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Abstract

We show that any compact subset of R? which is the closure of a bounded
star-shaped Lipschitz domain €2, such that [ has positive reach in the sense
of Federer, admits an optimal AM (admissible mesh), that is a sequence of
polynomial norming sets with optimal cardinality. This extends a recent
result of A. Kro6 on 6 star-shaped domains.

Moreover, we prove constructively the existence of an optimal AM for
any K = Q C R? where  is a bounded €' domain. This is done by
a particular multivariate sharp version of the Bernstein Inequality via the
distance function.

Keywords: admissible meshes, multivariate polynomial approximation,
positive reach, distance function.

1. Introduction

Let us denote by 92"(R?) the space of polynomials of d real variables
having degree at most n. We recall that a compact set K C R? is said to be
polynomial determining if any polynomial vanishing on K is necessarily the
null polynomial.

Let us consider a polynomial determining compact set X C R? and let
A be a subset of K. If there exists a positive constant C), such that for any
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polynomial p € 2"(R%) the following inequality holds

Il < Chllplla,, (1)

then A, is said to be a norming set for 22"(R?). Here and throughout the
paper we use this notation: ||f||x := sup,cx |f(z)| for any bounded function
on X.

Let {A,} be a sequence of norming sets for 22"(R?) with constants {C,, },
and suppose that both C, and Card(A,) grow at most polynomially with
n (i.e., max{C,, Card(4,)} = O(n®) for a suitable s € N), then {4,} is
said to be a weakly admissible mesh (WAM) for K; see? [14]. Observe that
necessarily

Card 4, > N = dim 2#"(R?) = <n Z d> = 0(n%)
since a (W)AM is 22" (R?)-determining, i.e., any polynomial in 2" (R?) van-
ishing on A, is the zero polynomial. If C,, < C Vn, then {A,}y is said an
admissible mesh (AM) for K; in the sequel, with a little abuse of notation,
we term (weakly) admissible mesh not only the whole sequence but also its
n-th element A,. When Card(A4,,) = O(n?), following Kroé [22], we speak of
an optimal admissible mesh.

We recall that AMs are preserved by affine transformations and can be
constructed incrementally by finite union and product. Moreover they are
stable under small perturbations and smooth mappings; see [28] and [30].
For a survey on WAMs properties and applications we refer to [10].

The study of AMs has several computational motivations. Indeed, it has
been proved by Calvi and Levenberg that discrete least squares polynomial
approximations based on (W)AMs are nearly optimal in the uniform norm,
see [14, Thm. 1]. Moreover, discrete extremal sets extracted from (W)AMs
(see for instance [10],[12]), are known to be good interpolation sets and to be-
have asymptotically like Fekete points, namely the corresponding sequences
of uniform probability measures converge weakly to the pluripotential equi-
librium measure of the underlying compact set; see [5] [6] or the survey [24].
In principle, it is possible to construct an admissible mesh with O("?) points
on any real compact set satisfying a Markov Inequality [11] with exponent

2The original definition in [14] is actually a little weaker (sub-exponential growth), here
we prefer to use the present one which is the most common in the literature.



r. The mesh can be obtained by intersecting the compact set with a uniform
grid having O(n™") step size by [14, Thm. 5].

Indeed, the hypothesis of [14, Thm. 5] are not too restrictive. For instance
one has a Markov Inequality with exponent 2 for any compact set K C
R? satisfying a uniform cone condition [3], thus also for the closure of any
bounded Lipschitz domain. However the Markov Inequality holds with an
exponent possibly greater than 2 even for more general classes of sets; see
[26] and [27] for details.

The cardinality growth order of AMs built by this procedure, however,
causes severe computational drawbacks already for d = 2. This gives a strong
practical motivation to construct low-cardinality admissible meshes, in par-
ticular optimal ones.

It has been proved in [7] that for any compact polynomial determining
K C C? there exists an admissible mesh with O((nlogn)?) cardinality, un-
fortunately the method relies on the determinations of Fekete points, which
are not known in general and whose construction is an extremely hard task.

In order to build meshes with nearly optimal cardinality growth order one
can restrict his attention to sets with easy geometry as simplices, squares,
balls and their images under any polynomial map (see for instance [8]) or
can look at some specific geometric-analytic classes of sets; the present paper
follows this line.

In [23] the author proves that any compact star-shaped set K C R
with Minkowski Functional (see for instance [13, pg. 6]) having a-Lipschitz
gradient has an admissible mesh {Y,,} with

2d+a—1

CardY,, = O(n o1 ).

In particular he notices that this implies the existence of optimal AMs
for the closure of any ¢ star-shaped bounded domain.

In the meanwhile of writing this paper we received a new preprint (now
published) by A. Kroé where the author improves his estimate above by a
fine use of Minkowski Functional smoothness; [23, Theorem 3].

In [22] he also conjectured that any real convex body has an optimal
admissible mesh. In this work we build such optimal admissible meshes on
two relevant classes of compact sets.

The paper is organized as follows.

In Section 2 we work on star-shaped compact sets in R? with nearly
minimal boundary regularity assumptions. We prove in Theorem 2.3 that if



Q) ¢ R?is a bounded star-shaped Lipschitz domain such that 02 has positive
reach (see Definition Appendix A.1), then K := ) has an optimal admissible
mesh.

In Section 3 we address the same problem but we drop the star-shape
assumption on K, it turns out that a little more boundary regularity is
needed. In Theorem 3.6 we prove that if Q is a bounded €' domain of R,
then there exists an optimal admissible mesh for K := Q.

In the Appendices we provide for the readers convenience a quick review
of some definitions and results from non-smooth and geometric analysis and
geometric measure theory that are involved in the framework of this paper.

2. Optimal AMs for star-shaped sets having complement with pos-
itive reach

In Approximation theory it is customary to consider as mesh parameter
the fill distance h(Y') of a given finite set of points Y w.r.t. a compact
subset X of R

h(Y) := sup inf |z — y|. (2)
zeX YEY
In this definition it is not important whether the segment [z,y] lies in X
or not. If one wants to control the minimum length of paths joining = to
y and supported in X then one may consider the following straightforward
extension of the concept of fill distance given above.

Definition 2.1 (Geodesic Fill-Distance). Let Y be a finite subset of the
set X C R%, then we set

Ay y(X) = {y€€([0,1],X) : v(0) = 2,7(1) = y, Var[y] < oo}

and define
hx(Y):=supinf inf Var[y], (3)

reX YEY YEAy,y

the geodesic fill distance of Y over X.

Here and throughout the paper we denote by Var[y] the total variation of
the curve 7,

Varly] s=sup  sup Y |y(t) — (tia)].

