that
z= 7r,‘.1 (7(z)), that is the sheet number of z.

We recall the notation for pseudoballs in A as in the previous chapter
Q(z,r) := 1 Y(B(Z, 1), Yz € A,
and we introduce the following notation for the piece of €)(z, r) containing z
(5.0.10) Qjio(zr) 1= 7;0(BE, 1), Vz€A:dE,Y)> .

Here d(7/,Y) := inf ¢y |z’ — w] is the standard C™ distance.

In order to simplify the notation we make few additional assumptions that can
be removed by adapting the statement of the main result of this chapter in the
obvious way. Namely we will denote by Q the unit pseudoball 7 Y(B(0,1)) =
Q(n71(0), 1) and we will always assume that E is a compact subset of ; notice

that 771(0) is always non empty.

5.1. Mass Density Sufficient Condition for the Polynomial Bernstein Markov

Property on an Algebraic Irreducible Set in C".

THeEOREM 5.1.1 (Mass-density sufficient condition on algebraic sets). Let A be
a pure m dimensional irreducible algebraic set in C", n > m. Let E be a compact
regular subset of Q and yu € M*(E) such that supp u = E. Suppose that there exists

t > 0 such that the following mass density condition holds
(5.1.1) Cap(E,Q) = lim Cap (fz€ E:dE.Y) > 2r and p(Qjioz. 7)) > '}, Q).
r—0*

Then (E, ) has the Bernstein Markov property for the restriction of polynomials
to A.

Proor. Let us denote by E, the subset of E on the right hand side of the mass

density condition (5.1.1), i.e.,

E,:={t€ E:d(Z.Y) > 2rand p(Qji(z. 7)) > r'}.
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We pick € > 0, by the regularity of E we can pick an open neighbourhood O,
of E in Q such that V(z,A) < €/2 for each z € O..
By the condition (5.1.1) and using "(i) implies (vi)" in Theorem 4.3.2 we can

find ry > O such that
Vi (2,A) < VE(z,A) + €/2 Yz € A,0 <1 <y,

Hence in particular we have Vgr(z,A) < € Yz € O¢. By the Bernstein Walsh in-

equality (see 3.3.17) we get, for any polynomial p of degree at most &,

(5.1.2) Ipllo, < lIpllee*? < lIplig, e

Now let us pick, for any such polynomial p, a point Z € E, such that |p(2)| = ||pllE,.
We note that, since Z € E,, we have d(Z’,Y) > 2r and thus B(Z’, s) is an open

subset of C"\ Y where 7~ .

@ is well defined and holomorphic for any s < 2r. Possibly

shrinking rg, we get

(5.1.3) Oc 2 m;5(BE, 1) = Qjy (2, 7).

—2k€

Let us pick w € Q3)(Z, s) with s := e~ and define the function

f@® —poﬂ(z)(z +tW ke )

Note that f is function of one complex variable, holomorphic in B(0,2r). = {t €

: |t| < 2r} thanks to the above discussion on 7TJ . We furthermore have

f0) = p@ =lIplle, ,  fIw" =Z'D) = p(w)

The next estimates follows by the above equations, equations (5.1.2) and (5.1.3)

and by the Cauchy Inequality for the derivative of a holomorphic function.

POV = 1AW = 2DI = 1FO)] - f F()ds| > Iplle, - f FI(s)ds
[0,lw"=2"1] [Olw’ -]

> Iplle, =12 =w'| sup |f'I>lpllg, — 12 —w'| sup —||f||B<or/z>
[0,lw' =21 sel0lw—2/)] T
. 2 r o,
> lplle, = 2" = w'| sup =Ip| > lIplle, = 7e ’“sup—lpl
Qj (1) 0e T
k 1
> |Ipllge2¢ (1 - —e-’“)
2
1 k
Ipllze2¢.

=3
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Hence we have

. 1 _k
(5.1.4) min _ |pl > =||pllge” 2"
Q)i (@ /4e2ke) 2

Now we use the assumption on the measure of Q z)(2, r/4e~2%€) with respect to the

t power of its radius.

2 2 A ke .
> > PR
WPl 2 WPllz e ey = M (QJ(Z)(Z’ ri4e )) Qj@)(g}?e-z’“)

|2
l 2 —ke —2ke\!
>—lIpllze ™ (r/4 e7)

Now we pick a sequence of ry each of them for the degree k, namely ry := e3¢

and we use the above estimates obtained for each k and each p; € Z7* to get

1/k
. . 1/k . r+l
lim sup lpille < lim sup (4”16]‘5(5”1)) = "D lim sup 4 3
k Ipllz k k

<€D

llpkllE
lpll,

of polynomials {p;} of degree at most k. O

1/k
By arbitrariness of € > 0 we conclude that lim sup,, ( ) < 1 for any sequence

=

5.2. A Motivating Example: from Real Points of the Complex Sphere to a

Weighted Bernstein Markov Measure on the Complex Plane.

In this section we consider the problem of finding a weighted Bernstein Markov
measure for a closed possibly unbounded subset C of the complex plane C with re-

spect to the weight

w(Q) = (1+1¢P) = e 1299 1 00) = log(1 + |¢).

We will see that our result of Theorem 5.1.1 can be used in order to construct such
a measure.
The weight Q is a classical admissible weight in the sense of [91] on any closed

non polar subset of C. Namely, Q does satisfy the growth assumption

(5.2.1) lim inf(Q(¢) — log ) = +o0

that characterize admissible weights. Also we note that Q is continuous function
on C.

Our first step is the compactification of the problem.
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Ficure 5.2.1. Plots of (from left to right) w, w? and w3.

We use the stereographic projection ¥ : C — § = {x € R3,x% + x% + (x3 —
1/2)* - 1/4 = 0} = ey + $S%, where

Ry W P

L P TH I T ige) — ()

Y(() =

Here S? := {(x1, x2,x3) € R3 : x% + x% + x% =1}
1

_Xp+i 2y 1
Note that / = —xll_x);z and (1 + K1) = 75 = 5
We embed S in C3 in the natural way, hence we write 71, 27,73 in place of
X1, X2, X3.
To any weighted polynomial in one complex variable p(O)w* of degree k we

can associate a polynomial in three complex variables.

k k \J
; 21 12
(522)  pOWQF =w@F Y e = -z ) cj( )
j=0 j=0
k . .
(5.2.3) = ) cila + i) (1= )" =t par, 22, 23).
j=0
On S we have pwk o 7! = p.
It is clear that, if (‘W(C),v) has the Bernstein Markov Property, then, setting
u = Y7y (the pull-back measure), then [C,u, w] has the weighted Bernstein
Markov property.
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The second step in our construction is to embed S in an algebraic variety and
use the mass density condition of Theorem 5.1.1

We consider the complex sphere H| := {z € 3 z%+z§+(z3—1/2)2— 1/4 = 0}
of center (0,0, 1/2) and radius 1/2 and we look at S as a compact set in it, indeed
S is the set of all real points of such a complex sphere. In order to further simplify
the computations we will consider a slightly modified version of this setting and

prove the following.

ProposiTionN 5.2.1 (Surface area has the mass density condition). Let H :=
{@1,22,23) € CP 1 2+ 25 + 25 — 1 = 0}, S? := H N R’ and o the standard surface
area on S*. Then o enjoys the mass density condition (5.1.1) on S* with respect to
H and the pseudoball of radius 2, i.e., {z € H : 211> + |z]* < 4).

Therefore (o, S*) has the Bernstein Markov property, thanks to Theorem 5.1.1.

It clearly follows by Proposition 5.2.1 that the same holds true for the surface

area on S as a subset of Hj,.

Proor. Let us note that H is a pure 2 dimensional irreducible algebraic subset
of C3. We consider the canonical projection 7 on the first two coordinates, this is an
analytic covering of H onto C? with branching locus Y := {(z1,22) € Cc2: z% + z% =

1}. Given a point xg := (X109, X2,0, X30) € S? we need to compute

12
d(n(xp),Y) := ( min_|z1 — x1 0> + |22 — xz,olz) .
(z1,22)€Y

Notice that, a priori, the minimizer does not need to be a real point, i.e. a point of
the real circle x% + x% =1.

To do that we can use the Lagrange Multipliers to solve the problem

Minimize |z; — x1,0% + |22 — x2,0/?
under z% + z% =1

721,22 € C
that can be re-written in real coordinates

Minimize (x; — x1,0)* + (x2 = x20)* + y7 + 3
under X2 + x2 —y> —y2 =1
(5.2.4) TR

and X1y1 + X2y2 = 0

X1,%2,¥1,¥2 €R
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The Lagrange Multiplier system is

—2x1,0 + /llyl +2x14, =0
—ZXZ,() + /llyz + 2)62/12 =0
4y + A1x1 — 2221 =0
(5.2.5) V1 1X1 21

4y2 + A1xp — 2/12)72 =0

x%+x§—y%—y%—1:0

xiy1 +x2y2 =0

There are only two real solutions, namely

x| = — X1,0 x| = X1,0
Xy = X0 Xy = %0
\/x%,oﬂ‘%,o gt
(52.6) TI:=¢»m =0 , =4y =0
» =0 2 =0
/11 =0 /11 =0
A =- m A = x%’o + x%ﬁo

Substituting the solution in the object of the minimization we get

d(n(x0), Y)
2 2 2 2 2 2 [.2 2 12
= (mln {1 + X0t X0+ 2 X1+ X5 1+ Xio+ X0~ 2 X1+ xz,o})
2 2 2 2 2 2 : 2 2
=4/1+ Xio+ X530~ 2 X+ X3 = (1 — /¥t x2,0) = ‘1 — X0 T ¥

_1_ / 2 2
=1 X1+ X350

i.e, the minimizer correspond to the solution (II). In particular the distance of m(xg)
from Y is precisely the distance from its real points, i.e., the distance from the real
unit circle.

Therefore we can easy characterize F, := {x € S? : d(n(x),Y) > 2r} as simply
the lifting of the disk {(x1, x2) : x% + x% < (1-2r)2} to the real points of both pieces
of H. Namely,

Fy ={(X1,X2, m) cx+xs < (1 - 2r)2} U
) {(xl,XZ,_m) : X% +x§ < (1 _ 27')2},
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Note that F,, T S?\ V as r — 0*. Now we pick any point xo € F,, we can compute
the set € j(xy)(xo, ) defined in equation (5.0.10) and taken into account in the mass

density condition equation (5.1.1). Precisely we get
_ 2,2y, 2 2_ 2
Qjxg) (X0, 1) = {(xl,xz,sgn X034/ —x7 —x5) (X1 — x10)” + (2 — x20)" <71 }

Therefore we can estimate the measure o7(£2 () (X0, 7)) as follows. Recall that the
1

surface area of the real unit sphere is do = ———=dxdx>.
u u p o N e x1dx;
1 2 . 1
0 (Qj(x)(x0, 7)) = ——dxidxy > nr min —
B((x10.%20).1) _[1 — x2 — 2 B((xi0x200.1) 1 _ 22— 2
v 1 2 1 2
1 1 T
>7r? 2 > =2,

> nr >
\/1 — (()c%’0 + x%’o)l/Z +r)2 1—(1-r)2 2

Therefore, setting E, := {x € F, : 07(Qjxp)(x, 7)) > r?}, we have F, = E,. In order

to conclude the proof we are left to prove that

(5.2.7) S?isa regular subset of H,

(5.2.8) Cap(E,, {zeH : |zl < 2}) — Cap(Sz,{z eH : |zl < 2)).

The property (5.2.7) can be shown by direct computation, indeed we shown in [33,

Prop. 4.1] that
1
Ver(@ H) = Vag(@) = 5 log (11 + V1= kl).

which is a continuous function on H.
The property (5.2.8) can be achieved easily by using the sub additivity of the
relative capacity and the fact that K = E \ (U,~oE,) is a subset of ¥ and thus has

zero outer capacity and the monotonicity of the sequence E,. O

Thus we have proved the following.

ProposiTiON 5.2.2 (Weighted Bernstein Markov measure on C). Let
pe=Y o000,

(i.e., (B) := 01,2,1/2(¥(B)) for any Borel set B) where 012,12 is the surface area
measure on 1/2ey + 1/2S? and w(¢) = (1 + |¢|*)~!. Then the triple [C, u, w] has
the weighted Bernstein Markov property.
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Differentiating the map ¥ and the parametrization of § = 1/2e; + 1/2S* we

can compute u explicitly. We have

(x> + x2 12 1 2
doipipn = (1 + M] dxidxp = * il o lP_ldXIdXZ,
11— 47 + x9)| 1 -1
while A
1 - i -
=|—=—=|zdendi.
i (<1+¢§P>2)2d5 “
Therefore we can compute
1 i -
du = (m) §d§ A dg = w(Qdm(Q).

As we could expect the density is radial, moreover it coincides with w?. This

density is rather fast decreasing to 0 as shown by the second graph of Figure 5.2.1.

REMARK 5.2.1. Our computations show actually more. Let us pick a continuous

weight Q : C — R with a slightly modified growth assumption, we suppose that
(5.2.9) — 00 < Q@) —log(1 +|Z*) < +00 ¥ € C.

Let us assume for simplicity that Q is radial, i.e. depends only on |[|. Then any
weighted polynomial pe ™ 1°2C in one complex variable of degree k can be re-

written as a weighted polynomial on the sphere pe™* log 0 of the same degree k

with respect to the weight Q(x1, x2, x3) 1= Q( [+2-) —log |1 — x3|. This follows by

1-x3

the same computation as in (5.2.2) and below.

Due to the growth assumption (5.2.9), we get that w = e ¢ is a positive
(bounded) continuous function on the real sphere. It is then possible, for any € > 0,

to find a homogeneous polynomial q (say of degree 1) such that
(I-elgl<w<(+elqgl.

Therefore we get, for any sequence of polynomials py of degree k,

RNV PNV
1+
MM%mwﬂ < limsup e“ww)

ko Ulpedtl ko 1=elllpeghlz
1/((+ 1k 7+
l+e pegils ) 1+e
= limsup || —————— = — 0 1.
l-€e kgl 2 l-€

Therefore the measure o has the weighted Bernstein Markov property with respect

to the weight Q on S? and thus %d{ AdC has the weighted Bernstein Markov

.
(1+1¢1%)?
property for the weight Q on C.
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Indeed, by minor modification of the technique we propose here, it is possible
to manage even weights that do not satisfy the condition (5.2.9) but still are admis-
sible in the classical sense. In contrast, we cannot deal with weights that are just
weakly admissible, i.e., one has liminf,_,., Q(z) — log|z| > —o0, as considered for

instance in [54].
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CHAPTER 6

Introducing (Weakly) Admissible Meshes

Se mi fosse dato di vivere senza la
possibilitd di sognare e di lottare
per un sogno, bello quanto inutile,
sarei un uomo finito.

