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Consider
Ax=b, AcRVN peRN,
where

m A is assumed to have singular values that decay and cluster at zero;
mb=b"+e=Ax"+e¢
m ¢~ |e| known.

Our examples: Deblurring of Images

/K(s —t) f(t)dt

PSF exact
S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 3/15



The Arnoldi-Tikhonov method Sparse Reconstruction

Final Remarks
0000 00000000
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Consider
Ax=b, AcRVN peRN,
where

m A is assumed to have singular values that decay and cluster at zero;
mb=b"+e=Ax"+e¢
m ¢~ |e| known.

Our examples: Deblurring of Images
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The Arnoldi-Tikhonov (AT) method

Given A, L, xp consider the Tikhonov regularization

. 2 2
XrgﬁQnN{Hb—AXH +AIL(x = x0)[1?} -

! CALVETTI-MORIGI- REICHEL- SGALLARI, Tikh. reg. and the L-curve for large discr.
ill-posed pbs., J. Comp. AppI Math., 2000.
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The Arnoldi-Tikhonov (AT) method
Given A, L, xg consider the Tikhonov regularization
in {||b— Ax]||? + A|L(x — x0)||?} .
min {]}b— Ax|[2+ AlL(x = x0)|[2}

Consider the special case: L = /[y and xg = 0.
Solution by the Arnoldi-Tikhonov method!: projection of A onto

Km(A, b) = span{b, Ab, ..., A" 1b}, m< N.

! CALVETTI-MORICI-REICHEL-SGALLARTI, Tikh. reg. and the L-curve for large discr.
ill-posed pbs., J. Comp. Appl. Math., 2000.
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The Arnoldi-Tikhonov (AT) method

Given A, L, xg consider the Tikhonov regularization

min {||b — Ax||? + A||L(x — xo)||?} .

min {16 = Ax|® + | L(x = )|}
Consider the special case: L = /[y and xg = 0.
Solution by the Arnoldi-Tikhonov method!: projection of A onto

Km(A, b) = span{b, Ab, ..., A" 1b}, m< N.
The Krylov subspaces are built by the Arnoldi algorithm:
Avm = m+1Flm-

! CALVETTI-MORICI-REICHEL-SGALLARTI, Tikh. reg. and the L-curve for large discr.
ill-posed pbs., J. Comp. Appl. Math., 2000.

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013

4/15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

0e00 00000000

The Arnoldi-Tikhonov (AT) method

Given A, L, xg consider the Tikhonov regularization

min {||b — Ax||? + A||L(x — xo)||?} .

min {16 = Ax|® + | L(x = )|}
Consider the special case: L = /[y and xg = 0.
Solution by the Arnoldi-Tikhonov method!: projection of A onto

Km(A, b) = span{b, Ab, ..., A" 1b}, m< N.
The Krylov subspaces are built by the Arnoldi algorithm:
Avm = m+1Flm-

The AT method searches for approximations x, x € Km(A, b),
i.e. Xpm = VimVm Where

Y = argmin, g { [ [1Bller = Fimy >+ X112}

! CALVETTI-MORICI-REICHEL-SGALLARTI, Tikh. reg. and the L-curve for large discr.
ill-posed pbs., J. Comp. Appl. Math., 2000.
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The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L < R”*N and xy # 0.
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The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L < R”*N and xy # 0.
Looking for Xm\ € X0 + ]Cm(A, ro), i.e. Xm,\ = X0 + mem)\i

yma = argmin,czo {110 — AVmy I + A [ LVny ||

= argminyeRm {HHroH €1 — Flm.V||2 +A HLVmYH2} :
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Incorporate L < R”*N and xy # 0.
Looking for Xm\ € X0 + ]Cm(A, ro), i.e. Xm,\ = X0 + mem)\i

yma = argmin,czo {110 — AVmy I + A [ LVny ||

= argminyeRm {HHroH €1 — F/m)/”z +A HLmeH2} :

(it )~ ("5 )]

Equivalent formulations:

