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Abstract

For a domain D of C" which is weakly g-pseudoconvex or g-pseudoconcave, we give a sufficient condi-
tion for subelliptic estimates for the 3-Neumann problem. This extends to domains which are not necessarily
pseudoconvex, the results and the techniques of Catlin (1987) [3].
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1. Introduction

Let D be a bounded domain of C" with smooth boundary. For a form f of degree k which
satisfies 0 f = 0, to solve the d-Neumann problem consists in finding a form of degree k — 1 such
that

{5“=f’ (1.1

u is orthogonal to Ker 3.
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The main interest relies in the regularity at the boundary for this problem, that is, in stating under
which condition u inherits from f the smoothness at the boundary 9D (it certainly does in the
interior). Let 3* be the formal adjoint of 8 under the choice of a smoothly varying hermitian
metric on D. Related to (1.1) is the problem

(35 + 5°8)u = 1.
u € D3 N Dy, (1.2)
du € Dy, 9*u € Ds,

where Dj. and Dj are the domains of 8* and d respectively. This is a non-elliptic boundary value
problem; in fact, the Kohn Laplacian 0 = 99* 4 9*d itself is elliptic but the boundary conditions
which are imposed by the membership to D are not. If (1.1) has a solution for every f, then one
defines the d-Neumann operator N := 0~ ! this commutes both to 9 and 9*. If we then return
back to (1.1) and define u := 5*Nf we see that

du=00*Nf
=0ONf = f.

Also, 3*u = 3*3* N f = 0 and therefore u is orthogonal to Ker d. One of the main methods used
in investigating the regularity at the boundary of the solutions of (1.1) consists in certain a priori

subelliptic estimates. We recall the tangential Sobolev norm |||u|||§, s € R, defined in [6, p. 36];

2

recall that when s is integer, then |||u|||§ + Zj‘zo |||35u|||_j+s is the usual norm ||u||§ (where 9, is

the normal derivative).

Definition 1.1. The d-Neumann problem is said to satisfy a subelliptic estimate of order ¢ > 0 at
Zo € D on k-forms if there exist a positive constant ¢ and a neighborhood V' > z,, such that

- _ 2 —
Naall? < e(0ull® + ||8*u|” + lull§) forany u € C°(D N V)* N Dj.. (1.3)

By Garding’s inequality, subelliptic estimates of order 1, that is, elliptic estimates hold in the
interior of D. So our interest is confined to the boundary 9 D. When the domain D is pseudo-
convex, a great deal of work has been done about subelliptic estimates (cf. [2—4,8,11-15]). The
most general results concerning this problem have been obtained by Kohn [14] and Catlin [3].

In [14], Kohn gave a sufficient condition for subellipticity over pseudoconvex domains with
real analytic boundary by introducing a sequence of ideals of subelliptic multipliers.

In [3], Catlin proved, regardless whether d D is real analytic or not, that subelliptic estimates
hold for k-forms at z,, if and only if a certain number D (z,) is finite. Note that the definition of
Dy (z,) in [3] is closely related to that of Ag(z,) introduced by D’ Angelo [5]. In particular, when
k =1, these numbers do coincide.

However, not much is known in the case when the domain is not necessarily pseudoconvex
except from the results related to the celebrated Z (k) condition which characterizes the existence
of subelliptic estimates for € = % according to Hormander [7] and Folland and Kohn [6]. Some
further results, mainly related to the case of forms of top degree n — 1 have been obtained by
Ho [9].

We exploit here the full strength of Catlin’s method to study subellipticity on domains which
are not pseudoconvex. Let 9D be defined by r = 0 with r < 0 on the side of D and let 7€3D
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be the complex tangent bundle to dD. We use the following notations: Lyp = d9r|yc,p is the
Levi form of the boundary, s;' D> 53D sg p are the numbers of eigenvalues of Lyp which are > 0,
< 0, =0 respectively and finally A; < A» < --- < A, are its ordered eigenvalues. We choose
an orthonormal basis of (1, 0)-forms wy, ..., w, = dr, the dual basis L1, ..., L, of (1,0) vector
fields, and denote by (7;;);, j<n—1 the matrix of Ljp in the above basis. We take a pair of indices
I1<g<n-—1and0<gq,<n—1 such that g # q,. We assume that there is a bundle V% C
T1-99D of rank g, with smooth coefficients in a neighborhood V of z,, say the bundle spanned
by Ly, ..., Lg,, such that

A=Y rjj=0 ondDNV. (1.4)
j=1 j=1

Definition 1.2.

(i) If g > g, we say that D is g-pseudoconvex at z,.
(i) If g < g, we say that D is g-pseudoconcave at z,,.

What we first remark is that (1.4) for g > g, implies A, > 0; hence (1.4) is still true if we
replace the first sum Z‘/’: |- by Zl;zl - for any k such that ¢ < k < n — 1. Similarly, if it holds
for g < gy, then 2441 < 0 and hence it also holds with ¢ replaced by k < g in the first sum.

Remark 1.3. An “adapted frame” is a basis of (1, 0)-forms, not necessarily orthonormal, in
which w, = dr. We remark that g-pseudoconvexity/concavity is invariant under a change of an
orthonormal basis but not of an adapted frame. In fact, not only the number, but also the size of
the eigenvalues comes into play. Likewise, 8* and hence also the subelliptic estimates, depend
on the choice of the frame but Dj. is invariant as far as the frame is “adapted to the boundary”.
Thus, when we say that d D is g-pseudoconvex/concave, we mean that there is an adapted frame
in which (1.4) is fulfilled; the same is meant when we deal with (1.2). Sometimes, it is more
convenient to put our calculations in an orthonormal frame. In this case, it is meant that the
metric has been changed so that the adapted frame has become orthonormal.

Example 1.4. It is readily seen that for g, = s~ + s and for any ¢ > ¢, (resp. g, = s~ and any
g < q,), (1.4) is satisfied in a suitable local boundary frame. Thus any index g ¢ [s~,s~ + s°]
satisfies (1.4) for either choice of ¢,. Note that s~ +s"=n —1—st and thus g ¢ [s—,n — 1 —
s*] coincides, in the terminology of Folland and Kohn, with condition Z(q). Instead, we use
the terminology of strong g-pseudoconvexity (concavity) when g >n — 1 —s™ (resp. g < s7)
because this is the same as to ask that (1.4) holds with strict inequality.