NeN 0=to<t;--<tny=1 i1
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Notice that if we make the further assumption of the local completeness of
X, then it ensures the existence of a length minimizer in <7, ,(X) provided it
is not empty, that is if there exists a rectifiable curve 1) connecting any x and
y in X such that Var[¢)] < L < oco. Thus if X has finite geodesic diameter,
which will be the case of all instances considered in this paper, then we can
replace inf.¢, , Var[y] by min,cy, , Var[y] in (3).

Now we want to build a mesh on the boundary of a bounded Lipschitz
domain having a given geodesic fill distance but keeping as small as possible
the cardinality of the mesh. Then we use such a “geodesic” mesh to build
an optimal AM for the closure of the domain.

For the reader’s convenience we recall here that a domain Q C R? is
termed a (uniformly) Lipschitz domain if there exist 0 < L < oo, r > 0
and an open neighborhood B of 0 in R?! such that for any x € 02 there
exists ¢, : B =] —r,r[ and R, € SO, such that ¢,(0) =0, Lip(p,) < L and

R (QN (z 4 Ry(Bx] —r,r])) —2) = epig, := {(£,t) : £ € Bt €] — R, . (t)[}.

The following result, despite its rather easy proof, is a key element in our
construction. For a bounded Lipschitz domain the euclidean and geodesic
(on the boundary) distances restricted to the boundary are equivalent.

Proposition 2.1. Let 2 be a bounded Lipschitz domain in R4, then there
exists h > 0 such that there exists Y, C X := 00,0 < h < h and the
following hold:

(i) CardY, = O (h'™%) as h — 0.
(ii) hx(Yy) < h.

PROOF. Here we denote by B2 (x,7) the s dimensional ball of radius r
centered at xo w.r.t. the norm |z|o := max;e(i2.. 4 |75/, i.e. the coordinate
cube centered at xy and having sides of length 27.

Since (2 is a Lipschitz domain using the above notation we can write

(z 4+ R,BL(0,r)) N QL = R, Graph(,).

Let us denote the graph function of ¢, by g, : BL1(0,r) — R?, that is
Bgo_1(07/r) = é — {517527 v 7§d—17 @x(é)} - gx(g)



1o _10

Figure 1: The geodesic mesh in the proof of Proposition 2.1 is built by lifting the grid
mesh Z; by the local parametrization of the boundary X. The curve 7, connecting x to
y is similarly produced by lifting the segment [2/,y/].

By compactness we can pick 1, x, ..., Ty € 0 such that
99 C UM X, = UM (25 + R, BL(0,7)) N09Q) .

Let h := rv/1+ L2, take any 0 < h < h and let us consider the grid of

step-size h in the d — 1 dimensional cube
£/ (1+L2)

d—1

h
Zh = —r+ j— C Bdil((]"r)a
2 o
V(1+L12%) =01, [ 2V LY

where [-] is the ceil operator. Set

Y, = uMyi
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Now notice that

M(r)
Cardy, < Z Card Y} = M(r) Card Z,,
i=1

— M(r) (1 n {—2“ 1h+ LQD

= o).

In order to verify the (ii) for any = € 02 we explicitly find y € Y}, and
build a curve v, connecting x to y whose variation gives an upper bound for
the geodesic distance of x from Y},. For the following construction we refer
to the Figure 1.

Take any x € 02, then there exist (at least one) i € {1,2,..., M(r)} such
that x € X;. Let us pick such an 7.

Let us denote by proj, the canonical projection on the first d — 1 coordi-
nates acting from R;' ((2; + Ry, BL(0,7)) N9Q — ;) onto BL (0, 7).

Let 2’ := proj,;(x), by the very construction we can find y' € Zj such that
|2 —y| < \/ﬁﬁ =: I/, moreover the whole segment [2’,y/] lies in B (0, r).

We consider the curve o, : £ — 3:’—1—5%,5 € [0, '] and we set v,(§) :=
T + gz, ((§)) the curve that joins x to y := z; + g, (y') € Y}, obtained by
mapping the segment [z’ y'] under g,,.

Now we use Area Formula [20] [18][Th. 1 pg. 96] to compute the length
of the Lipschitz curve ~,.

Var[%]:/ Jac[y](t)dt = (4)
0
WL /gyl — a2\ Yl — ! Yyl — ! gk
— 3 3 +._._~_ vz(x/_"_t’t l)_tl ’Z) dt
| ;(w'—xw) ( 7 w—o1) ==y
h’ y/_x/ 2 212
A= J s vivmn
; _

Here Jac is the Jacobian of a Lipschitz mapping, see [18][pg. 101].
We take the maximum over z € 0L using (3), notice that our -, by the

construction is an element of .27, ,,

hoa(Yy) = sup inf inf Var[p] < sup Var[y,] < h.
zeX YEY), NEAz y zeX

y/_x/
‘Iy’—x’l




Now we are ready to state and prove our main result of this section. We
build an optimal mesh for a star shaped Lipschitz bounded domain having
complement of positive reach by the following technique. First, we consider
the hypersurfaces given by the images of the boundary of the domain un-
der a one parameter family of homotheties, being the parameter chosen as
Chebyshev points scaled to the suitable interval. We prove that this family
of hypersurfaces is a norming set for the given compact. The second key
element is that on each such hypersurface we can use a Markov Tangen-
tial Inequality with minimal (with respect to the degree of the considered
polynomial) growth rate n.

Theorem 2.3. Let Q C R? be a bounded star-shaped Lipschitz domain such
that CQ has positive reach (see Definition Appendiz A.1), then K := Q has
an optimal polynomial admissible mesh.

ProOOF. We can suppose without loss of generality the center of the star to
be 0 by stability of AM under euclidean isometries [10].

Let us set b!,(r) := (1 + cos (27; D forany r >0i=1,2,...2n+1. By
a well known result ([17]) the set G,,(r) of all b (r)’s (Varymg the index 1) is
an admissible mesh of degree n and constant \/_ for the interval [0, 7]:

IPlli0. < V2lpllnr Vo€ 2m (5)

Let us take any z € X := 9K and consider the set G, (z) = G, (1),
notice that G,,(x) C K because K is star-shaped.

One can set Z, := Uyex Gy (x) , i.e., Z, is the union of the images of X
under the homotheties having parameters cos “5— 2" ). See Figure 2.

Notice that the restriction of any polynomlal of degree at most n in d
variables to any segment is a univariate polynomial of degree at most n, then
due to (5) Z, are norming sets for K, that is

Ipllx < V2|plz, Yp € P™RY). (6)

Therefore we are reduced to finding an admissible polynomial mesh of degree
n for Z,.