> Yma = argminyeRm
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Incorporate L < R”*N and xy # 0.
Looking for x,, \ € xo + ICpy (A 1), i Xy = X0+ ViYmoa:

yma = argmin,czo {110 — AVmy I + A [ LVny ||

= argminyeRm {HHroH €1 — F/m)/”z +A HLmeH2} :

(it ) ("5 )]
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Incorporate L < R”*N and xy # 0.
Looking for x,, \ € xo + ICpy (A 1), i Xy = X0+ ViYmoa:

yma = argmin,czo {110 — AVmy I + A [ LVny ||

= argminyeRm {HHroH €1 — F/m)/”z +A HLmeH2} :

(it ) ("5 )]

> (Al A+ AVILT LV, yma = HT |[rolex

Equivalent formulations:

> Yma = argminyeRm
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The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L & R”*N and xo # 0.
Looking for x,, » € xo + IC,n (A, 1), i.e. X = x0 + Vinymoa:

Yma = argmin,cgn {10 = AVimy[I* + A [ LVmy |}
. - 2
= argmmyeRm{H||ro||e1—HmyH —|—)\||Lme||2}.

Equivalent formulations:

> Yma = argminyeRm
> (HTHm + AVILT LV, yms = H ||no]ler

Remarks:
mA\=)\,
m if L € RV*N we could employ L, = V] LV,
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The parameter choice strategy

The discrepancy principle is satisfied as soon as
dm(A) == [|b— Axml| <nme, n R 1
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The parameter choice strategy

The discrepancy principle is satisfied as soon as
Om(A) == ||b— Axmp| <me, nZ 1
In the AT setting:
om(A) = |[lIroller = Hmyma|
= |Iroller — Fim(F Fim + V7 LT V) 2T e |
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The parameter choice strategy

The discrepancy principle is satisfied as soon as
Om(A) == ||b— Axmp| <me, nZ 1
In the AT setting:
dm(A) = ||llroller — Hmymal|
= |Iroller — Fim(F Fim + V7 LT V) 2T e |

Our choice, at each iteration m

Pm(A) = ¢m(0) + ABm,
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The discrepancy principle is satisfied as soon as
Om(A) == ||b— Axmp| <me, nZ 1
In the AT setting:
dm(A) = ||llroller — Hmymal|
= |Iroller — Fim(F Fim + V7 LT V) 2T e |

Our choice, at each iteration m

Pm(A) = ¢m(0) + ABm,
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The parameter choice strategy

The discrepancy principle is satisfied as soon as
Om(A) = [|b— Axmall <me, nZ L.
In the AT setting:
Sm(A) = |lllroller — Hmym,a||
= |[Iroller = (P Fy + V7 LT L) o] e

Our choice, at each iteration m
Om(A) = ¢m(0) + ABm,

where

Bm =~

%0

(;Sm()\m—l) —Qm
)\m—l '

VVVVVV
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The parameter choice strategy

The discrepancy principle is satisfied as soon as
¢m(A) = [|b— Axmall <me, ng 1L
In the AT setting:
dm(A) = ||llroller — Hmymal|

= |[Iroller = (P Fy + V7 LT L) o] e

Our choice, at each iteration m
qu(A) ~ ¢m(0) + )‘/BITH
where "
Bm ~ ¢m()\r)7\1—1) - Oém'
m—1
Therefore

)\m —

L0l

VVVVV

NE — Om

Gm(Am-1) — am
S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013

)\mfl-

6/15



The parameter choice strategy

The discrepancy principle is satisfied as soon as
Om(A) == ||b— Axmp| <me, nZ 1
In the AT setting:
dm(A) = ||llroller — Hmymal|
= |[Iroller = (P Fy + V7 LT L) o] e

Our choice, at each iteration m
Om(A) = dm(0) + ABm,
where

Bm

Therefore

Ex

~ ¢m()\m—1) — Om
)\m—l ‘

)
m-t

B e — m
¢m()\m—l) — Om
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The problem

Better result obtained solving

i _ AxlIP
min, {IIb— Ax|IP + M(x)}
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The problem
Better result obtained solving
i _ P
min, {IIb— Ax|IP + M(x)}

mp=2;

m {(x) = ||x||d (g =1 to force sparsity in the solution);
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The problem

Better result obtained solving

i _ AxlIP
min, {IIb— Ax|IP + M(x)}

p=2;
m /(x
m /(x

||x||q (q = 1 to force sparsity in the solution);

= [V (Dnx)? + (Dyx)?l1.

