SOME RESULTS ON THE RATIONAL BERNSTEIN MARKOV PROPERTY IN
THE COMPLEX PLANE

FEDERICO PIAZZON

AssTracT. The Bernstein Markov Property, is an asymptotic quantitative assumption on
the growth of uniform norms of polynomials or rational functions on a compact set with
respect to Lﬁ—norms, where y is a positive finite measure. We consider two variants of the
Bernstein Markov property for rational functions with restricted poles and compare them
with the polynomial Bernstein Markov property finding out some sufficient conditions for
the latter to imply the former. Moreover, we recover a sufficient mass-density condition
for a measure to satisfy the rational Bernstein Markov property on its support. Finally we

present, as an application, a meromorphic L? version of the Bernstein Walsh Lemma.
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1. INTRODUCTION

Let K ¢ C be compact and have infinitely many points. In such a case ||p|lx :=
max,ck |p(z)| is a norm on the space &% of polynomials of degree not greater than k for
any k € N,

Let us pick a positive finite Borel measure u supported on K. When || - || L2(K) is a norm
on 2% we can compare it with the uniform norm on K. In fact, since ¥ is a finite
dimensional normed vector space, there exist positive constants ¢y, ¢, depending only on
(K, u, k) such that

cillpllz < lipllk < eallpllz Vp € 2.

Notice that there exists such a ¢; because the measure u is finite (one can take ¢; =
u(K)~'/2) while c, is finite precisely when yu induces a norm.

The Bernstein Markov property is a quantitative asymptotic growth assumption on ¢;
as k — oo. Namely, the couple (K, u) is said to enjoy the Bernstein Markov property if for

any sequence {pi} : px € 2% we have

k

Ipelle )
Pk K] <1

(1) lim sup
Ipellzz

The Bernstein Markov property can be equivalently defined in several complex vari-
ables and/or for weighted polynomials, i.e., functions of the type pw%e® where w is an
admissible weight as in [22], see Definition 2.1.

We remark that the class of measures having the Bernstein Markov property is very close
to the Reg class studied in the monograph [23] (later generalized to the multidimensional
case in [7]). Precisely, if we restrict our attention to measures ¢ whose support supp y is
a regular set for the Dirichlet problem for the Laplace operator (i.e., C \ supp u admits a
classical Green function g with logarithmic pole at infinity such that glso, = 0, where Qg
is the unbounded component of C \ K) the two notions coincide.

The terminology Bernstein Markov property has been introduced in the framework of
several complex variables and pluripotential theory; [3] and [8]. In such a context it turns
out that the Bernstein Markov property is a powerful tool in proving some deep results; see
[4].

In the present paper we prefer to deal with the Bernstein Markov property, though its
name could be misleading, both because some of our proofs rely on the continuity of the
Green function and because it looks more tailored to the proposed applications than the
property of the class Reg.

A first motivation to the study of the Bernstein Markov property comes from approxi-
mation theory. If (K, i) have the Bernstein Markov property then, given any holomorphic

function f, the error of best polynomial approximation p; of degree not greater than k to
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f and the error of the approximation g, given by projection in Lﬁ on the subspace Z7* are
asymptotically the same in the sense that for any 0 < r < 1 and f € € (K)
limksup IIlf = pk||}(/k <r if and only if limksup IIf = qk||2gk <r

Consequently, one has a L? version of the Bernstein-Walsh Lemma [25] for Bernstein
Markov measures relating the rate of best L?> approximation of a function to its maximum
radius of holomorphic extension; [17, Prop. 9.4]. The several complex variables version
of the Bernstein Walsh Lemma is usually referred as the Bernstein Walsh Siciak Theorem,
see for instance [17, Th. 9.7].

Moreover, the Bernstein Markov property has been studied (see for instance [4, 3,9, 7,
18]) in relation to (pluri-)potential theory, the study of plurisubharmonic functions in sev-
eral complex variables. It turns out that such a property is fundamental both to recover the
Siciak Zaharyuta extremal plurisubharmonic function and the (pluripotential) equilibrium
measure (see [17]) by L? methods.

Lastly, Bernstein Markov measures play a central role in a recent theory of Large De-
viation for random arrays and common zeroes of random polynomials; see for instance
[10, 12] and references therein.

In the present paper we investigate two slightly modified versions of (1). To do that we

define the following classes of sequences of rational functions

R(P) = {{pe/aw) = proar € P*.2(q0) € P Yk €N} and

QP) = {{pe/ai} © pr-q € P degqr = k. Z(qi) € P Vk €N},
where we set Z(p) := {z € C: p(z) = 0} and where P c C is any compact set that from
now on we suppose to have empty intersection with K.

Throughout the paper we use the symbol M*(K) to denote the cone of positive Borel

finite measures y such that supp 4 C K, adding a subscript 1 for probability measures.

Definition 1.1 (Rational Bernstein Markov Property). Let K, P C C be compact disjoint
sets and u € M*(K).

(i) (Rational Bernstein Markov Property.) If

1/k
) limsup(“rk“K] <1 Vin) e R(P),
k

el
then (K, u, P) is said to enjoy the rational Bernstein Markov Property.
(ii) (sub-diagonal Rational Bernstein Markov Property.) If

1/k
(3) limsup[ ”rk”K) <1 Y{n} € QP),
k

el

then (K, u, P) is said to enjoy the sub-diagonal rational Bernstein Markov property.
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One motivation to study such properties is given by the discretization of a quite general
class of vector energy problems performed in [11]. Bloom, Levenberg and Wielonsky in-
troduce a probability Prob(-) on the space of sequences of arrays of points {z'V, ..., z"},
where z? = {zg), e zg)} e (KDY*1 on a vector of compact sets {KV,..., K™} in
the complex plane based on a vector of probability measures @ € M;(K”) such that
(KD, 1, U;;,K?) has the rational Bernstein Markov property. In [11] the authors actually
deal with strong rational Bernstein Markov measures, which is a variant of rational Bern-
stein Markov property where weighted rational function are considered instead of standard
ones, however their paper can be read in the un-weighted setting picking (in their notation)
QO = 0. Then they prove a Large Deviation Principle (LDP) for measures canonically asso-
ciated to arrays of points randomly generated according to Prob. Also, they show that the
validity of the LDP is not affected by the particular choice of {uV, 4@, ..., "} that are
only required to form a vector of rational Bernstein Markov measures.

Measures having the rational Bernstein Markov property are worth to be studied also
from the approximation theory point of view. In fact, for such measures it turns out that the
radius of maximum meromorphic extension with exactly m poles of a function f € € (K)

is related to the asymptotic of its Lﬁ approximation numbers

1/k
min - > .
tegpiin If=pr/ qIILy)

The reader is referred to Section 5 for a precise statement.

The paper is organized as follows.

In Section 2 we compare Definition 1.1 to the polynomial Bernstein Markov property.
We address the following question. Are there sufficient additional conditions on (K, u, P)
for the polynomial Bernstein Markov property to imply the rational Bernstein Markov
property or the sub-diagonal rational Bernstein Markov property? A positive answer to
both instances of such a question is given in Theorem 2.3, by means of an equivalent for-
mulation of the problem suggested in Propositions 2.1 and 2.2.

In Section 3 we consider the classical A* condition (see [23]) or mass density sufficient
condition [8] for the Bernstein Markov property. We notice (in Theorem 3.1) that, due
to Theorem 2.3, this condition implies the rational Bernstein Markov property as well,
provided that KNP=0(Kis the polynomial hull of K, see (15)).

In the case K N P # 0,P N K = 0 we show in Proposition 3.1 that it is possible to
build a suitable conformal mapping f such that the images E of K and Q of P under f are
in the relative position of the hypothesis of Theorem 3.1. Thus, we derive (Theorem 3.2)
a sufficient mass density condition for the rational Bernstein Markov property in a more

general case.



RATIONAL BMP 5

In Section 4 we provide a uniform convergence result (see Theorem 4.1) for sequences
of Green functions with poles in P associated to compact subsets K; of K whose logarith-
mic capacity (see (20) below) is converging to the one of K. Then we use such a theorem
to give an alternative direct proof of the sufficient mass density condition of Theorem 3.1 .

In Section 5 we present, as an application, a meromorphic Lﬁ version of the Bernstein

Walsh Lemma; see Theorem 5.

2. PoLyNOMIAL VERSUS RATIONAL BERNSTEIN MARKOV PROPERTY

Let us illustrate some significantly different situations which can occur by providing
some easy examples where we are able to perform explicit computations.

of a separable Hilbert space H

We recall that, given an orthonormal basis {g;} -1
(endowed with its induced norm || - ||z7) of continuous functions on a given compact set, the

Bergman Function By(z) of the subspace Hy := span{q, q2, . .., qx} is

k
Bu(2) = ) lg;)P.

j=1
It follows by its definition and by Parseval Identity that for any function f € H; one has

lf@)| < VBr@)|flla, while the function f(z) := Z’j‘.zl q(20)q j(z) achieves the equality at
the point zo, thus

2
@) Bi(2) = M) .

max
fEH\O) ( /1l
Example 1.