Let us consider any® Lipschitz curve v : [0,1] — X, by Proposition Ap-
pendix A.1 for a.e. s €]0, 1] there exists v € S? such that

3Notice that X is compact connected, nonempty and consists of an infinite number of
points, obviously it contains an infinite number of Lipschitz curves.
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Figure 2: The geometry of Z,.

1. B(v(s) +rv,r) C K and
2. 7'(s) € Ty)0B(y(s) +rv, 7).

Hereafter 7,M is, as customary, the tangent space to M at p € M.

Since the boundary of the ball is a compact algebraic manifold, it admits
Markov Tangential Inequality of degree 1 (see [9] and the references therein),
moreover the constant of such an inequality is the inverse of the radius of the

ball:

9p
ov

v
| |n||p||B(x07,a) Vp € @”(Rd) , Yu € T,0B(xq,T). (7)

< 2
) <

Let us recall (see for instance [2|[Lemma 1.1.4]) that any Lipschitz curve
7 can be re-parametrized by arclength by the inversion of ¢ — Var[y|j 4],
obtaining a Lipschitz curve

[0, Var[y]] — X

i = Varp]
’ﬂ = 1=, |§//|

Therefore (using Rademacher Theorem, see for instance [18][Th.2 pg 81])
for a.e. s €]0, 1] we have

22| — w70 ®)
P )



By Proposition 2.1 we can pick subsets Y- on X such that hy (Yﬁ) <5
and CardYr = O(n%1). For notational convenience we write Y,, in place of
Y.

- Let us now pick any z € X and consider 7, an arc connecting a closest
point y;, of Y, to z and  itself such that Var[y] < J-, parametrized in the
arclength.

By the Lebesgue Fundamental Theorem of Calculus for any p € 22"(R%)

one has

p(z)] < Ip(yn)| + (&)de

/ Yl o(p o)
0 9¢

IA

) Var[v]
p(y)] + / IVp(1(€)) - 7(€)] de

' r/2n n ‘ 1
(3 7
<l [ s < )]+ 5l
0

where in the last line we used (9). Thus we have

1
Pl < llplly, + 5llplx- (10)

1+cos (im/n)

5 , we have also

By the properties of rescaling, setting b’ := b’ (1) =

1
b Y, T §HPHK7

1PN, x < llpllos v, + 1720l < [l

for, consider the homothety ©], : R? — R?, where O] (z) := ;- and write the
inequality (10) for each g;,, := p o O, /

Therefore, taking the union over i = 0,1,2n and using 2G,, = Ul bl
and Z, = Uxexxén, we have

1
Ui Y, + §HPHK

Pl Zn = IPlvsex ibia) < llp
Hence, setting X, := U7 b Y, we can write
1
IPllz, < lIpllx., + 5 lpllx.

Now we can use (6) to get ||p|lx < V2 (||pllx, + 3lpllx) and hence

2v/2

Ipllc =< 5 — ﬂ\lpllxn =2(v2+ 1)|Iplx,.

10



Thus X, is an admissible polynomial mesh for K. The set X,, is the disjoint
union of 2n + 1 sets b!Y,,,thus

Card X,, = (2n +1)O(n*™) = O(n?),
therefore X,, is an optimal admissible mesh of constant 2(v/2 + 1). O

This result should be compared to the recent article [23, Theorem 3].
The results achieved by this very new manuscript even if they are set in
a little more general context, still they do not cover the case of a Lipschitz
domain with complement having Positive Reach but not being €*'=%/¢,d > 2
globally smooth. The key element here is that inward pointing corners and
cusps are allowed in our setting, while they are not in [23].

From an algorithmic point of view an AM built by a straightforward
application of Theorem 2.3 and should be refined. Informally speaking such
a collocation technique creates AMs that are clustered near the center of the
star, while this seem to have no geometrical nor analytical meaning.

This issue can be partially removed by some minor modifications of the
construction which turn the proof of Theorem 2.3 in a more efficient algo-
rithm.

Theorem 2.3 is formulated in a rather general way, here we provide two
corollaries that specialize the same result.

It has been shown (see [1]) that €% domains (see Appendix B.1) of R?
are characterized by the so called uniform double sided ball condition, that
is, 0 is a €' domain iff there exists r > 0 such that for any x € 9Q there
exist v € S¥! such that we have B(x + rv,7) C Q and B(z — rv,r) C CQ,
this property in particular says that CQ (and € itself) has positive reach
Appendix A.1. Therefore the following is a straightforward corollary of our
main result.

Corollary 2.4.1. Let Q be a bounded star-shaped €' domain, then its clo-
sure has an optimal AM.

It is worth recalling that such domains can also be characterized by the
behavior of the oriented distance function of the boundary (i.e. bo(z) =
d(x,Q) — d(x,0Q)). For any such ¢*' domain there exists a (double sided)
tubular neighborhood of the boundary where the oriented distance function
has the same regularity of the boundary, this condition characterizes ¢!
domains too. This framework is widely studied in [16] and [15].

11



In the planar case a similar result holds under slightly weaker assump-
tions.

Theorem 2.5 ([29]). Let Q be a bounded star-shaped domain in R? satisfy-
ing a Uniform Interior Ball Condition (see Definition Appendiz A.4), then
K :=Q has an optimal polynomial admissible mesh.

A comparison of the statements of Theorem 2.3 and Theorem 2.5 reveals
that actually in the second one we are dropping two assumptions, first the
domain is no longer required to be Lipschitz, second we ask the weaker
condition UIBC instead of complement of positive reach.

The first property is assumed to hold in the proof of the general case to
make possible the construction of the geodesic mesh with a control on the
asymptotics of the cardinality. In R? the boundary of a bounded domain
satisfying the UIBC is rectifiable; see [21]. Therefore, the geodesic mesh can
be created by equally spaced (with respect to arc-length) points.

On the other hand the role of the second missing property is recovered
by a deep fact in measure theory. If a set has the UIBC then then the set of
points where the normal space (see Definition Appendix A.2) has dimension
greater or equal to k has locally finite d — k Hausdorff measure; [19, 25]. In
our bi-dimensional (i.e., d = 2) case this result reads as follow: the normal
space has dimension greater or equal to k£ = 2 on a subset having 0—Hausdorff
measure equal to 0, that is a finite set [19]. Moreover it can be proved that,
apart from this small set, the single valued normal space is Lipschitz.

3. Optimal AM for ¥1'! domains by distance function

As we mentioned above, in [22] the author conjectures that any real com-
pact set admits an optimal AM, in this section we prove (in Theorem 3.6)
that this holds at least for any real compact set K which is the the closure
of a bounded €' domain 2, see Appendix B.1

We denote by dgqg(+) the distance function w.r.t. the complement of €2,
ie.

dgo () := inf |y — x|, (11)
yelQ
and by projgo(-) the metric projection onto (€2, that is any minimizer of

(11). We continue to use the same notation as in the previous section for the
closure and the boundary of 2, namely X := 02 and K := (.