)=
)=
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The problem
Better result obtained solving
i _ P
min, {IIb— Ax|IP + M(x)}

mp=2

m {(x) = ||x||d (g =1 to force sparsity in the solution);

m {(x) = TV(x) = [/ (Dnx)? + (Dyx)?|J1.
ISSUE: nonlinearity!
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The problem

Better result obtained solving
. B p
XmemN{Hb Ax||p+)\£(x)}

mp=2
m {(x) = ||x||d (g =1 to force sparsity in the solution);
m ((x) = TV(x) = [V (Dax)? + (Dyx)?1.

ISSUE: nonlinearity!

P. Rodriguez, B. Wohlberg.
An Efficient Algorithm for Sparse Representations with ¢P Data Fidelity Term.
Proceedings of the 4th IEEE Andean Technical Conference (ANDESCON), 2008.
[@ B. Wohlberg, P. Rodriguez.
An lteratively Reweighted Norm Algorithm for Minimization of TV Functionals.
IEEE Signal Processing Letters, 14 (2007), pp. 948-951.
S.J. Wright, R.D. Nowak, M.A.T. Figueiredo.
Sparse Reconstruction by Separable Approximation.
IEEE Transactions on Signal Processing, Vol. 57 No. 7 (2009), pp. 2479-2493.
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An iteratively reweighted norm approach
Exploiting the iterative setting of the AT method:

Ux) = [Wanx|13,
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An iteratively reweighted norm approach
Exploiting the iterative setting of the AT method:

Ux) = [Wanx|13,

where

= () =[xl W_L_diag< 1 )
m m /—|Xm_1|
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An iteratively reweighted norm approach
Exploiting the iterative setting of the AT method:

(x) = [[Winx]]5,
where

Y/ =
| (X) Hle Wm — Lm = dlag <

7o)

m ((x) = TV(x)= [|\/(Drx)2 + (Dyx)?|]1, x € RN =R™

Wm - Lm - Smth
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An iteratively reweighted norm approach
Exploiting the iterative setting of the AT method:

U(x) = [[Wx|3,

where
U(x) =
m ((x) = [[x]l1 Wy = L = diag L

m ((x) = TV(x)= ||/ (Drx)? + (Dyx)?||1, x € RN = R™

Wm = Lm = 5mth

— . . (n—1)xn _ Dy, _ D®l,
= SR Dh“‘( D, )‘( oD
1 -1
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An iteratively reweighted norm approach
Exploiting the iterative setting of the AT method:

U(x) = [[Wx|3,

where
U(x) =
m ((x) = [[x]l1 Wy = L = diag L

m ((x) = TV(x)= ||/ (Drx)? + (Dyx)?||1, x € RN = R™

Wm = Lm = 5mth

D— . . ER(n_l)Xn D, _( Dy, )_( D ®
. . ) \4 ®
1 -1

;m—l = thmela gm_dlag< 1 ) ’ 5m_< SOm g?
4 2(N—n) ~ m
Ziil (m-1);

S.Gazzola (University of Padova)
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The || - ||1 case

Standard form transformation
min {|[b — Ax|)? + AlIL(x = x0)[I*}

2SAAD, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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The || - ||1 case

Standard form transformation

min {16 — Ax|[? + ||L(x = x0) I} mA=AL?

B X = Lxg

min{b — AX|* + X% - %%} . x— 1%

2SAAD, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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The || - ||1 case

Standard form transformation

min {16 — Ax|[? + ||L(x = x0) I} mA=AL?
A~12 N~ > 112 . }0 - LXO
min{[|b — AX[[* + Al[% — %o|1*} mx=L1%
Features:

2SAAD, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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The || - ||1 case

Standard form transformation

min {]|b — Ax|2 + Al|L(x - x0) [} m A= ALl
A~12 N~ > 112 . }0 - LXO
min{[|b — AX|[* + A[[X — o[} mx=L1%
Features:

m Matrix associated to the projected LS problem completely reduced

2SAAD, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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The || -

|1 case

Standard form transformation

min {[]6 = Ax|? + A|IL(x = o) I*} m A= AL?