(a) Let u be the arc length measure on the boundary dD of the unit disk. Let K = dD and
P ={0}.

Let us take a sequence {r;} = {'i—’;} in R(P) where deg p;, = I < k, then we have
P
I = 2| = e <
2k

@)
1/2 1/2
||BZ”K Py llzzq = ||BZ,||K 17l 22 -

Here we indicated by B(z) the Bergman function of the space (3”" () Lﬁ)'

For this choice of u the orthonormal polynomials g (z, 1) are simply the normalized

. k
monomials {Z—}, thus we have

\2r
12k
ol k+ 1\
1/2k J
© (max B z[mf?"T -5

It follows by (5) and (6) that (K, u, P) has the rational Bernstein Markov Property.
A similar computation shows that actually any v such that (K, v) has the Bernstein

Markov Property is such that (K, v, P) has the rational Bernstein Markov Property.
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(b) On the other hand, the same measure p does not enjoy the sub-diagonal rational Bern-
stein Markov Property in the triple (K, u, P) with K = {1/2 < |z] < 1} and P = {0} as
the sequence of functions {1/z¢} clearly shows: ||z7||x = 2%, |lz7*|| 1z = 1. A fortiori the
rational Bernstein Markov Property is not satisfied by (K, u, P).

(c) On the contrary, the arc length measure on the inner boundary of K = {1/2 < |z] < 1}
and P = {0} has the sub-diagonal rational Bernstein Markov Property, equation (3), but
neither the rational Bernstein Markov Property equation (2), nor the polynomial one,

equation (1), as is shown by the sequence {z" } Notice that

1/2
( f |z1%* ds) = V2% and |||l = 1, thus
10D

50

& 1/k
||Z ||K _ 27{1/2/( ) £ 1
llZ*1,2 '

In fact, in these last two examples the support of u is not the whole set K, however we
can provide a similar example also under the restriction suppu = K.
(d) Let us take a dense sequence {z;} in K = {1/2 < [z| < 1} and a summable sequence of

positive numbers ¢ := {c;} such that Z;‘;l cj =1, we define
1 IR .
e 1= odslp + 3 ; cj8;, € Mi(K).

Notice that supp 4 = K. It is well known that ds|yp has the Bernstein Markov property
for D, so does the measure M have.

On the other hand, we can show that (K, u,., {0}) does not have the rational Bernstein
Markov property, provided a suitable further assumption on ¢ and z;.

Precisely, let {c;} € £ "and a sequence {n;} of natural numbers be such that

oo 1/2n
ES 2n,
hmkmf[l + Z cjlzjl k] =1

Jj=k+1
@) 0<k<m

lilzn king < 1.

We construct a sequence {7} € Q({0}) of rational functions for which (3) does not
hold with i = u. and P = {0}; hence we show that (K, u., P) does not have the sub-

diagonal rational Bernstein Markov property.
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o _ Iza .
Let us define r,, (z) := =5~ = —55—. We notice that

I7 1k = max {2"||pilli j26m, | Pillan} = 2| pilli 2605

o 1/2
1 1 Cj
racllzz, = (E fﬁ i pifds +5 ) mmk(zﬁﬁ]

Jj=k+1
- 12
c:
< llpillon 1+ Z J
V2 j=k+1 Iz
- 172
c:
32_1/2+k||Pk||1/2ﬂD(1+ o 1;,”] :
okt R

Here we used the second equation in (7) and the classical Bernstein Walsh Inequality

for 1/20D twice, e.g. |p(2)| < |Iplli /200 exp(deg p log* (2[z])). It follows that
1/n,
[urnkuK) kZ RS 1
“rm(”L?l( (1 + Z;;)Z+l Cj|zj|72n/<

We can construct the sequence {7,,} above setting 7, = r,, for any m for which it

)l/2nk :

exists k with m = n; and picking any other rational function with at most m zeros and a
m-order pole at O for other values of m. Now we use the assumptions (7) and properties

of lim sup to get

1/m 1/ng
: llrmllx . 7|l
lim sup > lim sup
m ”rm”LZC k ”rnk”Lﬁc

> — = S\ 1/20 =1
llmlnfk (1 + Zj:k+l Cj'Zj' nk)

Thus (K, u., {0}) does not have the rational sub-diagonal Bernstein Markov property,
since the rational Bernstein Markov is a stronger property.

(e) Lastly, the measure du := du; + duy := 1/2dslsp + 1/2dsli 200 (here ds denotes the
standard arc length measure and 1/20D := {z : |z] = 1/2}) has the rational Bernstein
Markov property for K = 0D U 1/29D, P = {0}.

In order to show that, we pick any sequence of polynomials {p;} of degree not
greater than k and {m;} where my; € {0, 1, ..., k}, we consider the Bergman function for

1 and p, and using (4) we get
Pk

m,
Zk

= P "k >
;= WPl + 2l >

B Pl + 2" BE) Pipu)l

»el /20D

) 12 ) 12

JT JT

[—] |Pk(Zl)|] + 2™ [—] DPi(22)|z,e0m-
Z[E(?D

k j k i
j=0 |Z{ |2 j=0 2|Z2J|2
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Now we pick z; € D and z; € 1/20D maximizing |p,| and we get

Dk 2r v 37
> | bom | T N
2l k+ 1||Pk||0D prET 1||Pk||1/2{)D
3r
TS “(lpellon + 2™ Ipkllij20p) =
3 (|l " ' Pr >
4k+1 -1 ka oD Zm/‘ 126D =
3n Dk
4k+1 _ ] Z7" I(.

It follows that, denoting p;/z* by ry, we have

1/k 1/(2k)
4k+l -1
lim sup Il < lim( ) =1,
e Ulrellz e\ 3n

hence (K, u, {0}) has the rational Bernstein Markov property.

The relation between these three properties is a little subtle: the examples above show
that different aspects come in play from the geometry of K and P and the classes R(P), Q(P).
It will be clear later that the measure theoretic and potential theoretic features are important
as well.

We relate the sub-diagonal rational Bernstein Markov property and the rational Bern-
stein Markov property to the weighted Bernstein Markov property with respect to a spe-
cific class of weights in Proposition 2.1 and 2.2; to do that we first recall the definition of

weighted Bernstein Markov Property.

Definition 2.1 (Weighted Bernstein Markov Property). Let K C C be a closed set and
w : K — [0, +oo[ be an upper semicontinuous function, let u € M*(K), then the triple
[K,u, w] is said to have the weighted Bernstein Markov property if for any sequence of

polynomials p; € P* we have

pli )
(8) lim sup pk—kK <l
k Pl

In what follows we deal with weak™ convergence of measures. We recall that, given a
metric space X and a Borel measure ¢ on X, the sequence of measures (y;) on X is said to
weak™ converge to u if for any bounded continuous function f we have lim; | fX fdu — fx fd,u,-| =
0; in such a case we write 1; —* u. Also, we recall that the space of Borel probability mea-
sures M (X) is weak™ sequentially compact, that is for any sequence there exists a weak”

converging subsequence.
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If X is a compact space, then 4'(X) is a separable Banach space. It turns out that the
space of Borel measures is isometrically isomorphic to the dual space ¢”*(X) and the topol-
ogy of weak™ convergence is generated by the family of semi-norms {p; : f € ¥} where
pru) == | fx fdu| and F is any countable dense subset of %'(X).

Using these facts it is not difficult to prove the following statement that we will use in
the proof of the next proposition.

Let P be a compact set in C and o a Borel measure supported on it having total mass
(k) (k)

equal to 1. There exists a sequence of arrays {(z,”, ...,z ")} of points of P such that we get
1 &
©) o :WZMH o.
7=

For any compact set P we introduce the following notation
W(P) =" : 0 e M"(P),0 < 7(P) < o},
Wi(P) = (V" : 0 e M{(P)},
where U7 (z) := — f log |z — {|do({) is the logarithmic potential of the measure o and we

set by definition U° = 0.

Proposition 2.1. Let K C C be a non polar compact set, u € M*(K) and P any compact
set disjoint by K. Then the following are equivalent

(i) Yw € W (P) the triple [K, u, w] has the weighted Bernstein Markov Property.
(ii) (K, u, P) has the sub-diagonal rational Bernstein Markov Property.

Proof of (i) implies (ii). Letus pick asequence {ry} = {pr/qi} in Q(P), where gy := H’;zl(z—

Z;), and let us set o := % Z’;zl 0,;- Then we can notice that

1 k
Ut = f log| Ari(d) = 7 2, los
j=1

Thus, setting Uy, := U’*, we have

1/k 1/k
(kUy)
10) o i ( ||rk||K] _ (npke ||K) .

||’”k||L§ ||Pk€(kUk)||L§

1
=—-1 .
2 % og |qxl

Now we pick any maximizing subsequence j + k; for a;, thatis lim sup, a; = lim; ay,. Let
us pick any weak* limit o € M;’(P) and a subsequence [ — j; such that &; := Tk, —* 0.
Moreover lim; b; := limy ag;, = lim sup,, ay.