12



Let us give a sketch of the overall geometric construction before giving
details.

First for a given ¢! domain Q we take 0 < § < 2rq, whererq is the
maximum radius of the ball of the uniform interior ball condition satisfied

by €. B
We can split K := () as follows
QO = Kg U where
Ks = {xe€Q:dyo(r) <0} and
Q = Q\Ks

To construct an AM of degree n on Q) we work separately on K5 and Q9
to obtain inequalities of the type

1
Il < lIpllz,s + Slplli A > 1 and

2
IPllos < 2lpllvi.s + Zlpllc 10> 1,

for p € 27"

In the case of Kj this is achieved by the trivial observation x € Ks =
B(x,0) C Q and therefore one can bound using the univariate Bernstein In-
equality (see Theorem 3.1 below) any directional derivative of a given poly-
nomial. The obtained inequality is a variant of a Markov Inequality with
exponent 1 which is convenient and allow us to build a low cardinality mesh
by a modification of the reasoning in [14].

The construction of an AM on ¢ is more complicated. The resulting
mesh is given by points lining on some properly chosen level surfaces of dpg.
The result is proved using the regularity property of the function dp in a
small tubular neighborhood of X and the Markov Tangential Inequality for
the sphere.

3.1. Bernstein-like Inequalities and polynomial estimates via the distance
function.
For the reader’s convenience we recall here the Bernstein Inequality.

Theorem 3.1 (Bernstein Inequality). Let p € Z™(R), then for any a <
b € R we have
n

Ip'(z)] < Tt

HpH[a,b]? x E]a’ b[ (12>

13



Let us introduce the following notation illustrated in figure 3.

[(z) =  min inf{)\>0:y+)\x_y ¢Q} x € (13)
yeprojen () |z =y
lg = ;Ielsf;l(l’) (14)

Remark 3.2. In the case when  is a €%!' domain one has the estimate
lo > 2r where r < Reach(0f2) see Definition Appendix A.l and thereafter.

Figure 3: Here A := projpg(z) and I(x) = |[A — C| > |A — B| = 2r is the length of the
z—projgg (z)

shortest segment inside () containing x and having direction ———= .
[z—projpq (2)]

The following consequence of Bernstein Inequality will play a central role
in our construction.

Proposition 3.1. Let Q be a bounded domain in R? and let us introduce the
sequence of functions

? , i d <1
on(z) 1= { V@ (la—dgo(=)) if dgo ) . (15)

To@ otherwise
Q

14



For any x € Q let v € {;7= : y € projeg(x)}, then for any p € 2" (R?) we
have
|0up(2)] < n(2) Pk (16)

If moreover we have lg > 0, let us pick any 0 < § < lg and define the
sequence of functions

9011,6(37) = \/dCsz(fﬂ)(‘s—dEsz(I)) . . (17)
T otherwise
dga (z)

Then the above polynomial estimate (16) still holds when ¢, s is substituted
by pn.

PROOF. Pick p € Z"(RY). Let us take x € € such that dgg(z) < lg. We
denoted by S, (z) the segment x + [—dgq(x), lg — dgo(2)]v, where v is as above
and x € S,(z) due to dgo(x) < lg. The restriction of p to this segment is an
univariate polynomial ¢(§) := p(z + v€) of degree not exceeding n, then we
can use the Bernstein Inequality 3.1 to get

o) < .
‘af = VT et dontr 9
evaluating at £ = 0 we get
n|[plls, @) < n||pll x 18
0up(z)] < Vdea(2)(lg — dgo(x Voo (2)(la — dpo(2))’ )

thus establishing the first case of (17).

Let = be such that dgo(z) > lg. Notice that B(z,dgo(z)) € Q and
hence Vi € S4! (the standard unit d — 1 dimensional sphere) we can pick a
segment in the direction of n having length dgo(z) lying in K and having x
as midpoint. The Bernstein Inequality gives

n
Oy < 0 < — . < 19
| p(l’)| = 771;18%)—(1| np(x>| = d[jQ<1’) ||pHB( Jdpo () d ( )HpHK ( )

The last statement follows directly by the special choice of § < lg. The
right hand side in (17) dominates (case by case) the r.h.s. in (15) when cases
are chosen accordingly to (17). O
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Actually the above proof proves also the following corollary, it suffices to take

(17) and substitute T Dy § in the second case.

Corollary 3.3.1. Let 2 be an open bounded domain and § a positive number

such that K5 := {x € Q : dgo(x) > 6} # 0. Then for any v € ST! we have
Vp € 2"(RY)

n
10upll ks < < Ilpll - (20)
A profitable technique in order to build an AM is to find a norming subset
N of the given compact, then try to build an AM for N. We introduce the

following in the spirit of [31].
Let us denote by ds(-) the standard length measure in R

Proposition 3.2. Let Q be a bounded domain in R such that lq > 0 and
let 0 < <lg. Then

(1) for any x € Q2 the map
proj(z) 3y — Pn,s(€)ds (&)
HY) [y,x]

is constant, let F, s(x) be its value.

(ii) We have

- narcos(1 — MCTQ(I)), if dgg(x) < 8 o1
() n (7T +In me()> , otherwise. (21)
In particular F), s extends continuously to Q.
(i) Fns is constant on any level set of dgo() and supq, g, Frs = nm.
Let us set afm = % where © = 0,1,...m,, and m, s any positive

integer greater than 2nw, we denote by T}, 5 the al, s-level set of Fs.

(iv) We have

[ = {reK:dyg(x)=d,;} , where

)
ns = = |1—cos|— .
’ 2 My,



(v) Let T, 5 := UMTE o then for any p € 2™(R?) we have

n,0?

Iplle < max{2[|pllr,, s, [Pl }- (22)

Figure 4: A plot of a section of F;, s along a segment of metric projection, where § = 10,
n = 1. Abscissa here is the distance from the boundary.

PROOF. (i) The function ¢, s(-) depends on its argument only by the dis-
tance function, ¢, s(x) =: gns(dgo(z)). The length of the segment [y, ] is
clearly constant when y varies in the set projeg ().

Moreover for any y,z € projeg(x) let us denote by R, . an euclidean
isometry that maps [y, x] onto [z, x|, one trivially has dgo(§) = dgo (R, .€) for
any & € [y, z|. This is because projp,(£) 2 y for any £ € [z, y| by the Triangle
Inequality and thus dgo(€) = 1€ — y.

