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The problem

Consider
Ax = b, A ∈ R

N×N , b ∈ R
N ,

where

A is assumed to have singular values that decay and cluster at zero;

b = bex + e = Axex + e;

ε ≃ ‖e‖ known.

Our examples: Deblurring of Images
∫

K (s − t) f (t)dt + n = g(s)

PSF

∗
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The Arnoldi-Tikhonov (AT) method

Given λ, L, x0 consider the Tikhonov regularization

min
x∈RN

{
‖b − Ax‖2 + λ‖L(x − x0)‖2

}
.

1
Calvetti-Morigi-Reichel-Sgallari,Tikh. reg. and the L-curve for large discr.

ill-posed pbs., J. Comp. Appl. Math., 2000.
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Consider the special case: L = IN and x0 = 0.
Solution by the Arnoldi-Tikhonov method1: projection of A onto

Km(A, b) = span{b,Ab, . . . ,Am−1b}, m ≪ N.

The Krylov subspaces are built by the Arnoldi algorithm:
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The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 5 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

Looking for xm,λ ∈ x0 +Km(A, r0), i.e. xm,λ = x0 + Vmym,λ:

ym,λ = argminy∈Rm

{
‖r0 − AVmy‖2 + λ ‖LVmy‖2

}

= argminy∈Rm

{∥∥‖r0‖ e1 − H̄my
∥∥2 + λ ‖LVmy‖2

}
.

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 5 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

Looking for xm,λ ∈ x0 +Km(A, r0), i.e. xm,λ = x0 + Vmym,λ:

ym,λ = argminy∈Rm

{
‖r0 − AVmy‖2 + λ ‖LVmy‖2

}

= argminy∈Rm

{∥∥‖r0‖ e1 − H̄my
∥∥2 + λ ‖LVmy‖2

}
.

Equivalent formulations:

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 5 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

Looking for xm,λ ∈ x0 +Km(A, r0), i.e. xm,λ = x0 + Vmym,λ:

ym,λ = argminy∈Rm

{
‖r0 − AVmy‖2 + λ ‖LVmy‖2

}

= argminy∈Rm

{∥∥‖r0‖ e1 − H̄my
∥∥2 + λ ‖LVmy‖2

}
.

Equivalent formulations:

◮ ym,λ = argminy∈Rm

∥∥∥∥
(

H̄m√
λLVm

)
−
(

‖r0‖ e1
0

)∥∥∥∥
2

.

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 5 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

Looking for xm,λ ∈ x0 +Km(A, r0), i.e. xm,λ = x0 + Vmym,λ:

ym,λ = argminy∈Rm

{
‖r0 − AVmy‖2 + λ ‖LVmy‖2

}

= argminy∈Rm

{∥∥‖r0‖ e1 − H̄my
∥∥2 + λ ‖LVmy‖2

}
.

Equivalent formulations:

◮ ym,λ = argminy∈Rm

∥∥∥∥
(

H̄m√
λLVm

)
−
(

‖r0‖ e1
0

)∥∥∥∥
2

.

◮ (H̄T
m H̄m + λ̂V T

m LTLVm)ym,λ = H̄T
m‖r0‖e1

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 5 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

Looking for xm,λ ∈ x0 +Km(A, r0), i.e. xm,λ = x0 + Vmym,λ:

ym,λ = argminy∈Rm

{
‖r0 − AVmy‖2 + λ ‖LVmy‖2

}

= argminy∈Rm

{∥∥‖r0‖ e1 − H̄my
∥∥2 + λ ‖LVmy‖2

}
.

Equivalent formulations:

◮ ym,λ = argminy∈Rm

∥∥∥∥
(

H̄m√
λLVm

)
−
(

‖r0‖ e1
0

)∥∥∥∥
2

.

◮ (H̄T
m H̄m + λ̂V T

m LTLVm)ym,λ = H̄T
m‖r0‖e1

Remarks:

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 5 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

Looking for xm,λ ∈ x0 +Km(A, r0), i.e. xm,λ = x0 + Vmym,λ:

ym,λ = argminy∈Rm

{
‖r0 − AVmy‖2 + λ ‖LVmy‖2

}

= argminy∈Rm

{∥∥‖r0‖ e1 − H̄my
∥∥2 + λ ‖LVmy‖2

}
.

Equivalent formulations:

◮ ym,λ = argminy∈Rm

∥∥∥∥
(

H̄m√
λLVm

)
−
(

‖r0‖ e1
0

)∥∥∥∥
2

.

