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Abstract

We obtain good discrete sets for real or complex multivariate poly-
nomial approximation (admissible meshes) on compact sets satysfying
a Markov polynomial inequality, by analytic transformations. Then we
apply the result to the construction of near optimal admissible meshes,
and we discuss two examples concerning complex analytic curves and
real analytic cylindroids.
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1 Introduction.

Polynomial inequalities involving sequences of discrete subsets {An} of a
compact set K ⊂ R

d (or K ⊂ C
d), such as

‖p‖K ≤ C ‖p‖An
, ∀p ∈ P

d
n(K) (1)

(with the notation ‖f‖X = supx∈X |f(x)| for f bounded function on the
compact X), are known under different names in various contexts: admis-
sible meshes, (L∞) norming sets and Marcinkiewicz-Zygmund inequalities
(especially for the sphere), stability inequalities (even in more general func-
tional settings); cf., e.g., [11, 13, 18, 23]. A general theory of polynomial
admissible meshes appears in a recent work by Calvi and Levenberg [11],
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where a key feature is that the cardinality of An grows at most polynomially
with n,

card(An) = O(ns) , s > 0 (2)

Observe that necessarily card(An) ≥ dim(Pd
n(K)), since An is P

d
n(K)-determining.

In the case when C = C(An) is not constant but grows at most polynomially
with n, namely

C(An) = O(nα) , α > 0 (3)

they speak of a weakly admissible mesh. In [11] it is shown that such meshes
are nearly optimal for least squares approximation, and contain Fekete-like
interpolation sets with a slowly increasing Lebesgue constant. Among their
properties, it is worth to recall that (weakly) admissible meshes are preserved
by affine mapping, and can be extended by finite union and product.

In some recent papers, the role of (weakly) admissible meshes in multi-
variate polynomial approximation has been deepened from both the theoret-
ical and the computational points of view. It has been shown that discrete
extremal sets of Fekete and Leja type can be extracted from such meshes
working on the corresponding rectangular Vandermonde matrices, and using
only basic procedures of numerical linear algebra, such as the QR and LU
factorizations with pivoting; cf. [5, 6, 8, 24]. Moreover, resorting to a recent
deep result on the asymptotics of Fekete points (cf. [2]), in [5, 6] it has
been proved that such discrete extremal sets distribute asymptotically as
the continuous Fekete points, i.e., the corresponding discrete measures con-
verge weak-∗ to the pluripotential equilibrium measure (cf. [14]). A survey
of some recent results on weakly admissible meshes and discrete extremal
sets can be found in [7].

In principle, following [11, Thm.5], it is always possible to construct
an admissible mesh on a compact set which satisfies a Markov polynomial
inequality (termed for brevity Markov compacts)

‖∇p‖K ≤ Mnr‖p‖K , ∀p ∈ P
d
n(K) (4)

where ‖∇p‖K = maxz∈K ‖∇p(z)‖∞. This can be done essentially by a
uniform discretization of the compact set (or even only of its boundary in
complex instances) with O(n−r) spacing, but the resulting mesh has then
O(nrd) cardinality for real compacts and, in general, O(n2rd) cardinality
for complex compacts. Since r = 2 for many compacts, for example real
convex compacts (cf. [15, 25]), the computational use of such admissible
meshes becomes difficult or even impossible for d = 2, 3 already at moderate
degrees.

On the other hand, weakly admissible meshes with approximately n2

points and C(An) = O(log2 n), and even (nonuniform) admissible meshes
with O(n2) points, can be constructed on some standard real bidimen-
sional compacts like disks, triangles, quadrangles; cf. [9, 10]. Admis-
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sible and weakly admissible meshes with O(n2) points can then be ob-
tained on any convex or concave simple polygon (by polygon triangula-
tion and finite union). These constructions are based on suitable alge-
braic or mixed algebraic-trigonometric transformations and one-dimensional
Chebyshev-like points, and can be extended to higher dimension (balls,
cylinders, tori, polyhedra), to obtain (weakly) admissible meshes with O(nd)
cardinality.

General results on the construction of admissible meshes in d-dimensional
real compacts, have been recently proved in [16]. In particular, it is shown
that “optimal” admissible meshes, i.e., meshes with O(nd) cardinality, al-
ways exist in d-dimensional polynomial graph domains (domains bounded
by graphs of polynomial functions), in convex polytopes, and in star-like do-
mains with C2 boundary. It is also conjectured that any real convex body
possesses an optimal admissible mesh. Moreover, admissible meshes with
O(nd logk(d) n) cardinality, k(d) = O(d2), are constructed in d-dimensional
analytic graph domains (domains bounded by graphs of analytic functions).