Example 1.5. The interesting new point about (1.4) is when weak inequality occurs, that is, when
qgels,s + sO]. Thus, for instance, let s~ (z) be constant for z € D close to z,; then (1.4)
holds for g, =s~ and ¢ = s~ + 1. In fact, we have A;~ <0 < A;—, |, and therefore the negative

eigenvectors span a bundle V% for g, = s that, identified to the span of Ly, ..., L,,, yields

?”;1 Aj(2) > 230:1 rjj(z). Note that a pseudoconvex domain is characterized by s~ (z) =0,

thus, it is 1-pseudoconvex in our terminology.
In the same way, if st (2) is constant at z,, then Ag—150 €0 < Ag— 0, 1. Then, the eigenspace
of the eigenvectors < 0 is a bundle which, identified to the span of L1, ..., L,,, yields (1.4) for



T.V. Khanh, G. Zampieri / Advances in Mathematics 228 (2011) 1938-1965 1941

g = qo — 1. In particular a pseudoconcave domain, that is a domain which satisfies s* = 0, is
(n — 2)-pseudoconcave in our terminology.

Remark 1.6. The notion of g-pseudoconvexity was introduced in [16] and further refined in [1]
in order to discuss existence of C*°(D) solutions to the equation du = f. Though the notion
of g-pseudoconcavity is formally symmetric to g-pseudoconvexity, it is useless in the existence
problem. The reason is intrinsic. Existence is a “global” problem but bounded domains are never
globally g-pseudoconcave. Owing to the local nature of subelliptic estimates and the related
hypoellipticity of 3, here is the first occurrence where g-pseudoconcavity comes successfully
into play.

We define the §-strip of D along the boundary by S5 = {z € D: r(z) > —4}. The main result
in this paper is the following.

Theorem 1.7. Let (1.4) be satisfied in a neighborhood of z,, for g > q, (resp. q < q,) and suppose
that for any small § > O there exists a weight ¢ = ¢ in C*(Ss N V) with |¢| < 1, such that, if
A1(2) € A2(2) < - - - are the ordered eigenvalues of the Levi form 00¢ = (¢;;), we have

q 9o qo
Y M@= 00> c(s—ze + Z!qb,-(z)!z),
j=1 j=1

j=1

for any z € SNV and for ¢ > 0 independent of 8. (1.5)
Then, e-subelliptic estimates at z, hold for forms of degree k > q (resp. k < q).
The proof is the content of Section 3.

Remark 1.8. Similarly as observed before Remark 1.3, we notice that if condition (1.5) holds for
forms in some degree g > ¢, (resp. ¢ < g, ), then it also holds in any degree k > g (resp. k < q).
In fact, (1.5) forces )\Z’ > 0 (resp. )LZ’ < 0) which implies Af > 0 for any k > g (resp. Af < 0 for
any k < q).

It is not restrictive to assume, as we will do all throughout the paper, that Lj|;, = 9, for
any j. We have a large class of g-pseudoconvex/concave domains to which Theorem 1.7 applies
and produces subelliptic estimates.

Theorem 1.9. Let D be the “rigid” domain defined, in a neighborhood of z, =0, by r <0
with r = 2Rez, + h(z1,...,zq,) for (hij) <0 (resp. r = 2Rez, + h(zg,+1,.--,2n—1) for
(hij) 2 0); thus D is q-pseudoconvex in a neighborhood of z, = 0 for any q > q, + 1 (resp. q-
pseudoconcave for any q < q, — 1). (Here, as always, (h;;) is the matrix 0f85h.) Let h' (z;) for
j=q,....,n—1(resp. j =1,...,q+ 1) be real positive subharmonic, non-harmonic, functions
of vanishing order 2m ; with respect to |z | that, by reordering, we may assume to be decreasing

comjZmjqq ... (resp. increasing ...mj <mjiq...). Set g 1= Z?;;hj (resp. g .= Z‘;:{hj),

put ¥ :=r + g (resp. F :=r — g) and define D by F <.
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Then subelllptlc estimates holdfor Datz,=0in degree k > q (resp. k < q) of any order
< € for € == ka (resp. € := 2mk+l ). In both cases, when €, = 2, we have in fact estimates

including for order %

The proof is given in Section 4. When € = % it means that Z (k) is satisfied; thus we regain,
for these particular domains, a classical result by Hormander and Folland and Kohn. We will use
the notation hJ/ = |z |2 for a function A/ which has exactly vanishing order 2m; in|zj| at 0.

Example 1.10. Let a and b be integers between 1 and n — 1 with a < b and let D be defined by

a n—1
2Rez, — Y _lz;I™™ + Y Iz <0,
j=1 j=b

where the two groups of indices {m1,...,m,} and {mp, ..., m,_1} have increasing and decreas-
ing order respectively. Then subelliptic estimates hold in degree k <aofordere < 5—— 1 and in

1

degree k > b of order € < e

Corollary 1.11. Let D be a domain in C" defined by
2Rez, + g+ |zu 1) <0

where g = g(z1,...,2n—1) is a real C*°-function such that gn—1,-1 = 0(|z,,_1|2(”’_1)). Then
subelliptic estimates of order € < ﬁ hold at z, = 0 for any (n — 1)-form.

Proof. Put » :=2Rez, + g + %Izn—llzm; we claim that r satisfies (1.4) for g, =n — 2 and
g =n—1.Infact

n—1 n—2 1
S = Yoy = (et P+ oflzne P )
j=l1 j=1

which is > 0. We are thus in position to apply Theorem 1.9. O

Example 1.12. Let D be defined by
2Rezs — |+ 23 1z +1zal* <0 or 2Rezz — |3 £ 1P + lzalt <0;
then subelliptic estimates hold at z, = 0 on 2-forms for any order € < Alf.

Remark. Corollary 1.11 is more general than Corollary 3.4 in [10] where g cannot depend on
in—1-

We decompose the coordinates as z = (z/, 2, z,) € C% x C"~9°~! x C. The conclusion con-
tained in Theorem 1.9 is sharp.
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Theorem 1.13.

(i) Letr =2Rez, — Q(Z) for Q >0and set 7 =r —|—Z/ —got1 |z]|2m/ withmj>mjy 2> -
(decreasing) and with Q = O(|Z/|¥™0+1). If e-subelliptic estimates at 7, = 0 hold in degree
k > q, + 1 for the standard metric, then we must have €< Z]Tk

(ii) Letr =2Rez, + Q") for Q > Oandsetr_r— 20 lzj |27 with mj<mjyy <---(in-

creasing). We also assume m| > "”_1 +7 Land 0 = 0(|z”|2m‘10 D). If e-subelliptic estimates

hold at z, =0 in degree k < q, — 1 then € < 2lk

The proof is given in Section 5. We point out that the metric has not been changed: the same
conclusion in other metrics would be easier. Necessary conditions for subellipticity in degree
k =n — 1 are also stated, for a modified metric, in [9].

The paper is structured as follows. In Section 2 we derive some basic inequalities which are
useful for the proof of Theorem 1.7. Sections 3, 4 and 5 are devoted to the proof of Theorem 1.7,
Theorem 1.9 and Theorem 1.13 respectively.

