TALK IN THE GEOMETRY SEMINAR - UNIPD

LORENZO LA PORTA

ABSTRACT. This talk! aims to provide an overview of my research journey, beginning with my graduate thesis and
culminating in a discussion of ongoing projects. Key themes include Serre’s modularity conjectures, the study of
(some) Shimura varieties in positive characteristic, modular forms and associated mathematical structures, like the
stack G—Zip#. Particular emphasis will be placed on 6-operators and their applications, showcasing both classical
results and novel insights.
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1. SO, WHAT’S A § OPERATOR?

Modular curves and modular forms. We fix a prime p, once and for all, and take with it & an algebraic closure
of Fp. For this section, consider N > 5 an integer prime to p and let Y = Y;(N) be the k-fibre of the modular curve
of level 'y (V). This is an affine, smooth curve over k. Writing 7: £ — Y for the universal object, we can consider

W= ﬂ-*(QlE'/Y)a

which is an invertible sheaf.
Over the k-algebra A = k((¢'/Y)), one can define the Tate curve

Ertate = G a/q? = Spec(A[t1])/q? = Proj(A[X,Y, Z))(Y?Z + XY Z — X3 — a4(q) X Z? — a6(q) Z?)).
[Here

n

n3q" ™ +5n% ¢
= —5 =
as(q) n§>1 1—q" as(q) n§>0 12 1—q"

which are elements of gk[[q]].] Etate is the generic fibre of a curve over k[[¢'/"]] (whose special fibre is a generalised
elliptic curve). This curve is endowed with a canonical differential wean € H°(ETate, Q}E / 4)[; which can be described

as Wean = dt/t]. Extending the base of Frate from k((q)) to k((¢*/N)) ensures that all the level I'y (N)-structures are
A-rational. They are given by points of order exactly N, namely, fixing (y € k a primitive N-th root of 1, the points

P=Cyd'N,i,j € Z/NZ,
with ged(é,7, N) = 1. Choose « such a point, hence a level T'y (IN)-structure on Emate. Since HO(ETMC,Q}E/A) =
k((ql/N)) - Wean, for any section f of w* = w®* X € Z, we can pull f back via the classifying morphism Etae — Y of
(Eate, &) to obtain some f, (ql/N) -w), . This is called the g-expansion of f at the cusp a.
Definition 1.1 (Modular forms). We shall call a modular form of level I’y (N), weight A € Z, with coefficients in k
an element of H°(Y1(N),w™) such that the q-expansion fa(ql/N) at each cusp « satisfies fo € k[[ql/N]]. If we also
have that fo, € ¢*/VE[[¢"/N]], for each «, then we call f a cusp form.

One usually denotes the k-vector space of modular forms of level I'; (N) and weight A by Mx(T'1(N), k) and also
writes

M(N7 k) = M(PI(N)vk) = EB)\EZMA(FI(N)vk)
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for the graded k-algebra they form. We write Sx(I'1 (), k) for the subspace of cusp form as well as
S(Nu k) = S(Fl (N)7 k) = GBXEZS)\(FI (N)7 k)u
which is an ideal of M (T'1(N), k).

Is this it? Using g-expansions, one can define a graded k-linear differential operator on M (N, k), namely

g: MA(Fl (N)7 k) — S>\+p+1 (Pl (N)7 k)v

can can

qd
fa(ql/N)  Wan M d_q(fa(ql/N)) C Wik
From this definition, not much is clear about this operator. Following [9], we can give a more geometric construction.