Let us notice that U := UY and all U, := U?" are harmonic functions on C\ P, moreover,
due to [22, Th. 6.9 1.6], {U;} converges quasi everywhere to U. Notice that U’ := —E * &7,
where E(z7) := log|z| is a locally absolutely continuous function on C \ {0}, hence weak
convergence of measures supported on P implies local uniform convergence of potentials
onC\ P.
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We can exploit this uniform convergence as follows. For any £ > 0 there exists /; such

that for any / > [, we have

(11 U —-¢< U <U+ ¢ uniformly on K.

Now we denote k;, by k; and Py, by pi. It follows by (11) that for / large enough
15"k < 17"l < Felipie™V ik,
15"Vl 2 15"l 2 > e |pre™Y ]l 2 and thus
llpre"YlIx < e 15" llx
pre” 2 el
pretl preRVl;

Hence, exploiting w := eV € W (P) and u having the weighted Bernstein Markov property

for such a weight, we have

oz 1/k oz 1/k

. | eIk 2e .| 1Pl

limsupa; = lim| ————— <e”lim| ———+—
X E AR F AR

o )
. wH
< e®lim lj[—f{K =e*® —1 ase—0.
vl

[m]

Proof of (ii) implies (i). Suppose by contradiction that there exists o € W (P) such that
[K, u, exp U] does not have the weighted Bernstein Markov Property.

We pick {z(lk), e ,Zlik)}kzl,... and o = % 2’;:1 0w as in (9).

Let us set w = exp U7, wy = exp U%*. We ca{n perform the same reasoning as above,
using the absolute continuity of the log kernel away from 0, to get U%* — U uniformly
on K. Thus for any & > 0 we have U%* — & < U7 < U’* + ¢ uniformly on K for k large

enough. That is
(12) wre™® <w < wge® uniformly on K for k large enough.

Notice that given any sequence {py} such that p; € 2% we have

k Pk
= =¢ ——— 1 € Q(P).
{re} == {pwi} {H];':](Z ~ Zj)} € Q(P)

Since we assumed that [K, u, w] does not have the weighted Bernstein Markov property we

can pick py such that, using (12),

palix | Ipewdlix )
1 <limsup pk—kK < lim sup ¢ | ———
ko Ulpewllp k llpewillr2

2.

<e®—>1 ase— 0.

This is a contradiction. O
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We can prove the following variant of the previous proposition by some minor modifi-

cations of the proof.

Proposition 2.2. Let K C C be a non polar compact set, u € M*(K) and P any compact
set disjoint by K. Then the following are equivalent

(i) Yw € W(P) the triple [K, u, w] has the weighted Bernstein Markov Property.
(ii) (K, u, P) has the rational Bernstein Markov Property.

Proof of (i) implies (ii). We pick an extremal sequence in R(P) (i.e., for a; as in (10))
Py
Iy :=

A’

We notice that

where deg p;, = [y < k and deg g,,, = my < k.

/nk
on KU ) o
ry = sze(m*U ‘) = pzke( = plke(kU ), where

o are as in the previous proof. Notice that the sequence of measures {5} := {%a'mk } has

the property fpdé'k < deO'mk = 1 since my/k < 1.

By the local sequential compactness we can extract a subsequence (relabeling indeces)
converging to any weak” closure point o that necessarily is a Borel measure such that
fP do < 1. Notice that o can be also the zero measure: here is the main difference between
this case and Proposition 2.1 where each weak™ limit has the same positive mass.

Notice that U%* converges to U uniformly on K as in the previous proof, hence for any

& > 0 we can pick k. such that for any k > k. we have
U —e<U” <U% +e.

Therefore, seetting w := U? we have

k

- KUTK) (—k kU“ k
ree ¢ = p,ke( )etke) < p[ke( ) = DLW

(13) .
< plke(kufrk)e(ks) — rkeks.
The result follows by the same lines as in proof of Proposition 2.1, using the weighted

Bernstein Markov property of [K, u, w] Yw € W(P). O

Proof of (ii) implies (i). Pick o such that U7 € ‘W(P). If o = 0 we notice that the rational
Bernstein Markov property is stronger than the usual Bernstein Markov property.
If o is not the zero measure we set ¢ := deO', 0 =o0/c € MT(P), and we pick a
sequence of natural numbers 0 < my < k such that limy my/k = c. We find o € M{(P),
my

o := (1/my) X°%, 6 o such that o —* & as in the previous proof, thus oy —>* 0.
J

It follows that

(14) mU% + ke = k(’% U™ — &) < kU” < k(% U™ - &) = mU — ke,

for k large enough.
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We can work by contradiction supposing that [K, u, U] does not satisfy the weighted
Bernstein Markov property and following the same lines of the proof of (ii) implies (i) of
the previous proposition using (14) instead of (12).

]

Remark 2.2. The combination of the two previous propositions proves in particular that
if (K, u, P) has the sub-diagonal rational Bernstein Markov property and (K, u) has the
Bernstein Markov property, it follows that (K, u, P) has the rational Bernstein Markov
property.

On the other hand if (K, i, P) has the sub-diagonal rational Bernstein Markov property
but not the rational Bernstein Markov property, it follows that (K, 1t) does not satisfy the

Bernstein Markov property.

According to Proposition 2.2, our original question boils down to whether the Bern-
stein Markov property implies the weighted Bernstein Markov property for any weight in
the class W(P). In the next theorem we give two possible sufficient conditions for that,
corresponding to two different situations that are rather extremal in a sense. The reader is
invited to compare them with situation of Example 1(a) and 1(b).

We denote by S g the Shilov boundary of K with respect to the uniform algebra P(K)
of functions that are uniform limits on K of entire functions (or equivalently polynomials).
We recall that S ¢ is defined as the smallest closed subset B of K such that max,cx | f(z)| =
max,cp |f(z)| for all f € P(K).

We use the standard notation for the polynomial hull of a compact set K, that is
(15) K:={zeC: |pQ| <liplik. Vp € 2},
where & := Ugey 2.

Theorem 2.3. Let K ¢ C be a compact non polar set and u € M*(K) be such that
suppu = K and (K, ) has the Bernstein Markov Property. For a compact set P C C such
that K N P = 0, suppose that one of the following occurs.

Case a: Sk =K.
Case b: RnP=0.

Then the triple [K, u, w] has the weighted Bernstein Markov Property with respect to any
weight w € ‘W(P) and thus (K, u, P) has the rational Bernstein Markov Property.

Proof. Let us pick oo € M*(P) and set w = exp U7, also we pick a sequence {p;}, where
P € % We show that in both cases [K, i, w] has the weighted Bernstein Markov Property
with respect to any weight w € W, (P), the rest following by Proposition 2.2.
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Case a. We first recall (see [23, Lemma 3.2.4 pg. 70]) that the set {|g| : g € &} is dense
in the cone of positive continuous functions on S g, which w belongs to.

For any € > 0 we can pick g. € & such that
(16) (I -o)lgel =w < (1 +&)lgl-

Notice that |g.|* = |gX| = 74|, where 7o € 2™k,

+Dk then we have

If for any p; € 2% we set py := Toupr € P
Ipiw*llx <(1 + &)llrerpillx = Ipllxs

k k ~
lpew™llr2 2(1 = &)*lITexpillzz = 11Pillz2. and thus

1/k B #
llpiw* || <1+s lellg |
l15ellz2

lpewtllz ) ~1-€
Using the polynomial Bernstein Markov property of (K, 1) and the arbitrariness of € > 0
1/k
llpew* Il ) <1.

lpxwkll, 2
Lia

a7

mg+1

we can conclude that lim sup, (

Case b. Suppose first that K is connected, then it follows that there exists an open
neighbourhood D of K which is a simply connected domain and P N D = (. We recall that
any harmonic function on a simply connected domain is the real part of a holomorphic one.

Hence, being U? harmonic on D, we can pick f holomorphic on D such that
(18) w=exp U’ =expRe f = |exp f|.

Since g := exp f is an holomorphic function on D, by Runge Theorem, we can uni-
formly approximate it by polynomials g, on K :={zeC, Ip@)| < lIpllk Yp € L(C)}. Now
we can conclude the proof by the same argument (17) and (18) of the Case a above.

If otherwise K is not known to be connected, we apply the following version of the
Hilbert Lemniscate Theorem [15, Th. 16.5.6], given any open neighbourhood U of K not
intersecting P we can pick a polynomial s € &7 such that |s(z)| > ||sllg = |Isllx for any
zeC\U.

It follows that, picking a suitable positive 9, the set E := {|s| < [|s||x + J} is a closed
neighbourhood of K not intersecting P.

Notice that the set £ has at most deg s connected components E; and by definition it is
polynomially convex. Moreover the Maximum Modulus Theorem implies that each D; :=
int E; is simply connected or the disjoint union of a finite number of simply connected
domains that we do not relabel.

Forany j=1,2,...,degs we setw; := w| p;- We can find holomorphic functions f; and
gj on D;, continuous up to its boundary, such that w; = [exp fj| = |g;l.

