1. Problem Formulation
GOAL: compute an approximate solution x of
Ax+e=D>b,

where

o A € RV*N ‘jll-conditioned, N large:

e ¢ unknown noise.

Employing Tikhonov-like regularization:

X~ X) = arg miIJlV {I(x)+AR (%)},

xeR

e 7(x) fit-to-data term. Example:
(

- J(x) = ||b—Ax||{, 1 < g < 2. Inthe following: g = 2.
e R (x) regularization term. Examples:
- R (x) = ||x||P, 1 < p < 2. In particular: p = 1 to enforce sparsity.
- R (x) = ||Lx||5, 1 < p <2, L € R"*¥ regularization matrix.
- R(x) = |[[L(x—x")||5, 1 < p<2,x* € RY initial guess.

-R(x)=TV(x) = \/ (D'x)2+ (D¥x)?||; (Total Variation regularization).

e /. > 0 regularization parameter.
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3. The % (x) = ||x||| case

Consider the standard form transformation

N A = AL,
min{||b — A,x||5+A||x —x*||5}, where X = Lux,
i X = Lx*.

Since L = L,, (iteration-dependent), AL~ is flexibly “preconditioned”.
Flexible Arnoldi algorithm:

AZ, =W, H,, where Z,=span{L;'W,L;"W,,...,L "W,},

and flexible Arnoldi-Tikhonov:

2

Xom =X +Zpyrm Where y,, =argmin
Y Y ) yERm

K

2

computed according to the secant update method.

EMORY

5. The X (x) =TV (x) case

Restarted Arnoldi-Tikhonov method

e QOuter iterations: fork=1,... , moyr
— provide a meaningful initial guess x;; consider r;, = b — Ax;;
— update the regularization matrix L

e Inner iterations: form = 1,..., until the discrepancy principle is satisfied

[

computed according to the secant update method; x; ,, = x; + W,ya -

2

compute = min
P YA,m JeRm

2

2. Arnoldi-Tikhonov methods

GOAL: approximate xj =~ xj_, € x* + K,(A, r*) = x* +span{r*, Ar*,... ,A" 'r*} (where r* =b— Ax").
By the Arnoldi algorithm:

AW,, =W, .1 H,, where W, cRY*" WIW, =I, range(W,) = K,.(A,r").

By taking x ,, = x* + W,y in min, g~ { 16— Ax|)5+ A HL(x—x*)H%}:

- 2
. Hm ¥
AN,m = X" +me7u,m where Yhm = arg){g%&rnll [ \/TmLm] Y [ Hr (‘)‘261 ] ,
o :if ||e]| known, secant update method (i.e., discrepancy principle):
Nllell — ¢ (0) -
A = An_1, where 0,(A) =|b—Axp.| = |||r|le1 — Hnyaml| -
(I)M(}“m—l) _ (I)M(O) | 7

e Choice of L: adaptively defined (iteratively reweighted norm approach)

-p=1:L=1L,, =diag(}/\/lmn._1l) (componentwise).
-TV(x):

Di®I1
L=L,=S,_1D", whereS,_dependson xj,_;, D= 19
’ I@Dl

Dh
— [ },] , (D 1st derivative)
Dj
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4. Numerical Experiments: % (x) = [[x[

Star cluster test problem (from Restore Tools).

Exact Blurred & noisy Restored

(1% Gaussian noise)
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Regularization parameters

B iterations: 23;
B relative error: 1.1349-1072;
H)=1.1976-10"7.
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6. Numerical Experiments: % (x) = TV (x)

Satellite test problem (from Restore Tools).

Exact Blurred & noisy Restored

(1% Gaussian noise)

lterations: 210 (moyr=200); relative error; 3.0092- 10~ A = 1.0966 - 10>.

7. Enforcing nonnegativity

At each restart, projection of x;. into the nonnegative orthant
P={xecR":[x;>0 Vi=1,...,N}.

R (x) = ||x||, case

Restored Relative errors
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Relative errors: 1.2420- 1072 (Flexi-AT), 3.9614 - 10~3 (NN-ReSt-AT)
R (x)=TV(x) case

Without nonnegativity With nonnegativity
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Relative errors: 3.4128 - 10~ (without NN), 3.1658 - 10~ (with NN)




