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Abstract We show the geometric and analytic consequences of a general es-
timate in the 3-Neumann problem: a “gain” in the estimate yields a bound
in the “type” of the boundary, that is, in its order of contact with an ana-
lytic curve as well as in the rate of the Bergman metric. We also discuss the
potential-theoretical consequence: a gain implies a lower bound for the Levi
form of a bounded weight.

1 Introduction

In a smooth pseudoconvex domain 2 C C" whose boundary 52 has finite
type M (in the sense that the order of contact of any complex analytic vari-
ety is at most M, cf. [4, 5]) the d-Neumann problem shows an e-subelliptic
estimate for some € (Folland—Kohn [7] for M =2, Kohn [12] for general M
and real analytic boundary, Catlin [3] for smooth boundary) and conversely,
an e-estimate implies M < é (Catlin [1]). Thus, index of estimate and or-
der of contact are related as inverse one to another. Contact of infinite order

has also been studied: «-exponential contact implies an é-logarithmic esti-

mate (cf. e.g. [11]). What is proved here serves to explain the inverse: an é—

logarithmic estimate, for &« < 1, implies exponential contact < « (apart from
an error «?). More generally, the gain in the estimate, which is quantified by

a function f(¢), t — o0, such as € or (logt)é, is here related to the “type”
of b2 described by a function F (§) (for § = t), such as M or exp(—(sia): the
general result is that F is estimated from below by the inverse to f. In similar
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way, the rate of the Bergman metric Bg at b2 as well as the rate of the Levi
form of a bounded weight are estimated. The latter is related to the celebrated
“P-property” by Catlin [2].

We fix our formalism. 2 is a bounded pseudoconvex domain of C" with
smooth boundary b2 defined, in a neighborhood of a point z, =0, by r =0
with dr # 0 and with r < 0 inside 2. We introduce the notion of “type” of
b2 along a g-dimensional complex analytic variety Z C C" as a quantitative
description of the contact.

Definition 1.1 For a smooth increasing function F vanishing at 0, we say
that the type of bQ2 along Z is < F when

r@ISF(z—20l), z€Z, 2= 2. (1.1)

Here and in what follows, < or 2 denote inequality up to a positive con-
stant. We choose local real coordinates (a,r) € R#*~! x R ~C" at z, and

denote by & the dual variables to the a’s. We denote by Ag := (1 + |§ |2)% the
standard elliptic symbol of order 1 and by f(Ag) a general pseudodifferential
symbol obtained by the aid of a smooth increasing function f. We associate to
this symbol a pseudodifferential action defined by f(A)u = F~1(f (Ag)Fu)
for u € C2°, where F is the Fourier transform in R2"~! 1n our discussion,
f(A) ranges in the interval log(A) < f(A) < A€ (any € < %) where the sym-

bol “«” means that & — 00 at 0o in a monotonic way. Moreover, we notice

that (&)*(r) >t since f(t) < t%, where the superscript * denotes the inverse
function. By means of A€ we can also define the tangential Sobolev eé-norm
as |||ullle := || A€ul|. We set w, = dr and complete to an orthonormal basis
of (1, 0)-forms wy, ..., w,; we denote by Ly, ..., L, the dual basis of vector
fields. A g-form u is a combination of differentials w; := @, A--- Awj, over
ordered indices J = j; < j» < --- < j, with smooth coefficients u, that is,
an expression Zf”:q ujwy. We decompose a form as u = u" + u" where
u’ is obtained by collecting all coefficients u; such that n ¢ J and u" is the
complementary part; we have that u € Dj., the domain of d*, if and only if
u’lpe =0.

Definition 1.2 An f-estimate in degree ¢ is said to hold for the 3-Neumann
problem in a neighborhood U of z, when

£ (A)ull S N0ull + 10*ull + llull  forany u € C(QNU)? N Dy., (1.2)

where the superscript ¢ denotes forms of degree ¢. Since u"|pq = 0, then u”
enjoys an elliptic estimate (for f(A) = A) on account of Garding Theorem;
thus (1.2) for u® implies (1.2) for the full u. We will use the notation Q (u, u)
for the sum of the three terms in the right side of (1.2).
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It has been proved by Catlin [1] that an e-subelliptic estimate of index
g implies that <2 has finite type M < % along any g-dimensional complex
variety Z, that is, (1.2) holds for F = |z — z,|¥ when z € Z. Notice that
F = 8M js inverse to the reciprocal of f =€, t = §~!. In full generality
of f, with the only restraint f >> log, we define

k\ —1
G(§) := ((é) ) ¢ h. (1.3)

Up to a logarithmic loss, we get the generalization of Catlin’s result, that is,
we prove that F 2 G.