2. The basic estimates on ¢g-pseudoconvexity/concavity

In this section we prepare some inequalities which are needed for the subelliptic estimates
of our Theorem 1.7. The key technical tool of our discussion are the so-called Hormander—
Kohn-Morrey estimates contained in the following proposition. Let D be a domain with smooth
boundary defined by r = 0 in a neighborhood of z,,. Let wy, ..., w, = dr be an orthonormal basis
of (1,0)-forms and L1, ..., L, the dual basis of (1, 0) vector fields.

For 0 < k < n, we write a general k-form u as

/
u= E ujwy,

|J|=k

where Z/ denotes summation restricted to ordered multiindices J = {ji, ..., jx} and where
Wy =wj A--- ANoj. When the multiindex is no more ordered, it is understood that the co-
efficient u; is an antisymmetric function of J; in particular, if J decomposes into jK, then
ujg =sign (] )M] We define (u, u) by (u,u) = lul> = ZIJ\ —y|uy1; this definition is indepen-
dent of the choice of orthonormal basis wi, ..., w,. The coefficients of our forms are taken in
various spaces A such as C®(D), C®(D), CSO(D), L%(D) and the corresponding spaces of k-
forms are denoted by A¥. Though our a priori estimates are proved over smooth forms, they are
stated in Hilbert norms. Thus, let |ju|| be the H® = L? norm and, for a real function ¢, let the
weighted L?-norm be defined by

g i= 3 [ PsPan

Ey

where dv is the element of volume in C”. We begin by noticing that 9 is closed, densely defined.
Also, its domain Dj certainly contains smooth forms and its action is expressed by
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/ T oy - - -
E E (Liujk — Ljuig)o; ANwj ANog +---, 2.1
|K|=k—1 ij=1,..n
i<j

where dots denote terms in which no differentiation of # occurs.

Let 8* be the adjoint of 3. The operator 3* is still closed, densely defined but it is no more
true that smooth forms belong to Dj.. For this, they must satisfy certain boundary conditions.
Namely, integration by parts shows that a form u of degree k cannot belong to Dj. unless

n
Z /e_¢’Lj(r)qu¢K ds =0 for any K and any {x of degree k — 1.
I=lyp
This means that Z?:l Lj(r)ujk|ap =0 for any K. (Here ds is the element of hypersurface

in dD.) Since we have chosen our basis with the property L;(r)|sp = kj, (the Kronecker’s
symbol), we then conclude

u belongs to Dy« iff ujlsp =0 whenevern e J. 2.2)

We decompose any form as u = u® + u" where u® (resp. u") is the “tangential” (resp. “normal”)
component which collects the coefficients u; such that n ¢ J (resp. n € J). Thus we have u €
Dj. precisely when u”|yp = 0; in particular, by Garding’s inequality, u" enjoys elliptic estimates
and is therefore negligible in our discussion. Let L? be the formal H g-adjoint of —Lj; on a

tangential form the action of the Hilbert adjoint of 9, coincides with that of its “formal adjoint”
and is therefore expressed by a “divergence operator’:

dju=— Y 3 L%u;k)ok +--- foranyu e Dj., 2.3)
|K|=k—1 j

where dots denote an error term in which u is not differentiated and ¢ does not occur. By de-
veloping the equalities (2.1) and (2.3) by means of integration by parts, we get the proof of the

following crucial result.

Proposition 2.1. Let D be a smooth domain in a neighborhood of z, and fix an arbitrary index
qo with 0 < g, < n — 1. Then for a suitable C > 0 and any u € C3°(D N kN D3+, we have

[ + Had,uHHo +C||u||

> 3 2/ ¢,,ulKu,Kdv—Z/ ¢ lul* dv

|K|=k—11i,j=1p, j=1p
+ Z Z / rl] Ku]de—Z/ rU|u| ds
IK|=k—1i,j=14p J=lgp

1{ & L
§(Z||£fu||§1$+ > IILjulli,g). 2.4)

J=q0+1
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We refer for instance to [17, Proposition 1.9.1] for the proof of Proposition 2.1. We note that
there is no relation between k and g, in the above inequality and that C and « are independent
of ¢ (and u). By choosing ¢ so that e~? is bounded, we may remove the weight functions in
(2.4) to get some inequalities that are useful for the proof of Theorem 1.7. We use the notation
Qu,u) = ||0u||® + [|0*u||*>. We also use the symbols < and > to denote an estimate up to a
constant which is independent of relevant parameters and = for the combination of < and 2.

We have already introduced the notation S; for the strip {z € D: r(z) > —§}.

Theorem 2.2. Assume that the hypotheses of Theorem 1.7 be fulfilled. Then, for a suitable neigh-
borhood V of z, and for § small, we have

q(}
lue])> + 8~ 2f/|u| dv+ Y |ILjul*+ Z ILjull* < Qu,u) 2.5)

S5/ j=1 J=40+1

foranyu e CSO(L_) nvkn Dj. with k > q (resp. k < q) when q > q, (resp. g < qo).

Proof. To begin the proof, we have to rephrase (1.4) and (1.5) in terms of the action of (r;;) and
(¢ij) over a form u. Precisely, we have that (1.4) for g > g, (resp. g < q,) is equivalent to

n—1 9o
/ T -7 ! T 2>
Yo > gtk — Yy > rijlujl =0

|K|=k—1i,j=1 IK|=k—1 i=1

on 3D NV forany u® of degree k > q > q, (resp. k < g < g,). (2.6)

This claim is readily proved once one remarks that u having degree k, the first sum in the left
side of (2.6) is > 21;21 Ajlut |2 (cf. also [17, formula (1.9.23)]). In the same way we can check
that (1.5) for ¢ > ¢, (resp. ¢ < q,) is equivalent to

4o

4o
) Z¢IJ(Z)”1K"‘1K Z%(zﬂu\ 25w P+ gt
j=1

|K|=k—1i,j=1

’

forz € 5NV and u” of degree k > g > g, (resp. k < g < q,). 2.7

Next, we have to extend ¢ = ¢° from SsNV to DNV, keeping (1.5) in a half strip 5’5/2 NV and
satisfying, for a suitable ¢ > 0 and for k > g > ¢, (resp. k < g < qo),

’ 5, .
Z Z¢l iKUK Z‘P jut | > €2 K=k—1 10¢ - u|” in DNV,
JUIKU ji C5—2€|ur|2 i 53/2 AV

IK|=k—1ij=I

(2.8)

For this, we first remark that by an additive constant we can make ¢ positive and by a multi-
plicative one we can renormalize so that 0 < ¢ < 1. Next, we take a smooth decreasing cut-off
function 6 satisfying 6 = 1 on [0, %] and 6 =0 on [%, 1], and define ¢; = 9(—%)(15. Recall that
Ljr=0for j <n-—1and ”;K = 0. Then, over such forms we have
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( p qul, Uil — Z¢,,|u |>

IK |=k—1i,j=1

o
( Z Z% uigix — ZMHI) 2.9)

|K|=k—11i,j=1

In fact, if i and j denote derivation in L; and L ;j respectively, we have

T rlr] qb T B T N
(o(5)8), =750~ 05 "5 w0
X

=—0 Erij +0¢;; onatangential form u®. (2.10)

Since —f > 0, then (2.10) implies (2.9). Note that 3¢ = —6 % ¢ + 03¢ and recall that dr -u™ = 0.
It follows from (1.5) that ¢ satisfies (2.8) for a suitable ¢ > 0; we keep denoting by ¢ this
modified weight ¢.