The geometric construction. We need some ingredients.
(i) We consider the (degree 1) de Rham cohomology of E over Y, defined as Hjg (E/Y) = R'm.(Qf; ), where

%y 005 -5 QL =0

is the de Rham complex of E over Y. The sheaf Hig (F/Y) is locally free of rank 2 over Y.
(ii) The triple E/Y/k gives rise to the Gauss—Manin connection

V: Hig(E/Y) — H&R(E/Y)®Oyv9%//k

which is integrable (trivially, in this case, since Y is a curve, but this is a general propriety of the GM connection)
and k-linear.
(iii) Moreover, we have the so-called Hodge filtration

0= w— HR(E/Y) —w ' =0

which is deduced from the degeneration (on the first page) of the Hodge-de Rham spectral sequence, which is
EY = Rir, (Q%/Y) = R (Q% )y ).
(iv) One can give a natural “stratification” of Y.
e In Y, we can distinguish between the ordinary locus Y°', which is a dense open whose points correspond
to ordinary elliptic curves, and its complement Y% the supersingular locus, whose name has an obvious
meaning in terms of the moduli problem.

e Recall that an elliptic curve E,/k, for some z € Y (k) is ordinary if and only if the Verschiebung isogeny
V: EY - E, is étale; here EX) denotes the p-twist of E,, namely the pullback

EP R

| |

Spec(k) Spec(a) Spec(k),

where o: kK — k,a— oP.

e One can check whether such a V' is étale by looking at the cotangent space at the identity, that is, checking
whether

V*iwp, = HY(Ey, Q) 2k — wf = HY(B,, (Q1)%F) 2 k

is 0 or not.

e This can be globalised to Y by considering the k-linear morphism V = V*: w — w? = w(®)| where ) =
F(F), for any F € QCohg, and Fs: S — S the absolute Frobenius on S.

e This vanishes at z if and only if the corresponding section h € H°(Y,wP~1), called the Hasse invariant, is
zero in z. In fact, we have that h € M,_1(N, k) and we have proved part of the following.

Lemma 1.2 (Igusa). We have Yo' = Dy (h), Y™ = V(h). Moreover, the zeros of h are simple.

(v) There is a natural way to “split” the Hodge filtration in characteristic p.
e The relative Frobenius F: E — E® induces by pullback a map F = F*: Hiz (E/Y)®) — HI (E/Y).
This is identically zero on w?P C H&R(E/Y)(p), so that, by the Hodge filtration, we obtain a map w™? —
Hi(E/Y).
e The image of this map, denote it by U, is an invertible sheaf.
e Moreover, we have that U = ker(V: Hiz (E/Y) — Hiz(E/Y)®).
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e In fact, V: HiR(E/Y) — HIz(E/Y)® factors through w? C His (E/Y)® to give an isomorphism
i (E/Y)U s o,
e Over Y4 the composition
w? 5 U= Hig(B/ YY) Jw=w

is an isomorphism.

e Thus, we obtain, via F': Hls(E/Y)®) — Hl (E/Y°d) a splitting of the Hodge filtration, for which
Hlp (E/Y°) = w @ U. The projection py,: Hig (E/Y°') — w is called the unit-root splitting and, in this
case it is given by

Vgt

Pur: HjR(E/Yord) N wP —= w.

e This splitting does not extend in a natural way to Y D Y°rd,
e However, one can extend h - py, simply by

V:HR(E/YY) — WP

(vi) More generally, one can consider the inclusion w* C Sym*(Hlz(E/Y)) and deduce from the GM connection
another integrable connection

V: Sym*(Hig(E/Y)) — Sym™(Hir(E/Y)) ®oy Uy
This satisfies an incarnation of the so-called Griffiths transversality, namely
V(w') C F(Sym*(Hig(E/Y))) @0y Qi
where
F(Sym*(Hig(E/Y))) = im(w* ™' ® Hir(E/Y) — Sym* (Hip (E/Y))).
(vii) The unit-root splitting generalises to a splitting, over the whole Y, given by
h-Sym* (pur): F(Sym* (Hig (E/Y))) — P4