Now notice that the function g(z) = g;(z) Yz € D; is holomorphic on D and continuous

on E, since D is the disjoint union of the sets D;’s. Hence we can apply the Mergelyan
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Theorem to find for any € > 0 a polynomial g, such that
(1 -8)lg:() <w(z) < (1 +8)lg:(2)] Vz€ E2K.

We are back to the Case a and the proof can be concluded by the same lines. O

3. A SUFFICIENT MAsS-DENSITY CONDITION FOR THE RATIONAL BERNSTEIN MARKOV PROPERTY

In the case of K = supp u being a regular set for the Dirichlet problem, the Bernstein
Markov Property for (K, u) is equivalent (cfr. [7, Th. 3.4]) to u € Reg. A positive Borel
measure is in the class Reg or has regular n-th root asymptotic behaviour if for any se-

quence of polynomials {p;} one has

()
Ipdllzz

(19) lim sup
k

1/ deg px
] <1 forze K\ N, N c K, N is polar.
However, the definition can be given in terms of other equivalent conditions, see [23, Th.
3.1.1, Def. 3.1.2]. We recall for the reader’s convenience that a set P is polar if it is locally
representable as a subset of the {—oo} level set of a subharmonic function.

Moreover in [23, Th. 4.2.3] it has been proven that any Borel compactly supported finite
measure having regular support K C C and enjoying a mass density condition (A*-criterion
[23, pag. 132]) is in the class Reg, consequently (K, 1) has the Bernstein Markov property.
In order to fulfil such A* condition a measure needs (roughly speaking) to be thick in a
measure-theoretic sense on a subset of its support which has full logarithmic capacity (see
equation (23) below for the rigorous statement).

Notice that, even if this A* criterion is not known to be necessary for the Bernstein
Markov property, in [23] authors show that the criterion has a kind of sharpness property
and no counterexamples to the conjecture of A* being necessary for the Bernstein Markov
property are known. Moreover, this mass density sufficient condition has been extended
(here the logarithmic capacity has been substituted by the relative Monge-Ampere capacity
with respect to a ball containing the set K) to the case of several complex variables by
Bloom and Levenberg [8].

Here we observe that under the hypothesis of Theorem 2.3 this condition turns out to be
sufficient for the rational Bernstein Markov property as well; we state this in Theorem 3.1
then we generalize this result in Theorem 3.2.

We recall the definition of the logarithmic capacity cap(-) of a compact subset of the
complex plane
(20) cap(K) := sup exp (=I[ul),

pEM; (K)
where we denote by

1
21 1[u] 1=fU“dﬂ=ff10g |Z_£|dﬂ(z)du({)
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the logarithmic energy of the measure u.

The existence of a minimizers for /[-] holds true provided K is a non polar set [22, Part
I] while the uniqueness follows by the strict convexity of /[-]. The unique minimizer is
named equilibrium measure or extremal measure and is denoted by ug. It is a fundamental

result that, for non-polar K,

(22)  px = Agk(z00) and gx(z,c0) = f log 2 — Zldux(0) — log cap(K),

where gk(z,00) is the Green function for the unbounded component Qg of C \ K with
logarithmic pole at co. Here the Laplacian has to be intended in the sense of distributions

and has been normalized to get a probability measure.

Theorem 3.1. Let K C C be a compact regular set and P C Qg be compact. Let u €
M*(K), supp u = K and suppose that there exists t > 0 such that

(23) lim cap ({z €K :uB(zr) > rf}) = cap(K).
Then (K, u, P) has the rational Bernstein Markov Property.

1. By [23, Th. 4.2.3] it follows that (K, i) has the Bernstein Markov property, by Theorem
2.3 Case b we can conclude that the rational Bernstein Markov property holds for (K, i, P)

for any P C Qg as well. O
1. See subsection 4.1. O

If we remove the hypothesis P ¢ Qg, then Theorem 2.3 is no more applicable. We
go around such a difficulty in the case K C Qp by a suitable conformal mapping f of a
neighbourhood of K U P given by the Proposition 3.1 below.

We recall, for the reader’s convenience, the definitions of Fekete points and transfinite
diameter. Given any compact set K in the complex plane, for any positive integer k, a set
of Fekete points of order k is an array zx = {zo,...,2} € K* that maximizes the product of
distances of its points among all such arrays, that is

Vi(zi) = 1S];[Sk s = zjl = max ls];[Sk 16 = gl
Notice that such maximizing array does not need to be unique.

2

It turns out that, denoting by 6i(K) := <max{€Kk /104 ))k‘“” the k-th diameter of K, we

have
(24) lilgn 0x(K) =: 6(K) = cap(K),

where 0(K) is the transfinite diameter of K (existence of the limit being part of the state-
ment). We refer the reader to [19, 22, 21] for further details.
Recall that we indicate by £ the polynomial hull of the set E, see (15).
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Proposition 3.1. Let K,P c C be compact sets, where K 0\ P = 0. Then there exist
Wi, Wa,...,w, € C\ (KU 13) and R, > Ry > 0 such that denoting by f the function

e we have

1
n’;;l(szj)
K cc{lfl <R},

P cC{R; < |fl < Ry}.

Proof. We first suppose P to be not polar.

Moreover we show that we can suppose without loss of generality that
(25) log 6(P) < min gp(-, ).

To do that, consider 0 < A < ﬁ and notice that

log 6(AP) = log A5(P) < 0.
On the other hand one has g;p(z, ) = gp(%, ), thus it follows that
min gp(z, 00) = min g,p(z, ) > 0 > log 6(AP),
zeK z€AK

where the first inequality is due to the assumption K N P = 0.

If we build f as in the proposition for the sets P’ := AP and K’ := AK, then f := fo %
enjoys the right properties for the original sets P, K. Hence in the following we can suppose
(25) to hold.

Letus pickO<p <p:= d(P,K)/2, where d(A, B) := infyep yep |x — yl, and consider the
set PP.

For the sake of an easier notation we denote by g(z) and g,(z) the functions gp(z, o) and
8 (2, ).

For any k € N let us pick any set Zi(p) := {z(lk), . ,z,((k)} of Fekete points for P*,
moreover we denote the polynomial I—[’]‘.zl(z - z;k)) by gx. Notice that Z;(p) C (613P)" -
(C\ (K U P))X, hence {z(lk), . ,z,(ck)} is an admissible tentative choice for wy, wo, ..., wy.

Let us set

a(p) :=ming,,
= i 0 = 0
b :=pr§3)g] max g, = maxg.

We recall that (see [22, III Th. 1.8])

h;?l % log™ |gxl = g, locally uniformly on C\ Pr.

Thus for any € > 0 we can choose m(g) € N such that

1
}— log* gnl - gH <& Vm>me),
m

B(p)
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where B(p) := {z € C : a < g,(z) < b}, notice that P* N B(p) = 0.

Then, taking & < a we have Ym > m(¢)

Kc {a(p)—ss llog+lq,,,I Sb+e} =
(26) m

e < |g,| < ") = Ae, p,m).
On the other hand, exploiting the extremal property of Fekete polynomials [19, Th. 5.5.4
(b)], we have |lgnllpe < Sn(PPY", where 6,,(E) is the m-th order diameter of E. In other
words

P C {Ignl < 8,(P?)"} =2 D(p,m).

In order to prove that A(e, p, m) N D(p, m) = O, for suitable £ > 0, dist(K, 13) >p>0

and m > m(¢g), we need to show that for such values of parameters

7 log 6,,(P*) < a(p) — &.

In such a case the function f(z) := ﬁ satisfies the properties of the proposition since

Ifllg < O™ < 6,(PP)™" < min | f].

To conclude, we are left to prove that we can choose admissible m, p > 0 and &€ > 0
such that (27) holds. To do that we recall that, since P = ﬁ,eNP% , by [19, Th. 5.1.3] we
have

o(P) = li{ncS(Pp = li{n linr1n6m(P%).
By the same reason gy, is uniformly converging by the Dini’s Lemma to g on a neigh-
bourhood of K not intersecting Py.

Therefore, it follows by (26) and (25) that possibly shrinking & to get
0 < &£ < min{a, mgng —logd(P)} we have
li}n lirin log 6m(P%) =logd(P) < mlgng —&= lian mI}n 8l/m — &
Hence (possibly taking &’ < &) there exists a increasing subsequence k +— [; with
li’inlog Om(P1y) < lirfln n}én g1ym — & forany k e N.

In the same way we can pick a subsequence k — i, such that log 6,,, (P1/,) < ming g1/m, —
g” for all k € N. Taking k large enough to get m; > m(e’") and setting m := my, p := 1/I;
suffices.

In the case of P being a polar subset of C we observe that for any positive p the set
P* is not polar since it contains at least one disk. Moreover notice that limy, 6,,(P1/,) =
log 6(P) = —oo whereas the sequence of harmonic (on a fixed suitable neighbourhood of
K) functions gy, is positive and increasing. Equation (26) is then satisfied for m large

enough. The rest of the proof is identical. O
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We use the standard notation f.u(A) := ff*‘ @) du for any Borel set A c C.