We use now twice Proposition 2.1 and in both cases, owing to the assumption of g-
pseudoconvexity (resp. g-pseudoconcavity) we have the crucial fact that the boundary integrals
are > 0 for any k > g > ¢, (resp. k < g < g,). We first use Proposition 2.1 under the choice
¢ =0 and get

4o n
QUu.w)+Clul> 2 Y ILjul*+ > ILjul® ueCXDNV)*ND;. (2.11)
j=1 J=qo+1
This is immediate for u* and then also for u € Dj. because u” =u — u" is 0 at 3D and hence
satisfies elliptic estimates. For this reason, we will not distinguish between u € Dj. and u®
what follows. We use again Proposition 2.1, this time for the weight y (¢%) obtained by compos-

ing ¢° satisfying (2.8) with a convex increasing function y which will be chosen later. In this
case, the second line of (2.4) splits into two terms

/e x@ ( 3 Z@,u,Ku,K qu |u|2>dv

D |K|=k—1ij=1

/
+/e—x(¢5)x< 3

n IK |=k—1

n
)
Z‘f’j”ﬂf

j=1

9o
- Zy¢f;\2|u|2) dv. 2.12)

j=1

‘We also have

2
n
2 = 2 . s
197wl , <208ulyo  +2 SR ¢k (2.13)
x(¢°) x(¢°) K |=k—1 7 HO ;
x(@°)
Remark that | q" 1(X(¢3))1M|2 1% %] 1¢8| |u|>. Thus we get from (2.4), under the

choice of the welght % (¢%), and taking into account (2.12) and (2.13):
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3012 % (12 2
a0 +2[0%u| 50 +2C[ull%o
x(@%) x(¢%) x(6)

2/}'{6‘“”’8)( Z Z(ﬁ,juzku,kdv Z%,IMI )

D |K|=k—11i,j=1

n 2
)
Y Shujx

2 5 0
n IK|=k—1] j=1
s 9o
—/xe—x<¢>2\¢§|2|u|2dv. (2.14)
D j=1

We now specify our choice of y. First, we want ¥ > 2x?2 so that the first sum in the third line
can be disregarded. Keeping this condition, we need an opposite estimate which assures that the
absolute value of the last negative term in the fourth line of (2.14) is controlled by one half of
the second line. If ¢ is the constant of (2.8), the above condition is fulfilled as soon as 27 c. If

we then set y := iez(’ D then both requests are satisfied (we also notice that X < x because
¢ < 1). Thus our inequality continues as

1 % (%) 2
25 [ e ( > Y i Z¢;j|u|2>dv
j=1

n |K|=k—1i,j=1

1 8 2o 5 2
25/ e X9 ( Z Z¢1JutKqu jZl¢jj|u| )dv

Siy2 |K|=k—1i,j=1
“2¢ [ C 5 mx @), 2
>4 Exe |u|“dv. (2.15)

Ss/2

Here we are using the two main assumptions for our weights ¢°, that is, the first inequality
>c Z/I K|—k—1100 - u'y I in the right of (2.8) to get the second line and the second inequality
> 872 |u"|? to get the third. Thus the first line of (2.12) is bigger or equal to the last of (2.15).
We want to remove the weight from the resulting inequality. The first term can be handled owing
to e~ X@) < 1on DNV and the second owing to 5e X@) > ¢ >00n Ss/2 NV which follows
in turn from |¢°| < 1. We end up with the unweighted estimate

13wl + 3% + Cllull® Z 572 / u| dv. (2.16)
Ss/2

Now, for fixed 8, and for V contained in the 8,-ball centered at z, = 0, the term C|ju||> in the
left of (2.16) can be absorbed in the right. Thus we end up with the estimate
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IBull* + [|9*u|” 2 6% / lul>dv + ||u|? (2.17)
Ss/2

for any u € C2°(D N V) N Dy, and § < 8,.
Combining (2.11) and (2.17), we get (2.5) which concludes the proof of the theorem. O

Theorem 2.2 is the essential tool for the proof of Theorem 1.7. This will be given in the section
below; what we remark here is that the conclusion of Theorem 1.7 is better than it looks. Let 9,,
be the normal derivative.

Proposition 2.3. Assume that we have the subelliptic estimate (1.4); then we have in fact
= =5 (12
aall? + M3wull® g e < e(U9ul® + | 8%u ) + cellul. (2.18)

Proof. We remark that 9, can be expressed as a linear combination of L,, and a suitable “totally
real tangential” vector field that we denote by 7. We then have

Q(u,u) Z | Laull?,
Nlull? > 1 Tull?_,.

It follows
2
lull? = | Dr )|, + lull?
< O, u) + flull?,
which proves the claim. O
3. Proof of Theorem 1.7

Let V be a neighborhood of a given point z, € 9D, let (¢, r) be smooth coordinates in V with
t=(t,...,ty—1) and let T be dual coordinates to . For a function u supported in V', one defines
the tangential Fourier transform by

i(t,r) = e Ty, rydr,
Ranl

and the tangential H*-Sobolev norm by

0
|||u|||§:||Aé‘u||2:/ /(1+|r|2)s|ﬁ(‘c,r)|2dtdr,

—00 R2n—1

where A* is the tangential Bessel potential of order s. We note that when s = 0 then ||u||lo = [Ju]|
is the usual L2-norm. We refer to [6] for further details.
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We remark that if D; is % or ;—r and s is integer, then
J

2 2
lull?yy =D I Dull?
i

~ 2 2
= Mloellls -y + 1 Druells-
The next result contains the key estimate in the proof of Theorem 1.7.

Lemma 3.1. Let U be a special boundary chart for D. Then for all z, € 0D N U there exists a
neighborhood V. C U of z, such that

2 2 T 2 2 . N
llulle < E WL julle_y + E WL julle_y + ||Mb||€7% for any function u € C°(V N D),
J<q0 JjZq0+1

where up == ulyp and € < %

The above lemma is a variant of Theorem 2.4.5 of [6] to which we refer for the proof. Notice

that on one hand our statement is more general because we choose any € < % instead of € = %
On the other, we specialize the choice of a general elliptic system to the case of {L;};<q, U

{Ljlgp+1<in-

For the proof of Theorem 1.7, we use a method derived from [3]. Let pi(¢), k =0, 1,...,
be a sequence of functions with Y ;% p2(t) = 1, pr(t) = 0 if t ¢ (2k~1,28F1) with k > 1 and
po(t) =0, ¢ > 2. We can also choose pj so that

(] < c2™
Let Py denote the operator defined by
(Pru)(z,r) = pi(lel)ii(z, r)

where #u is the tangential Fourier transform. Note that, induced by the partition Z,fio p,f(t) =
1, there is a decomposition of the Sobolev norms [|ul|?> ~ Z,’:Og 2’“||Pku||%. Let R¥ :=

{z: r(z) < 0} and denote by S(R?") the Schwartz space of C*°(R>")-functions which are rapidly
decreasing at oco.

