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1. INTRODUCTION

David Ouwehand, Steven Sperber and John Voight communicated me two issues
with the paper mentioned in the title.

First, several results in Section 3 assume that for a smooth quasiprojective variety
X over a finite field and a finite group G C Aut(X) we have H};, (X)9 = H};, (X/G).
This latter statement does not seem to be part of the literature. We strongly believe
that this conjecture is true, but we will explain how one can prove the main results
of the paper without this result. The main idea is that the corresponding statement
for HY, . holds true, and that for the calculations of zeta functions one is interested
in the characteristic polynomial of Frobenius acting on Hr"ig7c.

Second, one of the steps in the proof of Corollary 6.10 is incomplete and we
discuss how to repair this. (See Proposition 4.4.)

2. QUOTIENTS BY AUTOMORPHISMS
Let k be a perfect field.

Proposition 2.1. Let X be a k-scheme of finite type. Let G be a finite étale group
scheme acting on X such that X admits a cover of open affine G-stable subsets.
Then for all i we have

Hi

rig,c

(X)g = Hiig,c(X/g)

I

as vector spaces with Frobenius action.

Proof. 1t suffices to prove that the natural map

Hjig,c(X/g) - Hzig,c(

X)9
is bijective, since this map respects the Frobenius action. In particular, we may
assume that the base field is algebraically closed and that G is a group.

We prove this by induction on dim X.

Suppose first that dim X = 0 holds. In this case X is proper, hence H* = H{.
Write X = {p1,...,pr} where p; is a geometric point of X. The geometric points of
G permute the p;. The dimension of H%((X/G)eq) equals the number of G orbits in
X. A straightforward calculation shows that dim H°(X)9 also equals the number of
G orbits and that the natural map H°(X/G) — H°(X)Y is clearly an isomorphism.

In the induction step we make a further induction to the number of irreducible
components of dimension equal to dim X.

The author is very grateful to David Ouwehand, Steven Sperber and John Voight for the
discussions on this.
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If there is precisely one such a component Xy then G maps this component to
itself. Let N be subgroup of G which acts trivially on Xy. Let H = G/N. Then
there is a nonempty smooth open subset U of (Xo)req such that U — U/H is étale
and U/H is smooth again.

In this case we can apply [2, Théoréme 4.2] to U and U/H and we obtain that

H(U)? = H(U)™ = H2(U/H) = H:(U/G)

Since Z := X \ U has dimension less than dim X (and can also be covered G-
invariant affine opens) we can use the induction hypothesis on the dimension to get
H2(Z/G) = H*(Z)Y. The triple U, X, Z yields a distinguished triangle for H? as
does the triple U/G, X/G, Z/G. Using these triangles we get H®*(X)¢ = H*(X/G).

We prove now the induction step on the number of irreducible components.
Using distinguished triangles as above and the first induction hypothesis we may
assume that every irreducible component of X has dimension dim X.

Let N C G be the intersection of all stabilisers. Then N is a normal subgroup.
Let H = G/N then (X/G)reda = (X/H)rea- Hence their rigid cohomology groups
are isomorphic. Similarly, the action of % and G on H*(X) are the same. Hence
we may assume that every element of G different from the identity acts nontrivially
on X.

Hence there is a smooth affine open U in X such that g(U) = U for all g €
G, the quotient U/G is smooth and U — U/G is étale. In this case we have
H{U)Y = H{(U/G) by [2, Théoréme 4.2]. The number of irreducible components
of Z := X \ U, whose dimension equal dim X, is strictly less than the number
of irreducible components of X of this dimension. Hence using both induction
hypothesis we get H!(Z/G) = HY(Z)Y. Using distinguished triangles again we
obtain H!(X)Y = H/(X/G). O

3. CHANGES IN SECTION 3 THROUGH 5 OF [3]

Suppose now that we are in the situation of [3]. ILe., we have a quasismooth

hypersurface
Xy fo +XH$;”

in the weighted projective space P := P(wy,...,w,). Denote with Uy =P\ X5.
This is a quotient of the hypersurface

Y5 Z zd + XH x1
and from [3, Lemma 3.7] it follows that this latter hypersurface is smooth. Let
Vi :=P"\ Y5. Now Uy is Vi/G where G =[] piu, 4

In Theorem 3.8 from [3] one has to replace H*(Uy,, Qq) by Hy, .(Us, Qq). The
proof for the case P = P™ does not require any changes, the general case now follows
directly from the case P = P™ and Proposition 2.1 from the previous section.

Theorem 3.10 from [3] is not proven, and remains a conjecture.