In this paper, starting from the work in [19], we prove a quite general
result on the existence of (weakly) admissible meshes, in multidimensional
real or complex Markov compacts that are image of suitable analytic trans-
formations. Then we apply the result to the construction of near optimal
admissible meshes, and we discuss two examples concerning complex ana-
lytic curves and real analytic cylindroids (a class of graph domains).

2 Transformations of admissible meshes.

We begin by recalling the following definitions. Given a compact set Q ⊂ C
d,

its polynomial convex hull is

Q̂ = {z ∈ C
d : |p(z)| ≤ ‖p‖Q , ∀p ∈ P

d
n} (5)

and Q is termed polynomially convex if Q̂ = Q. In one complex variable,
this is equivalent to the fact that Q has a connected complement (Q̂ being
the union of Q with the bounded components of its complement). We refer
the reader e.g. to [14, 17] for a discussion on this concept in the context of
pluripotential theory and multivariate polynomial approximation.

We specify that by analytic function on a compact set we mean a func-
tion that is holomorphic in an open neighborhood of the set. Moreover, a
compact set is termed polynomial determining if a polynomial that is null on
it is identically null: clearly, any compact possessing a (weakly) admissible
mesh is polynomial determining.

Theorem 1 (Analytic Transformations of (Weakly) Admissible Meshes)
Let K ⊂ C

d be a Markov compact, cf. (4). Let Q ⊂ C
d be a polynomial

determining compact such that K = φ(Q), where φ is analytic on Q̂ (the
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polynomial convex hull of Q, cf. (5)), and let An be a (weakly) admissible
mesh for Q.

Then, there exists a sequence of natural numbers j(n) = O(log n) such
that A′

n = φ(Anj(n)) is a (weakly) admissible mesh for K, with C(A′
n) ∼

C(Anj(n)) as n → ∞, and card(A′
n) ≤ card(Anj(n)).

Before proving the theorem, some remarks are in order.

Remark 1 In the case when φ is a polynomial mapping of degree m, say
φ = ψm, it is immediate to check that ψm(Anm) is a (weakly) admissible
mesh for ψm(Q) with constant C(Anm).

Remark 2 When Q itself is a Markov compact, then K is a Markov com-
pact with at most the same exponent as soon as it is not pluripolar (a notion
equivalent to the positivity of the transfinite diameter, cf. [14, 17]), and the
transformation φ is regular (i.e., its Jacobian matrix is everywhere nonsin-
gular in Q), by a result of Baran and Plésniak [1]. Observe that a simple
sufficient condition ensuring that a compact set in R

d or in C
d is not pluripo-

lar, is that it has nonempty interior (in R
d or in C

d, respectively), since a
real or complex ball is not pluripolar [14]. At least for d = 1, it is in any
case natural to assume that K in Theorem 1 is not polar, since it is known
that a Markov compact in C cannot be polar [3].

Proof of Theorem 1. Let us term πj the polynomial vector mapping of
best uniform componentwise approximation of degree j to φ on a compact
Ω, and Ej(φ; Ω) = maxw∈Ω ‖φ(w) − πj(w)‖∞ the corresponding error. In
view of the Uniform Bernstein-Walsh-Siciak Theorem for analytic functions
of several complex variables on polynomially convex sets (cf. [20, Lemma 1]
and also [21, Lemma 3] for a simpler proof), applied componentwise to φ
on Q̂ ⊇ Q, it is immediate to prove that there exist two constants L and a
such that

εj = Ej(φ;Q) ≤ Ej(φ; Q̂) ≤ Laj , L > 0 , 0 < a < 1 (6)

i.e., the convergence rate of πj to φ is at least geometric. Fix p ∈ P
d
n(K)

and z ∈ K, take w ∈ Q such that z = φ(w), and zj = πj(w) ∈ πj(Q). By
the mean-value inequality we can write

|p(z)| ≤ |p(zj)| + |p(z) − p(zj)| ≤ |p(zj)| + d max
s∈[z,zj ]