Lemma 3.2. For f,u € S(R*") and o € R then

> 0% 1Py, flu]? S Mull2 -

k=0

Lemma 3.3. Let T be a tangential vector field with coefficients in C§° (R?™). Then

> 2
> NPk, Thu||* < Cllul.
k=0
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The proof of Lemmas 3.2 and 3.3 can be found in [3, Lemmas 2.4 and 2.5] respectively. We
remark that if we replace u € S (]Rz_”) byue CX(DN V)k N D3, then the two lemmas above
still hold.

Proof of Theorem 1.7. By Lemma 3.1 and Theorem 2.2, we get for any u € CCOO(D nV)xn Dj.
withk > g > g, (resp. k < q < q,)

q

n
2 2 r 2 2
Meell2 S D NLjullZ_y+ D WLjullz_y + lupl?_y )

J=0 J=q0+1

< Q@)+ llupl_ .

Now, we estimate ||up ||g_ 1/2- We have the elementary inequality

0 0
2k
s <= / g dr +27%y / 1§/ [2dr.

2k 02—k

which holds for any g such that g(—27%) = 0. If we apply it for g(r) = xx (r) Pxu(-, r), where
Xk € Cfo(—Z_k, 0] with 0 < xx < 1 and xx(0) =1, we get

o0
lupl2_y ) = Y222 | 30 0) Py |
k=0

0
71222]‘6 / ||XkPku( r)“ dr—i—nZ:ZZk(e D / ||D, X Prud., r))” dr
02—k
0
—1222’“ / | PeuCo ) || dr+n222"<f b f | Dy G Pru(, || dr
k=0 _o—k -k
1 1

0
o0
-|-772:22k(6 D / ‘XkD Pru(., r))H dr.

k=0 5k

I

Observe that x; < 1 and recall Theorem 2.2 that we apply for Pyu and 8 = 27K, Thus the first
sums above can be estimated by

0

<y~ )y 2% / | PP dr Su7t > Q(Pru, Pan).

k=0 5 k=0
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We note that Q can be written as a finite sum of terms of the type
M; =a;T; + b; D, + ¢,

where T; are tangential vector fields. Hence

> 0P, Pany < Y (1 Pedul® + || Ped*ul?) + D 3 (M. P

k=0 =0 i k=0

=~

<O+ Y Y ey, Pdul® + > b1, PAD )| + lull?,
k=0 k=0

i i

< QG u) + lull® + || D@ |,

where the estimates on the commutator terms follow by Lemmas 3.2 and 3.3. As it has already
been remarked, D, (u) can be expressed as a linear combination of L,u and Tu for some tan-
gential vector field 7. Then

D>, S WZauell®, + Tl
S Lpull® + full®
< O, u)

where the last line follows from Theorem 2.2.
We now estimate (/7). Since D, (x) < 2%, we get

o0 0 o0
<y 2 [ |Pat.nldr <n 320 Pl = .

k=0 5 k=0

As for the term (I1I), we have D, Py = Py D, and x; < 1. Also D, = aL, + bT as before. Thus

amn <n Y 22XV Dy )| = 0| D],
k=0

Sao(ILpull?_y + N Tull?_,)

<O, u) + nllull?.

Combining all our estimates of ||u|le—1/2, we obtain

luplle—1/2 S0 O, u) + nllulle.

Summarizing up, we have shown that

Nelle < n=tQGu, w) + nllull?.
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Choosing n > 0 sufficiently small, we can move the term 7|||u |||Z into the left-hand side and get

ullZ < Qu. w).
The proof is complete. O
4. Proof of Theorem 1.9

We start by pointing out that, in the assumptions of Theorem 1.9 the domain D inherits from
D the property of g-pseudoconvexity or g-pseudoconcavity. In fact, consider the basis of vector
fields

n

Lj=0,—ry;d,, j=l..n=1 Ly=) r:d,.
j=1

This is a “boundary frame”, that is, it satisfies (L;,dr) =0 for any j =1,...,n — 1 and
(L,,0r) = |3r|2 =~ 1, but not an orthonormal basis. However, as we have already noticed, for
the solution of the 3-Neumann problem, we can allow non-unitary changes of basis, provided
that they preserve the 3-Neumann conditions as the changes of boundary frames do. In the frame
that we have chosen, it is obvious that both D and D are g-pseudoconvex with respect to the same
bundle V and this suffices for the conclusion. (The same is true for the case g-pseudoconcave.)
Note that we could use as well the basis in which the L;’s are unchanged for j <n — 1 and,
instead, L, = 9;,. In the sequel, it is understood that the metric has been changed so that the
boundary frame has become orthonormal.

We now construct the weight ¢ which satisfies the assumptions of Theorem 1.7; we distin-
guish ¢ > g, from g < g,.

The case q-pseudoconvex. We set

n—1 1
¥ =—log(—F+8)+ Y _log(|z;1* +8™). 4.1
j=q
and define ¢ := c|log 8|~y where c is an irrelevant constant needed to get the bound 1 in (1.5)

or (2.8). We set ¢/ = —log(—7 + &) and denote by ! the remaining term in the right of (4.1);
thus ¢ = ! 4 /. We have

vl = (—F+8)7'F;

=(=F+8) rij + (=F +8) 7 (0:, 0z, 1 )kij + € fori,j<n-—1, 4.2)
where £ is an error of type £ = O (|z|)(—7 + 8) ™! Zj ©F 35_/hj). We also have

Yl = (—F+8)72 (4.3)

(where «;; continues to denote the Kronecker’s symbol) and
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1
8ﬂ1j
wtlj[ = <71 )Kij. (4~4)
(Izj1?48"7)?

When taking Zij -— Z‘;":l -of (—F + 8)_1r,~j from (4.2) and of (—r + 8)~2 from (4.3) the result
is > 0. This is true for the forms (r;;(2))ij|rcyp and (7ij(2))ij|rc, j according to the first part of
the proof. But it remains true also outside the boundaries for (r;;(z));; lart(z) and (7 (2))i; lorL ()
where dr and 371 denote the bundles orthogonal to 3r = w, and 37" respectively. We prove
it for . We note that r =2 Re z,, + & is a graphing function and denote by z — z* the projection
C" — 9D in a neighborhood of z,, along the x,-axis. We have the evident equalities

(r’J (Z))l] 1 (rl] (Z*)):l];ll ’

(4.5)
art(z)=art(z*).