Proposition 3.15 is true in the case of P = P™ by the same argument as in the
proof. If 7 : P™ — P is the quotient map by G then the argument of the proof
shows that

{m*(wx): k an admissible monomial type}

is a basis for H"(V))¢. Using Poincaré dality we get that this latter space is
isomorphic with (H?(Vy)*(—n))¢ = H*(Uy)*(—n).
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The results in Section 4 are independent of Section 3. The results in Section
5 hold true in the case of P = P™. In this case the formula of Proposition 5.3
hold true. If P # P then using Poincaré duality we find that the formula of
Proposition 5.3 give the deformation matrix of the operator ¢" Frob;1 acting on
HP (U = H2 (V).
Summarizing everything we now find that
Z(Xx) = Z(P(wo, ... wy))/Z(Un)
and
. i+1
2(Us) = [ [(des((1 = TF)[HI(VA) ") D"
By the modified version of Theorem 3.8 and the above remarks we find

Z(X,) = det((1 = TF*)|H}(VA)9)D" ﬁ
i=0

1
1—¢'T

and that the action of F* on H?(V\) equals the action of ¢" F~™* on H"(Vy)%.
The latter action can be calculated by the methods of [3, Section 5.

4. CHANGES IN SECTION 6

A second proof which is incomplete is the proof of Corollary 6.10. This Corollary
gives a factorization of the zeta function. We present a result here which implies
Corollary 6.10. We also (as an addendum) give a strategy to find a finer factor-
ization. This latter factorization, when applied to the case of X§ + -+ + X§ +
AXo... X5 =0, is the factorization as found by Candelas et. al in [1].

4.1. Factorization in Q,[T]. Recall that we have three equivalence relations on
monomial types.
For the notation used in the following we refer to [3, Section 2]

Definition 4.1. We say that two monomial types k, m are strongly equivalent, if
k —m is a multiple of the deformation vector a.

We say that they are weakly equivalent if for some r € Z/dZ* we have k — rm
is a multiple of the deformation vector.

We say that they are indistinguishable by automorphisms if the stabilisers of wy
and of wy (in Xw;Z/dZ) coincide.

Note that the stabiliser of wy consists of (wogo, . .., Wngn) € Xw;Z/dZ such that
Zgiaiwi =0modd andz gi(k; + Dw; = 0 mod d

holds. In particular, strongly equivalent implies weakly equivalent and weakly
equivalent implies indistinguishable by automorphisms.

Lemma 4.2. Two monomial types are weakly equivalent if and only if they are
indistinguishable by automorphisms.

Proof. We have to show that indistinguishable by automorphisms implies weakly

equivalent.
Consider the bilinear form ([[w;Z/dZ) x ([[w;Z/dZ) — Z/dZ defined by

(...7wici,...),(...7widi7...) %szc,dz
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Then the stabiliser of wy is the orthogonal complement of the Z/dZ-submodule of
[[wiZ/dZ spanned by k and a.

If R is a Z/dZ-submodule of [ w;Z/dZ then a straightforward calculation shows
that #R# R = # [[w;Z/dZ. In particular #(R+)L = #R. Since R C (R*)! we
find that R = (R*)*.

Hence if k and m are indistinguishable by automorphisms then {a, k} and {a, m}
generate the same submodule of [[w;Z/dZ.

In particular there exists ri,7o, 51,52 € Z/dZ such that k = rja + sym and
m = rya+s;k. It remains to show that s1, 89 € (Z/dZ)*. By the Chinese remainder
theorem we may assume that d is a prime power. Moreover we may multiply the
entries of a, k, m by w; and assume that each w; = 1. 3

If one of the entries of a, say a;, has valuation zero then consider k = k — ’;—ia

and h = m — ™m. Now {a,k} and {a,m} generate the same submodule. Since
a; is inver:cible, l~<l = 0 = m; and m is in the submodule generated by k and a, we
find that k is a multiple of m. More precisely, we have that

k = A\m and = vk
In particular v(k;) = v(r;) for every j and therefore v(\) = v(v) = 0. Now
k=Mm+ ((=Am; + k;)/a;)a.

and hence we are done.

If all entries of a,k, m are divisible by ¢ then we can divide them and d by /.
Hence we may assume in the remaining case that for all ¢ we have v(a;) > 0 and
that for some j we have that v(k;) = 0. Then also v(m;) = 0.

If we now write k = aa 4+ fm and consider this modulo ¢ then we find § =
kj/m; mod £. In particular v(3) = 0 and we find § € (Z/dZ)*. O

The aim is to describe a factorisation of the zeta function of the hypersurface
X5, provided X5 is quasismooth. In [3, Section 6] we started with a factorisation

in Qq4[T].

Let k be an admissible monomial type. Let e = ¢ mod d. From [3, Lemma 6.1]
it follows that Frobenius at A = 0 sends wy to wek. By the results of [3, Section 5]
we have that the deformation matrix leaves the subspace spanned by

{wktta | k + ta admissible. }
invariant. Combining this we see that Frobenius leaves the space spanned by
{Wesk+ta | €’k + ta admissible. }

invariant. In particular, if e = 1 mod d then we find for each strongly equivalence
class (see [3, Section 6]) a factor Py, (T) € Qq[T], such that the characteristic
polynomial on H"(Us) equals

I Paa(T)
]

This is not a factorisation in Q[T]. However, we need this factorisation later on.
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4.2. Factorisation in Q[T]. Assume that X5 is quasismooth. Consider now
H(Ux,Qq). Then the characteristic polynomial of Frobenius is an element of
Q[T].
Let K be the subgroup of xw;Z/dZ consisting of all (wogo, - .., Wngn) such that
> gia;w; = 0 mod d. Then K is a subgroupscheme of Aut(Uy) and of Aut(X5).:
For an admissible monomial type k, let Gx C K the stabilizer of wy.