If we use Proposition 3.1 and set E := f(K), Q := f(P) we can see that E N Q = @ thus
E, Q are precisely in the same relative position as in the Theorem 3.1. Therefore we are
now ready to state a sufficient condition for the rational Bernstein Markov property under

more general hypothesis, where we do not assume K N P = 0.

Theorem 3.2 (Mass-Density Sufficient Condition). Let K, P C C be compact disjoint sets
where K is regular with respect to the Dirichlet problem and PN K = 0. Let u € M*(K) be
such that supp i = K and suppose that there exist t > 0 and f as in Proposition 3.1 such
that the following holds

(28) lim cap({z € f(K) : fou(B 1) 2 1')) = cap(f(K).

Then (K, i, P) has the rational Bernstein Markov Property.

Proof. By Theorem 3.1 it follows that the triple (E, f.u, Q) has the rational Bernstein
Markov Property.
To conclude the proof it is sufficient to notice that for any sequence {r;} in R(P), the
sequence {7;} defined by
Fir=rjmeof j=12,...
is an element of R(Q). Moreover by the rational Bernstein Markov property of (E, f.u, Q)

we can pick ¢; > 0 such that limsup; c;/ /< 1and

lrillx = WPmelle < CnmillPomkllz2crpy < Comidllrellz2g-

Thus we have

1k
( lIrellx ) < (cl/(mk))m T

”rk”LZ(y) mk
m]

We can also state the above result in a simpler way, thought not completely equivalent.

Corollary 3.2.1. Let K,P c C be compact sets where K is regular with respect to the
Dirichlet problem and P N K = 0. Let 1 € M*(K) be such that suppu = K and suppose
that there exist t > 0 and f as in Proposition 3.1 such that the following holds

(29) lim cap (£ (1¢ € K : u(B.1) = r'})) = cap(f(K)).
Then (K, i, P) has the rational Bernstein Markov Property.
Proof. Let L := Lipg f =1inf{L : |[f(x) — f(»)| < LIx —y|, for all x,y € K}, we set

A, :={l €K : wB, r/L) > r'}
D, :={z€ f(K): fu(B(z,r) > r'}.
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We observe that if {y € A, then zy := f({y) lies in D,. For, notice that

mwmwhj‘ @zf i
' (B(z0,r)) B({o.r/L)

since f(B({y, r/L)) C B(zg, r). Therefore f(A,) C D,.

If we suppose that cap(f(A,)) — cap(f(K)), then it follows that cap(D,) — cap(f(K))
as well by the inequality cap(f(K)) > cap(D,) > cap(f(A,)) — cap(f(K)).

Now consider the set B, := {{ € K : u(B({,r)) > '}, for some ¢ > t, condition (29)
says lim,_,o+ cap(f(B;)) = cap(f(K)). Now take s = r/L and notice that for small r we
have (f)t > r!, thus by condition (29) it follows that lim,_q+ cap(f(A,)) = cap(f(K)). By

the previous argument condition (28) follows and Theorem 3.2 applies. O

Example 2. We go back to the case of the Example 1 (e) to show that the same
conclusion follows by applying Corollary 1. Let us recall the notation. We consider the
annulus A :={z: 1/2 < |z] < 1}, set K := 0A, P := {0} and u := 1/2ds|sp + 1/2ds|%(,D,
where ds is the standard arc length measure.

We proceed as in Proposition 3.1 to build the map f: we take p = 0.1 and for each
m € N we pick a set of Fekete points for P = {|z| < 0.1}.

In this easy example m = 2 suffices to our aim, so we can choose w; = 0.1, w, = =0.1,

_ 1 _ 1
f@= (z-w)(z-wp) — 22-0.01°
We notice that f is a holomorphic map of a neighbourhood K° of K and we can compute
its Lipschitz constant Lip, (f) := inf{L > 0 : [f(x)—f()| < LIx—y|, Vx # y € K} as follows.

-2z
(2 - 0.01)?

Ls := Lip(f) = lIf’llxs = max
K¢ Z€

Ko

For instance, taking 6 = 0.1 we get Ls = % =523.

For any { € 0D and r < 1/2 we have

1 1 arg({)+arcsin(r)
e =5 [ as=3 1.do
2 B(¢,r)ndD 2 arg({)—arcsin(r)

= arcsin (r),

similarly for any ¢ € 1/20D we have

1 1 arg {+2 arcsin(r) do
,u(B({,r))z—f dsz—f 1—
2 B(£,r)N1/20D 2 arg {2 arcsin(r) 2

= arcsin(r).

Notice that taking r = 1 and r < 1/2 (29) is satisfied since {{ € K : u(B({,r)) > r} = K for
all0<r<1/2.

Finally we notice that also (A, i, P) has the rational Bernstein Markov property (as we
observed in Example 1 (e)) since any rational function having poles on P achieves the

maximum of its modulus on K.
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It is worth to notice that a measure u can satisfy (29) even if the mass of balls of radius
r decays very fast (e.g. faster than any power of r) as r — 0 at some points of the support
of p. This is the case of the following example.

Example 3. Let us consider the measure i, where

defined on the unit circle dD and pick as pole set P := {0}.

. 6+2 arcsin r/2 2
(30) ,u(B(e’g, r)) = f exp (L) du
[4

—2 arcsin r/2 7T2 - u2
i - B .
3D > 4arcsinr/2exp (”2—(9+2arcsin r/2)2) ,0< 6 <m—2arcsinr/2
> . o |
4%CSInr/2exp(m) ,—7+2arcsinr/2 <9 <0.

We try to test condition (29) using ¢+ = 1 and the map f(z) := which is a bi-

1
z-0.01
holomorphism of a neighbourhood of dD. Therefore the condition lim,_,q+ cap(f(K,)) =
cap(f(K)) of Corollary 1 for sets K, C K is equivalent to lim,_,o+ cap K, = cap K and we

are reduce to test the simpler condition

(32) li%l+ cap({z € dD : w(B(z,r)) > r}) =: lir(l)l+ cap K, = cap(dD).

It is not difficult to see by (31) that

K, D
i0 : - r
{e +0 € 10,7~ 2arcsinr/al, exp (712 — (0 + 2 arcsin r/2)2) = 4 arcsin r/2} U
i0 . -’ r
{e 10 €] —m+2arcsinr/2,0] ,exp(7r2 . 2arcsinr/2)2) > Tarcsin r/2} =

K'UK? =: K,
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where

K= {0 € [a;, bi]}

. 1
alzmax{O,Zarcsmr/Z—ﬂ 1+W}

1
by = min {71' —2arcsinr/2,m |1 — m — arcsin r}
V og =

. . 1 .
a, = min{ —r + 2arcsinr/2,n . |1 — ————— — arcsinr
10g 2 arcsin r
r

. 1
bz:[ﬂﬁX{O,—ZﬂfCSlHi’/Z-Fﬂ' 1+W}

It is not difficult to see that for r — 0" we have [ay,b;] = [0, 7 — 2 arcsinr/2], [ay, br] =
[-7 + 2 arcsin /2, 0], hence K, 2 {¢?,0 € [-n + 2 arcsin r/2, 7 — 2 arcsin r/2]
We recall that the logarithmic capacity of an arc of circle of radius 1 and length « is

sin(a/4); see [19, pg. 135]. Therefore we have
cap(dD) > lir(r)l+ cap(K,) > lir(l)l+ cap(K,) =

33) 27 — 4arcsin r/2
lim sin (LCS“”/) = 1 = cap(dD),
r—0* 4
this proves (32) and since we considered a bi-holomorphic map f (29) follows. By Corol-

lary 3.2.1 we can conclude that {OD, y, {0}} has the rational Bernstein Markov property.

4. CONVERGENCE OF GREEN FUNCTIONS AND MASS DENSITY CONDITION

The aim of this section is to relate the convergence of logarithmic capacities of compact
subsets K; of a given compact regular set K to the uniform convergence of the Green
functions g,(z,a) to gx(z,a) with poles a in a given compact set P disjoint by K. We
provide a one variable version (see Th. 4.1 below) of [8, Th. 1.2] adapted to our setting of
moving poles.

Then we give, as an application, another proof of Theorem 3.1 using this convergence
property.

We recall that given a proper sub-domain D of the one point compactification C,, of
C the Green function of D is the unique function Gp : D X D —] — oo, 0] such that
Gp(+,¢) is harmonic in D \ {{} and bounded out from any neighbourhood of £, Gp(:,{) has
a logarithmic pole at £ and lim,_,,, Gp(z,w) = 0 for all zo € dD \ N where N is a polar set.

Let K c C be any compact set, then we can consider the standard splitting in connected

components

C\K = Q¢ | J (V).
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where Q;’s are open bounded, while Qg is the only unbounded connected component of
C\K.

To simplify the notation from now on we denote by g(z, {) the Green function Gq,(z, {)
of the unbounded domain Q, notice that the notation is consistent with the case when
{ = oo.