Thus we have

/ s (€)ds(€) = / s (e (€))ds (€)
[y,2]

[y,7]

1 r—y
= /[y’m] 9ns(dea(Ry,-€))ds(§) = /0 9n.é (dCQ (Ry,z (y + t|$—_ y|)>) dt
! Z—x
= /0 Gn.s (dm (Z + tlz — x|>) dt = /[m] ©n.s(n)ds(n).
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(7i) Let us parametrize the segment as y + SI |, then we have

. OdCQ(w) S(T(L;,s)ds’ if dgg(l‘) <0
() = i 23
,5( ) fo ds + fdﬁﬂ )”ds , otherwise. ( )

5 —

The first integral can be solved by substitution s = 2(1 — cosf). The
integration domain becomes [0, 6,] where 2(1 — cos(6,)) = dgg(z), while the

integral itself becomes foe”” df = 6, thus the first case in (21) is proven.
The second integral has an immediate primitive. F;, ; depends on x only
by the distance function, moreover we notice that

. 2s ) S
lim arcos (1 — — | =7 = lim <7T—i—ln—>,
s—0~ 1) s—0t )

hence £}, s is a continuous function of the distance function. Since dgq, is well
known to be 1—Lipschitz F), 5 is continuous on (2.

Since dg, extends continuously to €, then F, 5 does. Actually we must
take F, s|laq = 0.

(71) We already used that F), 5 depends on x only by the distance function

and hence F, 4] dio(a) = constant?, moreover the functions arcos (1 — 26—5) and

(7 +In %) are both increasing in [0, max,.q dgq ()], see Figure 4, hence any
level set of [}, s must coincide with a suitable level set of the distance function.

(7v) The conclusion follows immediately by inverting the equation

20\
narcos | 1 — T = a5

(v) Let p € 2"(RY) be fixed, let us pick z € K, then two possibilities can
occur. In the first case z € K. In this case we have |p(z)| < ||p|/k,. In the
second we suppose z ¢ K3, let us consider y € projeg(z). The segment [y, z]
cuts T, 5 for every i such that d}, 5 < dgg(x), moreover [y, 2] N T} 5 = {y'},
due to the monotonicity of F;, 5 along any segment where dgg is monotone.

4We denote by f< (a) the inverse image under f : D — R of the number a € Range|f],
ie,, {x € D: f(x) = a} that, in general, is a set.
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Let i(z) := max{i : d}, ; < dgo(x)} and let y*@+1 be the unique intersec-
Ty

lz—yl*

Let s(-) be the arc length parametrization of the segment [y, i (@)+1]

now we have

tion of I’ff?“ and the ray starting from x and having direction

| CIL
M@ISMMWW+A 8%tkﬂﬁ
< [ply"™)| + /0 %(ﬂ‘dt

1
=|my@n+4|mm%xdmﬁ
—|m¢@ﬂ+/  C Iplkens(©)ds(©)

[yz(ac)7yz(ac)+l]

g|my@ﬂ+Mﬂ5/ s €)ds(E)
[y0,ymn]

mp

Fn,é(ymn)

n

+

< Iplle I e
n,s 7,8 2
where we used (16) in the third line while the special choice of a;, 5 (and thus
y') as equally spaced points in the image of F}, s and the choice of m,, > 2nm
has been used in the last two lines.

To conclude we take the maximum of the above estimates w.r.t. ©z € K
thus letting ¢ varying among 0,1,...,m, — 1 and considering both cases

x € Ksand z ¢ K;. O

Proposition 3.3. Let Q be a bounded €' domain, 0 < r < Reach(d9)
0 <6 <r andlet m, > 2nm, then

(i) For anyi=1,...my, '} s is a €' hypersurface.
(ii) For anyp € P™(R?) any x € T} 5 and any v € S™'NTLY 5 where i =

0,1,...,m, we have

10,p()] < {%HPHK 1=0 . (24)

QTHHPHK 1=1,2,...,m,
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Figure 5: Different situations occurring in the proof of Proposition 3.3 (iz). On the left
side the tangent ball at x is chosen outward and on the left side inward, this corresponds
respectively to the first and the second case in (26). The arrow represent Vbg(x).

PrROOF. (i) Notice that we have, due to Appendix B.2,

0 < min{Reach(Q), Reach(C£2)} = Reach(d9).

If i > 0 due to (B.1) and Theorem Appendix B.2. We have Vz € T, ;

T — Projaq (=
Vdpo(z) = =Vba(z) = |z — projzzéf%"

moreover this is a Lipschitz function when restricted to {|bq(z)| < 0}
for any 0 < § < min{Reach(f2), Reach(C{2)}.

Also we have bg|g = —dgq.

We notice that Vdgg(x) # 0, therefore any level-set of dg, contained in
O\ K; is a €% d — 1 dimensional manifold by the Implicit Function
Theorem.

(ii) If # = 0 Theorem Appendix B.2 tells that for any z in I' ;,5 we have
B, := B(z + dVbg(z),d) C €, (cfr. figure 5 point C1) moreover
7;11;75 = T,0B,. Therefore we can apply the Markov Tangential In-
equality to the ball B, : for any polynomial p € &™ and any u €
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T.Th 5 = T:0B, we have
n n
|Oup(2)] < <llplls. < Zllpllx- (25)

Where the last inequality follows from B, C K.

Now we focus on 7 > 0. Let us take z € Fﬁw, then y = projeg(z) =
Vba(y) = Vba(z) and hence we have T.I%, s = T,X,i =0,1,...,m,

Moreover we notice that

| B y+d§75w9(z),d§5> cQ di 5> 6/2
B = . . (26)
X . 57 7 572 .
B (y+ (di s+ 2 ) Tho(a), d) CO d,<o/2
T.l,s; = T.B.. (27)

This can be figured out by looking at in Figure 5 where the first occurrence
is represented on the left and the second on the right.

Now we notice that the radius of B can be bounded below uniformly in 4
by /2. Therefore The Markov Tangential Inequality for the ball gives us the
following Vp € 2™ and Vv € T,I'! < |v| =1 we have

n,0°

n
< — i.
Ouyp(z)] < 5/2HpHBz

Now due to EF%(; = T.Bi and B C ) we have Vp € 2" v € 7;1“;5, lv] =
1,¥i = 0,1, my,
n

90p(a)| < 75 Il

3.2. Proof of the main result

We developed all required tools to state and prove the main result of

this paper, Theorem 3.6. The idea of its constructive proof is mixing the
technique of Theorem 2.3 with an improvement of the one being used in
[14][Th. 5]. More precisely the hypersurfaces Z,, of Theorem 2.3 here are
replaced by the level sets I'}, 5 which together with the set K5 = {z € K :
dpg(x) > 6} are shown to form a norming set for K.