Again, while a priori defined only over Y°'4, this does in fact extend to Y, namely because the poles along Y
of Sym* (pur) restricted to F(Sym™(Hlg (E/Y))) are at most simple, hence cleared out by h.
(viii) From the GM connection and the Hodge filtration, we can derive the following composition

v _

1

Dualising w ™!, we obtain an Og-linear map ks: w? — Q%/ Ik called the Kodaira—Spencer morphism. One can show

the following, for instance, by Grothendieck—Messing theory.
Lemma 1.3. The map ks is an isomorphism.
Finally, we have all that is needed to define

(h-Sym™ (pur))®@ks !
0: w* s F(Sym*(Hip(E/Y))) ® O, WP

which is the (geometric, classical) theta operator. By considering its action on global sections, we obtain the operator
mentioned above. Moreover, in [9], Katz shows that 6 has some interesting properties.

Proposition 1.4. We have the following.

. . . .. d
(i) The action of 6 on q-expansions is given by Z—q.
(i) For f € Mx(N,k), we have h | 0(f) if and only if h | f orp| A
(iii) If f € Mx(N, k) is such that 0(f) =0, then f = h"-gP, for 0 <r < p—1, withr = —A[mod p] and g € M (N, k).

These can all be proved by some local computations on U C Y an open trivialising w, H, jR(E /Y), ete. or by working
on some finite étale cover compactifying an Igusa curve, see [5].
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2. SURE, BUT WHY WOULD I CARE?

What we have just defined is a weight shifting operator. In fact, one can show, for instance using the formula for
the ¢g-expansions and g-expansion principle, see [8, Sec. 1.6], that, for £ # p a prime, we have

0T, = T,0,

where T} is the Hecke operator at £. In particular, if f is a Hecke-eigenform, then we can associate to f a continuous
Galois representation py: Gal(Q/Q) — GLz(k) and we have that

Po(f) = X D Pf,
where x: Gal(Q/Q) — k* is the cyclotomic character mod p. [What do I mean by this, you ask? I mean that if you
consider the action of o € Gal(Q/Q) on a primitive p-th root of unity ¢, € Q, you find o(¢,) = (X7 ]

This is not just some cute observation. Edixhoven, in [2], used this as one of the steps in his proof of the weight
part of the Serre’s conjectures. Namely, let p: Gal(Q/Q) — GLo(k) be a continuous, irreducible representation
whose determinant is odd: let ¢ € Gal(Q/Q) be a complex conjugation, induced by some embedding Q — C, then
det(p)(c) = —1. [As an aside, this parity condition can be tricky to generalise and, according to people who know
more than me, it is meant to capture the fact that f is algebraic: namely, representations with det(p)(c) = 1, should
come from Maass forms, which are essentially analytic in nature (with current mathematical technology; possibly not
for long).]

Definition 2.1 (Modularity). We say that p is modular if there is some cuspidal eigenform f such that p ~ py.
Then, we have the following.

Theorem 2.2 (Edixhoven). Suppose that p is modular. Then, we can take f to have weight k(p) and level N(p),
which are minimal and described by an explicit recipe due to Serre. This recipe only depends on p|p,, for some

Dy = Gal(QP/QP) < Gal(Q/Q).

Remark 2.3. The fact that it is “enough to look at p|p,” is related to the fact that this is supposed to be a mod p
incarnation of a local Langlands correspondence.

The work of Edixhoven dates back to the early '90s and in the 2000s, Khare and Wintenberger gave a full proof of
Serre’s conjecture in the classical setting, namely the following.

Theorem 2.4 (Khare-Wintenberger). Any p: Gal(Q/Q) — GLa(k) continuous, irreducible representation whose
determinant is odd is modular.

This completes the picture for degree 2 representations of Gal(Q/Q). Given that, and more broadly the impulse
that research in the Langlands programme has experienced since then, many authors considered natural generalisations
of the weight part of the Serre conjectures.