Giusto Gervasutti

In this chapter we introduce a tool of growing interest during the last years,
namely (weakly) admissible meshes; see for instance [37], [31], [77], [75], [78],
[80], [62], [63], [84] and references therein. The study of admissible meshes is
motivated both by polynomial approximation (by discrete least squares) and by the
quest for "good interpolation points" for a given compact subset of C". Moreover,
as we will point out in Section 6.3, admissible meshes constitute a good discrete
model for Bernstein Markov measures, since they share some of their properties
and thus can be used to reconstruct certain important quantities in Pluripotential
Theory by L?> methods. However, in the case of admissible meshes, all involved
computations can be performed by sampling polynomials on a finite number of
points (for each given degree), therefore it is possible to implement these proce-
dures providing approximation algorithms with a strong theoretical motivation.

Along this chapter and Chapter 7 we will also present some examples, figures
and numerical computations. We stress that all used maTLAB software is free down-

loadable at CAA software webpage; a presentation the MaTLAB package for working

with weakly admissible meshes, WAM package, can be found in [69].

6.1. Definitions and Main Properties

6.1.1. Definitions. Let us denote by £%(C") the space of polynomials of n
complex variables having degree at most k. We recall that a compact set E C R”
(or C") is said to be polynomial determining if any polynomial vanishing on E is
necessarily the null polynomial.

Let us consider a polynomial determining compact set £ ¢ R" (or C"*) and
let A; be a subset of E. If there exists a positive constant Cy such that for any
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polynomial p € ZX(C") the following inequality holds
(6.1.1) Iplle < Cllplla,.

then Ay is said to be a norming set for 2k,

Let {Ax} be a sequence of norming sets for 22k(C™) with constants {C), sup-
pose that both Cj, and Card(Ay) grow at most polynomially with & (i.e., max{Cy, Card(Ay)}
= O(k®) for a suitable s € N), then {A} is said to be a weakly admissible mesh
(WAM) for E; see! [37]. Observe that necessarily

k+n

(6.1.2) Card Ay > Ny :=dim 93"(@") = ( K

) = O(k")

since a (W)AM Ay is ﬁk(C”)—determining by definition.

If C;, < C Vk, then {Ai}y is said to be an admissible mesh (AM) for E; in
the sequel, with a little abuse of notation, we term (weakly) admissible mesh not
only the whole sequence but also its k-th element A;x. When Card(Ay) = O(k"),
following Krod [62], we refer to {Ax} as an optimal admissible mesh, since this

grow rate for the cardinality is the minimal one in view of equation (6.1.2).

6.1.2. Basic properties. Let E be a compact polynomial determining subset
of R" (or C") and {Aj} a (weakly) admissible mesh for E with constants {Cy}, the

following properties can be derived directly from the above definition.

(1) arFINE MaPPING. If T is any affine mapping and K := T(E) then By :=
T(Ay) is a (weakly) admissible mesh for K with constant C; := Cy.

(2) If By 2 A and Card(By) grows polynomially with respect to k and Ay is
a (weakly) admissible mesh for E of constant Cy, then By is a (weakly)
admissible mesh for E having constant Cj < Cy.

(3) union. If Ay ; is a (weakly) admissible mesh of constant Cy ; for the poly-
nomial determining set £ then By := UjcgAy ; is a (weakly) admissible
mesh for E := Ujc s E; for any finite set [, being max je g C,ﬁ the constant
of By.

(4) cArTESIAN PRODUCT. If Ay ; is a (weakly) admissible mesh of constant Cy ;
for the polynomial determining set E; then By := [] jc g A, j is a (weakly)
admissible mesh for E := [] jcs E; for any finite set 7, being [] je s Ck.;
the constant of By.

IThe original definition in [37] is actually a little weaker (sub-exponential growth instead of polyno-

mial growth is allowed), here we prefer to use the present one which is now the most common in the
literature.
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(5) poLynoMIAL MAPPING If Py, is any polynomial mapping of degree at most
m and K := P, (FE) then By := P(A,,t) is a (weakly) admissible mesh for
K with constant C := Cp.x.

(6) GOOD INTERPOLATION POINTS. Any set of unisolvent? interpolation points
whose Lebesgue constant Ay grows polynomially with respect to the con-

sidered degree is a weakly admissible mesh of constant C;, = Ag.

Despite their simplicity these properties are rather useful to construct an admissi-
ble mesh in several instances. For example, the Chebyshev Lobatto nodes X; :=
{cos (%)}F 0. e good interpolation points on the standard interval [—1, 1] in
the sense that their Lebesgue constants L; grows as O(log k). Therefore, due to
property (6), Xi is a weakly admissible mesh of constant Ly. Now we can ap-
ply property (4) to get a weakly admissible mesh Ay := Xj X X; for the square

E:=[-1,1)? having constant Cy := Lz. We introduce the Duffy transformation

1
DapedX,y) = 4_1[(1 — )0 +ya+1+x)(1-y)b+...
+(1 + x)(1 +y)c+ (1 = x)(1 +y)d],

mapping the square onto the convex quadrangle Q5 .4 With vertices a, b, c,d € R?;
note that D, . 4 is a bilinear map, and, if we take two of the parameters a, b, ¢, d to
be equal, then Q4 is a triangle. For any choice of the parameters a, b, ¢, d using
property (5) we can construct a weakly admissible mesh AZ’b’C’d = Dy pedAri)
for Qy p.c.q of constant C,’C = Cy = Lgk.

Finally, if we consider a polygon P, we can split it in a finite union of convex
quadrangles and triangles Qu; p;c;.d;» J = 1,2,..., M and, due to property (3), we
have that By := UJ.A’L 1AZj Piidi s a weakly admissible mesh for P of constant C;.

Similarly, we could start with an admissible mesh X; for the interval (X; =
Xk with m > 1 would suffice, [45]) and end up with an admissible mesh for P.
Figure 6.1.1 shows how the final admissible mesh (built in this way by a particular
triangulation algorithm) for a star shape looks like.

The problem of constructing WAMs on more general class of compact sets will

be the subject of the next chapter.

2An array of points Ay := {x},..., kak} C E is said to be unisolvent of degree £ if for any set of values
. ykN*' } € C" there exists a unique interpolating polynomial p; € £ such that py(x]) = y] for
all j=1,2,..., N.
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wam of degree 25
T v
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Ficure 6.1.1. An admissible mesh of degree 25 for a star shape.

6.1.3. Further properties. Itis worth to recall other nice properties of (weakly)
admissible meshes that are more complicated to show. Namely, they enjoy a sta-
bility property under smooth mapping and small perturbations. In order to state
such results we need first to recall the Markov polynomial Inequality. Let E be a
compact subset of C", we will say that E enjoy the Markov inequality of constant

M > 0 and exponent r > 1 if for any k € N and any polynomial p € Z* one has
(6.1.3) IVplle < MK'|pllE.

In such a case we equivalently say that E is a Markov compact set of parameters
(M, r). Several variants of this inequality have been studied as tangential Markov
Inequality and Markov brothers Inequality; it is probably worth to say that, not
surprisingly, the parameters in such inequalities are intimately related with the
pluripotential theoretic aspects of the considered compact set E, in particular the
smoothness properties of the plurisubharmonic extremal function (for definition

see Subsection 3.3.2); see [9], [10], [82] and [34].

THEOREM 6.1.1 (Smooth mapping of WAMs; [77]). Let E ¢ C" be a compact
set, ¢ a analytic mapping of a neighbourhood of E (i.e., its polynomial hull) onto
the Markov compact set K := @(E) and let {A} be a (weakly) admissible mesh
for E. Then there exists a sequence of natural numbers j(k) = O(log(k)) such that
(A} = {p(Ak-j)} is a (weakly) admissible mesh for K.
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There are some improvements and consequences of this theorem, see for in-

stance [78, Cor. 2 case (B)] for mappings of finite smothness and [84].

THEOREM 6.1.2 (Small perturbations of WAMs,[78]). Let E C C" be a Markov
compact set of parameters (M, r) and {A} a weakly admissible mesh of constants
{Ci), let t € (0,1), where  solves texp(t/2) = 1, and consider any finite set Ay C E

such that
t

Mn'(1 +Cy)’
where d (A, B) denotes the Hausdorff distance between A and B.

dy(Ag, Ag) <

Then{Ai}isa weakly admissible mesh for E of constants (Ci), Cr <
provided that Card(Ay) = O(k®) for some finite s.

N & S
1-tnexp(tn/2)’

We remark that Theorem 6.1.2 is useful if one aims to numerically compute
a weakly admissible mesh for a given Markov compact set: roughly speaking, if
the numerical computations are performed with sufficient accuracy the computed

mesh is, indeed, weakly admissible.

6.2. Main Motivations

Here we sketch the main motivations for the study of weakly admissible meshes.

The first motivation for the study of (weakly) admissible meshes is given by the
good behaviour of discrete polynomial least squares approximation produced by
sampling on an admissible mesh. Calvi and Levenberg noted that, given a weakly
admissible mesh {A;} for the compact polynomial determining set E, the following
estimates hold true. Here we denote by A; : €(E) — X the discrete least square
projection onto 27¥(C") with respect to the inner product { f, g)a = 2vea, J(08(X)

canonically associated with Ag.

IAeflle < Ce (Iflle + /Card Axdi(f. E))
If = Auflle < (1+ Ce (1 + /Card Ay)) di(f, E).

Here diy(f,E) := minpegak(cn) Ilf — plle. Roughly speaking, if it is possible to well
uniformly approximate on E the continuous function f (e.g., one has additional
smoothness properties and/or good properties of E as for instance the Jackson prop-
erty [83]), then the discrete least squares projection on any admissible mesh pro-
vides an effective way to compute a uniform approximation to f whose behaviour

in term of error is not too far from the best possible one.
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The other most interesting feature of weakly admissible meshes is that it is pos-
sible to extract good interpolation arrays from them by standard numerical linear
algebra. In [31] authors present two algorithms, approximate Fekete points (AFP
for short) and discrete Leja sequences (DLS for short), based on the QR and the LU
factorizations of Vandermonde matrices respectively, that extract unisolvent arrays
from a weakly admissible mesh in a nearly optimal way in the sense of Theorem
6.2.3 below.

The core idea in both algorithms is the following, instead of optimizing the
modulus of the Vandermonde determinant on the continuous set EVk for any k,
they perform a optimization on the finite set AkN", then the problem (still numeri-
cally very hard) is boiled down to a numerical linear algebra one by an heuristic.
For instance, the AFP algorithm uses the QR factorization with column pivoting
to solve a undetermined system of equations, this leads to the extraction of a max-
imum rank square sub-matrix of the transpose of the rectangular Vandermonde
matrix whose determinant is nearly maximum among all the possible choices. In-
stead, the DLS algorithm uses the LU factorization by Gaussian elimination with

row pivoting.

THEOREM 6.2.3 (Discrete extremal sets; [31]). Let E be any compact polynomi-
ally convex non pluripolar and regular set and {Ay} a weakly admissible mesh for
E. Let {Z(lk), cees zg\l,cz}k be extremal sets of degree k computed starting by Ay, either
the by the AFP or DLS algorithm, then the following hold.

o+l
i) limg [VDMi(z\", ..., 2™ = 6(E).

IO | Nk *
ii) szjﬁlézi-k) —* ug.

See Chapter 1 for the definitions of 6(F) and ug.

We stress that, for n > 1, finding unisolvent arrays for total degree polynomial
interpolation on a given compact set is a non trivial issue by itself. This discrete
extremal arrays have been shown to enjoy the much stronger property of leading
to the transfinite diameter (i.e., (i) above), moreover numerical experiments show
that the Lebesgue constant of these interpolation arrays is slowly growing with the
degree k. Note that the Lebesgue constant of true Fekete points of order k extracted

from an admissible mesh A; having constant C is bounded above by CNy; [23].
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6.3. Relations with the Bernstein Markov Property and Pluripotential
Theory

We illustrate the analogies with Bernstein Markov measures, thus the reader is
invited to compare this section and the next one to Section 1.1 and 1.2 respectively.
As we claimed before admissible meshes are nice discrete models for Bernstein
Markov measures. Let us suppose E C C" to be any polynomial determining com-
pact set and {A;} be an admissible mesh of constant C for it. We can canonically

associate to Ay the discrete probability measure i € M*(E) setting

1
= Oy.
HE CardAk Z *

XEA
Note that by definition we have ||pi|lg < C”pk”L;jj( for any py € 2% On the other
hand, for any such a polynomial we have

S Ipell”Ly;
ANEES ﬂk‘
Card A, JZ‘ IPCDI” = Eraa,

2 _
Il

Therefore, recalling that Card A; is growing at most polynomially in &, for any

sequence of polynomial {p;} with deg p; < k we have

1/k
6.3.1) lim sup[ Ipille J < lim(C VCard Ak = 1.

k [Pl 2,

The same holds true if we start by a weakly admissible mesh Ay.

AFP deg 25
T <

02t ST e 1

I I I his I I
-1 -0.5 0 0.5 1

Ficure 6.2.2. Approximate Fekete points of degree 25 for the star
shape, extracted from the admissible mesh of Figure 6.1.1.
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This inequality not only closely resembles the Bernstein Markov property, also
it can be explicitly used to build approximation algorithms as we will see in Theo-
rem 6.3.4 and Proposition 6.3.1.