‖∇p(s)‖∞ ‖z − zj‖∞

≤ |p(zj)| + d‖∇p(ξj)‖∞ εj

for a suitable ξj in the segment [z,zj ]. Observe that dist(ξj,K) ≤ εj.
Using the fact that K is a Markov compact, by the estimate |q(ξ)| ≤
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exp (dMnrε)‖q‖K , valid for every q ∈ P
d
n and for every ξ such that dist(ξ,K) ≤

ε (cf. [11, Lemma 6]), applied to components of ∇p, we get

|p(z)| ≤ |p(zj)| + d exp (dMnrεj)‖∇p‖K εj ≤ |p(zj)| + σ(n, j)‖p‖K (7)

where
σ(n, j) = exp (dMnrεj)dMnrεj

Now, πj(Anj) is a (weakly) admissible mesh for πj(Q) with constant C(Anj)
(see Remark 1), from which we get the estimate |p(zj)| ≤ C(Anj)‖p‖πj(Anj )

and finally, taking the maximum in the left-hand side of (7),

‖p‖K ≤ C(Anj)‖p‖πj(Anj) + σ(n, j)‖p‖K (8)

The next step is to bound ‖p‖πj(Anj ) in a similar fashion. Fix ẑj ∈ πj(Anj),
take ŵ ∈ Anj such that ẑj = πj(ŵ), and ẑ = φ(ŵ) ∈ φ(Anj) ⊂ K.
Exploiting the Markov inequality as above, we arrive to the estimate

|p(ẑj)| ≤ |p(ẑ)| + σ(n, j)‖p‖K ≤ ‖p‖φ(Anj ) + σ(n, j)‖p‖K

Taking the maximum in the left-hand side and inserting the resulting bound
for ‖p‖πj(Anj ) into (8) we get finally

‖p‖K ≤ C(Anj)‖p‖φ(Anj ) + β(n, j)‖p‖K (9)

where

β(n, j) = (1 + C(Anj))σ(n, j) = (1 + C(Anj)) exp (dMnrεj)dMnrεj (10)

Choose now m(n) = ⌈b log n⌉ with b > (r + α)/| log a|, cf. (3), (4) and
(6); observe that for admissible meshes we have α = 0. Then

nr+αεm(n)(φ) = O
(

nr+αab log n
)

= O
(

nr+α−b| log a|
)

→ 0 , n → ∞

which implies that both, σ(n,m(n)) and β(n,m(n)), are infinitesimal as
n → ∞. Let n∗ be the first index such that β(n,m(n)) < 1 for all n ≥ n∗,
and define j(n) = m(n) for n ≥ n∗, and j(n) = min {j : β(n, j) < 1} for
n < n∗ (observe that β(n, j) → 0 as j → ∞ for any fixed n): clearly
j(n) = O(log n) and β(n, j(n)) → 0 as n → ∞. From (9) we get

‖p‖K ≤
C(Anj(n))

1 − β(n, j(n))
‖p‖A′

n
, ∀p ∈ P

d
n(K) (11)

with A′
n = φ(Anj(n)), i.e., A′

n is a (weakly) admissible mesh for K whose
constant is asymptotic to C(Anj(n)). Clearly, card(A′

n) ≤ card(Anj(n)) since
φ is not injective, in general. �
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2.1 Near optimal meshes.

In a recent paper [16], Kroó studies the problem of existence of “optimal”
polynomial meshes, namely admissible meshes on d-dimensional (real) com-
pacts that have O(nd) cardinality. He shows that such meshes can always
be constructed on polynomial graph domains, that are compact domains
bounded by graphs of polynomial functions (in the sense that each vari-
able xk is bounded by the graphs of two functions of the previous variables
x1, . . . , xk−1, cf. [16]). Moreover, he shows that convex polytopes and star-
like domains with C2 boundary possess an optimal admissible mesh, and
conjectures that the same is true also for any convex body.

In [10], optimal admissible meshes with approximately nd points have
been constructed on standard real compacts for d = 2, 3, such as convex
quadrangles (triangles) and disks, convex hexahedra (tetrahedra), balls,
cylinders, solid tori, using basic univariate polynomial and trigonometric
polynomial inequalities by Ehlich and Zeller [12] and suitable transforma-
tions.

In the case of analytic graph domains, that are compact domains bounded
by graphs of analytic functions, Kroó shows that there exist near optimal ad-
missible meshes, which have O(nd logd(d−1) n) cardinality (see [16, Thm.1]).
In the special case of rectangular analytic domains, that are compact do-
mains of the form

K = {(x, y) : g1(x) ≤ y ≤ g2(x) , x ∈ D ⊂ R
d−1} (12)

where D is a (hyper-)rectangle, and g1, g2 are analytic functions such that
g2−g1 > 0 on D, it can be shown (by a slight modification of the arguments
in [16]) that the cardinality becomes O(nd logd−1 n).

