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1. Problem Formulation
GOAL: compute an approximate solution x of

Ax+ e = b ,

where

• A ∈ RN×N, ill-conditioned, N large;

• e unknown noise.

Employing Tikhonov-like regularization:

x' xλ = arg min
x∈RN
{J (x)+λR (x)} ,

where

• J (x) fit-to-data term. Example:

– J (x) = ‖b−Ax‖q
q, 1≤ q≤ 2. In the following: q = 2.

•R (x) regularization term. Examples:

– R (x) = ‖x‖p
p, 1≤ p≤ 2. In particular: p = 1 to enforce sparsity.

– R (x) = ‖Lx‖p
p, 1≤ p≤ 2, L ∈ RM×N regularization matrix.

– R (x) = ‖L(x− x∗)‖p
p, 1≤ p≤ 2, x∗ ∈ RN initial guess.

– R (x) = TV (x) = ‖
√
(Dh

1x)2+(Dv
1x)2‖1 (Total Variation regularization).

• λ > 0 regularization parameter.

2. Arnoldi-Tikhonov methods
GOAL: approximate xλ ' xλ,m ∈ x∗+Km(A,r∗) = x∗+ span{r∗,Ar∗, . . . ,Am−1r∗} (where r∗ = b−Ax∗).
By the Arnoldi algorithm:

AWm =Wm+1H̄m , where Wm ∈ RN×m, W T
m Wm = I, range(Wm) = Km(A,r∗).

By taking xλ,m = x∗+Wmy in minx∈RN

{
‖b−Ax‖2

2+λ‖L(x− x∗)‖2
2

}
:

xλ,m = x∗+Wmyλ,m where yλ,m = arg min
y∈Rm

∥∥∥∥[ H̄m√
λm Lm

]
y−
[
‖r∗‖2e1

0

]∥∥∥∥2

2
.

• Choice of λ: if ‖e‖ known, secant update method (i.e., discrepancy principle):

λm =

∣∣∣∣ η‖e‖−φm(0)
φm(λm−1)−φm(0)

∣∣∣∣λm−1 , where φm(λ) = ‖b−Axλ,m‖= ‖‖r∗‖e1− H̄myλ,m‖ .

• Choice of L: adaptively defined (iteratively reweighted norm approach)

– p = 1 : L = Lm = diag(1/
√
|xλ,m−1|) (componentwise).

– TV (x) :

L=Lm = Sm−1Dhv
1 , where Sm−1 depends on xλ,m−1, Dhv

1 =

[
D1⊗ I
I⊗D1

]
=

[
Dh

1
Dv

1

]
, (D1 1st derivative)
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3. The R (x) = ‖x‖1 case
Consider the standard form transformation

min
x̃
{‖b− Ãmx̃‖2

2+λ‖x̃− x̃∗‖2
2} , where

Ã = AL−1,
x̃ = Lx,
x̃∗ = Lx∗.

Since L = Lm (iteration-dependent), AL−1 is flexibly “preconditioned”.
Flexible Arnoldi algorithm:

AZm = Ŵm+1Ĥm , where Zm = span{L−1
1 ŵ1,L−1

2 ŵ2, . . . ,L−1
m ŵm} ,

and flexible Arnoldi-Tikhonov:

xλ,m = x∗+Zmyλ,m where yλ,m = arg min
y∈Rm

∥∥∥∥[ Ĥm√
λ I

]
y−
[
‖r∗‖2e1

0

]∥∥∥∥2

2

.

λ computed according to the secant update method.

4. Numerical Experiments: R (x) = ‖x‖1
Star cluster test problem (from Restore Tools).
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� iterations: 23;
� relative error: 1.1349 ·10−2;
� λ = 1.1976 ·10−4.
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5. The R (x) = TV (x) case
Restarted Arnoldi-Tikhonov method

•Outer iterations: for k = 1, . . . ,mOUT

– provide a meaningful initial guess x∗k; consider r∗k = b−Ax∗k;
– update the regularization matrix Lk

• Inner iterations: for m = 1, . . . , until the discrepancy principle is satisfied

compute yλ,m = min
y∈Rm

∥∥∥∥[ H̄m√
λLm

]
y−
[
‖r∗k‖2 e1

0

]∥∥∥∥2

2

λ computed according to the secant update method; xλ,m = x∗k +Wmyλ,m.

6. Numerical Experiments: R (x) = TV (x)
Satellite test problem (from Restore Tools).

Exact Blurred & noisy Restored

(1% Gaussian noise)

Iterations: 210 (mOUT=200); relative error: 3.0092 ·10−1; λ = 1.0966 ·10−5.

7. Enforcing nonnegativity
At each restart, projection of x∗k into the nonnegative orthant

P= {x ∈ RN : [x]i ≥ 0 ∀i = 1, . . . ,N} .

R (x) = ‖x‖1 case

Restored Relative errors
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Relative errors: 1.2420 ·10−2 (Flexi-AT), 3.9614 ·10−3 (NN-ReSt-AT)

R (x) = TV (x) case

Without nonnegativity With nonnegativity
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Relative errors: 3.4128 ·10−1 (without NN), 3.1658 ·10−1 (with NN)