Another goal of this work consists in describing the effect of an f-estimate
on the growth at the boundary of the Bergman metric. The Bergman kernel
Kgq : Q2 x Q — C provides the integral representation of the orthogonal pro-
jection P : L2(Q) — hol(2) N L3(Q), f +— P(f) := fQ f()K(z,¢8)dV,
where dV; is the element of volume in the {-space. On a bounded smooth
pseudoconvex domain, the projection P is related to the d-Neumann opera-
tor N, the inverse of (] = 33* + 8*d, by Kohn’s formula P =1Id — 3*Nd.

The Bergman metric is defined by Bg = \/ Bé(log Kq(z,z2)). It has been
proved by McNeal in [16] that an e-subelliptic estimate for ¢ = 1 im-
plies Ba(z, X) 2 87 "(2)|X], X € T710C"|q, for any fixed n > 0 where
8(z) denotes the distance of z to 2. We extend this conclusion to a general
f-estimate and get a bound from below with §¢77(z) replaced by
G (8~ (z)). This behavior has relevant potential theoretical consequences.
Historically, the equivalence of a subelliptic estimate with a finite type has
been achieved by triangulating through a quantitative version of Catlin’s “P-
Property”. This consists in the existence of a family of uniformly bounded
weights {¢°} on the 8-strips S5 := {z € Q: 8(z) < 8}, whose Levi-form have
a lower bound § ¢ for some €. We extend this notion for general f.

Definition 1.3 We say that Q2 satisfies Property (f-P) over a neighborhood
U of z,, if there exists a family of weights ¢ = ¢° which are absolutely
bounded in Ss N U and satisfy

i00¢° > f2(8~1)Id foranyze SsNU. (1.4)

As it has already been recalled from [1], f-estimate (f = t€) implies
F-type (F = 8M )- In turn, this implies ( f-P)- -Property ( f = 1€ for & (much)
smaller than -~ [3]) and this yields f estimate [3] (cf. also [8-10]). So the
cycle is closed but in going around, € has decreased to €. In this process, the
critical point is the rough relation between the type M and the exponent € and
this cannot be improved significantly: one must expect that € is much smaller
than % The reason is that the type only describes the order of contact of a
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complex variety Z tangent to b<2, whereas what really matters is how big is
the diameter of a Zg that can be inserted inside 2 at §-distance from 2. This
can be bigger than 8 as in the celebrated example by D’ Angelo of the do-
main defined by r = Rezz + |23 — zb221% + 12317 + |28 z11? (cf. [1], p. 149).
However, an estimate has effect over the families Z5 C €2 and not only over
Z tangential to bQ2. So the achievement of a direct proof of the implication
from estimate to generalized P-property, which was envisaged by Straube,
not only offers a shortcut in Catlin’s theory, but also gains a good accuracy
about indices. For a general f >> log and for any 1 we define f = fn by

ft)y=—=—@""); (1.5)

then we prove the direct implication from f-estimate to ( f-P)-Property. In
particular, from an e-subelliptic estimate, the € we get is any index slightly
smaller than €. We collect the discussion in a single statement which is the
main result of this paper.

Theorem 1.4 Let Q C C" be a bounded pseudoconvex domain with smooth
boundary in which the 3-Neumann problem has an f-estimate in degree g
at z, € b2 for > log. Let G, resp. f = f,, for any n > 0, be the function
associated to f by (1.3), resp. (1.5), and let 5(z) denote the distance from z
to bS2. Then

(1) If b2 has type < F along a q-dimensional complex analytic variety Z,
then F 2 G,
(i1) If g = 1, the Bergman metric satisfies Bqo(z) 2 &(8‘”’7 (2)Id, ze U,
for any n and for suitable U = U,
(iii) If g = 1, Property (f-P) holds for any n and for suitable U = U,.

We say a few words about the technique of the proof. The main tool is an
accurate localization estimate. By localization estimate, we mean an estimate
which involves a fundamental system of cut-off functions xo, x1, x2 in a
neighborhood of z, with xo < x1 < x2 (in the sense that x 11 /supp x =1 of
the kind

Ixoulls < Ix1Bulls + csllxaullo  for any u € (C*)? N Dp. (1.6)

If (1.6) holds for a fundamental system of cut-off functions as above, then []
is “exactly” H*-hypoelliptic or, with equivalent terminology, its inverse N is
exactly H*-regular in degree g. If this holds for any s, then [J and N are C°°-
hypoelliptic and regular respectively. To control commutators with the cut-off
functions, Kohn introduced in [13] a pseudodifferential modification R® of A®
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Necessary geometric and analytic conditions 733

(cf. Sect. 2 below) which is equivalent to A® over xou but has the advantage
that x1 R® is of order 0. This yields quite easily (1.6) for some c¢;. However,
the precise description of c¢; is a hard challenge; it is in the achievement of
this task that consists this paper. Now, if the system of cut-off x;, j =0,1,2
shrinks to 0 depending on a parameter 1 — oo as X} (2) := x,(tz), then we

are able to show that
f * 2S+1
sy = ((@ (1) . (1.7)

In particular, when xUu = 0, (1.6), with the constant ¢y specified by (1.7),
yields a constraint to the geometry of 52 which produces all the above listed
three consequences about type, lower bound for Bg and P-property.