Thus (4.5) relates L,|rcyp on dD NV to Ly|,.. on the whole of D N V; in particular, (1.4)
passes from 9D NV to the whole of D N V. The same is true for 7 and so the afore-mentioned
sums for r and 7 are positive; so we can discard them in (4.2) and (4.3). But what is left is just

n
(—F+8)720r* + (—F + 8)"'2Re Y _rdr @ @;.
j=1

where lthe first term is positive and the second is 0. We also discard all terms of type (9;; 9z, hi)k; i
and 8™ k; j forior j < k—11inaddition to £ because they can be made positive by adding a small
amount of terms for which i, ] > k on account of the estimates (4.7) and (4.8) which follow. For
the remaining terms (9;;9z;h/), we note that we have (3;,0z,h/) 2 |z; |#"i=2. We end up with
the estimate

Z Z‘ﬁz} zKM]K Zwyhﬂz

|K|=k—1ij=1

n—1 5#
> Z((—f +8) 7 g2 4_)
j=k (Izj1> +8"7)?

S kP2 Y g (4.6)

K |=k—1 K |=k—1

We now inspect the coefficients in the right of (4.6). First, let z € S5, that is, —r > §. Given a
coefficient u j of u, the index J contains for sure at least one j such that k < j < n — 1 and thus

uy =sign (].JK)qu for a suitable K. If, for this j, |zj|2 > 8’"1 , then

1

(—F+ 8z 28 (4.7)

1

On the contrary, if |z;|?> < 8"/, then
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T
8™ _ L

—— 25 . 4.8)
(Izj|> +8"7)2
In both cases, the terms in the left are > § 2% since — i < — mik = —2¢;. We are ready to prove
mj

(2.7) (which is equivalent to (1.5)). We split the inequality # = §~ —2€ 17 |2 + Z iy (z)| 7 |2

into two inequalities # = Zq" 1P (@)*|u"|? and # =8 —2¢|47 |2 that we denote by (2.7)(i) and
(2.7)(i1) respectively. Now by combmmg 4.7 w1th (4.8), we get (2. 7)(11) for € = €. On the
other hand, for any j < ¢, 0 and we also have Z > 0 (all over
DN V). This proves (2.7)(1).

Finally, a normalization by a factor c|log8|~! makes the weight bounded at the expenses of

+5_ ]1

passing from 8 2% to |1 S 5| in the second of (2.8). Thus the weight i satisfies the requirements
of Theorem 1.7 for any € < €, which 1mphes subelliptic estimates of the corresponding order.

Incidentally, we notice that when € = 2, the term w” is needless and we can take a different

r+8

normalization by defining ¢ = —log(=55>); thus we get an even 6~ ! on the right of (2.8). For

€ = é, a similar argument applies also to the case g-pseudoconcave which follows and we will
not insist on it.

The case q-pseudoconcave. We now define

k+1
Y = —log(—F +8) — Zlog log(lzjl2 5’" 7))

j=1

where we point out the attention to the double log. Comparing with the case g-pseudoconvex,
there is now an extra difficulty for the weight to satisfy the first of (2.8) (whereas the second
remains substantially unchanged) because we do not have any longer ¢; = 0 for j < g,. We
write ¥ = ¢! 4+ ¢ in the same way as in the previous case and will eventually define ¢ by a
normalization ¢ = c|log$ |~14/. We have the analogues of (4.2) and (4.4) with the suitable sign.
We apply >, - — 392, - to ¢/ + /. When taking 3, ; - — 3292, - we discard the contribution
of (=F +8)~1r; ; in addition to the normal term (—7 + 8)~2 because this contribution is positive
as before. We discard the error term £ because it can be made positive by the aid of a small
amount of the remainder. This argument is the same as for the case g-pseudoconvex. What we
are left with is

1

k+1 %
D 3 (L e
ij j=1

T T
(21> +8")2 |log(|z; 1> + 8™

|z;12 1 s , 5
+ T 5 = > ugl?). 49

(1212 + 8772 log(lz; P + 872 Ki=k-1

We split (2.7) into (2.7)(i) and (2.7)(ii) as we did in the g-pseudoconvex case and write the coeffi-
cientin the right of (4.9) as (A + B +C}). The two first terms A ; + B} serve for getting (2.7)(ii),
the third C; for (2.7)(i). (This latter was discarded as > 0 in the case g-pseudoconvex; here it is
essential because ¢; # 0 for j < g,.) Reasoning as in the first half of the proof we get, for any
j<k+1
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_ L
Aj+B;=8 " =8 onS;NV, (4.10)
because—mij <—ﬁ+1=—26k for any j < k + 1, along with
Aj+B;j>0 onDNV. 4.11)

We make the crucial remark for the case of concavity. If the degree of u is k, then
k+1 ,
Z(W— > |u,-1<|2) > [ul®. (4.12)
j=1 IK |=k—1

From (4.10) and (4.12) we get the second of (2.8). We now need to prove that on DNV and for
a suitable € we have

k+1 ’ k+1 5
1 |z / 1 |21
1—27] T ('“'2— > |uﬂ<|> € 1—+|Lt|2
j=1 "8 (|zj12+ 8™ 2 IKI=k-1 ST18 (122 457 2
k+1
=€ 1iPlul. (4.13)
This would conclude the proof of (1.5). The last sum ZkH can be replaced by - since

w] =0for j=k+2,...,q,. Also, remember here that 1//1 =0 for any j and w” 0 for any
> k + 2; this justifies the last equality in (4.13) which is true However, the ﬁrst inequality is
wrong. To make it true, we need a small perturbation of . We take a vector v in the unit sphere

Sk outside the first quadrant, set ¥V := ZH] log(—log(|z;1* + 8’"1 )Ui), leave ! unchanged
and define a new i by

,lp ,lp + = (wl] + ,l//HU)

Inequalities (4.10) and (4.11) are stable under perturbation and thus will remain true for this
new 1. As for the first of (4.13), we consider the vector field

1 k41
w(@) = (10—2 711) ‘ '
g (le|2+8mj) j=1,...k+1
We also define

w(z)

lw(z)|’

thus || =1 and |v| < 1. Finally, we set

w(z) =

v(2) = (Vjvj)j=1,. . k+1;

~ (ujK)j=1,. k+1

> lujkl?
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It suffices to prove that

%(w, w)? + (v, u)?) <1—e.

Now, we begin by noticing that

(w,u) <1,
{(v,u> <l (4.14)

by Cauchy—Schwartz inequality. Also, if the first of (4.14) happens to be equality, that is, w is
parallel to u, then

(v,u) = Zvj,ujuj
J

ZZUJ‘,LL?.
J

But for this to be 1 we need both Zj /,L? =1 and v parallel to (M%)jzl’m’k.ﬂr]. If the first occurs
then, since Y ; u? =1, we have (/L?) = (u;) (and both coincide with a Cartesian vector): thus
(u;) is not parallel to v. In conclusion if the first of (4.14) is equality, the second is not. Therefore,
the function (u, ) — %((u, w)?2 + (u, v)?) has a minimum < 1, say 1 — ¢, foru e Sk (and for
v =(1;vj)).