Also in context of the present paper we deal with compacts that are im-
ages of analytic transformations and meshes with logarithmic sub-optimality.
The following corollary of Theorem 1, whose proof is immediate, will be use-
ful below.

Corollary 1 Let the assumptions of Theorem 1 be satisfied, and assume in
addition that Q possesses an optimal admissible mesh (i.e., an admissible
mesh with O(nd) cardinality). Then K = φ(Q) possesses a near optimal
admissible mesh with O((nj(n))d) = O(nd logd n) cardinality.

We present now two examples. The first concerns complex parametric
curves (d = 1).

Proposition 1 Any compact curve in C, having an analytic parametriza-
tion, possesses a near optimal admissible mesh with O(n log n) cardinality.

Proof. The set of points of a complex curve with an analytic parametrization,
K = φ([a, b]) ⊂ C, satisfies a Markov inequality with exponent at most 2.
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Indeed, being a connected compact set, it satisfies in any case the Markov
inequality

‖p′‖K ≤ 2e

cap(K)
n2 ‖p‖K , ∀p ∈ P

d
n(K)

where cap(K) is the capacity of K, cf. [22]. On the other hand, it could
have a Markov exponent r < 2, think for example to the case of the circle,
φ(θ) = eiθ, 0 ≤ θ ≤ 2π, where ‖p′‖K ≤ n ‖p‖K .

Moreover, Q = [a, b] is polynomially convex, and by a classical result of
Ehlich and Zeller (cf. [10, 12]) possesses an optimal admissible mesh, formed
for example by its 2n + 1 Chebyshev-Lobatto points An = X[a,b](2n), with
C(An) ≡ 2. Here and below

X[a,b](m) =

{

b − a

2
cos (kπ/m) +

b + a

2
, 0 ≤ k ≤ m

}

(13)

denotes the m + 1 Chebyshev-Lobatto points of an interval [a, b]. The con-
stant of the mesh is 2 and not

√
2 as in [10] since we deal with polynomials

having complex coefficients, and thus we have to estimate through the real
and complex part.

Being a C1 parametric curve, K has an admissible mesh with O(nr)
cardinality, r ∈ [1, 2], which is the image of a suitable set of equally spaced
parameters, as it has been shown in [4, Prop.17] following the construction of
[11, Thm.5]. On the other hand, Corollary 1 shows that, due to analyticity,
even when r > 1 the curve K indeed possesses a near optimal admissible
mesh, A′

n = φ(X[a,b](2nj(n))), with O(nj(n)) = O(n log n) cardinality. �

Notice that we did not need that the parametrization be regular (in the
sense that the tangent vector is everywhere different from zero).

The second example concerns real graph domains like (12), where D is
more general than a rectangular domain, that we call analytic “cylindroids”
thinking to their shape in three variables. We notice that the notion of
graph domain used here is an extension of that in [16].

Proposition 2 Any analytic graph domain in R
d like (12), where D ⊂ R

d−1

is a Markov compact having nonempty interior and an optimal admissible
mesh, possesses a near optimal admissible mesh with O(nd logd−1 n) cardi-
nality.

Proof. Let D be any (d − 1)-dimensional real Markov compact which pos-
sesses an optimal admissible mesh (and nonempty interior). This is cer-
tainly the case of a rectangular domain, with no loss of generality the unit
cube D = [0, 1]d−1, where such a mesh is for example (X[0,1](2n))d−1 (cf.
(13)), in view of [10, 12]. Take K as in (12): observe that K = φ(Q)
with Q = D × [0, 1], φ(x, t) = (x, tg1(x) + (1 − t)g2(x)) which is analytic,
and that Q is a Markov compact (as product of Markov compacts), and is
polynomially convex, being a real compact (cf. [14, 17]).
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On the other hand, K is itself a Markov compact, since the transforma-
tion φ is regular, in the sense that its Jacobian matrix Jφ is everywhere
nonsingular in Q. In fact, it is the triangular matrix

Jφ(x, t) =









Id−1 0

t∇g1(x) + (1 − t)∇g2(x) g1(x) − g2(x)









with diagonal {1, . . . , 1, g1(x) − g2(x)} and determinant det(Jφ(x, t)) =
g1(x) − g2(x) < 0. Moreover, K is not pluripolar, since φ maps interior
points of Q to interior points of K. By a result of Baran and Plésniak [1]
(see Remark 2 above), K = φ(Q) is a Markov compact with at most the
same exponent of Q.