Theorem 3.6. Let ) be a bounded_‘ﬁl’1 domain in R?, then there exists an
optimal admissible mesh for K := Q.
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PROOF. Notice that we have 0 < min{Reach(f2), Reach(CQ)} = Reach o
due to Appendix B.2 we fix § < r < Reach 02
Let us recall the above notation

Ks = {x € K :dy(x)> 6},
I'ns = Uiffw where
ne = 1w € K :deo(r) = d,, 5},
) ) )
s = = (1 — CoS (£>) , where we can take
' 2 My,
m, = [2nm|+1.

Let p € 22"(RY).
e Claim 1. For any A > 1 there exists Z,, 5 C K; such that

1
Pl < lIpllz,sn + S lipllx and (28)
Card Z, 55 = O(n%). (29)

e Proof of Claim 1. Let us consider for any A > 1 a mesh Z, 5 such that
its fill distance

)
h(Z, <—=h, 2).
Let us define Z,, 5, C K5 as the intersection of K with a grid G' with a

step-size \% on a suitable d dimensional cube containing K. It follows that

d
Card(Zy,50) = (¥2) = O(n).
Now pick any = € K and find y € Z, 5. such that |z —y| < h and define
vi= é%z' and notice that

|p(2)]

< p(y)l +

|z—y|
/0 Oup(z + s0)ds| < pllzu sr + 1 — lIPleay

< pllz, 50 + 1002l 3025 172

Where we used mingey, , dist(§, K5) > h/2 due to the Triangle Inequality for
the euclidean distance dist(-, K) from Kj.

By the observation B(Kj,h/2) C Ks_p/2 we can apply inequality (20)
where 0 is replaced by 6 — h/2.

22



n
5 — )2

Taking maximum over z € K and using the particular choice h := #1/2
we are done.
e Claim 2. For any 2 < i there exist finite sets Y, s C %5, 1=0,1,..my,
such that if we set Y, 5 := U;Y,. 5 we get

Ip(z)| < [p(y)| + A 1Pl x

Ip|
CardY,s = O(n%). (31)

1
oty < Pl + 2Pl and (30)

eProof of Claim 2. Let us pick Y/ s C I} 5 such that

5 .
. - 1 = 0
hr;‘“g( 72,5) < {“Z 19 (see Definition 3). (32)
7 2un L= 9 My e 7mn

Now fix any ¢ € {0,1,...,m,}, by (32) for any = € I, 5 there exist a point
y € Y, s and a Lipschitz curve® v lying in I, 5, connecting = to y and such

that Var[y] < hpi (Y,5) . Let us denote the arclength reparametrization of
~ by 4, then we have

vt d(p o 3)
bl < b+ [ e
0
< lpllyi, + hei ,(Yns) . |0up(E)]
< lpllys, + ~ Il
>~ |[Plly: — Pl K-
Yn,é ,LL

Here, in the 3rd line, we used the inequality (24). Let us take the maximum
w.r.t. z varying in I'}, 5 and i varying over {0, 1,...,m,}, we obtain [|p[|p, ; <
Ipllv,,s + 3 1Pl |

We are left to prove that we can pick Y/ 5 such that Card(Y; ;) = O(n?).

®Notice that I'}, 5 are compact ¢! hypersurfaces, thus in particular they are locally
complete with respect the geodesic distance. Therefore there exists a curve v realizing the
infimum in the definition of geodesic fill distance.
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When i = 0 Proposition 2.1 ensures (X is a ¢! hypersurface and a
fortiori is Lipshitz) the existence of such an Y75 with Ao ,5(Yr?, 5) < /;in and
Card(Y,;5) = O(n?""). Let us study the case 7 > 0.

Now let us notice that by (v) in Theorem Appendix B.2 one has
Projsq by=p i an injective function for any 0 < p < Reach(df2). Since
Vbg constant along metric projections we can also notice that Vbg(z) =
Vba(projsq(x)). Moreover by (i) in Theorem Appendix B.2 if 2 € T ;,
Y = Projpg,) then

y = proj(z) = x — |z — proj(x)|Vba(z)
C Co
= 7= dy;Vho(r) = x = d, 5Vba(proj(y))

= x—d;, sVba(y).

~1
)

Thus we can introduce the family of inverse maps f; := (projm

.0 i
fi:Ths — Ths

r > x+d, ;Vbo().

Notice that Vbg|sq is a Lipschitz function, see Theorem Appendix B.2
(#1i). Let us denote L its Lipschitz constant.
Therefore {f;}iz12. m, is a family of equi-continuous functions of Lips-
chitz constant
max (1 + Ld}, 5) < (1 + L9).

i=1,2,....mn

Now the Area Formula says that f; (being 1+ Lo Lipschitz) maps a mesh
of I') 5 with geodesic fill distance H% onto a mesh in I'} 5 having geodesic
fill distance bounded by h. We already used this property and explained its
application in more detail in the proof of Theorem 2.3, see (4) and thereafter.

Thanks to Proposition 2.1 we can pick the mesh Y/Tf,(; C T 5 such that
heo (Vi) < gl with the cardinality bound Card(Y;i,) = O((2)" )

where we denote m by h. Let us set Y;i; := {fi(y),y € Y} 5}. Now we
can notice that

Card(Y,,5) = i CardY, ; =n"' + %O ((%)d_l) = O(n%).
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e Claim 3: A, 5:=Y,5U Z,5) is an optimal admissible mesh for K.
e Proof of Claim 3. By the special choice of § < r < lg/2 we can use
jointly (22), (28) and(30) and we obtain

1 1
Pl < ma{2lplly., s + 22l s WIPllz, 50 + Sl

By the elementary properties of max we have

21 1
Il < max(=25 | 5= Hipl, oz (33)
Thus Y,, s U Z,, 5, =: A, s satisfies
Ipllx < C@6, A w)llplla,; Yp € 2"(RY) ¥n € N (34)

has the correct cardinality order of growth.
O
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Appendix A. Sets of positive reach

Here we provide very concisely some essential tools that we use in the
proofs of the paper. Of course we do not even try to be exhaustive, since
this is far from our aim.

We deal with Federer sets of positive reach, they were introduced in the
outstanding article [19].
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Definition Appendix A.1 (Reach of a Set). [19] Let A C R? be any
set, we denote by proj,(z) ={y € A : |y —z| = da(x)} the metric projection
onto A, where we denoted by d4(z) := inf,c4 |x—y|. Moreover let Unp(A) :=
{r eR?Y: 3y € A, projs(z) = {y}}. Then we define

Reach(A,a) := sup{r: B(a,7) CUnp(A)} for any a € A, (A.1)

r>0

Reach(A) := irelgReach(A,a). (A.2)

The set A is said to be a set of positive reach if Reach(A) > 0.