Moreover, we can show that given a weakly admissible mesh {A;} for the com-
pact set £ c C" we can always construct a Bernstein Markov measure with count-
able carrier in E. Indeed, in the above notation, it suffices to define

o 1
= ) ik
k=0
where the convergence of the series is to be intended in the weak star sense. Sup-

pose that max{Cy, Card A;} < Ck® for k large enough, then for any p; as above we

have
2 2 2
d, N
TS /3 f Ipeldu; §_k 37 Card A, P,
1
> _—
2 lIpille E 2 Card 4,2 —”Pk”EC3 § S
Therefore

k

el ) SR
. PrlE . 3/2k

limsup | —— <limsupC — .
k (”Pk”Lﬁ) [;ZJﬁs]

It is not difficult to see that for each € > O there exists k. such that

(o) [>9)

S 1 1
Z 2J]3S - Zk 2j+3slog, j 2 Z 2(1+e)j Vk 2 ke,

J=k J= J=k

hence we have

) (& )
PKIE

lim su < E —_
p{“pklle] [j:k 2(1+E)]]

o—k(l+e) \~1/2k

Taking € — 0" we show that y is a Bernstein Markov measure for E.
Let us recall that, a Berstein Markov measure u on E can be used to recover
the extremal function V, the transfinite diameter 6(E) and the pluripotential equi-

librium measure ug, see Chapter 1. Precisely, one has the following asymptotic
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properties.
lilzn %{ log B’; = Vg uniformly in C"
lim det Gi(w) ™% = §(E)
B .
ﬁkﬂ — HE
Here

Nk
Bl = ) laj@ P,
j=1

J

where {g;(z, )} is an orthonormal basis of 7% with respect to the scalar product
induced by Lﬁ.

An examination of the proofs of these results, see Section 1.2, shows that the
same holds true if we replace u by a sequence of asymptotically Bernstein Markov

measures, i.e., a sequence {u} such that

(1) pur € M{(E) for each k

(2) for any sequence of polynomials {p;} with deg p; < k we have

1/k
. Sup[ il ] 3

k Il pll I

We notice (see equation 6.3.1 above) that the sequence of uniform probability mea-
sures canonically associated to a weakly admissible mesh enjoys the properties
(1) and (2) above. Therefore, just repeating the arguments of Proposition 1.2.1,

Theorem 1.2.1 and Theorem 1.2.2 we obtain the following.

THEOREM 6.3.4 (Bergman asymptotic for weakly admissible meshes). Let E C
C" be a compact regular non pluripolar set and {Ax} be a weakly admissible mesh

for it. Let us denote by . the uniform probability measure on Ay, that is

1
= Oy.
Hi Card Ay Z

XEAL

Then the following asymptotic properties hold true.

1
. (1) o 1: : . . n

(6.3.2) h/in Vg = hlzn % log B{* = Vg uniformly in C

(6.3.3) 1ilgldetGk(uk)%~'k — 5(E)

(6.3.4) =" g

Ny
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We stress that Theorem 6.3.4 indeed provides three approximation algorithms
for three of the most important objects in Pluripotential Theory.

Also we can prove a variant of equation 6.3.2 in the above theorem. Instead of
considering the Bergman function B’l:k, i.e., the diagonal of the reproducing kernel
of (,@k(C”), (- -)ﬂk), we look at the asymptotic behaviour of the k-th root of the
L}lk norm of the kernel itself

Ni

K (zw) = ) a5z g (v, o).
j=1

ProposiTioN 6.3.1 (k-th root asymptotic for the reproducing kernel of weakly
admissible meshes). Let E be a regular compact subset of C* and {Ay} a weakly

admissible mesh for E of cardinality Card Ay =: My. Then we have

. 1
(6.3.5) lim Vi) += lim 7 log f K} (2, Oldp(©) = Vi (),

locally uniformly in C".
Note that [ K (2. Oldp(@) = 5 Z)%4
{1, dm b

Z;V:"I 9z i)qj(&is )| for A =

Proor. On one hand we have

1 M

Ny _
— (2, i) (i )
My £ qu Mg j(&is

=1

M |

1 Nk 12 N, 12
Sﬁk Z [Z‘ lg,(z, ,Uk)|2] X [Z |qj(§i,#k)|2] }
J=

i=1 =1

i1 V2 (5% 15 mo)
S[ZWj(Z’,UkNZ] Z( = ’Mk )
=1

i=1

=(B}*(2))"/? f BHO2Odu) = BN, B )
<lB Pl B @' < VNB ()"

Here we used the Cauchy Schwarz Inequality, the Holder Inequality and the fact
that

Ni
f B Qi) = Y f 1952, pPdun@) = Ni.
=1

On the other hand, for any p € &% we have

1P = [k @000 | = | f K@ OpOdu@)
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< lpllg,

f Kl @ i)

<lIplle f K™ (2, Ol D).

hence, using the definition of Siciak function,

— (R
= (@Y,

f K (2, Oldui() > sup Ip(2)|

pek\(0} llplle

Here CDg{) = sup{lp(z)I%, deg p < k,||pllg < 1} is the Siciak extremal function (see
[94]) and one has log @g‘) — V. locally uniformly, see the proof of Theorem 1.2.1.

Finally we have
1 1
log dDg()(z) < ; 1ogf|K;:"(z, Oldui(0) < % log B (z) + log N,i/k.

The proof is concluded since, due to Theorem 6.3.4, 21—k log B’,“('k (z) = Vg locally

uniformly and N]l/ 2k 5 1 since Ny = O(k™). m|

6.4. Numerical Approximation of the Transfinite Diameter and the Extremal

Function

Despite the strong theoretical motivation, the algorithms provided by Theorem
6.3.4 may lead to the typical drawbacks appearing when one tries to approximate
a highly non linear problem, as slow convergence and ill-conditioning. Below we

present some examples to show howto cope with ill-conditioning; [81].

6.4.1. Computing the transfinite diameter. We consider a real compact set
E c R? for which we are able to compute an admissible mesh on it; we aim to
calculate §(E). We can always assume without loss of generality that E C [-1,1]?,
this is because translations do not affect 6(F), while 6(1E) = A6(E); note the ho-
mogeneity of the definition of the transfinite diameter equation (1.2.4).

We introduce the Chebyshev basis
(6.4.1) T :=ATi(0)Tj(»),0 < i+ j <k} =2 {ta(x, ), || <k},

where Tj,(x) := cos(harccos(x)) is the Chebyshev polynomial of the first kind
and we choose the graded lexicographical ordering on the muilti-index « (i.e.,
G H>Uk)ifi+j>j+kori+j=I[1+kandi>]).

This choice is motivated by the fact that this basis has good stability properties,
that is, experimentally the Vandermonde matrices computed in this basis are better

conditioned than (for instance) the one computed with respect to the monomial



128 6. (W) AM

basis My, where
M= X'y, 0 < i+ j <k} =1 {ma(x,y), lal < k).

We denote by Vi = Vi(Ag, Tx) the Vandermonde matrix of degree k£ with re-
spect the mesh A := {(x1,y1), ..., (xpm,,ya,)} and the basis T, that is

Vk = [ta(-xh’y/’l)]hZI ,,,,, My |al<k »

similarly we define Wy := Vi(Ax, M) where the chosen reference basis is the
monomial one.
Now we notice that, setting M}, := Card Ay,

My

(Mg, mﬂ)Lgk =M Z(Wk)a,h(Wk)h,ﬂ,
=1

thus we have

Wi,
det Gy (ug) = det .
My

The direct application of this procedure leads to a unstable computation that actu-
ally does not converge.
On the other hand, the computation of the Gram determinant in the Chebyshev

basis,

detG AL
t = t s
et Gr(uy) = de M,

is more stable and we have

et WIW\ 2%
(det Gi(ug)) > e = | det
M
PIVIVi P\ 5 wl
=[det —— = (det(Py)) "N det Gy (u) > .
My
Here the matrix Py is the matrix of the change of basis. Again the numerical
computation of det P, becomes severely ill-conditioned as k grows large.
Instead, our approach is based on noticing that P; does not depend on the
n+l
particular choice of E, thus we can compute the term (det(Py)) ™"« once we know
_n+l ~ _ntl
(det Gi(fag)) >N and (det Gy (1)) Ve for a particular {1 which is a Bernstein Markov
measure for £ C [-1,1]? as
n+l
det Gk(ﬁk))z”"’vk

@“WW=@@MD
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Also we can introduce a further approximation, since det Gk(ﬂk)% — 8(E), we
replace in the above formula det Gk(ﬁk)% by 6(E). Finally, we pick £ := [-1, 1]?
and [ uniform probability measure on an admissible mesh for the square, for
instance the Chebyshev Lobatto grid with (2k + 1)? points, thus our approximation

formula becomes

1 ~ 2kN
(6.4.2) 0(E) ~ 5 (det Gk(,uk)m) ,
where we used 6([-1, 11%) = 1/2; [21].
Finally to compute the determinants of Gi(ux) and Gi(fix) we use the QR al-
gorithm to orthogonalize the matrices W,: relative to u and fi; then consider the
product of the squares of the diagonal elements in the R matrices, see the code

below.

function tdiam = transfinitediam(k,wam) ;

% INPUT

% k considered polynomial degree

% wam Mx2 matrix of points of the admissible mesh for E
% OUTPUT

% tdiam approximation of the transfinite diameter

% WAM of the square

j=(0:2*%k); t=cos(j*pi/(2*k));[x,y]=meshgrid(t);
wamS=[x(:) y(:)];

% Chebyshev-Vandermonde matrices at the WAM points
VS=chebvand(k,wamS,[-1 1 -1 1])/sqrt(length(wamS(:,1)));
V=chebvand(k,wam,[-1 1 -1 1])/sqrt(length(wam(:,1)));
% computing the determinant of V and VS

% orthogonalization

[Q,R]=qr(V,0);

[QS,RS]=qr(VS,0);

% dimension of the polynomial space

s=(k+1)*(k+2)/2;

% approximating the transfinite diameter
d=prod(abs(diag(R)).*(3/(2*k*s)));
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Ratio transfinite diameter of the square/ same computation in the Cheb basis
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Ficure  6.4.3. Numerical computation of the
n+l

1 1 2nkNj,
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FiGure 6.4.4. Numerical approximation of §(B(0, 1)) by formula
(6.4.2). Left: result compared with the true value (straight line),

right: relative error.

dS=prod(abs(diag(RS)) .~ (3/(2*k*s)));
coeff=1/(2*dS);
tdiam=d*coeff;

50

As an example, we compute by (6.4.2) the transfinite diameter of the real unit
disk centred at O which has been shown to be equal to (2e)™'2 ~ 0.428881 ...

[21]. Figures 6.4.3 and 6.4.4 illustrate the results of the experiment which shows a

good profile of convergence.

Remark 6.4.1. It is worth to say that we may use another algorithm in order

to compute the transfinite diameter since we can relay on Theorem 6.2.3 instead of

Theorem 6.3.4.
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Precisely we can compute the approximate Fekete or Leja points Ay, of degree
k and associate to them the uniform probability measure py supported to Ay. Then

we use the same procedure illustrated above.

6.4.2. Computing the extremal function. The extremal plurisubharmonic
function

Vi (2) = lim sup sup {u(z), u € L(C"),ulg < 1}

{—z

associated to a given compact (non pluripolar) set £ C C" is explicitly known
in very few instances, as for example when E is a polydisk, a ball, a real cube
or the image under a polynomial mapping of one of these sets. Indeed, finding
explicit formulas for more general instances seems to be a very difficult problem
in analysis.

Also, the main differential properties of V7., that are

e being plurisubharmonic and
e (dd°V,)"=00onC" \ E,
as well as its geometric property of
e being maximal® in C" \ E,
are not that much of help when one aims to compute V.

This is because the properties of having Monge Ampere measure (dd® v)" van-
ishing on E, logarithmic pole at infinity, and satisfying v = 0 quasi everywhere on
E (i.e., on E \ F for some pluripolar set F), do not fully characterize the function
V. Consider for instance B := {z € C" : [z| < 1} we have Vi (z) = log* |z|, but the
function log |z| does satisfy the above properties as well.

Nevertheless, we are able to provide an approximation algorithm, whose im-
plementation is based on Theorem 6.3.4 and Proposition 6.3.1, which has strong
theoretical motivations and whose performances are rather good, if one takes in
account the high difficulty of the problem.

We believe that, tough the convergence on the test cases is slow, having qual-
itative results may be interesting, since it can lead to formulate conjectures and to
have more insight on the behaviour of V. for rather general compact sets E.

Lastly, we stress that, to the author’s knowledge, there are no other available
algorithms for the numerical approximate solution of this problem.
3The plurisubharmonic function v on C" \ E is said maximal in C" \ E if for any open bounded

Q c C"\ E and any plurisubharmonic function u on  such that lim supg___,50,(V(z) — u(z)) > 0 we
have u < vin Q.
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We assume that E is a compact set where a procedure to explicitly construct
an admissible, or weakly admissible mesh is available; this need, and other com-
putational issues, suggested us to consider, so far, only real sets E C R? as test
cases.

The implementation of our algorithm, that computes the discrete extremal

functions

Ny
1
Vi@ = 5rlog ) lgjnpol
j=1

VO = o log — Z Z 4% 10q (o 1)

is based on the following operations and choices.

e We choose as "stable" basis of Z2* for our computations a suitable scaling
of the basis 7% above, see equation (6.4.1). This is the result of the com-
position of Chebyshev polynomials with an affine map, mapping [-1, 1]
onto the smallest closed coordinate rectangle containing E.

e We pick a bounded rectangular equispaced evaluation grid X c R2.

e We produce a starting admissible mesh {A;} for E.

e We extract a discrete extremal set (of Fekete or Leja type) Fy from A; and
we set Ay := F»;. This heuristic is motivated by the aim of controlling the
oscillations of the Bergman function B’;k. It turns out that this choice is
very effective in this sense.

e We set y uniform probability measure on Ay.

e We compute the orthonormal basis {q;(x;, ux)} for j = 1,..., Ny and for
each x; € X. This computation can’t be performed by straightforward or-
thonormalization, we need to use first two change of basis, starting by
77, these change of basis are computed by the QR with pivoting algo-
rithm. Finally, for the evaluation of the g(z, ux)’s on the points in X, we
compute the values of 7 on X using three terms recursion that provides

a well defined and stable algorithm for any X. See the code below.