2 Localization estimate with parameter

Let Q be a bounded smooth pseudoconvex domain of C", z, a boundary
point, xo < x1 < x2 a triplet of cut-off functions at z, and
X6 < x{ < x5 a fundamental system of cut-off functions defined by
th. (z) = xj(tz), j =0,1,2 for t — oo. The content of this section is the
following

Theorem 2.1 Assume that an f-estimate holds in degree q at z, with
f > log. Then, for any positive integer s, we have

f * 2(s+1)
||x5u||?5r2~‘||xfmu||§+((@) (r)) Il xull?, (2.1)

for any u € (C*)? N Dom(0L]), where “x” denotes the inverse.

Remark 2.2 In [1], Catlin proves the same statement for the particular choice
f =1t€ ending up with f itself, instead of &. In fact, starting from subelliptic
estimates, (2.1) is obtained by induction over j such that je > s. For us, who
use Kohn method of [13], a logarithmic loss seems to be unavoidable.

Remark 2.3 A byproduct of Theorem 2.1 is the local H® regularity of the
Neumann operator N = [1~!. For this, the accuracy in the description of the
constant in the last norm in (2.1) is needless and the conclusion is obtained
from (2.1) by the method of the elliptic regularization. This method, which
was first introduced for subelliptic estimates in [15], indeed also works for
superlogarithmic estimates according to [13].
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734 T.V. Khanh, G. Zampieri

Proof of Theorem 2.1 Apart from the quantitative description of the constant
in the error term of (2.1), the proof follows [13] Sect. 7. Let U be the neigh-
borhood of z, where the f-estimate holds; the whole discussion takes place
on U. For each integer s > 0, we interpolate two families of cut-off functions
{&m}y,—o and {03, }5,_; with support in U and such that {; < o; < ¢;j—1. Itis
assumed that {y = x; and ¢; = xo. We define two new sequences {¢/,} and
{o},} shrinking to z, by ¢1,(z) = {m (12) and 0}, (2) = 0 (£2).

We also need a pseudodifferential partition of the unity. Let A1(|&|) and
A2(|€]) be real valued C* functions such that A; + Ay =1 and

_ [ oirer<t
MUED=10 o2,

Recall that A™ is the tangential pseudodifferential operator of order m.
Denote by A" the pseudodifferential operator with symbol Aot DA +
|& |2)% and by E; the operator with symbol A (+! |£]). Note that

IA™CEull> SIAP L ull® + 21 ull>. (2.2)

In this estimate, it is understood that r < (&)*(I). From now on, to simplify

notations, we write g instead of fog "
Following Kohn [13], we define for m = 1,2, ..., the pseudodifferential
operator R;" by

Rl"¢(a,r)

m(r,[n (a,r)

— @m0 [ i e+ 18P P de

for 9 € CX(U N Q). Since ¢!, < o, the symbol of (A" — R™)¢/! is of order
zero and therefore
IAT hull> SR Gruell® + NG ull?
Sgm R gl + IR, ¢ gt ull® + l1gkull?
SHFAY,_ R _ull® + IR, &L 1g kel + 15 hull?,
(2.3)

(since ¢, < ;};_1 and f > 1). By Proposition 2.4 below, the commutator term
in the last line of (2.3) is dominated by >, 2 | gfn_ju|||31_j. From (2.2)
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Necessary geometric and analytic conditions 735

and (2.3), we get the estimate for the tangential norm
m .
lmully, S £ R G ul®+ D % |l gh_julln_; - (24)
j=1
As for the normal derivative D,, we have

1D, A~ ehulllZ S IDAT (A, R, ull?

m
+ 3D gl @)
j=1
We define the operator A} := 751 i R;ﬂgrfn _, and remark that A™ is self-

adjoint; also, we have A7"u € (C2°)9 N Dom(3*) if u € (C*®)4 N Dom(d*).
In particular, the f-estimate can be applied to A}"u; this can further strength-
ened to

I (M)A ul? + DA™ F(AATul? S Q(ATu, Al'w).  (2.6)

In fact, without the term D, this is precisely the f-estimate. As for the term
involving D,, we write D, = L,, + T for a tangential operator 7" and remark
that, for # = A}"u, we have

1D, AL F (NN SILpi > + 1T A f (Al
SLaitl* + |1 f (Mal* < Q. i).
Next, we estimate Q (A} u, A"u). We have
10A™u||? = (A" du, DA™ u) 4 ([0, A lu, d A u)
= ((A]"9*0u, Al'u) — ([0, A]'T*u, 0* A" u)
— ()AL, 8%1, 01u, f(A)A}'w))
+ ([0, A" u, dA™u). (2.7)
Similarly,
18* A u|l* = ((AT38*u, ATu) — ([9%, AP T*u, DA™ u)
— (f (M) LAY, 01, 0% Ju, f(A) A} w))
+ (8%, A" Ju, 8" A}'u) (2.8)
Taking summation of (2.7) and (2.8), we obtain