Gee—Herzig—Savitt. Generally speaking, the picture is the following?. We consider a connected, reductive group G
over F' a number field. We assume that G, is unramified (quasi-split and split over an unramified extension of F},) at
each place v | p. By Bruhat—Tits theory, this is the same as saying that there is a reductive group Go, whose generic
fibre is Gr,. We can consider a compact open subgroup

K = KPK,, K? < G(AS?)(= Respq(G)(A%P)), K, = G(OF ®7 Zy),
with K7 sufficiently small. We also take Koo = [],o0 Ko <[], G(F,) maximal connected and compact modulo
centre (for instance, if F = Q and G = GL,,, then K, = R%,-S0,(R) for F, =R, K, = R, U,(R) for F, = C).
We can then define a locally symmetric space

For any irreducible smooth representation W of K, with k-coefficients, we have that the action of the p-subgroup
Uo == ker(Kp — [, G(ky)) is trivial, so that W is really an irreducible representation of

H G(kv)(: ReSOF/Z(G)(Fp))'
vlp
[This is because, by definition of smoothness, for any w € W, the group Stabg, (w) contains a maximal compact
open U which is contained and normal in Uy. Therefore, we have an action of U\Uy on Span, (g - w,g € K,) = W,
by irredicibility of W. If U\Up # 1, then U\Uj is a p-group acting on a vector space of characteristic p, namely W,

2What follow is my attempt at generalising what the authors write in [4]. There might be naive mistakes in what I'm doing here; take
it with a grain of salt.
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so that it must have a fixed vector w’. But Uy is normal in K, so that K, should preserve the line (w'), < W. That
would entail that (w’), = W and the action of Uy is trivial, contradicting the assumption that U # Up. So we must
have U = Uy.]

Definition 2.5 (Serre weight). An irreducible k-representation of H'U|p G(ky) is called a Serre weight of G.
Given a Serre weight W, we can consider the k-local system
W= (G(FN\G(Ar)/KPKoo) x W)/ K,

over Yg.
There is a finite set of places X, containing those above p and oo, such that for w ¢ ¥y the reductive group Gp,
is unramified and K,, = G(O,). For any finite place w ¢ X, we can consider the spherical Hecke algebra

Hay = H(G(Ow)\G(Fu)/G(Ow), Zp),

which, by the Satake isomorphism, see [6], is commutative. We can identify 3, with H(K\KG(F,)K/K,Z,), which
is naturally a sub-algebra of

HK\G(AF)/ K, Zy),

which has a natural action on the cohomology Hp .;(Yx, W).

Let now p: Gal(F/F) — LG(k) be a continuous, irreducible representation. Here G denotes a mod p incarnation
of the Langlands dual group. If G = GL,, then we can just take “G = GL,,. This p is ramified [meaning that the
action of I; < Dy < Gal(F/F), the inertia I at some place 9: F' — F,, above v a place of F, acts non-trivially via p
only at a finite set of places of F'. Let ¥ be a finite set of places of F' containing ¥y and the ramification of p. We can
consider the unramified Hecke algebra

-ﬂ—z = ®;}ng}fw,

which, again, acts on Hp.,;(Yx, W). We can define a maximal ideal m = m(p, K, X) by requiring that, for all places
w ¢ ¥, the semisimplification of p(Frob,,') matches via the twisted Satake isomorphism the H,-eigenvalues determined
by m. [The Satake isomorphism gives

Ho = Zp[X*(T) = Xo(1)] 2 R(G) © Zy,

so that an Hecke-eigenform gives a character of the representation ring R(é) ®Zp, whose reduction mod p corresponds
to some semisimple conjugacy class s;., in G(k) < “G(K). We are requiring p(Frobg')® = s;.4,.]

Definition 2.6 (Automorphy). We say that p is automorphic if there are some W,U, % such that H® (Y, W)m # 0.

Definition 2.7 (Set of Serre weights). We call

smooth, irreducible o
Wi(p) =W HG(kv) Hperi (Y, W)m # 0
v|p

k-representation of

the set of Serre weights of p.
Question 2.8. Can we describe W (p) in terms of certain invariants of p and, in particular, of pp,, for all v | p?