Also, we introduce two more possible approximations to V, based on the following

heuristic. We notice that for each given k we have

log @ (2) < Vi@ < IV e + V@), VzeC™.
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Here the first inequality is part of Theorem 6.3.4, while the second follows by the
fact that V1<~:11)< is plurisubharmonic and has logarithmic pole at infinity. Note that
ge(2) = V(@) — IVE)lle € L(C") and gi(z) < 0 on E, thus g < V; on C" by
definition.
Therefore, we can consider the "centred difference"
)
Vi@ = Vi@ - ”vETk”E

instead of fk(l)(z). Also we consider the "average centred difference”

1
DxeXnE VE;,,)C(X)

Vi@ = V() - (Card(X N E))™! -

We report the matlab code for this algorithm.
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function [siciakL,siciakB] = SEF(deg,wam,pts)

% computes discrete versions of Siciak Extremal Function

% by a Weakly Admissible Mesh in RA2

% deg: polynomial degree
% wam: 2-column array of mesh points for degree deg
% pts: 2-column array of target points

% CALL (see below)

% chebvandr
% cheb2poly
% OUTPUT

% siciakL,siciakB: 1-column array of values of the extremal

% functions at pts

% FUNCTION BODY

% rectangle containing the mesh wam

rect=[min(wam(:,1)) max(wam(:,1)) min(wam(:,2)) max(wam(:,2))];
% Chebyshev-Vandermonde matrix at the mesh points
V=chebvandr (deg,wam,rect) ;

% 2-step orthogonalization

[Q1,R1]=qr(V,0);

[Q,R2]=qr(V/R1,0);

% discrete orthonormal polynomials computed at the target
% points

DOP=chebvandr(deg,pts,rect) /R1/R2;

% discrete Siciak estremal functions

% via the Lebesgue function of discrete LS
phil=((sum(abs(Q*DOP’))).*(1/deg))’;

siciakL=log(phil);

% via the Bergman function
phiB=sqrt(sum(DOP.*2,2)*1length(DOP(:,1))).~(1/deg);
siciakB=log(phiB);
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Here are the called functions

function V = chebvandr(deg,gmesh,rect);
% computes the bivariate Chebyshev-Vandermonde matrix (with the
% Chebyshev basis defined on the rectangle rect) at the target

% points gmesh by recurrence

% INPUT:

% deg = polynomial degree

% gmesh = 2-column array of mesh point coordinates

% rect = 4-component vector such that the rectangle

% [rect(l),rect(2)] x [rect(3),rect(4)] contains the mesh
% OUTPUT:

% V = Chebyshev-Vandermonde matrix at gmesh

R

% FUNCTION BODY

R

% rectangle containing the mesh
if isempty(rect)
rect=[min(gmesh(:,1)) max(gmesh(:,1))...
. min(gmesh(:,2)) max(gmesh(:,2))];
end;
% couples with length less or equal to deg
% graded lexicographical order
j=(0:1:deg);
[j1,j2]=meshgrid(j);
dim=(deg+1)*(deg+2)/2;
couples=zeros(dim,2);
for s=0:deg
good=find(j1(:)+j2(:)==s);
couples(1+s*(s+1)/2:(s+1)*(s+2)/2,:)=[j1(good) j2(good)];
end
% mapping the mesh in the square [-1,1]72
a=rect(l) ;b=rect(2);c=rect(3);d=rect(4);
map=[ (2*gmesh(:,1)-b-a)/(b-a) (2*gmesh(:,2)-d-c)/(d-c)];
% Chebyshev-Vandermonde matrix on the mesh

T1l=chebpoly(deg,map(:,1));
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T2=chebpoly(deg,map(:,2));V=T1(:,couples(:,1)+1)...
.*¥T2(:,couples(:,2)+1);

function T=chebpoly(deg,x)
% computes the Chebyshev-Vandermonde matrix on the real line

% by recurrence

% INPUT:

% deg = maximum polynomial degree

% x = 1-column array of abscissas

% OUTPUT

% T: Chebyshev-Vandermonde matrix at x,

% T(i,j+1)=T_j(x_i), j=0,...,deg

T=zeros(length(x),deg+1);
tO=ones(length(x),1);

T(:,1)=t0;
t1=x;
T(:,2)=tl;

for j=2:deg
t2=2*%x.*t1-t0;
T(C:,j+1)=t2;
t0=t1;

t1=t2;

We stress that all involved computations can be done with MarLas using the
free downloadable WAM package.

6.4.2.1. Test case 1: real regular polygons. Convex symmetric real sets are
probably the neatest example of test cases for our algorithm, since in such a case
the extremal plurisubharmonic function is explicitly known.

The following result is due to Baran, see [7] and [8].

For a convex real symmetric set £ ¢ R", 0 € E, one defines the polar set
E* :={y e R": {x,y) < 1}. Also, we recall that the set ExtrE™ of extremal points of

E* is the set of all points in E* that are not the mid point of any non-trivial segment


http://www.math.unipd.it/~marcov/wam.html
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lining in E*. Then we have the following formula

Vie(z) = sup log|h({z, w))I.

weExtrE*

Here h(z) := z+ V72 — 1 is the inverse Joukowsky map, where the square root is to
be intended as its principal branch.

If we consider a regular polygon E; having [ vertex inscribed in the real unit
circle, then E™* is precisely the dual polygon that can be obtained by E by a x/!
rotation centred at 0. Moreover ExtrE* is simply the set of vertex of E*.

We look at the traces of our solution and of VE, on X, thus the Baran’s formula

can be further simplified. Indeed, we have

Vi = (cos 27— 1),sin 27~ 1))

l [
E;:=conv(vy,...,v))
. ( 2n(j—1/2) . 27r(j—1/2))
v; 1= |cos ; ,sin 7
E] = conv(vi,...,v))

ExtrE] := (v],...,v})

Vgl(x) = ig}axllog [A((x, v

We perform some numerical tests to compare our approximate solutions to the
exact one, we consider the regular pentagon, hexagon and octagon. In Figure 6.4.5

we illustrate the performance of the approximation by Vg)k and V¥ 1=5,6,8in

Epk’

terms of absolute error.
Finally we consider the following approximation of the L! norm relative error
of the approximations with respect to the Lebesgue measure restricted to D :=

[-5,5]*\ E.

(h) (h) (h)
hy _ erf( IVES(X) - VE’k(x)l . “vEs - in,k”l](Xv) N ”vEs - VE’kHLl(D)
k 2ixex VEs(X) Vel IVEsllLi ()

e

Here 1 € {1,2,3}and X := X N D.
We report the behaviour of e,({l), e,(cz) and e](f) in Figure 6.4.6.
6.4.2.2. Test case 2: real unit disk. We consider also the case of E being the

—2
unit real disk S™ := {x € R? : |x| < 1} c C?, in this case the formula for the
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Ficure 6.4.5. Contour plots of the absolute error of the approx-
imation of VZS, Vg() and Vgs on a square domain [—20, 20]* with

k =30, by Vi), on the left and by V{2,  on the right for / = 5,6,8.

extremal function is due to Lundin. Precisely we have
V() = log l(lzf* + 1(z.2) = 1DI, Vz € C*.

Again we test the performance of our four approximations as k increases: we report
the results on the relative (approximated) L' error in Figure 6.4.7 and the absolute

error for k = 25 in Figure 6.4.8.
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FIGURE 6.4.6. The approximation of the L'(D) relative errors of
the approximation of st by V](;,)( (dots and line), V1(521)< (line), VSI)C

(stars and line), and Vg‘;{ (triangles and line).
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Ficure 6.4.7. The approximation of the LY([-5,5]% \ §2) relative
errors of the approximation of ng by Vg,)c (dots and line), Vg}c

(line), Vgl)c (stars and line), and V?;c (triangles and line).



Ficure 6.4.8. Surface plot of the absolute error in approximating ng

(below left), and Vf;;{ (below right).

on [-5,5]? by by Vg}C (above right), V‘(Ez;c (above left), Vl(;';<
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From these examples it seems that Vgl)( is the best choice in terms of lowest
error in a wide range of considered ks. However, it is worth to say, that the compu-
tation of Vg{ is more expensive than all the others V1(~:h/)< in terms of computing time,

especially if one wants to compute the approximation on a very large grid X.



CHAPTER 7

ConsTtrUCTING GOOD ADMISSIBLE MESHES

If I feel unhappy, I do Mathematics
to feel happy. If I feel happy I do
Mathematics to keep happy.

Alfred Renyi

The aim of this chapter is to investigate some possible constructions for (weak-
ly) admissible meshes, our exposition is based on the preprint [74] and the article
[79].

We recall that it is possible to construct an admissible mesh with O(k"") points
on any real compact set satisfying a Markov Inequality (see equation 6.1.3) with
exponent r. The mesh can be obtained by intersecting the compact set with a uni-
form grid having O(k™") step size by [37, Thm. 5].

Indeed, the hypothesis of [37, Thm. 5] are not too restrictive. For instance one
has a Markov Inequality with exponent 2 for any compact set £ C R" satisfying
a uniform cone condition [6]. Thus also for the closure of any bounded Lipschitz
domain. However the Markov Inequality holds with an exponent possibly greater
than 2 even for more general classes of sets; see [72] and [73] for details.

The cardinality growth order of admissible meshes built by this procedure,
however, causes severe computational drawbacks already for n = 2. This gives
a strong practical motivation to construct low-cardinality admissible meshes, in
particular optimal ones.

It has been proved in [23], see [66] as well, that for any compact polynomial
determining set £ C C" there exists an admissible mesh with O((k log k)") cardinal-
ity, unfortunately the method relies on the determinations of Fekete points, which
are not known in general and whose construction is an extremely hard task.

In order to build meshes with nearly optimal cardinality growth order one can
restrict his attention to sets with simple geometry as simplices, squares, balls and
their images under any polynomial map (see for instance [31]) or can look at some
specific geometric-analytic classes of sets; here we follow the latter idea.

143
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7.1. Optimal Admissible Meshes on the Closure of a Star Shaped Bounded

Domain in R”

7.1.1. Statement of the result. In this section we build an optimal mesh for
the closure E of a star shaped Lipschitz bounded domain Q (see the lines before
Proposition 7.1.1) having complement of positive reach in the sense of Federer, see
Appendix E, by the following technique.

First, we consider the hypersurfaces given by the images of the boundary of
the domain under a one parameter family of homotheties, being the parameters
chosen as Chebyshev points scaled to a suitable interval. We prove that this family
of hypersurfaces is a norming set for the given compact.

The second key element is that on each such hypersurface we can use a Markov

Tangential Inequality

0
Z—(x) < MiMlllplls, Vp e X, xeS,veT,S
1%

for certain spheres S that laying in E, where we denote by 7, the usual tangent
space at x € S. Note that spheres of radius r enjoy such inequality with parameter

M = ';‘ see [34].

THeEOREM 7.1.1. Let Q C R" be a bounded star-shaped Lipschitz domain such
that CQ has positive reach (see Definition E.1.1), then E := Q has an optimal

polynomial admissible mesh.

This result should be compared to the recent article [63, Theorem 3]. Here
the author works in a little more general context, still his results do not cover the
case of a Lipschitz domain with complement having Positive Reach but not being
€172/ n > 2 globally smooth. This discrepancy is due to the fact that inward
pointing corners and cusps are allowed in our setting, while they are not in [63].

Theorem 7.1.1 is formulated in a rather general way, here we provide two
corollaries that specialize such result.

It has been shown (see [3]) that €' domains (see Definition E.2.5) of R” are
characterized by the so called uniform double sided ball condition, that is, Q is a
¢! domain iff there exists > 0 such that for any x € dQ there exist v € $"~! such
that we have B(x + rv,r) C Q and B(x — rv,r) € CQ, this property in particular
says that CQ (and Q itself) has positive reach, see definition E.1.1. Therefore the

following is a straightforward corollary of our main result.
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CoroLLARY 7.1.1. Let Q be a bounded star-shaped €' domain, then its clo-

sure has an optimal AM.

It is worth recalling that such domains can also be characterized by the be-
haviour of the oriented distance function of the boundary (i.e. bo(x) := d(x,€2) —
d(x, CQ), where d(x, F) := inf,cr |x — y| for any set F C R"). For any such ¢
domain there exists a (double sided) tubular neighbourhood of the boundary where
the oriented distance function has the same regularity of the boundary, this condi-
tion characterizes €’"! domains too. This framework is widely studied in [41] and
[40].

In the planar case a similar result holds under slightly weaker assumptions.

THEOREM 7.1.2 ([79]). Let Q be a bounded star-shaped domain in R? satisfying
a Uniform Interior Ball Condition UIBC (see Definition E.1.4), then E = Q has

an optimal polynomial admissible mesh.

A comparison of the statements of Theorem 7.1.1 and Theorem 7.1.2 reveals
that actually in the second one we are dropping two assumptions, first the domain
is no longer required to be Lipschitz, second we ask the weaker condition UIBC
instead of complement of positive reach.

The first property is assumed to hold in the proof of the general case to make
possible the construction of the geodesic mesh with a control on the asymptotics
of the cardinality. In R? the boundary of a bounded domain satisfying the UIBC
is rectifiable; see [51]. Therefore, the geodesic mesh can be created by equally
spaced (with respect to arc-length) points.

On the other hand the role of the second missing property is recovered by a
deep fact in measure theory. If a set has the UIBC then then the set of points
where the normal space (see Definition E.1.2) has dimension greater or equal to d
has locally finite n — d Hausdorft measure; [48], [70]. In our bi-dimensional (i.e.,
n = 2) case this result reads as follow: the normal space has dimension greater
or equal to d = 2 on a subset having 0—Hausdorff measure equal to 0, that is a
finite set; [48]. Moreover it can be proved that, apart from this small set, the single

valued normal space is Lipschitz.

7.1.2. Proof of Theorem 7.1.1. In order to prove Theorem 7.1.1 we need to

introduce some notations and preliminary results.
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In approximation theory it is customary to consider as mesh parameter the fil/
distance h(Y) of a given finite set of points ¥ with respect to a compact subset X of
R".

(7.1.1) h(Y) :=supinf |x — y|.

xeXx YEY
In this definition it is not important whether the segment [x, y] lies in X or not. If
one wants to control the minimum length of paths joining x to y and supported in
X then one may consider the following straightforward extension of the concept of

fill distance given above.

DerintTioN 7.1.1 (Geodesic Fill-Distance). Let Y be a finite subset of the set

X Cc R%, then we set

Hy(X) :={y € €([0,11, X) : ¥(0) = x, (1) = y, Var[y] < oo}
and define
(7.1.2) hx(Y) := supinf inf Var[y],

xeX YEY yeor,,

the geodesic fill distance of Y over X.