QAT u, Al'u) < (A}'Ou, AY'u) + error
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736 T.V. Khanh, G. Zampieri

S Ce g, Oull? +ell ATul? 4 error, — (2.9)
where

error = [|[3, A™u||® + |I[8*, A" lu|l> + |I[8, A" 1*ul| + [I[8*, A" 1*ul|
+ I FA)TIA™, BT, 8% 1ull® + || F(A) AT, 8T, 8lull®.  (2.10)

The error term should also contain € Q where € comes from the small/large
argument, but this can be absorbed in the left of (2.9). Using Proposition 2.4
below, the error is dominated by

m
€ QAT U, AT'u) + Ce(g* )" TV xgull® + D e Nigh_julln . 2.11)
j=1

Therefore
m .
QA" u, A'w) S Ce [ Gp Dl + Y17 16— el
j=1
+ Ce(g* ()| dul® + e Aul?. (2.12)

Combining (2.4), (2.5), (2.6) and (2.12), and absorbing e||A;“u||2 in the
left side of (2.6), we obtain

2 —1 2
mulll + 11D A7 gl

m
St TullZ + Y 2 gh _ullZ 4+ @)V dul. (2.13)
j=1

Since the operator [ is elliptic, and therefore non-characteristic with re-
spect to the boundary, we have for m > 2

Igmulz SUNOGkulz o+ Nmulllm + 1l Drthulln_; - (2.14)

Replace the first term in the right of (2.14) by I|¢2,0ull?_, + [0, ¢4, 1ull?_,
and observe that the commutator is estimated by t2||§,;1_1u||%1_1 +
t4||§,€1_1u 112 Application of (2.13) to the last two terms of (2.14), yields

m—2"

m
t 2 t 2 2j 1t 2
Nemtelln, SN Dl + > 21 julla,
j=1

+ @O dul?, m=1,....s. (2.15)
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Necessary geometric and analytic conditions 737

Iterated use of (2.15) to estimate the terms of type ¢!, u by those of type
¢! Ou in the right side yields

N
lgtul? <Y 2™ g, Dl + (€ @) TV xbul?
m=0

S N5 Bully + @)V xSull. (2.16)
Choose x = ¢/ and x| = ¢/; we then conclude

Ixdull? < e i 0ull? + (g% (0)* D xull?, (2.17)
for any u € (C*)4 N Dp. O

The proof of the theorem is complete but we have skipped a crucial tech-
nical point that we face now.

Proposition 2.4 We have

@ MR, ghleh,_qull> S Y0y e (gl
(ii) Assume that an f-estimate holds with f > log, then for any € and for
suitable C¢, the error term in (2.9) is dominated by (2.11).

Proof (i) It is well known that the principal symbol op ([A, B]) of the com-
mutator of two operators A and B is the Poisson bracket {op(A), op(B)}.
For the full symbol, and with tangential variables a and dual variables &, we
have the formula

DXo(A)DSo(B) — D¥o(B)DEa (A)
oA B)= ) —* : L @I

K!

|k|>0

We apply this formula to [R!", ¢/ ] and obtain

))Dgg,;(a,r)

1
(R, &) = Y, —Df (Rl

|K|>0

=Y ajla.rt DI 1+ 5T

j=1
where the «;’s are functions uniformly bounded with respect to ¢ and [&].
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(i1) First, we show
I8, A™Jull < € Q(A™u, Au) + Ce(g*(0)* "™ V|| xiu|?

m .

+ D g jul - (2.19)
j=1

By Jacobi identity,
[0, A" =1[0,¢, |R"¢! ]
=1[9,¢, (IR"¢! | +¢l [0, R"ME!
+¢! R, ¢ (2.20)

Since the support of the derivative of ¢! _, is disjoint from the support of o),

the first and third terms in the second line of (2.20) are bounded by |g;fn| ~t
in L2. The middle term in (2.20) is treated as follows. Let b be a function
which belongs to the Schwartz space S and D be D, ; or D, ; we have

[bD, R"] =[b, R"]D + b[D, R"]. (2.21)

As for the second term of (2.21), we note that [D, R"'] = mD(c},) log(A) R,
in particular, [D, R}"] is bounded by ¢ log(A)R}". For the same reason, when
D = Dy, the first term is bounded by 7log(A)R;" and, when D = D, and

thus D = L, + T, by tlog(A)R™ + tlog(A) A~ L, R™. 1t follows

I8, A" Jul|* < tlllog(A) AT ul|* + €| Ly AT ull* + Cellxiul?

m
+ ) gl 2.22)
j=1

To estimate the first term in (2.22), we check that
tlog A <ef(Ag) intheset {£:1(g" (e ) Ag) # 1)
and hence
tlog Ae Sef (Ag) +ta(g* e 1) Ag)log Ag. (2.23)
It follows
lllog AATul> < € F(M AT ul)* + 2 (g* (e~ 1)) log*(g*(e ' 1) I xbull®

<X F (M)A ul* + Ce (g ()™ I xbul?. (2.24)
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Since we are supposing that an f-estimate holds, we get the proof of the
inequality (2.19). By a similar argument, we can estimate all subsequent error
terms in (2.10) and obtain the conclusion of the proof of Theorem 2.1. O

3 From estimate to type—proof of Theorem 1.4(i)

Proof of Theorem 1.4(i) We follow the guidelines of [1] and begin by recall-
ing two results therein. The first is stated in [1] Theorem 2 for domains of
finite type, that is for F = 8™, but it holds in full generality of F.