~ 1o ~ ~ 112 | ’)20 = LXO
mind |6 — A%]2 + X% = %l} S

Features:
m Matrix associated to the projected LS problem completely reduced

m Preconditioned Krylov subspaces, with variable preconditioning

Xm = X0 + Zmy, Zm=span{Li v, L3 0, .. L) U}

2SAAD, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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The || -

|1 case

Standard form transformation

min {[]6 = Ax|? + A|IL(x = o) I*} m A= AL?

~ 1o ~ ~ 112 | ’)20 = LXO
mind |6 — A%]2 + X% = %l} S

Features:
m Matrix associated to the projected LS problem completely reduced

m Preconditioned Krylov subspaces, with variable preconditioning
Xm = X0 + Zmy, Zm=span{Li v, L3 0, .. L) U}
Flexible Arnoldi Algorithm?:

v

ALy = \v/m+1 Hp,

2SAAD, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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First Example - Star Cluster

lteration #23; Relative Error 1.1349 - 10~2; X = 1.1976 - 10~%.
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First Example - Star Cluster
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lteration #23; Relative Error 1.1349 - 10~2; X = 1.1976 - 10~%.
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First Example - Star Cluster

1 ‘*‘5% 10° 2%;
|
|
107" i 10” =
107 Y—— 2
10 B ; ; $
0 20 40 60 80 100 o 20 20 a0 a0 100

lteration #23; Relative Error 1.1349 - 10~2; X = 1.1976 - 10~%.
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The TV case

Problem: L = 5,,Dp, not easily “invertible”.
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m}i@nN {IIb— Ax[® + A L(x — x0)I?},  xm € x0 + Km(A, r0)
S
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The TV case

Problem: L = 5,,Dp, not easily “invertible”.

m}i@nN {IIb— Ax[® + A L(x — x0)I?},  xm € x0 + Km(A, r0)
S

Given a meaningful initial guess xék), restarting (inner-outer iterations)
_ 2
. Hn, Hl’ék)H €1 (k)
_ = V,
yrgﬁar)n ( VIS Dy, Vs, )y ( 0 ’ i
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The TV case

Problem: L = 5,,Dp, not easily “invertible”.

m}i@nN {IIb— Ax[® + A L(x — x0)I?},  xm € x0 + Km(A, r0)
S

(k)

Given a meaningful initial guess x; ’, restarting (inner-outer iterations)

o (e
( VASY Dy, Vi, )y_ 0

m Regularization Matrix updated at each outer cycle

2

: _ (k)
yrgﬁ{)n y Xm =Xy =+ Vimy
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The TV case
Problem: L = S,,Dp, not easily “invertible”.
m]%nN {6 - Ax||? + || L(x — X0)||2} , Xm € x0 + Km(A, o)
S
Given a meaningful initial guess x(()k), restarting (inner-outer iterations)

2

) Hn, Hr(()k)H €1 (k)
yngﬁﬁn"’ ( VIS Dy, Vo )y - 0 ? » Xm =X Vmy

m Regularization Matrix updated at each outer cycle
m “Wait" for the discrepancy principle to be satisfied
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Problem: L = S,,Dp, not easily “invertible”.

m]%nN {6 - Ax||? + || L(x — X0)||2} , Xm € x0 + Km(A, o)
X€e

Given a meaningful initial guess x(() ), restarting (inner-outer iterations)
2

(k)

| Fin 50 )| = v
yngknm \/Xs(k) th Vm Y 0 ? e "

m Regularization Matrix updated at each outer cycle
m “Wait" for the discrepancy principle to be satisfied

m Initial guess, at the kth outer cycle

m xg =0;
NG

B Xo = Xm’,
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The TV case

Problem: L = S,,Dp, not easily “invertible”.