By this definition sets of reach r» > 0 are precisely the subsets of R?
for which there exists a tubular neighborhood of radius r where the metric
projection is unique and moreover this tubular neighborhood is maximal.

This class of sets was introduced by Federer in the study of Steiner Poly-
nomial relative to a (very smooth) set, the polynomial that computed at
r > 0 gives the d-dimensional measure of the r tubular neighborhood of the
given set. The main interest on such a class of sets is that under this assump-
tion (in place of high degree of smoothness) one can recover the coefficients
of Steiner Polynomial as Radon measures, the Curvature Measures.

Sets with positive reach may be seen as a generalization of €' bounded
domains, in fact the latter can be characterized as domains such that the
boundary has positive reach, a more restrictive condition. Moreover if {2 is a
domain having positive reach it can be shown that the subset of 92 where the
distance function defines uniquely a normal vector field (as for €' domains)
is “big” in the right measure theoretic sense.

However from our point of view the most relevant feature of sets of positive
reach is the one concerning the regularity properties of the distance function
da(+). They can be found in [19][Section 4]. If A has positive reach then da(-)
is differentiable at any point of R?\ A having unique projection and we have

_ z—proju(z)

Vda(z) = —ne and this is a Lipschitz function in any set of the type
{z:0<s<dus(x) <r <Reach(A)}.

In the sequel of the paper we need to use a little of tangential calculus on
non-smooth structures, so we introduce the following.

Definition Appendix A.2 (Tangent and Normal). Let A C R? be
any set. Let a € A then we define respectively the tangent and the normal
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set to A at the point a as

Tan(A,a) := {ueRd:Ve>OElxeA: |z —al <e€, |7 —

Nor(4,a) := {v eR?: (v,u) < 0Vu € Tan(A4, a)} .

Here the idea is to take all possible sequences x,, € A approaching a and
take the limit of ﬁ For the normal set in the above definition the < is
preferred to the equality sign to allow to consider the non-smooth case and
to work with more flexibility. The set Nor(A, a) actually is in general a cone
given by the intersection of all half spaces dual® to a vector of Tan(A, a).
The notion of normal vector we introduced should be compared with

other possible notions, the most relevant one is that of prozimal calculus.

Definition Appendix A.3 (Proximal Normal). Let A C R? and z €
OA. The vector v € S¥! is said to be a proximal normal to A at x (and we
write v € N (z)) iff there exists r > 0 such that

— 1
v, Jy-r < —|y — x|, Vy € 0A. (A.3)
ly — x| 2r

Notice that the inequality A.3 implies that the boundary of A lies outside
of B(z + 7’|Zj—|, r). If we focus on the boundary of a closed set the property of
having non empty proximal normal set to the complement at each point of
the boundary, i.e.

Niy(z) # 0V € 09

is known as Uniform Interior Ball Condition (UIBC) and it is usually
stated in the following (equivalent) way

Definition Appendix A.4. Let Q C R? be a domain, suppose that for
any x € 0f) there exists y € Q such that B(y,r) NCQ =0 and x € B(y,r).
Then €2 is said to admit the uniform Interior Ball Condition.

6Hereafter the word dual must be intended in the following sense [19], u is dual to
N C R% iff (u,v) <0 for any v € N.
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Such a condition (and some variants) appears in the literature also as Exter-
nal Sphere Condition (w.r.t. the complement of the set)in the context of the
study of some properties of Minimum Time function in Optimal Control [25],
while the previous nomenclature is more frequently used in the framework of
regularity theory of PDE.

It is worthwile recalling that positive reach is a strictly stronger condition
when compared to UIBC. Actually if a set A has positive reach, then it
satisfies the UIBC at each point a of its boundary and in any direction of
Nor(A, a).

We will use several times the following easy fact.

Proposition Appendix A.1. Let A C R, ~ : [0,1] — OA a Lipschitz
curve, v > 0 and let us suppose Reach(A) > r. Then we have for a.e. s €]0,1]
there exists v € ST such that

(i) Bs:= B(y(s) +rv,r) C A,
(it) +'(s) € Tys)Bs-

PROOF. Let us consider the arclength re-parametrization 4 of v that is a
1—Lipschitz curve from [0, Var[y]] to supp~. Notice that 7, being Lipschitz,
is a.e. differentiable in |0, Var[y][, Let X5 be the set of singular points of ¥
and let moreover ¢, be a point in |0, Var[y][\X5.

First we claim that 7/(to) € Tan(A,5(to)).

By differentiability of 4 at ¢, we have

lim M = 7 (to). (A.4)
t— 1, t—to
t € [0, Var[y]] \ &5

Thus, recalling that |3/(¢)| = 1 # 0 in a neighborhood of ¢, we have

A A l—tl ¥
t — to t—to 7)) —At)| 17 ()|
t € [0, Var[y]] \ X5

Therefore we have

lim g} gl
t— to 17 (to)|  17(t) —A(to)]
£ € [to, Varpp]] \ =
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Thus for any € > 0 we can build the point x € supp 7 of definition Appendix
A2 that realizes the vector 4/(ty) as a vector of Tan(A, a).

Moreover for a.e. sq in ]0, 1] the arc length ¢y = t(sq) := Var[yj,s,] is an
element of ]0, Var[v][\X5 and %(so) =9 (to).

Now we recall [19] that since A has positive reach and v(sg) € 0A then
Nor(A,v(sp)) is not {0}. Therefore Juy # 0 in R? such that (7/(sg), vo) < 0.

Now we can consider ¥(s) := (1 — s) and Sy := 1 — 59 and apply the
same reasoning above to get

0 < (=7(s0),v0) = (¥ (50),v0) < 0. = 7'(s0) € {vo)".

Taking v = fug] We are done. O

Appendix B. (Oriented) distance function and ¢*' domains

Now we switch to the case of a bounded €*' domain in R?. For the
reader’s convenience we clarify that here we are using the following definition,
however several (essentially equivalent) variants are available.

Definition Appendix B.1. Let Q C R? be a domain, then it is said to be
a ¢! domain iff the following holds.

There exist r > 0, L > 0 such that for any x € 0f2 there exist a coordinate
rotation R, € SO and f, € € (B41(0,7),] — r,r[) (that is differentiable
function having Lipschitz gradient) such that

f=(0) = 0
V/i(0) = 0
[ follgrn < L

z + R, Graph(f,) = 0QN(z+ R, B(z,r)),

where|| f||¢11 := max{supp, | f|,supp |V f|, Lip(V f)}.