One of the approaches to this question is that of looking for entailments, namely, given W € W(p), we want to
describe general procedures to shift the weight, that is, ways to produce from W some other W’ € W(p). In settings
where Y is algebraic, or somehow related to another algebraic locally symmetric space Yy, see [11], with a model
above some F, we can look at

HE (Y, W)

and use techniques from algebraic geometry. This is, for instance, the case of G/Q coming from a Shimura datum
(G, X). If, by some vanishing results, we can relate in a precise way, reminiscent of the Eichler—Shimura isomorphism,
H? (Yr, W) to the coherent cohomology H*(Yx,V())), we might have some hope of addressing the question by looking
at V(A), commonly called automorphic sheaves. This is the context in which one looks for generalisations of the classical
0 operator.
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3. OK, BUT WHAT HAVE YOU DONE?

In my thesis, in particular, I considered the case of a unitary group G relative to some quadratic imaginary extension
E/Q with signature (n — 1,1) at the only place at co of E, that is, G(R) & GU(n — 1,1), for some n > 3. This is
similar, in some essential ways, to the setting of the Kottwitz—Harris—Taylor “simple” Shimura varieties, considered
in [7]. Most notably, Gq, = GL, x G,,. In this setting, for p an odd prime split in E, the geometric special fibre Sk
of the corresponding Shimura variety, at a neat p-hyperspecial level K < G(Aq), has a particularly nice geometry.
Namely, this is a PEL Shimura variety, which means that it is a (component of a) moduli space of abelian varieties
with additional structure (a prime-to-p polarisation, an action of O, as well as a level K-structure), much like the
modular curve Y7 (V) that parametrised elliptic curves with level T'y (N )-structure. Whereas for the modular curve we
had a distinction between ordinary and supersingular elliptic curves F,;, which can be read off from the p-torsion E, [p)
of E,, here looking at the isomorphism classes of A;[p] (with the additional structure carried around), we obtain a
stratification of the points of x € Sk called the Ekedahl-QOort stratification. The EO stratification, which is in general
very complicated for most PEL Shimura varieties, becomes fairly simple in this case.

Theorem 3.1. For 0 <r <n—1, we have locally closed subschemes (with the reduced-induced structure) Skr C Sk
such that:

(i) for each geometric point x of Sk, the isomorphism class of Ay[p] is constant,
(i) Sk, has dimension r and is smooth,
(#ii) we have the closure relations Sk, = U<, Sk and these closures are also smooth.

Remark 3.2. It is not by accident that this stratification is reminiscent of
P \Gr =Py ' 2 AP UA? UL UAL LAY,

While it was known, from the works of Eischen-Mantovan, see for instance [3], and Goren—de Shalit, see [1], that
one can define a theta operator on Sk = Sk -1, from the point of view of the Serre’s conjectures, it looked as though
that something was missing. Namely, the operators defined by these authors produced weight shifts of the form

9,171 : V(A) — V()\ + én—l%
where now the automorphic weight A\ € Z™ is a n-tuple of integers, subject to certain conditions [A; > ... > \,,_1], and
A, ,=({@+1,p,...,p,1). The shape of A, _; resembled that of certain Serre weights for Gy, = GL,, 1 X G, , but,

at the same time, looking at these weights one®
a shift of the form

would expect to find some other weight shifting operators, producing

n—r—1 times
——
ér:(p+17p7"'7p7 17"'71 71)
The main result of my thesis is that these weight shifts can be realised geometrically, by working on some deeper EO
strata. Namely, we have the following.

Theorem 3.3 (LLP). Let 1 < r < n—1 be an integer and X\ an automorphic weight. There exists a differential
operator
Or: gr®"(V(A)) — gr®" (VA + 4,)),
defined on the (closure of the) Ekedahl-Oort stratum Sy ., with
A ={p+1p,...,p,1,...,1,1)

where exactly the last n — r entries are 1. We have the following properties.