Lemma 4.3. The group scheme associated with Gy is defined over ¥,. In par-
ticular, the characteristic polynomial of Frobenius on H?(VX)G“ is an element of

Q[T1.

Proof. Note that the stabiliser of wy consists of automorphisms which are defined
over Fy((4). However, an element of Gal(F,({4)/F,) sends (4 — (5 for some e co-
prime to d. Hence it maps (wogo, - . -, Wngn) — (€wogo,- - -, ewngy,). If the former
is in G then so is the latter, and we have that the group scheme Gy is defined over
F

q-

Moreover, we have that Hi(Ux/Gx) = Hi(Ux)% = Hi(V5)%* is zero for i #
n, 2n, one-dimensional for ¢ = 2n. Hence the zeta function is either the quotient
of the characteristic polynomial of Frobenius on H™ divided by (1 — ¢"T) or it is
the reciprocal of (1 — ¢"T') times the the characteristic polynomial of Frobenius on
H™. Since the zeta function is in Q(7") we have that the characteristic polynomial

is in QIT7. O

We can now fill the gap in the proof of [3, Corollary 6.10] (with the modification
indicated in the previous section):

Proposition 4.4. Let A € Fy be such that X5 is quasismooth. Let P(t) be the
characteristic polynomial of Frobenius acting on H(Ux). Then

Pty =] Pu(®)
(k]

where the product is taken over all weakly equivalence classes of admissible mono-
mial types, such that each Ppq(t) is in Q[t] and the degree of Pug(t) equals the
number of admissible monomial types in the equivalence class of k.

Proof. Let V. = H(Uy, Qq). Fix an admissible monomial type k. Since every wm
is an eigenvector for every element of K we can write

Vi =Vea V'’

where V' is spanned by all wy, such that Gy is a proper subgroup of Gy,. The
characteristic polynomial of Frobenius acting on Vi is then in Q[T, since the char-
acteristic polynomials on V'’ and VC* are.
Consider now the equivalence relation indistinguishable by automorphisms and
denote with [k| the equivalence classes then
V= EB[k] Vi

Hence we have that the characteristic polynomial is a product
117
(k]

and each Py € Q[T]. The statement about the degree is immediate. O
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We give now an example where we combine both factorisations to obtain a finer
factorisation. This example supplies some details to the claims made in [3, Example
6.11]

Ezample 4.5. Consider
acg + e xi + AToT1T2x3%4.

Up to permutation of the coordinates we have that the admissible monomial types
are of the shape (a,a,a,a,a), (a,a,a,b,c) and (a,a,b,b,c).

Two weakly equivalent monomial types have the same shape. The weakly equiv-
alence class of (1,1,1,1,1) consists of (a,a,a,a,a) with a € {1,2,3,4}.

The weakly equivalent class of (1,1,1,3,4) consists further of

(2,2,2,1,3),(3,3,3,4,2), (4,4,4,2,1), (4,4,4,1,2), (3,3,3,2,4), (1,1, 1,4, 3).
The weakly equivalent class of (1,1,2,2,4) consists further of

(2,2,4,4,3),(3,3,1,1,2),(4,4,3,3,1),(3,3,4,4, 1),
(1,1,3,3,2),(4,4,2,2,3),(2,2,1,1,4).

Hence we find that the characteristic polynomial of Frobenius acting on H 4(UX)
is the product of a degree 4 polynomial and polynomials of degree 8. Using the
S5 symmetry we find that many of these polynomials coincide, i.e., there exist a
polynomial @; € Q[T] of degree 4 and two polynomials Q2, Q3 € Q[T] of degree 8
such that the characteristic polynomial of Frobenius is Q1Q3°Q3°.

We can factor Q2 and @3 further. Take the involution o swapping x3 and
x4. Consider the subgroup K of the automorphism group generated by ¢ and the
stabiliser of w(; 1,1 3.4). Then H?(Vy)¥ is a four-dimensional subspace of

HH(VA)G(1,1,1,3,4).

Hence the degree eight polynomial )2 factors as a product of two degree 4 polyno-
mials.

Moreover if ¢ = 1 mod 5 then we can also consider the factorization in Q[T
and we find that @ is a square in Q4[T] and we may deduce from this that it is
also a square in Q[T].

Similarly, we find that Q3 factors as two polynomials of degree 4 in Q[T], which
coincide if ¢ = 1 mod 5. Hence if ¢ = 1 mod 5 then we find three quartic polyno-
mials Ry, Ro, Rz such that the characteristic polynomial of Frobenius is

RiRZR3C.
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