In the spirit of [16] and [15] one may study regularity properties of a
domain €2 comparing it to the smoothness of the Distance Function and
the Oriented Distance Function

ba(+) = da(-) — dga-

We recollect all the properties we need of a %! domain in R? in the following

theorem. Detailed proofs can be easily provided combining classical results
that can be found in [4][Th. 5.1.9],[19],[1] and [15].
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Theorem Appendix B.2. Let Q C R? be a €' bounded domain. Then
the following hold.

(i) Both Q and G2 have positive reach,

Reach(9Q) = min{Reach(), Reach(CQ)}.

(ii) For any 0 < h < Reach(99) bq € €' (Un(Q)) where Uy(Q) == {z €
R?: —h < bo(z) < h}.

(111) For any x € Uy(R2), 0 < h < Reach(092)

I Projoq ()
Vbo(x) = & projun ()] (B.1)

where the right side is well defined also on 0S). Moreover Vbq is a
Lipschitz function.

(iv) For any x € 02 we have Tan(x, Q) = T, 00 and
Nor(z, Q) = (Vbg(z)).

(v) For all x € 02 an d for any r < Reach(02) we have

B(z — rVbg(z),r)
B(z + rVbg(x),r)

c Q (B.2)
c (o

References

[1] R. ALvARADO, D. BRIGHAM, M. MITREA, AND V. MAZYA. On the
regularity of domains satisfying a uniform hour-glass condition and a
sharp version of Hopf-Oleinik boundary point. Journal of Mathematical
Science, 176:82-100, 2011.

[2] L. AMBROsIO, N. GIGLI, AND G. SAVARE. Gradient flows in metric

spaces and in the space of probability measures. Birkhuser Verlag, Basel,
2008.

[3] S. BAOUENDI AND C. GOULAOCUIC. Approximation polynomiale de
fonction C* et analytiques. Annales de l'Institut Fourier, 21[4]:149-173,
1971.

30



[4]

[10]

[11]

S. BARB. Topics in Geometric Analysis with applications to partial
differential equations. Dissertation Supervisor Dr. Marius Mitrea. PhD
thesis, Graduate School University of Missouri-Columbia, 2009.

R. BERMAN AND S. BoucksoM. Equidistribution of Fekete points on
complex manifolds. http://arziv.org/abs/0807.0035, 2008.

R. BERMAN, S. BoucksoMm, AND D. .W. NYMSTROM. Fekete points

and convergence toward equilibrium on complex manifolds. Acta. Mat.,
207:1-27, 2011.

T. Broom, L. P. Bos, J.P. CaArvi, AND N. LEVENBERG.

Approximation in C".  Annales Polonici Mathematici, to appear.
hitp://arziv.org/abs/1111.6418, [106]:53-81, 2012.

L. P. Bos, J.P. CaLvi, N.LEVENBERG, A. SOMMARIVA, AND
M. VIANELLO. Geometric weakly admissible meshes, discrete least

squares approximation and approximate Fekete points. Math Comp,
80[275]:1623-1638, 2011.

L. P. Bos, N. LEVENBERG, P.D. MIiLMAN, AND B.A. TAYLOR. Tan-

gential Markov inequality on real algebraic varieties. Ind. Un. Math J.,
47:2, 1998.

L. P. Bos, S. DE MARCHI, A. SOMMARIVA, AND M. VIANELLO.

Weakly admissible meshes and discrete extremal sets. Numer. Math.
Theory Methods Appl., 41[1]:1-12, 2011.

L. P. Bos anp P. D. MiLMAN. On Markov and Sobolev type in-
equalities on subsets of RY. Th.M. Rassias, H.M. Srivaslava and A.
Yanushauskas World scientific pub. co, 1993.

L. P. Bos AND M. VIANELLO. Low cardinality admissible meshes on
quadrangles triangles and disks. Polyn. Ineq. Appl., 15:229-235, 2012.

H. BRrREZIS. Functional Analysis, Sobolev Spaces and Partial Differential
Equations. Universitex Springer, 2011.

J. P. CAawvi AND N. LEVENBERG. Uniform approximation by discrete
least squares polynomials. J. Approx. Theory, 152:82-100, 2008.

31



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

M. C. DELFOUR AND J. P. ZOLESIO. Shape analysis via distance
functions. J. Functional Analysis, 123[1]:129-201, 1994.

M. C. DELFOUR AND J. P. ZOLESIO. Shapes and Geometry. Metrics,
Analysis, Differential Calculus, and Optimization, STAM, 2001.

H. EnvicHa AND K. ZELLER. Schwankung von polynomen zwischen
gitterpunkten. Math. Z., 86:41-44, 1964.

L. Evans AND R. F. GARIEPY. Measure Theory and Fine Properties
of Functions. Advanced Studies in Mathematics CRC press, 1992.

H. FEDERER. Curvature measures. Trans. of the AMS, 93[3]:418-491,
1959.

H. FEDERER. Geometric Measure Theory. Die Grundlehren der matem-

atishen Wissenshaften Einzeldarstellungen Band 153. Springer-Verlag,
1969.

N. Fusco, M. S. GELLI, AND G.PISANTE. On a Bonnesian type in-
equality involving the spherical deviation. J. Math Pures Appl., 98:616—
632, 2012.

A. Kro6. On optimal polynomial meshes. J. Approz. Theory,
163:1107-1124, 2011.

A. KrROO. Bernstein-type inequalities on star like domains in R? with
application to norming sets. Bull. Math. Sci., 3:349-361, 2013.

N. LEVENBERG. Weighted pluripotential theory results of Bergman and
Boucksom. arXiw:1010.4035v1, 2010.

A. MARIGONDA, KHAT T. NGUYEN, AND D. VITTONE. Some regu-

larity results for a class of upper semi-continuous functions. Accepted
Paper: Indiana Univ. Math. J., 62:45-89, 2013.

W. PAWLUCKI AND W. PLESNIAK. Markov inequality and functions
on sets with polynomial cusps. Math.Ann, 275:467—-480, 1986.

W. PAWLUCKI AND W. PLESNIAK. Extension of C* functions. Studia
Math, LXXVIII:279-287, 1988.

32



28] F. P1AzzON AND M. VIANELLO. Analytic transformation of admissible
meshes. East J. on Approz, 16:389-398, 2010(4).

[29] F. P1azzoN AND M. VIANELLO. Computing optimal polynomial

meshes on planar starlike domains. Dolomites Res. Notes Approx.
DRNA, to appear, 2013.

[30] F. P1azzoN AND M. VIANELLO. Small perturbations of admissible
meshes. Appl. Anal., 62[5]:1063-1073, 2013 pub. on-line 2012.

[31] M. VIANELLO. Norming meshes by Bernstein-like inequality. Math.
Inequal. Appl, to appear.

33