Here and later on we denote by Var[y] the total variation of the curve vy,

NeN 0=ty<t;--<ty=1

N
Var[y] := sup sup Z ly(5i) — y(#i-1)l.
1

=
Notice that, if we make the further assumption of the local completeness of X,
then there exists a minimizer in 7 ,(X) for (7.1.2), provided .7, ,(X) is not empty.
That is, if there exists a rectifiable curve ¢ connecting any x and y in X such that
Var[yy] < L < oo. Thus if X has finite geodesic diameter, which will be the
case of all instances considered later on, then we can replace infyeq, , Var[y] by
minycq, . Var[y] in (7.1.2).

Now we want to build a mesh on the boundary of a bounded Lipschitz domain
having a given geodesic fill distance but keeping as small as possible the cardinality
of the mesh. Then we use such a “geodesic" mesh to build an optimal admissible
mesh for the closure of the domain.

For the reader’s convenience we recall here that a domain Q@ c R” is termed

a (uniformly) Lipschitz domain if there exist 0 < L < oo, r > 0 and an open

neighbourhood B of 0 in R”~! such that for any x € 9Q there exists ¢, : B —]—r, r[
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and a rotation R, € S O,, such that ¢,(0) = 0, Lip(¢,) < L and
RN QN (x+ R(BX] = r,r]) — x) = epigy 1= {(£,1) : £ € B,1 €] = R, o (D]}

The following result, despite its rather easy proof, is a key element in our construc-
tion. For a bounded Lipschitz domain the euclidean and geodesic (on the boundary)

distances restricted to the boundary are equivalent.

ProprosiTion 7.1.1. Let Q be a bounded Lipschitz domain in R”, then there exists
h > 0 such that there exists Y, C X := 0Q,0 < h < h and the following hold:
(i) Card Yy = O(h'™") as h — 0.
(ii) hx(Yy) < h.

Proor. Here we denote by BS, (xg, ) the s dimensional ball of radius r centred
at xo with respect to the norm x| = maX;e(1 2,4 |%il, 1.e. the coordinate cube
centred at xg and having sides of length 2r.

Since Q is a Lipschitz domain using the above notation we can write
(x+ RyB.,(0,r)) N IQ = R, Graph(g,).

Let us denote the graph function of ¢, by g, : B%'(0,r) — R”, that is
BZO_](O, r) > é‘: = {61’52’ cee ’fn—IQDX(g)} = gx(‘f)

By compactness we can pick xi, x2, ..., Xp () € 02 such that
00 c UMYX, = UM ((x; + Ry, BL(0,1) N Q).

Let h := rV1 + L2, take any 0 < h < h and let us consider the grid of step-size
h

in the d — 1 dimensional cube

n—1
ih
7 = [{—r TR L } ] c B0, ),
V(1+L2) j=0.1,..., [2r7Vh1+L2]

where [-] is the ceil operator. Set

Y Xi + Ry, (8x(Z1)) 5

. M(r) i
Y = Ui:l Yh‘

Now notice that

M(r)
CardY, < Card Y! = M(r)Card Z,
i=1
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2rV1 + L2
h

-

In order to verify the (ii) for any x € 9Q we explicitly find y € Y}, and build a

M) (1 +

Oh'™).

curve y, connecting x to y whose variation gives an upper bound for the geodesic
distance of x from Y},.

Take any x € 0Q, then there exist (at least one) i € {1,2,..., M(r)} such that
x € X;. Let us pick such an i.

Let us denote by proj; the canonical projection on the first n — 1 coordinates
acting from R ((x; + R,,B%(0,1)) NdQ — x; ) onto BL (0, r).

Let x' := proj,(x), by the very construction we can find y’ € Z, such that
h

V1+12
y/_x/

We consider the curve @, : & — x' + fly’—_x'l’f € [0,/'] and we set y,(&) =

X; + gy, (a(€)) the curve that joins x to y := x; + g,,()") € Y}, obtained by mapping

=: I/, moreover the whole segment [x’, y'] lies in B2 10, r).

[x" =y <

the segment [x’,y’] under g,..
Now we use Area Formula [49] [47][Th. 1 pg. 96] to compute the length of
the Lipschitz curve .

y
(7.1.3) Var[y,] = f Jac[yl(t)dt =
0
1
n [n—l1 ’ 7 \2 ’ ’ ’ 7 \2]2
. — X, . — X . — X,
o R e L R e e e I
o |5\ - ¥ y-x1] "y -x
h v 2 /_/2%
= B e[ B | s VT =
0

by = x| y = x|
Here Jac is the Jacobian of a Lipschitz mapping, see [47][pg. 101].

We take the maximum over x € 0 using (7.1.2), notice that our y, by the
construction is an element of 7,

hsa(Yy) = sup inf inf Var[n] < sup Var[y,] < h.
xeX YEYn Ny xeX

Proor oF THEOREM 7.1.1. We can suppose without loss of generality the center
of the star to be 0 by stability of admissible meshes under euclidean isometries
[35].

Let us set b;'c(r) = %(1 + cos %) foranyr >0i=1,2,...2k+ 1. By awell
known result ([45]) the set G(r) of all b;;(r)’s (varying the index i) is an admissible
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mesh of degree k and constant V2 for the interval [0, r]:
(7.1.4) Ipllon < V2lpllgyn Yp e 2.

Let us take any x € X := dE and consider the set Gi(x) := xGy(1), notice that
G(x) C E because E is star-shaped.

One can set Z; := U,exGi(x) , i.e., Z; is the union of the images of X under the
homotheties having parameters cos %

Notice that the restriction of any polynomial of degree at most k in n variables
to any segment is a univariate polynomial of degree at most &, then due to (7.1.4)

Zy are norming sets for E, that is
(7.15) Iplle < V2lpllz, Yp e 2.

Therefore we are reduced to finding an admissible polynomial mesh of degree k
for Z;.
Let us consider any' Lipschitz curve y : [0, 1] — X, by Proposition E.1.1 for

a.e. s €]0, 1[ there exists v € S” such that

(1) B(y(s)+rv,r) C E and
(2) ¥Y'(s) € TH(5y0B(y(s) + rv,r).

Hereafter 7,M is, as customary, the tangent space to M at p € M.
Since the boundary of the ball is a compact algebraic manifold, it admits
Markov Tangential Inequality of degree 1 (see [34] and the references therein),

moreover the constant of such an inequality is the inverse of the radius of the ball:

vl

P
(7.1.6) ‘a—’v’(x) < Slpllsian Vp € P, ¥y e T80, 1),

Let us recall (see for instance [4][Lemma 1.1.4]) that any Lipschitz curve y
can be re-parametrized by arclength by the inversion of ¢ — Var[yljoq], obtaining

a Lipschitz curve
y:10,Varly]] — X
Var[y] = Varly]

Llp[i’] = 1 =a.e. W,I

INotice that X is compact connected, non empty and consists of an infinite number of points, obvi-
ously it contains an infinite number of Lipschitz curves.



150 7. CONSTRUCTING (W)AMS

Therefore (using Rademacher Theorem, see for instance [47][Th.2 pg 81]) for

a.e. s €]0, 1[ we have

d(poy
(7.1.7) ‘%m‘ = IVp(y®) -7 @)
o
(7.18) < O sy < Zipll

By Proposition 7.1.1 we can pick subsets Y~ on X such that iy (Y 2%) < 5; and
Card Yﬁ = O(k™1). For notational convenience we write Y} in place of Y Iy
Let us now pick any x € X and consider v, an arc connecting a closest point y;;

of Y} to x and x itself such that Var[y] < ﬁ, parametrized in the arclength.

By the Lebesgue Fundamental Theorem of Calculus for any p € Z¥ one has

) Var[y] d(p o
PO < PO+ f (’gf Y &g
] Var[y]
< oD+ fo R
] r/2k k ) 1
< oL+ fo “lplledg <1pOYI+ 3ol

where in the last line we used (7.1.8). Thus we have

1
(7.1.9) lIpllx < liplly, + Sllple-

1+cos (in/k)
2

By the properties of rescaling, setting bf{ = b;{(l) = , we have also

1
1Pl < WPy, + 1/20plg 5 < 1Pl y, + S lIplles

for, consider the homothety ©, : R" — R”, where @ (x) := o and write the
k

inequality (7.1.9) foreach g; := p o ®§€.
Therefore, taking the union over i = 0, 1,2k and using xG; = U bl x and
Z = UexxGy, we have

1
1Pllze = 1P,y < 1PNy, + 5Pl

Hence, setting X; := Ul.zfobchk, we can write

1
Ipllz, < llpllx, + Sllplle-

Now we can use (7.1.5) to get ||pllg < ‘/§(||p||xk + %IIpIIE) and hence

22
2-\2

lplle < Ipllx, = 2(V2 + Dllpllx,-
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Thus X} is an admissible polynomial mesh for E. The set X} is the disjoint union
of 2k + 1 sets b;'(Yk,thus

Card X; = 2k + 1)OK"™ 1) = O(K™),
therefore X} is an optimal admissible mesh of constant 2( V2+1). |

7.2. Optimal Admissible Meshes on the Closure of a ©’' Bounded Domain
in R”
7.2.1. Statement of the result. In [62] the author conjectures that any real
compact set admits an optimal admissible mesh, in this section we prove that this

holds at least for any real compact set E which is the the closure of a bounded ¢!

domain €, see Definition E.2.5. Precisely we have the following.

TueoreM 7.2.3. Let Q be a bounded €' domain in R”", then there exists an

optimal admissible mesh for K := Q.

We sketch of the overall geometric construction and introduce some notations
here, the proof is postponed to Subsection 7.2.3, after achieving some technical
preliminary results in Subsection 7.2.2.

We denote by dp(+) the distance function w.r.t. the complement CQofQ,ie.
(7.2.1) dpo(x) = inf |y — x,
yeCQ

and by projoq() the metric projection onto CQie., projpq(x) is the set of all
minimizer of (7.2.1). We continue to use the same notation as in the previous
section for the closure and the boundary of Q, namely X := dQ and E := Q.

First for a given %! domain Q we take 0 < & < 2rq, where rg is the maximum
radius of the ball of the uniform interior ball condition satisfied by Q.

We can split E := Q as follows

Q = Es U Q9 where
Es = {xe€Q:dpg(x) <6} and
Q° = Q\E;s

To construct an admissible mesh of degree k on Q we work separately on Es

and QI to obtain inequalities of the type

1
Iplles < lpllze; + S lIplle .4 > 1and
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2
IPllos < 2ipllye; + Gliplle 1> 1,

for p € 2% where Zys CEsand Yy 5 C QI are suitably chosen finite sets.

In the case of Ej this is achieved by the trivial observation x € Es implies
B(x,6) C Q and therefore one can bound any directional derivative of a given
polynomial using the univariate Bernstein Inequality (see Theorem 7.2.4 below).
The resulting inequality is a variant of a Markov Inequality with exponent 1 which
is convenient and allow us to build a low cardinality mesh by a modification of the
reasoning in [37].

The construction of an admissible mesh on Q9 is more complicated. The re-
sulting mesh is given by points lining on some properly chosen level surfaces of
dpg- The result is proved using the regularity property of the function dpg, in a
small tubular neighbourhood of X and the Markov Tangential Inequality for the

sphere.

7.2.2. Bernstein-like Inequalities and polynomial estimates via the dis-
tance function. For the reader’s convenience we recall here the Bernstein Inequal-
ity.

Tueorem 7.2.4 (Bernstein Inequality). Let p € 9%, then for any a < b € R we

have

k
7.2.2 ! _— a.bl» ,bl[.
( ) Ip"(0)| < CETCE x)llpll[ b]» X €la, bl

Let us introduce the following notation

(723)  Ix) := min inf{/l>0:y+/1x_y gm} xeQ
YEProjg(x) |)C - yl
(7.2.4) lo = infi(x).

xeQ
ReEMARK 7.2.1. In the case when Q is a €' domain one has the estimate

lo > 2r where r < Reach(0Q) see Definition E.1.1 and thereafter.

The following consequence of Bernstein Inequality will play a central role in

our construction.

ProrosiTiON 7.2.2. Let Q be a bounded domain in R" and let us introduce the

sequence of functions

k .
=, fdpo(x) <!
(7.2.5) or(x) = deaa—dpg () if dpo(x) < lo .
dcﬁ(x) , otherwise
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Forany x € Qletv € {% 1 ¥ € projoq(X)}, then for any p € P* we have

(7.2.6) 10y p(O)| < er(OIPllE-

If moreover we have lg > 0, let us pick any 0 < § < lg and define the sequence

of functions
k .
——, ifdpa(x) <6
(7.2.7) Prs(x) := { VcaWE=dga(x) fdea) .
ﬁ , otherwise

Then the above polynomial estimate (77.2.6) still holds when oy, is replaced by @i .

Prook. Pick p € 2%, Let us take x € Q such that dpo(x) < lo. We denoted
by S,(x) the segment x + [—dCQ(x), lo — dCQ(x)]v, where v is as above and x €
Sv(x) due to dpg(x) < lg. The restriction of p to this segment is an univariate
polynomial g(£) := p(x + v€) of degree not exceeding k, then we can use the
Bernstein Inequality 7.2.4 to get

k

9q
A~ S X)»
0é @' e dea o deam =B 1o

evaluating at ¢ = 0 we get

kliplls, o - Kliplix
VAo —dpog ()~ Jdpa@Ua — dpg ()

thus establishing the first case of (7.2.7).

(7.2.8) 0y p(0)| <

Let x be such that dpg(x) > lo. Notice that B(x,dpg(x)) € € and hence
Vn € S$"! (the standard unit n — 1 dimensional sphere) we can pick a segment in
the direction of 1 having length dpg(x) lying in E and having x as midpoint. The

Bernstein Inequality gives

(7.2.9) 0vp(X)] < max 10, p(x)] < IPllBdgg) < Iplle-

k k
dCQ(x) dpo(x)
The last statement follows directly by the special choice of 6 < ln. The right
hand side in (7.2.7) dominates (case by case) the r.h.s. in (7.2.5) when cases are

chosen accordingly to (7.2.7). O

Actually the above proof proves also the following corollary, it suffices to take

. k k .
(7.2.7) and substitute Toa(® by % in the second case.
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CorOLLARY 7.2.2. Let Q be an open bounded domain and 6 a positive number

such that Es := {x € Q : dpo(x) 2 6} # 0. Then for any v € S"™ ! we have Vp € Pk
k
(7.2.10) ovplle, < SHPHE-

We introduce the following in the spirit of [?]. Let us denote by ds(-) the

standard length measure in R".