5. Proof of Theorem 1.13
Let € < infj<, ﬁ

Lemma 5.1. We have for large t

12

58
_yr L
// dx; dyl d';cn[;dyp t Zl mj+2p£, (51)
0 0 (t Zj:l [t=¢z; |7 + 1)
provided that s > m%+"'+ml_,,+l-

Proof. We can assume that m; <mo < --- <m,. Puta(t) = t2§=2 [t~%z; |2mi + 1. First, we
perform integration

)
dxidy;
Mz, ..., = .
@2 2p) / / T2 P+ a())
00
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1 _ 1
We also make a change of variables 2| = 12" “a(r)” 71z, and get

1, -1 1, __1
[2’"1 a(r) 2'”16 [2’”1 a(r) 2m16

_ep L L dx| dy’
R | [
(z2 Zp) =a(r) (|Z/1|2m|+1)s

0
Since
1, 1 t1—2sm162m1 ﬁ
e a(r) mé = P A—2em; L. 12m; >C>0,
=y Mzl 41
then

. 1 1
73+Wt*mfl+28.

M(z2,...,zp) =a(t)
In conclusion, the left-hand side of (5.1) is equivalent to

§ )
I_ﬁ_kzg/‘ / dxydy;...dxpdy,
—
0 0 @il P+ T

Repetition of this argument for z5, ..., z,, yields the proof of the lemma. O
Proof of Theorem 1.13(i). As in the proof of Theorem 1.9, we start from

Lj =az,' _ijazn’
n

Ln=) rs;d;
j=l1

as an adapted basis of (1, 0) vector fields. It is not yet an orthonormal system but it has the
property that (L, L,) = 0; by a perturbation within the plane of L1, ..., L,—1 we can make it
orthogonal. Our calculations will be performed in this orthonormal system. Since the standard
metric is preserved, the hypothesis of existence of subelliptic estimates is kept. Note that much
simpler calculations could be performed, instead, in the system

{LJ zaZj _rZ./aZn’ (52)

L,=29,

(cf. e.g. Ho [9]). This is still a basis adapted to the boundary but does not enjoy any orthogonality
relation. Since we are assuming subelliptic estimates in the standard basis, we do not use the
system (5.2).

We remark that for a k-form u we have u € Dj, if and only if its coefficients satisfy u,x [3p =
O forany |K|=k — 1. Let L be the dual basis of (1, 0) vector fields; these are a perturbation of
dz; =120, j=1,...,n—1,and 377 _, r;;d.;. We have
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(wik, wjk) =kij +ryrz; forany i, j <n—1,

(wjk,wnx)=0forany j <n—1,

(wr,w7)=0if [INJ| <k -2,

d -1

@*w)x = Z?:l Z{J: |JNjK |=k} Lij(uy) + Z'}-:l Z{J: |JﬂjK|:k—1}Lj(”l)(0(rzj) +
Y ics O(rz)) + error,

where “error” denotes a term where no derivatives of u# occur. We will deal with the form
U =Ut67)1 /\/\(I)k,
where U, is a function which will be specified later. We have for this form
du =~ Z Ej(Ut)d)j A1 A -+ A Wy + error,
j=k+1

0u=Y LjU)d1 A+ ADj1 ADjs1 A+ Al

j=1
+Z Z Lj(Ut)(O(ij)+ZO(rzl.))J)H+err0r.
j=1 HN{1,...k, A0 i<k

In particular

13ul® + 3*u® < Z 1L Ui +Z”L Uill?

j=k+1
2
+ Y ( (Ir:1) + Y 0(Ir; )L,-Ut +UP. (5.3)
i=k+1,...,n—1 i<k
Let ¢, = —anddeﬁne U, = fi(Z, 20) P (2) by

1\ P
fi(d ) = (zn -0() = —) .
n—1
®(2) = (H¢(r€kxj)¢(rfkyj)>A(xn>¢(yn).

Here ¢ € C3°(R) satisfies

1, x<§,
¢(x)_{0, x>0,

where § is a small parameter, and A € Cgo (R) will be chosen later.



T.V. Khanh, G. Zampieri / Advances in Mathematics 228 (2011) 1938-1965 1959

Since
Li(f)=0 for any j < qo,
Lij(f)=0 forg,+1<j<n—1,
aZ/(fI)ZaZ,(fl‘):O forj:q0+17"'7n_17
we can restrict the first sum in (5.3) to j =n and the second to j = ¢, + 1, ..., k; thus we get
4o ) k 5
Qs up) S ZH”ziaij (f)P: ” + Z HijaZn (f1)P: H
ij=1 J=qo+1
2
Y [l 18, ()@ |
i=k+1,....n—1
J=loeksi
n—1 5 n
+ 3102 )oe, £ |2+ 3 1L frde, 1 IP + U2 (5.4)
ij=1 j=1

To estimate the first three sums in (5.4) we need to evaluate r,; fori =1,..., g,, next rz; for
j=qo+1,....k and finally rz,r;;r; fori=k+1,...,n—1, j=1,..., k. We perform the
change of variables

Zj=t%z;, j<n—1,
Zn =12p.
For |Z| < 1 we have for the first terms

|r2; (@) = 171" 72

= k@M=D 224G g 1Lk, (5.5)
where the last inequality follows from m ; > my. For the second terms we have

|rz,- (Z,)|2 < |Z/|4m—2

= [751((47”72) < t72+26ks i = 17 -y 90, (56)

where the last estimate follows from m > mg, 11 > my. For the third terms we extend the defini-
tion of m; to j < g, by putting m; =m. We have, fori > k+1, j<kor j=i

|rzj (Z)|2|rz,- (Z)|2 < t—€k(4mi+4mj—4)

< t—2—ek(4m_,-—4) < t—z, (57)

where the second inequality follows from m; < my. If we pass to estimate the terms in the second
sum of (5.4), we then have
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2
~ 2
—/lrzj|

< |z |4mi=2 B2 dee o o
S T e e o
t

S t2p—2+26k—2(n—1)5k I,

—2p—2

a
! ‘pzz(Z) dxydyy...dx,dy,

1
" o w=0Q() -+

D,

where

n—1 2 1 2 1 2
t_/(l_[] 1QENGG N A Xn) (™ In) A5y d5, ... dy d5,.

(1 +1Q@=*Z) — %) + F)rT!

We now perform integration in y, from —oo to 400 and get

n— 1 2)\’ —1”’ 2
I,N/(n =1 $ENPWN A L) di1dF ... din_1d¥p_1 din.

(14 tQ(tkZ") — X,)2PH1
Next, we integrate in X,, from
n—1
e~ e~ 2m;
—00 to (tQ(t “Z)—1 Y| E"zj’mf)/z,
Jj=q0+1

and get

</ (Ti=1 6 G (5))?