There exists another characterization of the Green function that allows also a generaliza-
tion to several complex variables. Namely one considers the Lelong class -Z(C) of all sub-
harmonic functions on the complex plane having a logarithmic pole at oo, e.g., u(z)—log™ |z
is bounded on any neighbourhood of {co}. Then the extremal subharmonic function is in-

troduced
(34) Vi (z) := sup{u € Z(C),ulg < 0}.

The upper envelope defining Vi has been proved to be equal to the logarithm of the Siciak-

Zaharyuta function
D 1= sup{lp@)]" P, p € Z(©C).lIpllx < 1}.
By these definitions it follows the Bernstein Walsh Inequality

(35) Ip(2)| < lIpllk exp(deg(p)Vk(2) . p € Z(C).

Moreover, it turns out that the upper semi-continuous regularization

Vi(z) := limsup Vg({)

{—z

coincides with gg(z, o) for all non polar compact K; see [17, Sec. 3].
Lastly, we recall that a compact set K is said to be regular if gi(-, 00) (or equivalently
V&) is continuous on K and hence on C.

We will make repeated use of this classical result (see for instance [19])

(36) 8k(2,a) = gy, k) (1a(2), ),

where 7,(z) = L.
From now on we use the following notation, given any compact set K and a positive €

we set
K?:={z:d(z,K) < ¢},

where d(z, K) := mingex |z — £] is the standard euclidean distance.

Theorem 4.1. Let K C C be a regular compact set and P a compact subset of Qk. Then
for any bounded simply connected domain D such that K c D and P N D = 0, and for any
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sequence {K} of compact subsets of K the following are equivalent.

() limcap(K) =  cap(K).
J

(i) lim gk (z,a) = gx(z,a) loc. unif. for z € D, unif. fora € P
J
In order to prove Theorem 4.1 we need the following proposition.

Proposition 4.1. Let K C C be a regular compact set and {K;} a sequence of compact
subsets of K, let D be a bounded simply connected domain suchthat K Cc Dand f : D — C

a bi-holomorphism on its image. Then the following are equivalent

i) lim; cap(K;) = cap(K),

ii) gx,(z,0) = gx(z, ) locally uniformly,
iii) gf(k,)(2,0) = &k (2, ) locally uniformly and
iv) lim; cap(f(Kj)) = cap(f(K)).

Proof. 1t follows by the hypothesis on convergence of capacities that ux, —* u, see for
instance [23, Proof of Th. 4.2.3].

Let us pick any sequence {z;} of complex numbers converging to Z € C, it follows by
the Principle of Descent [22, Th. 6.8] that

limsup —U"i(z;) < —U**(2).
J
On the other hand, due to regularity of K, the fact that K; C K for all j and since by

assumption the sequence —log cap(K ;) does have limit, we have

gk (2, 00) = liminf gg(z;, o) < liminf gg,(z;, 00) < lim sup gg,(z;, )
J J j

=lim sup (—U"Kf (z;) — log cap(Kj)) = lim sup —U"*i(z;) — log cap(K)
J J

(37) < - UM(2) — log cap(K) = gk(Z, o).

Thus equality holds, moreover, since the sequence and the limit point are arbitrary we
get gk, (,00) — gk(-,00) locally uniformly in C. Indeed, we can pick any compact set
L c C and any maximizing' sequence {z;} of points in L for |gk,(z, o0) — gk(z, o)|, i.e.,

8k,(zj, 00)—gk(z), 00) = MaXyes 8k, (2, ) —gx(z, ), and notice that extracting a converging

INotice that gK/(z, 0) < gk(z,0) at any z € C and, by the continuity of gx(-, o), the function IgK/. (zj,00) =

8k (zj,9)| = gk;(z), ©) — gk(z;, ©0) is upper semi continuous, thus it achieves its maximum on L.
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subsequence of z;, — Z € L and relabelling indexes we have

lim sup |lgk; (z, 0) — gx (2, o)l = lim sup |g;, (2, %) — gk (z;, )|
J J

<lim sup gk, (z), ©) — gk (%, 00)| + limsup [gx(z;, 00) — gx(Z, )|
J J

=limsup [g; (2, ) — gk (%, o) = 0.
J
Here we used both the continuity of gk (-, c0) and (37).

Now we introduce some tools that are classical in (pluri-)potential theory in several
complex variables. The one variable counterparts of these notions are just normalizations
by a negative scaling factor: this leads to consider sup in place of inf and superharmonic
functions in place of subharmonic. We choose this setting because it is easier to provide a
proof of the above statement in this notation; we refer the reader to [22, Ch. I1.5] for the
one variable definitions and properties.

We pick a domain D containing K and we define the relative extremal subharmonic

function

38) Uk p(2) := limsup sup{u({) € shm(D),u < 0, ulx < —1}.

{—z
Here shm(D) stands for the set of subharmonic functions on D. U;D is a subharmonic
function on D whose distributional Laplacian is a positive measure supported on K, more-
xp = —1 g.e. on K for an arbitrary compact set K and Uy ;, = —1 for any regular
compact set K C D; see [2]. The reader is invited to compare this to the Green potential of
the condenser (K, dD) in [22, Ch. 11.5].

The function Uy ;, — 1 solves the following variational problem that defines the relative

over U

capacity of K in D.
(39) cap(K, D) := sup {f Au : u € shm(D, [0, l])},
K

namely one has cap(K, D) = fK AUy p = fK Uy pAUg .
Now we show that, under our hypothesis, U1*<,, p — Uk p uniformly on D.

On one hand, by the definition (38) above, Yz € D we have

Ux p(2) < Uk, p(2),

Ug,p(@) — max Ug,p— 1< UgpQ
and thus

(40) 0 < Uk, p(2) = U p(@) < max Uy, +1 Yz € D.
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On the other hand, by the estimate gk,(z,00) > infzeap gk, ({, ) (Uy (2) + 1) for all
z € D (see [16, Prop. 5.3.3)), it follows that
gK,'(Z’ OO)

— - 1VzeD.
infzeap gk;(¢, o)

-1< U}}j’D(z) <

Note that the right hand side of the above inequality converges uniformly on K to —1 =

Ukp since we proved that g (z, ) — gx(z, ) locally uniformly and hence infy.csp gx; (W, 00) —
inf,,egp gx (W, 00) > 0; here the last inequality is due to K c Dsince D is simply connected

and thus

{ler}jgg@.({, ) > ;Er}?ngK({, o0) > 0.

We get maxg U1*<j,D +1 — 0 locally uniformly on K and finally, due to (40), U;(,»,D - Uxp
locally uniformly on D.

It follows by the above convergence that cap(K;, D) — cap(K, D) as well; see the
definition (39) of relative capacity and lines below. To show that we simply pick ¢ €
(D, [0, 1]) such that ¢ = 1 in a neighbourhood of K and we write

cap(K,D):fAU}}!DzfgoAU}}‘sztpAU}}‘D
K D D
=1ir,nf90AU1*<-D = lim cap(K, D).
Jj D J» ]

Now we note that, given a biholomorphism f of D on the smooth domain f(D) = Q c C
there is a one to one correspondence between functions in {# € shm(D) : u < 0,ulg < -1}
and {v € shm(Q) : v £ 0,V < —1} for any compact set G C D. For this reason, setting
F = f(K) and F; = f(K;) , one has UF;,Q = UK,,D ofand Ur, = Uy, o f. Therefore we

have

U*Fj,(z — Upq locally uniformly in Q. and
cap(F;, Q) — cap(F, Q).

Let us recall that we can find a constant A > 0 such that supg gr,(z, for

A
o) < cap(F.Q)
each subset of the compact set F; see [1]. Thus we can pick j, such that, for j > jj, we

24 _
have supq gr,(z, ) < o = M.

It follows by the definition of relative extremal function that we have

(2, 00)
0< gF/T -1< U;/’Q(Z),Vj > jo, ¥z € Q.
But since the right hand side converges uniformly to —1 on F we get that gr,(z, ) — 0
uniformly on F. Note that the same reasoning shows that in particular gr(z, ) = O on F,
that is F is regular.
In particular for any & > 0 we can pick j. such that for any j > j. we have g (z, 0)—¢ <

0 = gp(z,0) forany z € F.
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Now we recall that for any compact set L C C the Green function with logarithmic pole
at oo can be expressed as the upper semi continuous regularization of the upper envelopes
of all subharmonic functions on C in the Lelong class (i.e., locally bounded and having
a logarithmic pole at infinity) that are bounded above by zero on L; see (34) above, [17,
Sec. 3] and [19]. Hence, we get gr,(z,0) — & < gr(z,0),Yj > js,z € C. Similarly,
gr(z,0) < gr,(z,0),¥j €N,z € C,since F; C F.

Therefore we have
8r;(z,00) — & < gp(z,0) < gF,(z,0),Yj > jo,z € C.

That is gr;(z, ) — gr(z, c0) uniformly in C.