(a) Let  be a domain in C" with smooth boundary and assume that there
is a function F and a g-dimensional complex-analytic variety Z passing
through z, such that (1.1) is satisfied for z € Z. Then, in any neighbor-
hood U of z,, there is a family {Z;} of g-dimensional complex manifolds
Zs C Q of diameter comparable to § such that

sup |r(2)| S F ().

ZE€EZs

The proof is just a technicality for passing from variety to manifold. The
second result, consists in exhibiting, as a consequence of pseudoconvexity,
holomorphic functions bounded in L? norm which blow up approaching the
boundary.

(b) Let 2 C C" be a bounded pseudoconvex domain in a neighborhood of
Zo € bS2. For any point z € Q near z, there is G € hol () N L%() such
that
M GG

@) 10"G(2)] 28" (2) forall m > 0.

(We always denote by §(z) the distance of z to b2 and assume that 53— is a

normal derivative.) By (a), for any é there is a point y5 € Zs, which satlsﬁes
3(ys) < F(8) and by (b) there is a function G5 € hol(2) N L?(2) such that

1Gsll <1

and
"G
azy

1
> F~"T2 (5 (yp)).

(vs)
We parametrize Zs over C? x {0} by
(2 hs(2)) forz' =(z1,....29).
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740 T.V. Khanh, G. Zampieri

We observe that it is not restrictive to assume that y; is the “center” of Zg, that
is, the image of 7/ = 0 (by the properties of uniformity of the parametrization
with respect to §). Let ¢ be a cut-off function on R™ such that ¢ =1 on [0, 1)
and ¢ =0 on [2, 400). We use our standard relation t = § —1 and define, for

some c to be chosen later
8t|7/|
Vi (Z) = w( )

Choose the datum o; as
o =¥(Z)G () dZ1 A - NdZ.

Clearly the form «;, is d-closed and its coefficient belongs to L2. Let P, be
the g-polydisc with center z’ = 0 and radius cz~!, let w; be the g-form

8t|7’
wt:ga( ;j')dzl/\---/\dzq,

and define

Ky ::/ <a—a,(z/,h,(z/)), w,>dV. (3.1)
Py

azy

Using the mean value property for :Z—mmG, (Z’, hy(z)) over the spheres || =s
and integrating over s with 0 <s <, we get, by Property (2) of G

K> 2 ()~ 3.2)

Let v; be the canonical solution of E_)vt_= o, that is, v, = 8*u, for u; = Noy
where N = O~!. If ¢ is the adjoint of 9, then integration by parts yields

_ 9" o™
K = 00— (hy), dVv = —uv;(hy), V0 dv.
t /Pz< aznmvz( 1) wt> /P;<8er? v (hy) wt>

We define a set S; = {z/ € C*: % <Z|< %}. Since Y wy is supported in S;
and |9 w;| < ¢, then (for § =¢~")

am " -
K < 724 sup| — v, (k)| <172 sup| — 8%,
Zs azlrln Zs 8ZZ1
<2t gup| pP u,(. (3.3)
7, [1BI=m-+1
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Necessary geometric and analytic conditions 741

Recall the notation g := é; before completing the proof of Theorem 1.4(i),
we need to state an upper bound for K", which follows from

D/g Uy

5 g*(t)m+”+3. (34)
|Bl=m+1

su
Zs

To prove (3.4), we start by noticing that, since the set S; has diameter 01
and the function A, satisfies |dh,(z)| < C for 7 € P;, then the set Zs =
(id x h)(S;) (for 8 = r~1) has diameter of size 0(8). Moreover, by construc-
tion, there exists a constant d such that

inf{|z1 — z2| : z1 €supp oy, 22 € Zs} > 2dt~ 1.

Therefore, we may choose o and x; such that if we set Xli () = Xk(%) for
k =0, 1, we have the properties

(1) xj=1o0nZ;s
(2) a; =0on supp x|.