< . dx1dy ... d%e_1 dn_1
QU F) 1 Y1) 1 E P+ 2)2 ’

8 26
</ /‘d)?kﬂ dyryr...dxp_1dyn—
(Y Iz P 4 1)

1
St_ n—ls+1 mj +2(” —k— 1)61‘

where the last inequality follows by Lemma 5.1.
In conclusion we have obtained

2p—2+2ex—2kex—Y" _kaL

2
@, <t (5.8)

sz—a

The same integration combined with (5.7) yields the same estimate as (5.8) also for the terms
rz; 117210, (ft) Py |> fori >k + 1 and j < k. As for the terms in the first sum in (5.4) with
i,j=1,...,q0, we have
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2
~ 4
—/|sz|

|Z/|4mk—2 5

<

N/ ((l + Q(Z/) _xn)Q +yr%)p+1 q)t (Z)dx] dYI e d.xn d}’n
t

2p—-2+26—2ker =Y\,

—2p-2

d
d ¢;2(Z) dxidyy...dx,dy,

"2 0z

1
= 0(d) - -

1
<t g

where the last inequality follows by the same technique as above.
-1 dP .
By the same argument all the sums Z?j:l ||02(|rzi|)8zjf[§b,||2, the terms ||f,a—zj’||2, j=
1,...,n,and ||U;||* have the same estimate in terms of . Combining all these estimates, we get
the basic estimate from above for Q (u;, u;)

2p—2426—2kex—Y 41 o

Oup,u) St " (5.9)

To calculate ||u||e we use the boundary coordinates (x, ..., X,—1, Y1, ..., Yn, ) and dual coor-
dinates (¢,r) = (&1, ...,&,-1, 7). We have

k

= U, I? UAP = 11U, 1P

e llle = MUNZ + lr; Uellc = Ul
j=1

2/(1+|§|2)€|0,(x1,...,xn_l,yl,...,yn,r)lzdsm

> [16:

n—1 2
: (Hq&(t,ij)qﬁ(fkyj)) dxidyi...dxp—1dy,—1d&y 1 dr,

j=1

¢(yn))\(xn)e*i€2n71yn dyn 2

(xn — Q) =1/t +iyn)P

where we use Plancherel’s theorem on &1, ..., &,_> in the second line. Similarly as before, we
use transformations

{%’:te"x,’, yi=t%y;, j=1,...,n—1,
yn =tyn, &Em—1=1/téy_1, F=tr,

and obtain

2 2p—2+4+2e-2(n—1
g |2 > P22 =20 Dex

where

/ G TN, (T Fy, L 1T F)) e 10 g5, |2
(_g + iin)”
2

P 2
Jr :/|g2n—l| ¢
n—1

: (Hqs(f,/)m,)) dz\dFi ... d%, 1 dF,—1 déy, 1 dF.

j=1
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Here

~ e j=n—1 | _¢ ~ .

FtQmkg)) — 1 370y |z P
g=- > —1).

. e~ 2 2 2
Since 1 Q(r~*7’) —|—th —qo+1 117 *ZilM S Z 1z + Z/ —qo+1 127177, then if the sup-
port of ¢ is small enough we can assume

n—1

(%) +1 Y e <L

Jj=n—k+qo

2m
—Ft Y RT3 o
— ! . Using a further substitution

This implies 0 < g <

/ - / 1
Y = &Vn> S = gézn_l,

we get

165011

Jt ==
g2p+1—25

/ A e B dy;, 2
(—1+i5m)P

n—1 2
: (]"[ ¢<fj)¢<&,-)> dx\dF1 ... %1 dF,— 1 dEy 1 dF
j=1

=N+
where J is the integration from —oo to —¢ K, J> from —¢ K to 0 and where K is suitably chosen.

Note that J; > 0. Now, we consider J5.
For 7 € [—tK, 0], we see that

|xn| =

F/t+ Q@ *zZ )—Zl g1 117 “zil?
2m

We may choose A € Co(R) such that A(x) =1 for |x| < C. Then

[lg P

/ $ G2)A (e 1 dy), 2

(—1+ivn)P d&},_, = const > 0.
n

It follows

, / / (TjZ1 6 GGG dF1dFn ... dn—1 dFp
2 5

(=F £ 21 p g 17 Z P 4 3)20+1 -2

F=—tK
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z/ (Hﬁ‘w(ﬁjw(&j VPR dS - dr e

(t Fekz 2mj+3)2p72e
J k+l J

~ / (T2 $EN G A5 dfi . dFuo it

(K + 1Y 025 [ E 2 4 3)2p=2¢

. / (TIZ1 0GP G2 dFr dFy ... dn_y dFp-y df

(t Z] k+1|t ékZ]|2mj+3)2p—2€

The last inequality follows from the fact that we can choose K and ¢ such that

n—1 n—1
tK+1 Y \t‘ekzjlzm’+3>2(t > |t‘€kzj\2'"-"+3).

j=k+1 j=k+1
Then

8 8
>/ / dxk+1 dyi+1 ... dxX,—1dy,—1 ,:vt—Z? 11c+1 m ——4+2(n—k—1)eg

S 2
(lZ —k+1 [t~ ekzj|2mj 4 ])2p72€

’

0

where the last inequality follows by Lemma 5.1. So we have

1 1
) 2p—2+2e—2ker—y ", Ly
loeslle 2 2 s (5.10)

Since subelliptic estimates hold with order € for any k-form (gg + 1 <k <n — 1), then

Mo 12 S Qur, uy). (5.11)

Combining (5.9), (5.10) and (5.11), we get € < €
The proof of Theorem 1.13(i) is complete. O

Proof of Theorem 1.13(ii). We proceed in similar way as in the proof of Theorem 1.13(i) and
choose the coefficient of our form by setting

-p

40
fi(Z ) = (zn =z - 1/f> ;
j=1

n—1
®(z) = (H ¢(f’<x,~)¢(ﬂy,~)>A(xnw(yn).

j=1
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Then
qo 2 9o 2
afi dfi
Ur, U < r T@ T¢
JURDEDY g2, P 2 7z
j=1 j=k+1
2 " 0D 2
t
+ 2 Nl o+ Y ) | + 10
i=k+1,...n—1 j=1 2
J=1,ki
We can show that Q(u;, u,) < 12P~226=20=Deéx I, where
8 8
I _/ f dxldyl...dxkdyk
t _— e .
S @y e P 122
_yk Lok
Owing to Lemma 5.1 we have I; <t 2=t iy ke which yields

2p—2+2e—2(n—k—Dex—Y 5, o

Qs up) St
Similarly, we have

k 1
) 2p—242e,—2(n—k—Dex—Yy i —~
luellls 2 2 T

J
which yields the conclusion of the proof of Theorem 1.13(ii). O
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