It follows by this uniform convergence that ur, —* ur (note that ur = Agr(z, o0) and the
distributional Laplacian, by linearity, is continuous under the local uniform convergence)
and thus U** = lim; U""/ uniformly on compact sets of C\ F (by the uniform continuity of
the log kernel away from 0), thus in particular U** (2) = lim; U"*i(2) for any given 2 € C\F.

Now we have, forany 2 € C\ F

— log cap(F )
=gF,(2, 00) + U"i(2) = gr(Z, ) + UM (2)

= —log cap(F).

So far we proved i)=ii)=iii)=iv), to prove the converse implications we can use the
same steps above interchanging K, K; by F,F;, D by Q and f by f~'. Precisely we use
i)=ii) to prove iv)=iii), ii)=iii) to prove iii)=ii), and iii)=1iv) to prove ii)=1i). Note in
particular that Q is still simply connected and we can show that F is regular by part of the
argument above.

O

Proof of Theorem 4.1. Let us pick D as in the hypothesis of Theorem 4.1, note that K ¢ D
being D simply connected.

We introduce a more concise notation for the Green functions involved in the proof: we
denote by g(z, a) the Green function with pole at a for the set Qg, we omit the pole when
a = oo, we add a subscript j if K is replaced by K; and a superscript b if K or K; are
replaced by 17,(K) or 17,(K;), where 17,(2) := 1/(z — b). In symbols

8(2) = gk(z,) , giza) =gk za),
(@) =gk, () , &'z a) = gnk(z a),
8(za) = gx(z,a) , §4z0) = gk (2 a).
Moreover we set E; := 1,,(K;) and E := n,(K). Proof of (i) = (ii). In order to prove the

local uniform convergence of g;(-,a) to g(-,a), uniformly with respect to a € P, we pick
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any converging sequence P 3 a; — a, we set D := 1;(D) and we prove
41 gj’ — g% loc. unif. in D.

Finally we notice that g;(-,a;) = gjf o 77;]1 —g%0 ngl = g(-,a) loc. unif. in D hence the
result follows.

We proceed along the following steps:

(S1) lim cap(E;) = cap(E).
J

(S2) pe, =" p.

(S3) lim g, (z, 00) = gg(z,00), loc. unif. in C.
J

Here we used the standard notation (see (22)) ug for the equilibrium measure of the
compact non-polar set E.

To prove (S1) we use [19, Th. 5.3.1] applied to the set of maps ¢; := 7,4, ° ngl and y/; :=
(,oj‘.‘ together with the assumption (7). Each map is bi-holomorphic on a neighbourhood of

D, moreover we have

1
' llpaxy = max —————
J"a € N 2
42) Emi |1+ (@ - )]
Iz - af? ja - a;?
< max < - =:L;.
K" |z —a? | dist(K, P)[?
-2
nwwwﬁtg%y+wrmﬂ
e —a;? la — a,?
< max

K e—ap S dscK PR
We denoted by dist(K, H) := inf{e > 0 : K 2 H, H® 2 K} the Hausdorff distance of K
and H. Notice that L; — 1 as j — oo.

We recall that cap(f(E)) < Lipg(f)cap(E), where Lipg(f) := inf{L : |[f(x) = f())] <
L|x —y|Vx,y € E} for any Lipschitz mapping f : E — C; [19][Th. 5.3.1]. Therefore, due
to (42) and (43), we have the following upper bounds.

cap(E;) =cap(p;(na(K;))) < L;cap(n.(K;)),
cap(na(K;)) = cap(na o 77;' (Ej)) = cap(y;(Ej)) < Ljcap(E)).
Thus, using lim; L; = 1, we have
1
44) lim inf cap(E;) > lim inf i cap(n:(K;)) = liminf cap(n,(K)),
J j i J

45) lim sup cap(E ;) <limsup L; cap(n7,(K;)) < lim sup cap(7,(K)).
j j J
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Now we use Proposition 4.1 (note that D is an open bounded set containing K) with f := 1,
to get lim; cap(n7,(K;)) = cap(1,(K)) and thus
1imjinf cap(E;) > cap(,(K)) = lim sup cap(E)),
J
hence all inequalities are equalities and lim; cap(E;) = cap(E); this concludes the proof of
(S1).

The proof of (S2) is by the Direct Method of Calculus of Variation. More explicitly, let
u;j = pg; be the sequence of equilibrium measures, i.e., the minimizers of /[-] as defined
in (21) among the classes u € M (E;). From (S1) it follows that liminf; I[u;] = I[ug].
Therefore, if u is any weak™ closure point of the sequence, by lower semi-continuity of 7,
we get I[u] < I[ugl.

Notice that without loss of generality we can assume K, and thus £}, to be not polar,
since cap(K;) > 0 for j large enough.

If suppu C E, by the strict convexity of the energy functional, we have that u = ug
and the whole sequence is converging to ug; see [22, Part I, Th. 1.3]. Then we are left to
prove suppu C E, this follows by the uniform convergence of 7,, to 17, and by properties
of weak™ convergence of measures.

To this aim, we suppose by contradiction suppu N (C\ E) # 0. It follows that there
exists a Borel set B ¢ C \ E with u(B) > 0. Since u is Borel we can find a closed set
C c B still having positive measure. Being C a metric space and we can find an open
neighbourhood A of C disjoint by E with u(A) > 0.

Due to the Portemanteau Theorem (see for instance [5, Th. 2.1]) we have
0 < u(A) < liminf u;(A).
j

Therefore C C A C E;, for an increasing subsequence j,.

By the uniform convergence n,, — n, it follows that C C A C E, a contradiction since
we assumed C N E = 0.

Let us prove (S3).

First, we recall (see for instance [22, pg. 53]) that for any compact set M c C we have

gm(z, 00) = —logcap(M) — U*“(z). Hence it follows that
(46) 8e,({, 00) = —logcap(E;) — UM(Q).
Due to (S2) and by the Principle of Descent [22, 1.6, Th. 6.8] for any { € C we have

47 lim sup —Ui (&) < —U*5(0).
J

It follows by (S1),(46) and (47) that

limsup gg,({, %) < ge({, ), ¥{ € C.
J
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The sequence of subharmonic functions {gg,({, %)} is locally uniformly bounded above
and non negative, therefore we can apply the Hartog’s Lemma. For each & > 0 there exists
Jj(e) € N such that

lige; (£, 00)llE < lIge(d, e0)llE + € = &.
Here the last equality is due to the regularity of K and thus of E (e.g. gg({,0) =0V € E).

Therefore we have

(48) gE/(g’OO)—SﬁgE(g,OO), v§€E

By the extremal property of the Green function (see (34) and lines below) and the upper
bound (48) it follows that

(49) gE_;(é’v oo) —-&= gE((? 00) ’ v§ € C’J 2 ](‘9)

Since gg(-, o) is continuous (hence uniformly continuous on a compact neighbourhood
M of E containing all E;) for any & > 0 we can pick 6 > 0 such that gg({, o) < & for any
e E°.

Let us set j/(¢) := min{j : E; € E°Yj > j}, notice that j'(¢) € N for any (sufficiently
small) € > 0 since

E; € n4,(K) € Lina(K) = L;E ¢ E®= DIl
where L; is defined in equations (42) (43) and L; — 1.
It follows by this choice that
lige(l, o)lle, < &, Vj= j(e)

Therefore, again by the extremal property of g, (¢, c0), we have

(50) gE((’ Oo) —-€=< gE‘,'(é” Oo)’ Vé’ € C’] 2 j/(8)~

Now simply observe that (50) and (49) imply

8E((, ) — & < g (£, ) < gp(f,00) + &, ¥j>max{j(e), j'(&)}.
Therefore gg, (-, o) converges locally uniformly to gg (-, ).
To conclude the proof of (i) = (ii) let us pick any compact subset L of D.
lig} = &%l = I8k, (74, (2), 00) = ge(a(2), ). <
g, (1a,;(2), ) = gE(14,(2), )| + lIg£ (1, (2), ©0) = gE(17a(2), )l — O

Here we used the continuity of gx(z, o) and the local uniform convergence of 7, to nz. By
the arbitrariness of the sequence of poles {a;} (ii) follows.
Proof of (ii) = (i). Fix any pole a € P and set 17,(2) := Z_Lu, E := n(K), E; := n,(K}),

by our assumption we have g;? — g%locally uniformly in C thus

8E,(+,00) = gg(:, o),
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uniformly on some neighbourhood D of E (where 17! is a biholomorphism on its image).
It follows that up, —* pg. Let us pick a point Z € D\ E, by uniform continuity of the log
kernel away from 0 we have U"%i(2) — U*£(Z). On the other hand 8E,(Z,00) — g(Z, o),

therefore we have
lim - log cap(E ) = lim (gEj(ﬁ, o) + UM% (z))
j j
=gg(Z, c0) + lim U"*i (2) = — log cap(E),
J

where existence of the limit is part of the statement and follows by the existence of the
limits of the two terms of the sum.

We apply Proposition 4.1 with f := ;! to get —log cap(K ;) — —log cap(K). O

4.1. A direct proof of the mass density sufficient condition by convergence of Green
functions. Theorem 4.1 can be used to prove directly Theorem 3.1, that is, for measures
having regular compact support, the classical sufficient mass density condition in [10] or

A condition [23] implies a rational Bernstein Markov Property, provided P C Q.