ProrositioN 7.2.3. Let Q be a bounded domain in R" such that lg > 0 and let
0<6<ln. Then
(i) for any x € Q the map
proj(x) 3 y = Prs(£)ds(&)
Ca [y,x]
is constant, let Fy s(x) be its value.
(ii) We have

k arcos(1 — chf?(x)), ifdog(x) <6

(7.2.11) Frs(x) =
k(n +In w) ,  otherwise.

In particular Fy s extends continuously to Q.
(iii) Fys is constant on any level set odeQ(-) and supo)\ g, Frs = km.
P ik . . L
Let us set aj; := % where i = 0,1,...myg and my is any positive integer

greater than 2kn, we denote by l“;c’ s the a;(, s-level set of Fis.

(iv) We have

T; = (x€E:dpg(x)=ds) . where

) S ;
d,’c’ls = E(I—COS(%)).

(v) LetTys := U;'ikol“jc,é, then for any p € 2* we have

(7.2.12) IPlle < max{2|pllry ;. [1pllE; -

Proor. (i) The function ¢ s(-) depends on its argument only by the distance func-
tion, @i 5(x) =: grs(dpq(x)). The length of the segment [y, x] is clearly constant
when y varies in the set projgq(x).

Moreover for any y, z € projpg(x) let us denote by Ry ; an euclidean isometry

that maps [y, x] onto [z, x], one trivially has dpo(§) = dpg(Ry ;) for any & € [y, x].
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This is because projpq(§) > y for any & € [x, y] by the Triangle Inequality and thus
dpaé) =16 - yl.

Thus we have

f Prs(&)ds(§) = f 8rs(dpa(6))ds(§)
[y,x] [y.x]

] —
f 8ro(dpoRy6))ds(€) = f 8k (dCQ (Ry,z (y 4 27Y ))) dt
- 0 lx =yl

1 _
f 8k (dcg (Z+t - x)) dr = f Pro(mds(n).
0 |z — x] [z,x]

(if) Let us parametrize the segment as y + s%, then we have

dea® g .
——ds, ifdro(x) <6
_JJo Vs(o—s) Ca
(7.2.13) Fis(x) = 5

doo(0) g .
o mds +f6 tds , otherwise.

The first integral can be solved by substitution: s = %(1 — cos ). The integration
domain becomes [0, 8,] where %(1 — cos(fy)) = dpg(x), while the integral itself
becomes foax df = 6,, thus the first case in (7.2.11) is proven.

The second integral has an immediate primitive. Fy s depends on x only by the

distance function, moreover we notice that
. 2s . s
lim arcos|1 — — | =m = lim (7r+ln—),
S5 o) s—0t 1)

hence Fys is a continuous function of the distance function. Since dp, is well
known to be 1-Lipschitz Fy s is continuous on Q.
Since dp, extends continuously to Q, then F, s does. Actually we must take

Fisloa = 0.

(iii) We already used that Fy s depends on x only by the distance function and
hence F k,(;ldb—g(a) = constant®, moreover the functions arcos( — %) and (71 +1n g)
are both increasing in [0, max g dpqo(x)], see Figure 22, hence any level set of F s

must coincide with a suitable level set of the distance function.

(iv) The conclusion follows immediately by inverting the equation

ZWe denote by f“(a) the inverse image under f : D — R of the number a € Range[f], i.e.,
{x € D: f(x) = a} that, in general, is a set.
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(v) Let p € 2% be fixed, let us pick x € E, then two possibilities can occur. In the
first case x € Ejs. In this case we have |p(x)| < [|pllg,. In the second we suppose
x ¢ Es, let us consider y € projpq(x). The segment [y, x] cuts F;; s for every i such
that d,’( s <
along any segment where d(, is monotone.

dCQ(x) moreover [y, x] N F}; 5= {y'}, due to the monotonicity of Fys

Let i(x) := max{i : d,’(d <
-y

and the ray starting from x and having direction ol

dpg(x)} and let y @+ pe the unique intersection of

i(x)+1
Fk,é

Let s(-) be the arc length parametrization of the segment [y, y™®*1] now we

have
i(x) s (9(17
Pl < IpI)] + fo <)|dr
. g
< IpO)) + (p ()’dt
= IO+ fo IpllErs(s)di
= IO + f C Iplleera@ds(@)
[yl x) 1(x)+l]
<

(o + APlle f s (E)ds(E)
Mk J1y0ym]

< Il + %ﬁmnpnb— < pllgen + ol
where we used (7.2.6) in the third line while the special choice of aj;’ s (and thus )
as equally spaced points in the image of F s and the choice of my > 2k has been
used in the last two lines.
To conclude we take the maximum of the above estimates among x € E thus
letting i varying among 0, 1,...,m; — 1 and considering both cases x € Es and

erE(;. O

ProposiTioN 7.2.4. Let Q be a bounded €' domain, 0 < r < Reach(9Q)
0 <6 <randlet my > 2kn, then
(i) Foranyi=1,...my F;;,(S is a €' hypersurface.
(ii) For any p € P*R") any x € T};,5 and any v € S n TXFL& where i =
0,1,...,m; we have

k .
slplle i=0
(7.2.14) |0, p(x)| < olFE

2 .
Liplle i=1,2,...,m
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Proor. (i) Notice that we have, due to E.2.1,
0 < min{Reach(Q), Reach(CQ)} = Reach(6Q).

If i > 0 due to (E.2.1) and Theorem E.2.1. We have Vx € l“;;é

Vdeo(n) = ~Vba() = f— 2% Egzzgil
moreover this is a Lipschitz function when restricted to {|bqo(x)| < ¢} for any
0 < 6 < min{Reach(Q), Reach(CQ)}.
Also we have bglg = _dCQ'
We notice that Vdpo(x) # 0, therefore any level-set of dp(, contained in
Q\Ksisa%"! d—1 dimensional manifold by the Implicit Function Theorem.
(i) If i = O Theorem E.2.1 tells that for any x in F;'(, s we have B, := B(x +
0Vba(x),0) C Q, moreover 7, xl“j{’ s = T +0B,. Therefore we can apply the
Markov Tangential Inequality to the ball B, : for any polynomial p € &% and

any u € 7,I" ; = Tx0B, we have

k k
(7.2.15) 10up(l < Sliplls, < <lIpllE-

Where the last inequality follows from B, C E.
Now we focus on i > 0. Let us take x € I} .,
Vba(y) = Vbg(x) and hence we have TXF;; 5= TyX,i=0,1,...,my

Moreover we notice that

then y = projpg(x) =

_ B(y + %o vpg(x), ‘%) cQ di, > 6/2
(7.2.16) B = o _ -
B(y +(dl s + ey Tbg (), T‘) cQ d, <o/
and

Tlis = T:B..

Now we notice that the radius of B. can be bounded below uniformly in i by
0/2. Therefore The Markov Tangential Inequality for the ball gives us the following:
Vpe P%and Vv € ‘7}1“;;,6, [v| = 1 we have
L

10, p()] < 52

Ipll5:.

Now due to 7, ; = 7B\, and B, c Q we have Vp € P*,v € T,I ,,Iv| =
1,¥i=0,1,my

k
10, p(x)] < 6/—2IIPI|E-
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7.2.3. Proof of Theorem 7.2.3. We developed all required tools to prove The-
orem 7.2.3. The idea of its constructive proof is mixing the technique of Theorem
7.1.1 with an improvement of the one being used in [37][Th. 5]. More precisely, the
hypersurfaces Z; of Theorem 7.1.1 here are replaced by the level sets l";'(’ s Which,
together with the set Es = {x € E : dCQ(x) > ¢}, are shown to form a norming set

for E.

Proor. Notice that we have 0 < min{Reach(Q), Reach(CQ)} = Reach dQ due
to E.2.1 we fix § < r < Reach 0Q

Let us recall the above notation

Es = {x€E:dpo(x) =6},

I'is = U,‘Ffw where

T, = {x€E:dpg(x) =dl,
. S j

d,’c’é = 3 (1 —cos (%)) , Where we can take
my = [2kn]+1.

Let p € Z%R™).

e Claim 1. For any A > 1 there exists Zy 5, C Es such that

1
1PNz 50 + NIPllE and
O(k™).

(7.2.17) IpllEs

(7.2.18) Card Zy 5.2

IA

e Proof of Claim 1. Let us consider for any 4 > 1 a mesh Z; 5, such that its fill
distance
0
h(Z, <—=1h, 7.1.1).
(Zis.a) < ST see ( )
Let us define Z; 54 C E;s as the intersection of E with a grid G with a step-size

2= on a suitable n-dimensional cube containing E. It follows that Card(Zgs.) =

\n
n
(4) = own.
Now pick any x € Es and find y € Z; 51 such that |x—y| < / and define v := Ii_:il
and notice that

[p(x)]
{x=]
< oI+ f Byp(x + sv)ds| < IIpllzes, + 1x = Pl
0
< pllzes, + 100 plBES1/2)-



7.2. ¢! OPTIMAL AM 159

Where we used mingy,) dist(£, Es) > h/2 due to the Triangle Inequality for the
euclidean distance dist(-, Es) from Ej.

By the observation B(Es, h/2) € Es_j/> we can apply inequality (7.2.10) where
¢ is replaced by 6 — h/2.

[P < [pOWI+h IpllE.

k
6—h/2
Taking maximum over x € Es and using the particular choice & := ﬁ we
are done.
e Claim 2. For any 2 < u there exist finite sets Y]i’é C Fi’é, i=0,1,.m,, such that
if we set Yy s := U,-Y,ié we get

IA

(7.2.19) Ipllr

(7.2.20) Card Yy s

1
plly,, + ;IlpllE and

O(k™).

eProof of Claim 2. Let us pick ¥} ;, C I'; ; such that

5 .
. - 1=
(7.2.21) hyy (Yig) <™ (see Definition 7.1.2).
“ 2o =12 m

Now fix any i € {0, 1,...,mg}, by (7.2.21) for any x € F;;é there exist a point

i
ko’

Var[y] < hri 5(Y ts) - Let us denote the arclength re-parametrization of y by ¥, then

ey ]’C s and a Lipschitz curve® y lying in I , connecting x to y and such that

we have
Var[y] d(po#¥)
Pl < Ipo)l+ f 227
0 t
< llplly, +hry (Vi) max19,p(@)
’ * §erk$5,veS”*1 07‘5]";(90\
<

1
Iplly, + ol

Here, in the 3-rd line, we used the inequality (7.2.14). Let us take the maximum
w.r.t. x varying in F};d and i varying over {0, 1, ..., my}, we obtain ||p||r, ; < l|plly,, +

Liple.
We are left to prove that we can pick Y,i s such that Card(Yys) = O(K™).

3Notice that F}; s are compact ¢! hypersurfaces, thus in particular they are locally complete with
respect the geodesic distance. Therefore there exists a curve y realizing the infimum in the definition
of geodesic fill distance.
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When i = 0 Proposition 7.1.1 ensures (X is a €’"! hypersurface and a fortiori
is Lipshitz) the existence of such an Y/(c), s With hF‘k’ﬁ(Yl?, s) < l% and Card(Ylg s =
O(k™1). Let us study the case i > 0.

Now let us notice that by (v) in Theorem E.2.1 one has
Projyq lg=p 1s an injective function for any 0 < p < Reach(d?). Since Vbgq con-
stant along metric projections we can also notice that Vbq(x) = Vbq(projsn(x)).
Moreover by (iii) in Theorem E.2.1 if x € Fil’é, Y = Projpgy then

y = proj(x) = x — |x — proj(x)|Vba(x)
Ca Ca
= x—djsVbao(x) = x - di,ﬂbg(pargﬂy»

x —d; ;Vba(y).

-1
Thus we can introduce the family of inverse maps f; := (projm Iri 6)
fiiTyy — T,
X +— x+diVbo(x).

Notice that Vbg|go is a Lipschitz function, see Theorem E.2.1 (iii). Let us
denote L its Lipschitz constant.
Therefore {fi}i=12..m, 1s a family of equi-continuous functions of Lipschitz

constant
max (1 + Ld, ) < (1 + L§).
) :

i=1,2,...0m
Now the Area Formula says that f; (being 1 + L Lipschitz) maps a mesh of

Fg, s With geodesic fill distance ; +h6L onto a mesh in 1“;;’ s having geodesic fill distance

bounded by 4. We already used this property and explained its application in more
detail in the proof of Theorem 7.1.1, see (7.1.3) and thereafter.

Thanks to Proposition 7.1.1 we can pick the mesh ¥} ; T - such that hrgﬁ(f/ 15 <

- -1
m with the cardinality bound Card(Y, ;) = O((%)n ) where we denote m

by h. Let us set Y/i(s ={fiy),y € Y,i(s}. Now we can notice that

my my n—1
Card(Yys) = Z Card Y,iﬁ =k 4 Z O((%) J = O(k™M).

i=0 i=1

o Claim 3: Ay := Yis U Zi 5.2 is an optimal admissible mesh for E.
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e Proof of Claim 3. By the special choice of 6 < r < In/2 we can use jointly
(7.2.12), (7.2.17) and (7.2.19) and we obtain

1 1
liplle < max{2||plly,, + 2/:”P||E » PNz + lIPlE}
By the elementary properties of max we have

2u 1
(71.2.22) lplle < maX{# —>> ﬁ}llpllyk,éuzkw-

Thus Yy s U Zg s =: Ags satisfies
(7.2.23) IPlle < C@. A, wlplla,, Yp € PXRY) Yk € N

and has the correct cardinality growth order. O
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APPENDIX A

Analytic and Algebraic Subsets of C”"

In this section we recall all the definitions and the properties concerning ana-
lytic and algebraic affine subsets of C" that we use. For the proofs of the statements

and an extensive treatment of the subject we refer the reader to [38].

Dernition A.0.1 (Analytic subset). Let D € C" be a domain and A C D. If for
any a € D there exists a open neighbourhood U of a in D and a set of holomorphic

maps {fi1, f2, ..., fx} in U such that
(A.0.24) ANU={zeU: fi(z) = f2(d) =+ = fi(2) = 0},

then A is said to be a analytic subset of D.

Notice that it follows by definition that any analytic subset of D is closed in D.
It is sometimes more convenient to do not require A to be close, so we introduce
another terminology. We say that the set A is (locally) a analytic set if there exists
a neighbourhood of each point a € A (not @ € D) such that (A.0.24) holds. In
particular it follows that there exists a neighbourhood of A such that A is an analytic
subset of it.