◮ (H̄T
m H̄m + λ̂V T

m LTLVm)ym,λ = H̄T
m‖r0‖e1

Remarks:

λ = λm;

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 5 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The Generalized Arnoldi-Tikhonov (GAT) method

Incorporate L ∈ R
P×N and x0 6= 0.

Looking for xm,λ ∈ x0 +Km(A, r0), i.e. xm,λ = x0 + Vmym,λ:

ym,λ = argminy∈Rm

{
‖r0 − AVmy‖2 + λ ‖LVmy‖2

}

= argminy∈Rm

{∥∥‖r0‖ e1 − H̄my
∥∥2 + λ ‖LVmy‖2

}
.

Equivalent formulations:

◮ ym,λ = argminy∈Rm

∥∥∥∥
(

H̄m√
λLVm

)
−
(

‖r0‖ e1
0

)∥∥∥∥
2

.

◮ (H̄T
m H̄m + λ̂V T

m LTLVm)ym,λ = H̄T
m‖r0‖e1

Remarks:

λ = λm;

if L ∈ R
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m LVm
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The parameter choice strategy
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Secant update method
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The problem

Better result obtained solving

min
x∈RN

{
‖b − Ax‖pp + λℓ(x)

}
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An iteratively reweighted norm approach

Exploiting the iterative setting of the AT method:

ℓ(x) ≈ ‖Wmx‖22,

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 8 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

An iteratively reweighted norm approach

Exploiting the iterative setting of the AT method:

ℓ(x) ≈ ‖Wmx‖22,
where

ℓ(x) = ‖x‖1 Wm = Lm = diag

(
1√

|xm−1|

)

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 8 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

An iteratively reweighted norm approach

Exploiting the iterative setting of the AT method:

ℓ(x) ≈ ‖Wmx‖22,
where

ℓ(x) = ‖x‖1 Wm = Lm = diag

(
1√

|xm−1|

)

ℓ(x) = TV (x)= ‖
√

(Dhx)2 + (Dvx)2‖1, x ∈ R
N = R

n2

Wm = Lm = SmDhv

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 8 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

An iteratively reweighted norm approach

Exploiting the iterative setting of the AT method:
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where

ℓ(x) = ‖x‖1 Wm = Lm = diag

(
1√

|xm−1|

)

ℓ(x) = TV (x)= ‖
√

(Dhx)2 + (Dvx)2‖1, x ∈ R
N = R

n2

Wm = Lm = SmDhv

D=




1 −1
. . .

. . .

1 −1


∈ R

(n−1)×n, Dhv=

(
Dh

Dv

)
=

(
D ⊗ In
In ⊗ D

)
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An iteratively reweighted norm approach

Exploiting the iterative setting of the AT method:

ℓ(x) ≈ ‖Wmx‖22,
where

ℓ(x) = ‖x‖1 Wm = Lm = diag

(
1√

|xm−1|

)

ℓ(x) = TV (x)= ‖
√

(Dhx)2 + (Dvx)2‖1, x ∈ R
N = R

n2

Wm = Lm = SmDhv

D=




1 −1
. . .

. . .

1 −1


∈ R

(n−1)×n, Dhv=

(
Dh

Dv

)
=

(
D ⊗ In
In ⊗ D

)

x̃m−1=Dhvxm−1, S̃m=diag



 1

4

√∑2(N−n)
i=1 (x̃m−1)i



, Sm=

(
S̃m 0

0 S̃m

)

S.Gazzola (University of Padova) Generalized Arnoldi-Tikhonov methods June 25, 2013 8 / 15



The Arnoldi-Tikhonov method Sparse Reconstruction Final Remarks

The ‖ · ‖1 case

Standard form transformation

min
x

{
‖b − Ax‖2 + λ‖L(x − x0)‖2

}

2
Saad, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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min
x̃
{‖b − Ãx̃‖2 + λ̃‖x̃ − x̃0‖2}

Ã = AL−1

x̃0 = Lx0

x = L−1x̃
Features:

Matrix associated to the projected LS problem completely reduced

Preconditioned Krylov subspaces, with variable preconditioning

xm = x0 + Zmy , Zm = span{L−1
1 v̌1, L

−1
2 v̌2, . . . , L

−1
m v̌m}

2
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The ‖ · ‖1 case

Standard form transformation

min
x

{
‖b − Ax‖2 + λ‖L(x − x0)‖2

}

min
x̃
{‖b − Ãx̃‖2 + λ̃‖x̃ − x̃0‖2}

Ã = AL−1

x̃0 = Lx0

x = L−1x̃
Features:

Matrix associated to the projected LS problem completely reduced

Preconditioned Krylov subspaces, with variable preconditioning

xm = x0 + Zmy , Zm = span{L−1
1 v̌1, L

−1
2 v̌2, . . . , L

−1
m v̌m}

Flexible Arnoldi Algorithm2:

AZm = V̌m+1Ȟm

2
Saad, A flexible inner-outer prec. GMRES alg., SIAM J. Sci. Comp., 1993.
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Iteration #23; Relative Error 1.1349 · 10−2; λ̃ = 1.1976 · 10−4.
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The TV case

Problem: L = SmDhv not easily “invertible”.

min
x∈RN

{
‖b − Ax‖2 + λ‖L(x − x0)‖2

}
, xm ∈ x0 +Km(A, r0)

Given a meaningful initial guess x
(k)
0 , restarting (inner-outer iterations)

min
y∈Rm

∥∥∥∥∥

(
H̄m√

λS (k)DhvVm

)
y −

( ∥∥∥r (k)0

∥∥∥
2
e1

0

)∥∥∥∥∥

2

, xm = x
(k)
0 + Vmy
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∥∥∥
2
e1

0

)∥∥∥∥∥

2

, xm = x
(k)
0 + Vmy

Regularization Matrix updated at each outer cycle
“Wait”for the discrepancy principle to be satisfied
Initial guess, at the kth outer cycle

x0 = 0;
x0 = x

(k)
m ;

x0 = P(x
(k)
m ), projection onto {x ∈ R

N : (x)i ≥ 0, i = 1, . . . ,N};
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The TV case

Problem: L = SmDhv not easily “invertible”.

min
x∈RN

{
‖b − Ax‖2 + λ‖L(x − x0)‖2

}
, xm ∈ x0 +Km(A, r0)
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(k)
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min
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2

, xm = x
(k)
0 + Vmy

Regularization Matrix updated at each outer cycle
“Wait”for the discrepancy principle to be satisfied
Initial guess, at the kth outer cycle

x0 = 0;
x0 = x

(k)
m ;

x0 = P(x
(k)
m ), projection onto {x ∈ R

N : (x)i ≥ 0, i = 1, . . . ,N};
Main difference: unpreconditioned Krylov subspaces
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Outer Iterations: 200; Total Iterations: 210; Relative Error: 3.0115 · 10−1.
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The ‖ · ‖1 case revisited

Std form transformation; update and nonnegativity at each restart.
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Comparisons

ℓ(x) = ‖x‖1
Method Relative Error Iterations Total Time Average Time

SpaRSA 1.1081 · 10−2 343 45.16 0.13

TwIST 1.1105 · 10−2 102 16.39 0.16

l1 l2 1.1146 · 10−2 307 378.61 1.23

IRN-BPDN 1.1146 · 10−2 791 112.33 0.14

AT 1.8609 · 10−2 12 0.65 0.05

Flexi-AT 1.1610 · 10−2 100 5.03 0.05

NN-ReSt-GAT 4.0606 · 10−3 40 2.56 0.06
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Method Relative Error Iterations Total Time Average Time

SpaRSA 1.1081 · 10−2 343 45.16 0.13

TwIST 1.1105 · 10−2 102 16.39 0.16

l1 l2 1.1146 · 10−2 307 378.61 1.23

IRN-BPDN 1.1146 · 10−2 791 112.33 0.14

AT 1.8609 · 10−2 12 0.65 0.05

Flexi-AT 1.1610 · 10−2 100 5.03 0.05

NN-ReSt-GAT 4.0606 · 10−3 40 2.56 0.06

ℓ(x) = TV (x)
Method Relative Error Iterations Total Time Average Time

aMM-TV 2.8834 · 10−1 631 4754.54 7.53

IRN-TV(0) 3.2136 · 10−1 418 15.65 0.04

IRN-TV(wr) 3.2141 · 10−1 190 7.66 0.04

NN-ReSt-TV 3.0110 · 10−1 210 11.36 0.05

AT 3.4176 · 10−1 9 0.17 0.02

GAT 3.4809 · 10−1 9 0.36 0.04
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Final remarks

simple and efficient (all the extra computations are performed in
reduced dimension);

simultaneously determine the regularization parameter and the
number of iterations;

Future Works: generalized to the multi-parameter case;
dropping the hypothesis on ‖e‖.

Thanks for your attention!
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