Direct proof of Theorem 3.1. The proof follows the idea of [23, Th. 4.2.3], except for the
lack of the Bernstein Walsh Inequality (35) which is not available for rational functions.
In place of it we use the following variant due to Blatt [6, eqn. 2.2] which holds for any

P
a T2

rational function r; of the form 7({) = 2l = For { ¢{ay,...,a,} we have
() ﬁ({—a(vk)) k
=0
ny.
(51) (@) < il exp [Z gx(d,ay) + (m = gl oo)] :
j=1

Thus in particular we have

(O] < el xp (e max gi (¢, @) + Ome = g €. ) V¢ € C\ P

Notice that, for any sequence K; C K such that cap K; — cap K, from Theorem 4.1 it
follows that

max gk.({,a) = max gx({,a) locally uniformly in C \ P.
acP / aeP
Moreover, it is well known that under the same condition we have
8k, (¢, ) — gk({, ) locally uniformly in C.

Pick any {r} € R(P). By the regularity of K and the compactness of P for any € > 0

there exists 0 > 0 such that

gx(l,a)<e V¢ dist({,K) <6, Yae P
gx(l,0) < e V¢ :dist(Z,K) < 6.
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Let us pick € > 0, it follows by (51) that there exists ¢ > 0 such that V¢ : dist({, K) < 6 we

have
(52) Ir()] < ”rk”Ke(nk maxqep gk ({,@)+(me—ni)gk ({,00)) < e(kE)“rk”K_

By Theorem 4.1 (possibly shrinking §) we have, for any A c K, with cap(4) > cap(K)—
¢ and locally uniformly in C \ P,

(53) max gald,w) < max gx(,w) + e,
(54 ga(l,00) < gg({,0) + €.

Using (52) and (54) we have
(55) I (O] < e®Prlla V¢ € K, VA C K with cap(A) > cap(K) — 6.

Let £y € A be such that ||[ri]la = |r({o)l, we show that a lower bound for |r;| holds in
s il

a ball centred at {y. By the Cauchy Inequality we have [r({)] < —*= < 4, for

any | — {ol < s, s < 6. Taking s = 6/2 we can integrate such an estimates as follows
Vz € B({0,6/2)

e(zgk)llrkllA
Irella = |re(o)l = |ri(z) + 1(Ode| < @) + 2 = dol———
[z:do] 6/2
It follows by the above estimate that
(56) min  |r(2) > I k||A VA c K with cap(A) > cap(K) —
2B, 22D

Now we provide a lower bound for Lfl norms of r; by integrating the last inequality on a

(possibly smaller ball) and picking A C K according to the mass density condition (28).
Precisely, set p; := e3*) by the hypothesis we can pick t > 0 and A, C K with

cap(Ag) > cap(K) ¢ such that u(By) := ,u(M) > pj VY € Ay We pick k > k such that

Pk < ‘Se( , thus using (56) we get

2,
Pk

2 2 . 2
nwyszHWmem@wwwz
7 By ZEBy
S ke

> 7 > —
I, ;

2
llrillg -

1k
It follows that (%) < 41/kel(4+302) by arbitrariness of & > 0 we can conclude that

el
Il )™
. T,
lim sup LS <1
e F Il
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5. APPLICATION: A L? MEROMORPHIC BERNSTEIN WALSH LEMMA

For a given compact set K ¢ C we denote by D, the set {z € C : gk(z,00) < logr}
and by .#,,(D,) the class of meromorphic functions having precisely n poles (counted with
their multiplicities) in D,. Let us denote by Ry, the class of rational functions having at
most k zeroes and at most n poles (each of them counted with its multiplicity).

It follows by the work of Walsh [24], Saff [20] and Gonchar [13] that, given a function
f € €(K), where K is a compact regular set, f admits a meromorphic extension f €
M, (D,) if and only if one has the overconvergence of the best uniform norm approximation

by rational functions with #n poles, that is
(57) lim sup d, x(f, K)'* := lim sup inf IIf = Al < 1/r.
k ko TRk

In the case of a finite measure u having compact support K and such that (K, y, P) has the
rational Bernstein Markov property for any compact set P, PN K = (), one can rewrite such
a theorem checking the overconvergence of best lel rational approximations instead of best
uniform ones. Notice that if K = K any Bernstein Markov measure supported on K has
such a property. More precisely, we can prove the following in the spirit of [17, Prop. 9.4

], where we use the notation Poles(f) to denote the set of poles of the function f.

Theorem 5.1 (1> Meromorphic Bernstein Walsh Lemma). Let K be a compact regular
subset of C, let f € €(K) and let r > 1. The following are equivalent.

i) There exists f € M, (D,) such that flx = f.
ii) limsup, d,"*(f. K) < 1/r.
iii) For any finite Borel measure u such that suppyu = K and (K, u, P) has the rational
Bernstein Markov property for any compact set P such that P N K = 0, denoting by

Ij]:n a best Lﬁ approximation to f in Ry, one has
. 1/k
tim sup (Ilf = 74 llk) © < 1/r,
k

provided that {Poles(ry )} N K = 0.

iv) With the same hypothesis and notations as in iii) we have
. 1/k
lim sup (||f - 'j,:,n”Lg) <1/
k
provided that {Poles(ry )} N K = 0.

Proof. (i & ii.) The theorem has been proven in [13], see also [14].

(it = iii.) Let us pick p > r, we find C > 0 such that

d,) (f.K) < Clp*, Vk.
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Let us pick si,, € Ri, such that [|f — si.llxk = din(f, K) and set P, = {Poles(si,)}x. Notice
that

(58) If = rellz < U = seallz < (OIS = sallk
=u(K)™ P din(f, K) < u(K)™12C/pt.

In particular it follows that

u(K)"'2C(1 + p)
I = il <17 =il + 17 =7l < 5=
We apply the rational Bernstein Markov property to (K, u, P), with P := P, U Py, P, =
{Poles(rx)}k, in the following equivalent formulation, for any & > O there exists M =
M(g, K, u, P) such that ||s||x < M(1 + s)k||s||L§ for any s € Ry, Poless c P, n < k, Vk.

Notice that P, N K = 0 follows by the assumption lim sup, d,i/f (f.K) < 1/r; [24]. We get

1 k
(59) 17, = ek < Mu(K)™*cq +p)( ;‘9) :

By equation (58) #k‘ — fin L2, therefore some subsequence converges almost everywhere

n
with respect to u. By equation (59) we can show that the sequence of functions {ry,} is a
Cauchy sequence in %’(K) thus it has a uniform continuous limit g. Therefore f = g and
the whole sequence is uniformly converging to f on K. Notice that f = g on a carrier of y,
thus on a dense subset of the support K of p.

Now notice that

(o]
< >, = Ik

Kk J=k+1

Ilf = reallx <

(o]
> !
Jit Jj-1n
Jj=k+1
(o)

J k
<MKy +p) (ﬁ) = MuK)™ (1 +a>1ﬂ(ﬂ) |

J=k+ p-1\ p

Therefore we have

Mu(K)""2C(1 + )1 +p))”" l+s l+s

limsup ||f = ri,ll/* < lim sup(
k k p-1 P o

The thesis follows letting € — 0" and p — r*.

(iii = ii.) By definition one has

. k. . 1K
1/r 2 Timsup (IIf = 4 llk) * = limsup  inf |If = rllc
k ? k

reRin

= limsupd,’*(f, K).
; :
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(iii = iv.) Simply notice that
. 1k . 12 1/k
1/r > limsup (IIf = 74 llx) " = limsup (u(K)I1f = 74 )
k k
. 1/k
= limsup (|If = 7% llz) " -
k

(iv = iii.) This implication can be proven using a similar reasoning to the one of (ii =
iii).

The sequence ry,, is converging to f in LZ by assumption, then there exists a subse-
quence converging to f almost everywhere.

Due to the rational Bernstein Markov property of u with respect to K and P, we have
IPen = re-alle < ML+ &)l = ri-1allz2
and we can estimate the right hand side as follows
i = ri-tallz < i = fllz +11f = ricralliz < /(L +p)

for a suitable C > 0 and p > r. Thus the sequence r, has a uniform limit coinciding u-a.e.
with the continuous function f and hence the whole sequence is uniformly converging to
f, being the two continuous function equal on a carrier of 4 which needs to be dense in
K = supp pu.

Now notice, as above, that

(o9 (o9
U = rinlle < || D5 P =< DT, =Pl
Jj=k+1

K Jj=k+1

) ] k
<Mu(K)'*C(1 + p) Z (“‘9) = Mu(K)'2C(1 +g);1:—‘1)(2) ,

jarm] P
Therefore we have
Mu(K)' 21+ o)1 +p)\  1+6 1+
lim sup||f — rall* < limsup( HE) A + o) p)) c_2T¢
k k p—1 p p
The thesis follows letting € — 0" and p — r*. O
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