Now, let Bn be an optimal admissible mesh for D: it is easy to check that
Bn × X[0,1](2n) is an optimal admissible mesh for Q. If we applied directly
Corollary 1, we would conclude that A′

n = φ(Bnj(n) × X[0,1](2nj(n))) is a

near optimal admissible mesh for K, with O(nd logd n) cardinality.
We can reduce the cardinality, by using the peculiar structure of the

transformation. If in the proof of Theorem 1 we use the polynomial approx-
imation ψj(x, t) = (x, tuj(x) + (1 − t)vj(x)) instead of πj(x, t), where uj

and vj are the best polynomial approximations of degree j to g1 and g2,
respectively, the rate is still geometric and all the reasoning remains valid,
taking the mesh Bnj(n)×X[0,1](2n) in Q. Indeed, for every p ∈ P

j
n(ψj(Q)) we

have that p◦ψj ∈ P
d−1
nj (D)

⊗

P
1
n([0, 1]), and Bnj×X[0,1](2n) is an admissible

mesh for the tensor-product polynomial space P
d−1
nj (D)

⊗

P
1
n([0, 1]). Thus

ψj(Bnj ×X[0,1](2n)) is an admissible mesh for P
d
n(ψj(Q)). We conclude ob-

serving that the resulting admissible mesh φ(Bnj(n) × X[0,1](2n)) ⊂ K has

cardinality O(nd−1 logd−1 n)O(n) = O(nd logd−1 n). �

It is interesting to notice that D (the domain of g) can be taken in the
class closed under finite union and algebraic transformation (cf. Remark
1), starting from the (Markov) compacts which in [16] have been shown to
possess an optimal mesh, such as convex polytopes and star-like domains
with C2 boundary.
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Andras Kroó and Norm Levenberg for some helpful discussions.

References

[1] M. Baran and W. Plésniak, Markov’s exponent of compact sets in C
n,

Proc. Amer. Math. Soc. 123 (1995), 2785–2791.

8



[2] R. Berman, S. Boucksom and D. Witt Nyström, Fekete points
and convergence towards equilibrium measures on complex manifolds,
arXiv:0907.2820 (Acta Math., to appear).

[3] L. Bialas-Ciez, Markov sets in C are not polar, Bull. Polish Acad. Sci.
Math. 46 (1998), 83–89.

[4] L. Bialas-Ciez and J.-P. Calvi, Pseudo Leja Sequences, Ann. Mat. Pura
Appl., published online November 16, 2010.

[5] L. Bos, J.-P. Calvi, N. Levenberg, A. Sommariva and M. Vianello, Geo-
metric Weakly Admissible Meshes, Discrete Least Squares Approxima-
tion and Approximate Fekete Points, Math. Comp., published online
January 19, 2011.

[6] L. Bos, S. De Marchi, A. Sommariva and M. Vianello, Computing mul-
tivariate Fekete and Leja points by numerical linear algebra, SIAM J.
Numer. Anal. 40 (2010), 1984–1999.

[7] L. Bos, S. De Marchi, A. Sommariva and M. Vianello, Weakly Admissi-
ble Meshes and Discrete Extremal Sets, Numer. Math. Theory Methods
Appl. 4 (2011), 1–12.

[8] L. Bos and N. Levenberg, On the Approximate Calculation of Fekete
Points: the Univariate Case, Electron. Trans. Numer. Anal. 30 (2008),
377–397.

[9] L. Bos, A. Sommariva and M. Vianello, Least-squares polynomial ap-
proximation on weakly admissible meshes: disk and triangle, J. Comput.
Appl. Math. 235 (2010), 660–668.

[10] L. Bos and M. Vianello, Low cardinality admissible meshes on quad-
rangles, triangles and disks, Math. Inequal. Appl., to appear (preprint
online at www.math.unipd.it/∼marcov/CAApubl.html).

[11] J.P. Calvi and N. Levenberg, Uniform approximation by discrete least
squares polynomials, J. Approx. Theory 152 (2008), 82–100.

[12] H. Ehlich and K. Zeller, Schwankung von Polynomen zwischen Gitter-
punkten, Math. Z. 86 (1964), 41–44.
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