Hence

DP

DF "u
|Bl=m-+1 Kot

S I : 3.5
|Bl=m+1 S Ixout lmtn+1 (3.5)

< sup
QNZs

sup
Zs

uz

where the last inequality follows from Sobolev Lemma since X(’)u ¢ is smooth

by Remark 2.3. We use now Theorem 2.1 and observe that x|{Cu, = 0 (by
Property (2) of x{). It follows

t 2 2 2 2
Ixdue 2y S &5 @2y, |

S g*(t)Z(ernJrZ)’
where for the last inequality we have to observe that, & being bounded and
pseudoconvex, then ||u;[|?> < [0u;||?> = |l | < 1. This completes the proof
of (3.4). We return to the proof of Theorem 1.4(i). Combining (3.2) with (3.3)
and (3.4), we get the estimate
tZkF(t)f(er%) < CtZkflg*(t)m+n+2.
Taking m-th root and going to the limit for m — oo, yields

Fi)~ ' <g*@).

This concludes the proof of Theorem 1.4(i). Il
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742 T.V. Khanh, G. Zampieri

4 From estimate to lower bound for the Bergman metric Bo—proof of
Theorem 1.4(ii)

The Bergman kernel K has been introduced in Sect. 1: as already re-
called, it provides the integral representation of the orthogonal projection
P : L%(Q) — hol(2) N L%(Q). From K¢ one obtains the Bergman metric

Bq = \/aé log(Kq(z, 7). Let

2
bij(z) =

—log K (z, 2); “4.1)
0z;0Z;

then the action of Bg over a (1, 0) vector field X = ) jajo; is expressed by

1

Bq(z, X) = (Z b,-jal-c_lj) . (4.2)

ij=1

This differential metric is primarily interesting because of its invariance under
a biholomorphic transformation on £2.

One can obtain the value of the Bergman kernel on the diagonal of 2 x 2
and the length of a tangent (1, 0)-vector X in the Bergman metric by solving
the following extremal problems:

Ka(z,2) = inf{[|¢]|* : ¢ € hol(R2), p(z) = 1}
= sup{|p(2)|* : ¢ € hol(Q), lpl < 1} (4.3)

and

inf{llg|l : ¢ € hol(R), ¢(2) =0, Xp(z) =1}""
VKa(z,2)

_ sup{|Xe(z)|: ¢ €hol(2), ¢(2) =0, [lo] < 1}

B VEa(z,2) '

The purpose of this section is to study the boundary behavior of Bg(z, X)
for z near a point z, € b2, when a f-estimate for the 3-Neumann problem
holds. We prove Theorem 1.4(ii) for a general f-estimate; this extends [16]
which deals with subelliptic estimates. For the proof of Theorem 1.4(ii), we
start from a result by [16] about locally comparable properties of the Bergman
kernel and the Bergman metric, that is,

Bq(z, X) =

4.4)

(a) Let €21, 227 be bounded pseudoconvex domains in C" such that a portion
of b2 and b2, coincide. Then
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Necessary geometric and analytic conditions 743

Ko, (z,2) = Kq,(z,2);
Bq,(z. X) = Bo,(z, X), X eT!OC,

for z near the coincidental portion of the two boundaries (cf. [16] or [6]).

We need to modify €2 to a pseudoconvex domain Q C €2 which shares a piece
of its boundary with b€2 near z, over which there is exact, global regularity
of the d-Neumann operator. For this, we recall another result from [16]:

(b) Let © be a smooth, bounded, pseudoconvex domain in C" and let
Zo € b2. Then, there exist a ngighborhood U of z, and a smooth,
bounded, pseudoconvex domain €2 satisfying the following properties:

Qcanu,

b N b contains a neighborhood of z, in bS2,

all points in b2 \ b2 are points of strong pseudoconvexity,

the relative boundary S of b$2 N b2 and b<2 \ bR is the intersection of
b2 with a sphere centered at z,,.

Next, we have the result below which is crucial in our application (cf. also
[17] Prop. 4.4).

Proposition 4.1 If  has compactness estimates for the d-Neumann problem
in a neighborhood of z,, then, for suitable U, the domain Q of (b) above has
compactness estimates on the whole boundary. In particular, its Neumann
operator N is globally, exactly, regular.

Proof We show, in fact, a stronger statement. If  is a general domain and
S a piece of its boundary obtained as the intersection of b2 with a strongly
pseudoconvex boundary (defined by & = 0 for 04 # 0), and if at any point of
b2\ S there are (local) compactness estimates, then there are compactness
estimates on the whole 5. Note that our specific € meets these requirements.
To prove our claim, we first deal with the points in a neighborhood of S. We
use the notation S = {z € bQ : |h| < €} and define ¢, = g We have, over S,

|(ﬂ€| < 17
, (4.5)
{aawe Rt

Let ¢, be a cut-off such that {c =1 on S% and supple C Se¢; we can also

assume that |Z.| < % and z, < giz We recall the basic estimate with weight ¢

/ - -
>0 fe“"saijumﬁmdvg||au||$o+||a*u||§, (4.6)
ij |K|=k—1Y%
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where ||-||, is the L? norm weighted by ™% and 5(’; is the adjoint of 9 in
this norm. We use an auxiliary function x : RT™ — R, ¥ = x(¢), increasing,
convex, and such that, for t < 1, we have