It is worth to notice that from the definition the following topological properties

can be derived.

Prorosrition A.0.1 (Some topological properties). Let D be a domain in C".

(1) Let A C D be a analytic set. Suppose that A contains a open non empty
subset of D, then A = D.

(2) Let A be a proper analytic subset of D, then D \ A is arc-wise connected.

One can, roughly speaking, think to analytic sets as complex manifolds with

singularities, this would be clear after the next definitions.

DEerINITION A.0.2 (Areg and Aging). Let A C D be an analytic set and a € A.
If there exists an open neighbourhood U of a in D such that A N U is a complex

165
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manifold then we say that a is a regular point of A, we further set

Aeg :={z € A: zis aregular point},
Asing =A \Areg-

Two fundamental facts about Ae; and Ay are that Ageg is dense in A while
Aging s closed and nowhere dense, moreover it turns out that Ay, is an analytic

set itself.

DerNiTioN A.0.3 (Dimension). Let A be an analytic set, for any a € Ay, the
set A is coinciding near a with a m, dimensional complex manifold. We set
,a is a regular point

dim,(A) :=
limsupy 5, My, 0therwise

The dimension of A is defined as dim(A) := max e dim,(A).

Derinition A.0.4 (Pure dimensional analytic sets). An analytic set A is of pure

dimension m if dim,(A) = m.
In the sequel we will deal only with irreducible analytic sets.

DeriniTion A.0.5 (Irreducibility).

i) Let A be an analytic subset of the domain D C C", A is said to be irreducible if
it can not be represented as A = A1 U Ay where A1, Ay are non empty analytic
subsets of D. An analytic set A C D (here D is any domain) is said to be
irreducible if it is irreducible as analytic subset of a domain D’ (in which A is
necessarily closed).

ii) We say that a irreducible analytic subset A1 C A of D is a irreducible compo-
nent of the analytic set A if for any analytic set Ay such that Ay C Ay C A we

have that A, is reducible (i.e., it is not irreducible).

We collect the most important facts about the irreducible components of an

analytic set in the following theorem.

THeOREM A.0.1 (Splitting in irreducible components).

i) IfS is a connected component of A.q then Closa(S) is a irreducible component
of A.

ii) Any irreducible component of A has the form Clos4(S) for a connected compo-

nent S of Are. In particular, any irreducible analytic set has pure dimension.
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iii) If Aeg = UjeyS jis the splitting in connected components, then A = U jc;j Closs(S ;)
is the splitting of A in irreducible components.

iv) The above splitting is at most countable and it is locally finite.

The use of the existence of proper projections will be one of the main tools in

the next sections.

TuEOREM A.0.2 (Proper projections). Let A be an analytic set in C" and a €
A. Then there exist a neighbourhood U of a in C", a choice of of orthonormal
coordinates in C", an analytic subset Y of V := n(U), where r is the projection on
the first m coordinates, and a natural number k < m such that
(1) m is a proper map and the restriction 1 : A N U \ ay) - v\Y
is a locally bi-holomorphic k-sheeted covering (i.e., a holomorphic map
having k holomorphic inverses).

(2) YY) is nowhere dense in A N U and contains Aging N U.
We will concern only about the smaller class of algebraic sets.

DeriniTiON A.0.6 (Algebraic set). Let A C D be a analytic subset (resp. analytic
set) in the domain D, it is an algebraic subset of D (resp. algebraic set in D) if all

the defining functions in equation (A.0.24) are polynomials.
This fundamental characterization of algebraic sets is due to Rudin.

Prorosition A.0.2 (Rudin coordinates). Let A be a pure m dimensional ana-
Iytic set in C", then A is algebraic if and only if there exist a unitary change of
coordinates of C" and a constants 0 < C,s < oo such that in this coordinates
AcC{z=(,7")eC"xC" ™ :|7”| < C(1 +|Z])*. We will refer to such choice of

coordinates as a system of Rudin coordinates for A.

The main tool in defining the Monge-Ampere operator on algebraic sets will
be the following: for algebraic sets one has a much more sharp version of Theo-
rem A.0.2, obtained by embedding A in P" and using the Chow Theorem and the

Wirtinger Theorem, see for instance [38].

THeOREM A.0.3 (Proper projections for algebraic sets). Let A be a pure m-
dimensional analytic set in C", then it is an algebraic set if and only if there exists
a linear automorphism L of C" such that all the projections of L(A) on each m-

dimensional coordinates plane are proper maps.
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In particular, for each set of distinct indexes I .= (I1,...,1,) in{l,...,n} there
exists a algebraic set Y; C C™ such that the map ny : A\ nl_l(YI) - Cr\Yis
a locally bi-holomorphic m-sheeted covering, ﬂl_l(Y1) is nowhere dense in A and

contains Aging.



APPENDIX B

Differential Forms and Currents

We recall the most relevant definitions and facts about differential forms, differ-
entiation and currents on complex domains and manifold, and their generalization
to algebraic sets; for an extensive treatment we refer the reader to [59], [43] and

[42].

B.1. Differential forms

Let us introduce some notations. We use the symbol A"(V, W) to indicate the
space of R-multilinear alternating mappings of the finite dimensional complex vec-
tor space V on W, where W = R or C.

The standard splitting of A"(C", C) is the following

ACLO= P ArCO)

p+q=r, p,geN

AP4(C",C) := span {dz“ AdZ, a,p, increasing, Carda = p, Card = q}

We endow C" with the standard Kéler metric 8, := Z;!:o dz/ AdZ/ and the associated

volume form d Vol,, = (8,,)",
dVol = (%dz A dz) - (%) A2 AdE A A dD A dE

Positivity later will play a central role. We say that a w € A™"(C",C) form is
positive if w = Ad Vol,, for a non-negative (real) constant 4. We say that w €
APP(C",C) is elementary strongly positive if there exist linearly independent C
linear mappings 7, ...,17, such that w = (ém A 1'71) AEERWA (%np A ﬁp). We say
that w is strongly positive if it is in the convex positive cone S PPP generated by
the elementary strongly positive forms. Finally we say that w € APP(C",C) is
positive if for any 6 € S P"P"7P the form w A 6 is positive; we can even check
this property for 6 just elementary strongly positive since S P"~7""? has a basis of
elementary strongly positive forms. We recall also that the standard Kdihler form
B = ;:1 %dzj A dZ’ belongs to the interior of S P11,
169
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Let Q c C" be a domain, a function of class €*(Q, AP4(C",C)) is termed a
differential form of type (p,q) and class ©’* We introduce the following complex
differential operators on €' (Q, C) = €'(Q, A°(C", C))

n 9 . ~ n 9 .
6 = —d J . 6 = _.d_j
Z‘ P L 57 ¢

j=1 j=1
d:=0+0, d = i(-0 + 9.

Then we extend them to differential forms w = 3, g wa pAdZ® AdZP € €1(Q, AP4(C", C))

by setting for example

dw = wep N dz" NdZP.
Q’ﬁ
Let us notice that by definition we have dd® = 2id4.
For u € €*(Q) the complex Monge Ampere operator is defined as

62
(ddcu)":ddCu/\~~-/\ddcu=4”n!det[ M_] dVol.
9707/ |, ;. j<n "

B.2. Currents

We use the notation D74(Q) for the space ¢.°(Q2, AP4(C", C)) of (p, g) differ-
ential forms with smooth coefficients and compact support in Q and Dg’q (Q) for he
space of (p, g) differential forms with continuous coeflicients and compact support
in Q.

This spaces are endowed with the strict inductive limit topology generated
by the topology of local uniform convergence on an increasing sequence of sub-
domains Q; C Qsuch that U;Q; = Q. Roughly speaking, this means that DP9(Q) >
Y j —  if and only if there exists a compact set K C € such that supp ¢; CC K for
all j and y; — ¢ together with all partial derivatives of the coefficients, uniformly
on K. The statement for the convergence in Z)g’q can be formulated in an analogous
way.

The topological dual spaces (DP9(Q))" and (Dg’q(Q))’ are termed the space of
(n—p,n—q) currents on Q and the space of (n — p, n — q) currents of order 0 on £,
we endow these spaces with the weak* topologies induced by D74(Q) and D[ (Q)
respectively.

It is worth to notice that for any locally integrable (p, ¢) form ¢ one can asso-
ciate a current of order 0 defined by T (¢) := f YAV e Z)g_p "79(Q). On the

other hand any current can be represented by a differential form with distributional
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coefficients. For any multi-indexes @ = (a1,...,@,), B = (B1,...,B,) we denote
by a“ and B¢ the increasing complements of @ and 3, also we choose a, g such that

o pdz® A dZP A dz* A d7* = dVol,. Then we define the distributions
Top(p) = aapT(@dz" A dZF)

where ¢ is any function in €:°(Q) if T € (DP4(Q)) or ¢.(Q) if T € (Dg’q(Q))’.

Finally we can represent
-\ N
T = ZG’BTQ,ﬁdZ AdP.

We say that a (p, g) current T is positive if for any w € €. °(Q, S P"P""1) we
have T'(w) = 0.
The fundamental fact, due to distributions theory, for the definition of the gen-

eralized Monge Ampere operator is the following.

e Any positive current has complex measure coefficients hence is a current

of order zero.

We stress that it follows by this statement (in the above notation) that for any locally

bounded function u and any positive current 7" the current

T, g) = )" Taplug)
a,f

is a well defined current of order zero.

B.3. Submanifolds

All the definitions and facts of this section can be extended easily to the case
of a m-dimensional submanifold M of C". One simply considers the canonical
inclusion map 7 : M — C" and observes that the pull-back of d and 6 on M by
T coincides (by definition of submanifold) with the operators d; and 0, defined
using the local coordinates for M. It is customary to state such a property simply
saying that exterior differentiation commutes with pull-back.

The same holds true for 8,,: we refer to 78, = ZT: | dil A dll =: B,,, where
{’s are holomorphic coordinates for M as the standard Kéhler for on M and to
Bt =Bm A+ ABp =I"B} as the standard volume form on M.

Once we fixed the volume form on M we can define the set of positive (m, m)
forms as in the case of (n,n) forms on C". Similarly we can do with elementary

strongly positive forms and strongly positive forms. Notice that these definitions
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can be equivalently given by considering pull-backs of forms in the ambient space,
being the pull-back operator surjective.

For the space of currents (being a dual space) one needs to use the push-
forward. If T € (DP9(M))’ we define 1. T simply setting 7. T(p) := T(I*p) for
any DP4(C").

The positivity notion for currents defined on a submanifold is the same as
above, that is a current T € (DPP(M))’ is positive if for any set of smooth com-
pactly supported functions (771, ..., 7,) one has T'(dn Adijy A+ -+ Adn, Adijp) > 0.
It follows that for any positive T € (DPP(M))’ the current 1, T is positive.

The property of positive currents in C" of being representable by differential
forms with measure coefficients (and thus being currents of order zero) is preserved

in this geometric setting.
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Plurisubharmonic Functions

We use the usual notation PSH(D) to denote the class of plurisubharmonic
function on the domain (or complex manifold) D c C", that is, functions which are
subharmonic along each complex line (thus along each analytic disk) and upper
semicontinuous in D.

Given an analytic set A in C" the class of plurisubharmonic functions on A
consists of functions u : A — [—oo, +o0[ such that for each point @ of A there
exists a open neighbourhood B of a in C" and a plurisubharmonic function i :
B — [—o0, +oo[ such that ii(z) = u(z) Yz € A N B. Such class is usually denoted by
PSH(A).

There exists another definition which is involving a priori weaker assumptions
on the functions, that is, we require u : A — [—oco,+0o[ to be globally upper
semicontinuous and subharmonic along each analytic disc in A (i.e., u o ¥ is sub-
harmonic for any analytic function ¥ : D — A, where D is the unit disc in C).

By a deep theorem [50] of Fornaess and Narasimhan the latter class coincides
with PSH(A), even in more general contexts than the one we are considering, e.g.

A being an algebraic set in C".

C.1. Plurisubharmonic vs weakly plurisubharmonic functions

It is not difficult to notice that, since A, is a submanifold of C", one can con-
sider the class of functions that are plurisubharmonic on A as complex manifold,
notice that in particular any u € PSH(A) lies in this class. It turns out that, requiring

the local boundedness on A, this lead to a profitable definition.

Dernition C.1.1 (Weakly plurisubharmonic functions). Let A be an analytic
set in C" and u : A — [—o0,+00[ be a locally bounded function. IfM|A,eg €

PSH(A,.,) we say that u is a weakly plurisubharmonic function on A. We denote
such a class by ﬁI(A).
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Derinttion C.1.2 (usc regularizartion). Let A be a analytic set in C" and u €
PSH(A) we define the upper semicontinuous regularization u* of u as

(C.1.1) u*(z) := limsup u(l) Vz € A.

A,eg 3(—z

In general if u € PSH(A) it follows that (u] Areg)* € };§f{(A) while the converse
does not hold in general. Due to the following result by Demailly if A is a locally

irreducible analytic set the situation becomes simpler.

Tueorem C.1.1 ([42]). Let A be an analytic set in C" and u € PSH(A). If A is
locally irreducible then u* € PSH(A) N L}®

loc*

Due to this theorem, in the next sections we will concern only on locally
bounded plurisubharmonic functions, since we consider only the case of a pure

m-dimensional irreducible analytic set A in C".

C.2. Approximation of plurisubharmonic fiunctions

We recall a useful smoothing procedure for plurisubharmonic functions intro-

duced by Bedford [11].

Lemma C.2.1 (Smooth decreasing approximation of psh functions). Let u €
PSH(A) N L5 where A is a irreducible pure m dimensional algebraic set in C",

n > m. Then there exists u; € € (A) such that uj | u point-wise

The functions u; are constructed as follows. One first take a locally finite open
countable covering of A by means of open balls B* in C" chosen in a way that u has
a plurisubharmonic bounded extension u® to B%, also we pick a partition of unity
{x“} for A adapted to the covering such that y* € €.°(B%).

Then we pick a family {p¢}e-0 of radial convolution kernels in C" and a se-

quence €; | 0 and set u‘]%“ = u” * pe;, finally we set u; := Za)(au;”.

Remark C.2.1. It is worth to notice that the smooth approximations u; in gen-

eral are not plurisubharmonic.