m]%nN {6 - Ax||? + || L(x — X0)||2} , Xm € x0 + Km(A, o)
X€e

Given a meaningful initial guess x(() ), restarting (inner-outer iterations)
2

(k)

| Fin 50 )| = v
yngknm \/Xs(k) th Vm Y 0 ? e "

m Regularization Matrix updated at each outer cycle
m “Wait" for the discrepancy principle to be satisfied

m Initial guess, at the kth outer cycle

m xg =0;
B xo — xth).
0 = Xm

mx=P x,(,f)), projection onto {x € RN : (x); >0,i=1,...,N};
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The TV case

Problem: L = S,,Dp, not easily “invertible”.

m]%nN {6 - Ax||? + || L(x — Xo)||2} , Xm € x0 + Km(A, o)
X€e

Given a meaningful initial guess x(() ), restarting (inner-outer iterations)

2

. e V[
yngﬁQn"’ < \/XS(k) th Vm > Y 0 2 > Xm = %0 ’ me

m Regularization Matrix updated at each outer cycle
m “Wait" for the discrepancy principle to be satisfied
m Initial guess, at the kth outer cycle

m xg =0;

k
[ XoZX,(n);

m X = P(x,(,f)), projection onto {x € RV : (x); >0,i=1,...,N};

Main difference: unpreconditioned Krylov subspaces
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Second Example - Satellite

Outer lterations: 200: Total lterations: 210; Relative Error: 3.0115- 10 1.
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Second Example - Satellite

107 l
0 20 40 60

80 100 120 140 160 180 200

Outer lterations: 200: Total lterations: 210; Relative Error: 3.0115- 10 1.
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The || -

|1 case revisited

Std form transformation; update and nonnegativity at each restart.
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The Arnoldi-Tikhonov method
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The || - ||1 case revisited

Std form transformation; update and nonnegativity at each restart.
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The Arnoldi-Tikhonov method

0000

0000000e
Comparisons
U(x) = [Ixl1
Method | Relative Error | lterations | Total Time | Average Time |

SpaRSA 1.1081 - 10 2 343 45.16 0.13
TwiST 1.1105-10 2 102 16.39 0.16
1112 1.1146 - 10 2 307 378.61 1.23
IRN-BPDN 1.1146 - 10 2 791 112.33 0.14
AT 1.8609 - 10 2 12 0.65 0.05
Flexi-AT 1.1610 - 102 100 5.03 0.05
NN-ReSt-GAT || 4.0606 - 10 ° 40 2.56 0.06
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Comparisons

0(x) = [|x]l1

| Method | Relative Error | lterations | Total Time | Average Time |
SpaRSA 1.1081-102 343 45.16 0.13
TwiIST 1.1105 - 1072 102 16.39 0.16
11.12 1.1146 - 102 307 378.61 1.23
IRN-BPDN 1.1146 - 1077 791 112.33 0.14
AT 1.8609 - 102 12 0.65 0.05
Flexi-AT 1.1610 - 102 100 5.03 0.05
NN-ReSt-GAT || 4.0606 - 103 40 2.56 0.06

l(x) = TV(x)

| Method || Relative Error [ Iterations | Total Time | Average Time ]
aMM-TV 2.8834-107 " 631 4754.54 7.53
IRN-TV(0) 3.2136 - 107 * 418 15.65 0.04
IRN-TV(wr) || 3.2141- 107" 190 7.66 0.04
NN-ReSt-TV || 3.0110-10 T 210 11.36 0.05
AT 3.4176 - 1071 9 0.17 0.02
GAT 3.4809 - 1071 9 0.36 0.04
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m simple and efficient (all the extra computations are performed in
reduced dimension);
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m simple and efficient (all the extra computations are performed in
reduced dimension);

m simultaneously determine the regularization parameter and the
number of iterations;

m Future Works: generalized to the multi-parameter case;
dropping the hypothesis on ||e]|.
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Final remarks

m simple and efficient (all the extra computations are performed in
reduced dimension);

m simultaneously determine the regularization parameter and the
number of iterations;

m Future Works: generalized to the multi-parameter case;
dropping the hypothesis on ||e]|.

Thanks for your attention!
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