X >2x2,
xe X >Cy, 4.7
e X < Cy,

for suitable C|, C, > 0. For instance, a good choice is y = %e’ -1 We apply
(4.6) for ¢ = x o ¢ and with u replaced by ¢ u. Because of (4.7) combined
with the first of (4.5), we can remove ¢ both from the norms and the adjunc-
tion. On the other hand, the second of (4.5) yields a lower bound for the left
side of (4.6). Altogether, we have got

1 2
Z||§eu|| S Q(Geu, Leu),  forany u. (4.8)

Combining (4.8) with compactness estimates on supp(l — &) C b2 \ S, we
get

lull? S Ngeull® + (1 — goull?
S e(Qeut, ceu) + Q1 — Cu, (1 = Cu)) + cellull®
Se(Qu,u) + NEecull®) + cellull® ;. (4.9)

Using compactness estimates on supp & C b2\ S, we get
IEeul® < €* Qeu, Leu) + cellull?,
1 ..
564(§Q(u,u)+llieu||2>+Ce||u||2_1
<é€? 2 2 4.10
S €0, u) + lull” +cellullZ;. (4.10)

Combining (4.9) and (4.10) and absorbing llu||? in the last line, we get the
conclusion of the proof. U

Our domain €2 satisfies the assumptions of Proposition 4.1; in fact, super-
logarithmic estimates imply compactness estimates. It follows that the modi-
fied domain €2 also has compactness estimates and, in particular, its Neumann
operator N = N, is regular; from now on, we change our notation and write

Q instead of .
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Let i be a cut-off function such that

o ifzeBi,),
VOZ11 it e\ Bozy).

where B.(z,) is the ball in C" with center z, and radius c; we also set

Y=y (2).

Proposition 4.2 Let an f-estimate in degree q hold at z, and N be exactly
globally regular on Q. Then if a € C° (IB%SL (zo) N )4, for any nonnegative
13

integer s1, s, we have

W' Na|l§, S g* @2 o2 (4.11)

N

Proof We choose a triplet of cut-off functions x, x{ and x} in Theorem 2.1,
such that x) = 1 on a neighborhood of the support of the derivative of ¥ and
supp x4 C B3,-1(20) \B%r' (z0); hence xja = 0. We notice that for ¢ suffi-

ciently small, supp X; € U for j =0, 1,2, so that we can apply Theorem 2.1
to this triplet of cut-off functions. Using the global regularity estimate and
Theorem 2.1 for an arbitrary g-form u € (C*)4 NDom([J), and for ¢ < g*(¢),
we have

Iy ul?, <10 ull?
Sy Oull?, + 100, ¥ ull?,
S Oully, + 2 lxbuly o+ lxguls,
S Oully, + 22 Oullf o+ g O x5ul®.
4.12)

Recall that we are supposing that the_é—Neumann operator is globally reg-
ular. If @ € C*(R)7, then Na € C*°(R2)7 N Dom(LJ). Substituting u = Na
in (4.12) for o € CSO(BSL (zo) N )4, we obtain

13

Iy Na|? < g* )| xINa|?. (4.13)

§1 ~
However,

IxaNell = sup{|(xaNe, B)I = 18I < 1),

and the self-adjointness of N and the Cauchy—Schwarz inequality yield

@ Springer



746 T.V. Khanh, G. Zampieri

|(X3Net, B)] = [(, N x38)]
= (@, XN x28)|
Sllal—s, 1XoN x2B1ls, (4.14)
where %) is a cut-off function such that k) =1 on supp «. Let 3§ < x| < X}
with supp x| € B L (zo); in particular, supp ¥{ N supp x4 = @. Using again
11

Theorem 2.1 for the triplet of cut-off functions x/, X{ and xj, we obtain
XN X3BII5, S 221X xbBI, + 8O I N GBI
SEOVIBN BN
S&OX VB (4.15)

Taking supremum over || 8| < 1, we get (4.11). O

Proof of Theorem 1.4(ii) We follow the guidelines of [16] and also [14]. Let
(¢, z) be local complex coordinates in a neighborhood of (z,, z,) in which
X (zo) = 0, with the normalization d;,r|,, = 1. If z € U and z ¢ b2, we
define

Kq(¢,2)
h:(§) = ——
vVKa(z,2)
_ lh | _
so that ||;]| =1 and TReGD = 1. We also define

v.(0) = R(2)(&1 — 21)h;(¢)  for R(z) = g(67'T(2)).