Indeed, combining Lemma C.2.1 with the quasi continuity of plurisubhar-
monic functions [13, Sec. 3], one has a stronger result.

Note that if u € PSH(D) for some open bounded subset D of an algebraic set A,
in particular u € PSH(D N Agé)g) (AﬁQg denoting any connected component of Ayeg)
()
€

thus, by the argument of [13] for any € > 0 one can find an open set O’ such that u
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is continuous on (D N Agle)g) \ O(El) and Cap*(O(El), Aﬁgg) < e. It follows that u; —u is a
uniformly bounded decreasing sequence of continuous functions on (D ﬂAEle)g) \ O(El)
converging point-wise to 0, by the Dini Lemma such a convergence is indeed local

uniform. We state this in a proposition to be able to refer to it.

Proposition C.2.2. Let A € C" be a pure dimensional algebraic set u € PSH(A)

and uj € €*(A) be as in Lemma C.2.1, then uj — u locally quasi uniformly on A.






APPENDIX D

Proof of a Continuity Property of the Monge Ampere
Operator

TueorEM D.0.1 (Continuity under decreasing limits; [13],[11]). Let A be a
pure m-dimensional irreducible algebraic subset of the open set Q c C", set Q :=

QN A and pick k € {1,2,...,m}. Let u?u;u’; € PSH(Q) n L} (Q) and
0 1

WO ul,. Uk e PSH(Q) N LZ‘)’C(Q) such that u; L uforall s =0,1,...,k on
QN Ay, then

i) dd° u} Ao Add® u’J‘. — ddu' A --- A ddCuF as currents of order 0, that
is, Yy € O m K@), denoting the restriction (pull-back by the canonical
inclusion map) of Y to Aeq by  itself, we have

(D.0.1) limfddcu}./\.../\ddcul;/\w:fddcul/\.../\ddcuk/\,l,.
i Ja Q

i) .,?k(u(])., . ulj‘.)[w] — L5, ... b)Y, for any y as above.

Recall that Z*u°, ..., uF) ;= u0dd® u' A dd®u? A --- A ddC uk.

Proor. The proof is given generalizing the original result. We provide only the
proof of i) since the proof of ii) is completely equivalent.
For any given sequence of cut-off functions 77, € €,°(2 N Areg) as in equation

(3.1.5) we can define the following sequences of real numbers.
aj, = deCM}A---Addcu(;Awnr,
a, :Zfddcul Ao AddCut Ay,
aj ::deCM}A---Addcu{;A¢,
a::decul A AddCut Ay
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It follows by [13] and by the definition of improper integration (defined by equation
(3.1.5)) that

(D.0.2) li;n li§n aj, = rli)r(r)l+ a, = a.

On the other hand lim, o+ a;, = a;.

If we show that lim, a;, = a; holds uniformly with respect to j, then it is not
difficult to prove that a; is a Cauchy sequence and that the limit is necessarily a;
this will conclude the proof.

Now we pick a open relatively compact subset D of Q such that suppy :=
§ C D and, for any € > 0, a open neighbourhood O¢ of § N Agjpe in D such that
Cap* (O, D) < €. Notice that such a O, exists due to Proposition 3.3.1.

We recall that, by the definition of 7, we can find r, such that ;|s\0, = 1 for
all r < re. Thus for any such » we have

suplaj, — aj| = sup|[(dd ) A -+ A ddul, g1 = )
J J

=sup
J

f dd®uj A+ Al A (1 = 7,))
SN0,

Letus set S¢ := (0 NS) \ Aging.
Now we use the fact [59] that there exists a constant C > 0 such that for any
continuous compactly supported on S¢ N Ay (m — k,m — k)-form 6 the forms

CIIGIISE,BZ"‘ + 6 are positive. It follows that for a positive (k, k) current of order zero

[ oo
Se

f dd®uj A+ Add® s A (1 = 1))
SN0,

T we have

< cneusng ARk,

Hence we get

sup
J

<Clw(1 = np)lis, f dd®uj A~ A dd® il A B
Se

1 k

k u' uk
SCIW(I—)],)IISEl—[IIuéIIDL ddE —2— Ao pddS—T— g g
I=1 ¢

el i

k
<Clip(1 =n)ls, | | li5Cap™(Se, D)
—k

=1 m
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!
<Cllllp max [lu;[5€ — 0.

Here we used that u'j‘ are upper semicontinuous functions point-wise decreasing to
the locally bounded function u; and that D is a compact subset of Q.

Therefore the order of the limits can be exchanged, we have
limfddcu} Ao AUl Ay
J Ja

=lim lim a;, = lim lima;, = lim a,
j r-0* r—0t j r—0t

=fdd°ul/\---/\ddcuk/\t//.
Q
O

Since operator du Adv A(dd® w)y™ ! with u, v, w € PSH(Q)NL> , is defined by

loc’

means of terms of the type dd® u and u# dd® v Theorem D.0.1 implies the following.

CoroLLARY D.0.1 (Continuity property of d A d A (dd°Y"™"). Let A be a pure
m-dimensional irreducible algebraic subset of the open set Q c C", set Q := QNA.
Letuj,vi,whwi,...,w"' € PSHQ)NLp (Q) and u,v,w',...,w""" € PSHQ)N
L;> () such that u;, vj,wj Lu,v,wiforalls =0,1,...,m—10n QN Ay Then

duj Advi N wi Ao AW — du Ady AddEw! A A dd !

as currents of order 0. That is, Vi € €.(Q), denoting the restriction (pull-back by
the inclusion map) of ¥ to Ay by Y itself, we have

(D.0.3)

lim fg YdujAdviAdd® wiA---AddSw? ! = fg Ydund“vAdd® wh A---AddSw™ .






APPENDIX E

Some Tools from Geometric Analysis

E.1. Sets of positive reach

Here we provide very concisely some essential tools that we use in the proofs
of Chapter 7. Of course we do not even try to be exhaustive, since this is far from
our aim.

We deal with Federer sets of positive reach, they were introduced in the well

known article [48].

DerNiTioN E.1.1 (Reach of a Set). [48] Ler A ¢ RY be any set, we denote by
proj,(x) = {y € A : [y — x| = da(x)} the metric projection onto A, where we denoted
by d(x) := infyeq |x — y|. Moreover let Unp(A) := {x € R : Aly € A, proj,(x) =
{y}}. Then we define

(E.1.1) Reach(A,a) := sup{r: B(a,r) C Unp(A)} for any a € A,
r>0

(E.1.2) Reach(A) := in£ Reach(A, a).
ae.

The set A is said to be a set of positive reach if Reach(A) > 0.

By this definition sets of reach r > 0 are precisely the subsets of R¢ for
which there exists a tubular neighborhood of radius » where the metric projection
is unique and moreover this tubular neighborhood is maximal.

This class of sets was introduced by Federer in the study of Steiner Polynomial
relative to a (very smooth) set, the polynomial that computed at r > 0 gives the
d-dimensional measure of the r tubular neighborhood of the given set. The main
interest on such a class of sets is that under this assumption (in place of high degree
of smoothness) one can recover the coefficients of Steiner Polynomial as Radon
measures, the Curvature Measures.

Sets with positive reach may be seen as a generalization of "' bounded do-
mains, in fact the latter can be characterized as domains such that the boundary
has positive reach, a more restrictive condition. Moreover if Q is a domain having
positive reach it can be shown that the subset of JQ2 where the distance function
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182 E. SOME TOOLS FROM GEOMETRIC ANALYSIS

defines uniquely a normal vector field (as for ¢! domains) is “big” in the right
measure theoretic sense.

However, from our point of view the most relevant feature of sets of posi-
tive reach is the one concerning the regularity properties of the distance func-
tion d4(-). They can be found in [48][Section 4]. If A has positive reach then
da(+) is differentiable at any point of R? \ A having unique projection and we
have Vda(x) = %(j;)(x) and this is a Lipschitz function in any set of the type
{x:0 < s <da(x) <r<Reach(A)}.

In the sequel we need to use a little of tangential calculus on non-smooth struc-

tures, so we introduce the following.

DeriniTioN E. 1.2 (Tangent and Normal). Let A ¢ R? be

any set. Let a € A then we define respectively the tangent and the normal set to A

<}

at the point a as

Tan(A,a) := {uERd:V6>03x€A: lx—a| <e, n_r-a
lul  |x—adl

Nor(A, a)

{v eR?: (v,u) <0 Yu € Tan(A, a)}.

Here the idea is to take all possible sequences x;, € A approaching a and take

the limit of &":Zl. For the normal set in the above definition the < is preferred to

the equality sign to allow to consider the non-smooth case and to work with more
flexibility. The set Nor(A, a) actually is in general a cone given by the intersection
of all half spaces dual" to a vector of Tan(A, a).

The notion of normal vector we introduced should be compared with other

possible notions, the most relevant one is that of proximal calculus.

DerinrioN E.1.3 (Proximal Normal). Letr A ¢ RY and x € 0A. The vector
v € S*is said to be a proximal normal to A at x (and we write v € N/f(x)) iff

there exists r > 0 such that

- X 1
(E.1.3) <v, Ii - x|> < -ly-al, Yyeda.

Notice that the inequality E.1.3 implies that the boundary of A lies outside of

B(x+ rﬁ, r). If we focus on the boundary of a closed set the property of having non

Hereafter the word dual must be intended in the following sense [48], u is dual to N ¢ R? iff
(u,v) <0 foranyve N.
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empty proximal normal set to the complement at each point of the boundary, i.e.
Ngg(x) #0VYxedQ

is known as Uniform Interior Ball Condition (UIBC) and it is usually stated in

the following (equivalent) way

DerNiTioN E.1.4. Let Q c R? be a domain, suppose that for any x € 0 there
exists y € Q such that B(y,r) N CQ = 0 and x € dB(y, r). Then Q is said to admit

the uniform Interior Ball Condition.

Such a condition (and some variants) appears in the literature also as External
Sphere Condition (w.r.t. the complement of the set) in the context of the study
of some properties of Minimum Time function in Optimal Control [70], while
the previous nomenclature is more frequently used in the framework of regularity
theory of PDE.

It is worthwile recalling that positive reach is a strictly stronger condition when
compared to UIBC. Actually if a set A has positive reach, then it satisfies the UIBC
at each point a of its boundary and in any direction of Nor(A, a).

We will use several times the following easy fact.

Proposition E.1.1. Let A ¢ RY, y : [0,1] — 0A a Lipschitz curve, r > 0 and
let us suppose Reach(A) > r. Then we have for a.e. s €0, 1[ there exists v € gd-1

such that

(i) By := B(y(s)+rv,r) C A,
(”) ’)/’(S) € T’y(S)BS'

Proor. Letus consider the arclength re-parametrization ¥ of y that is a 1 -Lipschitz
curve from [0, Var[y]] to suppy. Notice that ¥, being Lipschitz, is a.e. differentiable
in ]0, Var[y][, Let Z; be the set of singular points of % and let moreover # be a point
in 0, Var[y][\Zy.

First we claim that 9/ (¢p) € Tan(A, y(t)).

By differentiability of ¥ at #y we have

(E.1.4) lim w = 7 (1o).
t— 1 -

t € [0, Var[y]] \ 25
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Thus, recalling that |y’ ()] = 1 # 0 in a neighborhood of 7y, we have

¥y —yto) lt—tl ¥ (%)

lim = - == .
t—to WO =yl ¥ @)l

tr— 1
t € [0, Var[y]] \ &y

Therefore we have

¥y () ¥y —yo) | _

lim ~ - = . =
[y’ (o)l |y(@) — ¥(t0)|

r—10
t € [to, Var[y]] \ Zy

Thus for any € > 0 we can build the point x € suppy of definition E.1.2 that
realizes the vector ¥’(#y) as a vector of Tan(A, a).

Moreover for a.e. so in ]O, 1[ the arc length 7y = #(so) := Var[yo ] is an
element of ]0, Var[y][\Zy and |Z—:l(so) = ¥(tp).

Now we recall [48] that since A has positive reach and y(sg) € dA then Nor(A, y(sg))
is not {0}. Therefore vy # 0 in R? such that (y’(sg), vo) < 0.

Now we can consider ¥(s) := y(1 — s) and 5y := 1 — s and apply the same

reasoning above to get

0 < (=y'(50), vo) = (¥ (50), vo) < 0. = ¥'(s0) € (vo)*.

Taking v = ;% we are done. ]

E.2. (Oriented) distance function and ©!>' domains

Now we switch to the case of a bounded €' domain in R?. For the reader’s
convenience we clarify that here we are using the following definition, however

several (essentially equivalent) variants are available.

DerNiTioN E.2.5. Let Q C RY be a domain, then it is said to be a €' domain
iff the following holds.

There exist r > 0, L > 0 such that for any x € 0Q there exist a coordinate
rotation Ry € SO% and fo € €4 (Bd_l(O, r,l-r, r[) (that is, a differentiable

Jfunction having Lipschitz gradient) such that

f0) =0
ViO0) = 0
lfellgrn < L
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X+ R,Graph f, = 0QN(x+ R:B(x, 1)),
wherel| fxllz11 := max{supy, |f], supp [V f1, Lip(Vf)}.

In the spirit of [41] and [40] one may study regularity properties of a domain Q
comparing it to the smoothness of the Distance Function and the Oriented Distance
Function

ba(*) = da() — dpg-
We collect all the properties we need of a ©’"! domain in R? in the following

theorem. Detailed proofs can be easily provided combining classical results that

can be found in [?][Th. 5.1.9],[48],[?] and [40].

Tueorem E.2.1. Let Q ¢ R? be a €' bounded domain. Then the following
hold.

(i) Both Q and CQ have positive reach,
Reach(dQ) = min{Reach(Q2), Reach(CQ)}.

(ii) For any 0 < h < Reach(dQ) bg € €' (Up(Q)) where Up(Q) := {x € R? :
—h < ba(x) < h}.
(iii) For any x € Up(Q2), 0 < h < Reach(0Q)
(E2.1) Vbo(x) = — P
|x = projaq ()|
where the right side is well defined also on 0€Q). Moreover Vbg is a Lipschitz
function.
(iv) For any x € 0Q we have Tan(x, 0Q)) = T,0Q and
Nor(x, Q) = (Vba(x)).
(v) For all x € 0Q an d for any r < Reach(9Q) we have

(E.2.2) B(x — rVbq(x),r)

N

Q

(E.2.3) B(x + rVbo(x), 1) Ca

N
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