It is obvious that y, € hol(£2) and y,(z) = 0. We claim that ||y;|| < 1; once
this is proved, then (4.4) assures that

Bo(z. X) > [ Xy (2)] _ |R(z)h;(2)| — R2)| =g(8_1+"(z)), (4.16)

VKo(z,2)  Kal(z,2)

and the proof of Theorem 1.4(ii) is complete. We prove the claim. In all what
follows, z is fixed in U; we set t = g(8~'*"(z)) and, for ¥ as in Proposi-
tion 4.2, put lj/é (&) =v¥'(¢ — z). We decompose

Y2(©) = Y1)z (§) + (1= Y ()2 (). (4.17)

The second term satisfies

10 =¥yl SIR@IE =1. (4.18)
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As for the first term, multiplying and dividing by G” := adzn,ln G where G is

the function introduced in the beginning of Sect. 3, we get

V1 ()r:(0) = R@) (&1 —z1) (¢§<;)KQ<§,z)Gm<z)>.

G’"( )\/KQ(
(4.19)

We denote by c, the term, constant in ¢, before parentheses; since Kq(z, z) >
|G(2)I> 2 871 (2), then |c;| < g(6717(2))8™ 1 (2). On the other hand, if ¢!
is a cut-off with support in B €L (0) with unit mass, then

!

Ka(t, 6" () = / K (&, w)G" (w)gl (w) dViy

= P(G"({)¢L(0))
=G"({)pL() —*NA(G™ ()¢l (0)),  (4.20)

where the first equality follows from the mean value theorem for antiholo-
morphic functions, the second from the definition of P and the third from the
relation of P with N. Notice that the supports of ¥} and ¢! are disjoint, and
that supp 3(G™¢ ') is contained in B ! for all z € U. We call the attention of

the reader to the fact that in Theorem 1.4(ii) and (iii), it is assumed that an
Jf-estimate holds in degree ¢ = 1. We may therefore apply Proposition 4.2 to
the 1-form 8(G™ ¢!) for z, replaced by z and for s; = 1, and obtain

IWiKa(, 2)G™ (@) = lvLd*NI(G™ ¢l |1*
SIVINIG™ )12 + IIly!, 3*INI(G™ ol |12
S gt X INB(G" |2,
SOG4y

SO OUG™ gl 1l —sytmt 1, (4.21)

where the last inequality follows from the Cauchy—Schwartz inequallty and
from g(r) <. We notice that [|G™||_,, < |G|l <1 (because G™ = am G);

besides, for s, —m — 1 > n we have by Sobolev’s Lemma

QL% ) pmsr = SUP{(I(@L. )| s € CZ°, || lgy—m—1 < 1}
Sletll=1. (4.22)

Therefore, remembering that r = g(§ —l4n (2)),

IV Ko, 2)G™(2)|1? S 8(z) ~ Hm2mtnts), (4.23)
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We go back to (4.19); combining (4.23) with the estimate for ¢, and with
R =g (87 ""(z)) <87 1(z), we obtain

|| wlyz || < 8(Z)—1+(m+1)+(—1+77)(m+n+8)
Z ~ d

<1, (4.24)

~

for m — oco. We thus conclude that |y.|| < 1, and then from (4.16) we
get Bqo(z, X) = |R(z)| = g(6~'*") which concludes the proof of Theo-
rem 1.4(i1). O

5 From estimate to P-property—proof of Theorem 1.4(iii)

Proof of Theorem 1.4(iii) The notations Kq(z,z), 6(z), n and U, are the
same as in the section above. Again, the hypothesis is that an f-estimate holds
in degree ¢ = 1. Recall from the introduction that u* denotes a “tangential”
form. Define

. log Kq(z,2) _ 1
~ (log(~'@NH (log(8(2)))"

for z € U. Recall that Kq(z,z) > 867! (z) whereas Kq(z,z) <8~ "tD(z) is
obvious because 2 contains an osculating ball at any boundary point. Thus
¢(z) = 0 as §(z) — 0 (and in particular, ¢ is bounded). We wish to prove
Property ( f—P). We begin by noticing that it suffices to check it over tan-
gential forms, that is, 99¢(z)(u?) > f((S_l (z))|u?|? for any u7 in degree 1.
(In fact, if this holds for u", then the same holds for the full u once one adds
the additional term — log( % + 1) to the weight ¢.)

¥(2)

(5.1)

Now,
- . 00logKq(z,2)(u") log Kq(z,2) - 908(z) (u")
200D =g T S S oge @)
B 308 (z)(u®)
5@ (log3— ()7
_ 9dlogKo(z, 2)(u") 998 (2) (u")
— (log(3 ()2 §(z)(log(871(2)))H2n
logKa(z,2) 1,7
X((1+2n)—log8—1(z) n(logs~'(2)) ) (5.2)

Here, the last line between brackets is negative when z approaches b2 be-
cause its first term stays bounded whereas the second diverges to —oo.
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Since €2 is pseudoconvex at z,, then 998(z)(u®) <0. Combining with Theo-
rem 1.4(ii), we obtain

- . Ba(z, u®)?
00p(z)(u") > W
(f(8~111(2)))? P
™~ (log §~1*7(2))2(log(8 1 (2))) 121

2
~ <L(8_1+”(z))) lu®|?,  z near bSQ. (5.3)

log3+7

The inequality (5.3) implies the proof of the theorem. U
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