(i) The operator 0, is Ay-linear, that is, 0,(A,) = 0, where A, is the partial Hasse invariant defined in [10].

(i) The operator 0, is Hecke-equivariant up to a cyclotomic twist.

(iii) Let f € H'(Sk,gr®"(V(N))) and write it as f =", fa, for the decomposition described in [10]. If r = 1,2,

then 0,.(f) is divisible by the Hasse invariant A, if and only if for each component fa €ither A, | fo orp|ai+A,.

4. ALRIGHT, WHAT’S NEXT?

4.1. Smoothness. A fundamental point needed in the construction from my thesis was the smoothness of the closures
Sk .. This can be proved using Grothendieck-Messing theory and, in fact, in the process, one shows that a certain
generalisation of the Kodaira—Spencer map is an isomorphism. The smoothness of a union of distinct EO strata is, in
general, a rare occurence®. This leads naturally to the following question.

Question 4.1. Suppose that Sk is now the geometric special fibre of some other Shimura variety at p-hyperspecial

level K, relative to some datum (G, X). When is some union of EO strata smooth (or just normal)?

3Fred Diamond.
4An intuitive reason why is that the same is true for Schubert strata of P\G for general G and P.
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This question makes sense, thanks to the existence and smoothness of integral models, for Hodge type Shimura
varieties, at least. In that context, one can define the EO stratification by looking at the fibres of the smooth surjective
map

¢: Sg — GFP—ZipH,

where Gg,—Zip" is the stack of Gr,-zips. It is a O-dimensional stack that, roughly speaking, parametrises certain
families of Gy, -torsors with additional data that one can naturally associate with points of the special fibre of the
Shimura variety. In particular, ¢ should be thought of as a mod p period map. Many problems regarding the geometry
of the special fibre (vanishing of cohomology, existence of sections, smoothness of strata, etc.) can be restated in terms
of the stack of G ,-zips, where they usually become group-theoretic problems, relating to the algebraic representation
theory of Gg,. In the case of Question 4.1, Jean-Stefan Koskivirta, Stefan Reppen and I have been working on some
special cases of a conjectural answer.

Let w € TW = W;\W be the index corresponding to some EO stratum X, C Gp,—Zip" and let w' € W be
the index of a lower neighbour X, of X, (that is, X, C X, with codimension 1). We can associate to w,w’ two
parabolic subgroups P,,, P, of Gg, sometimes called canonical parabolics.

Conjecture 4.2 (Koskivirta). The union X, U X,y s smooth if and only if Py C Py,.
We can prove some special cases, for instance, we have the following.

Theorem 4.3 (Koskivirta, Reppen, LP). Suppose that G is a unitary group with G(R) = GU(r, s), with ged(r,s) = 1.
Then, the closure of the unique one-dimensional EO stratum in Sk (G, X) is smooth. In this case the canonical
parabolics are Borel subgroups.

We can compute explicitly many more examples, mainly in the case of unitary and orthogonal groups, and we are
currently working on a general result.

4.2. Vanishing. In another on-going project with Koskivirta we are looking at the possible generalisations of Goldring’s
and Koskivirta’s cone conjectures. Namely, the automorphic bundles V(X) can be defined naturally on Gy, —Zip*, in
the sense that they are pullbacks of some bundles via ¢. In fact, since ¢ is smooth (hence flat) and surjective, we have
an inclusion

HO(GFP—Zip“, VN)—=H(Sk, V().
The cone conjectures say that, up to replacing A by a positive multiple, the bigger space is non-zero if and only if the
smaller one is. This gives some control on the automorphic cone of Sk, that is,

Cauto = {A € Z" | IN > 0, H*(Sk,V(NX)) #0}.

Working on the side of the stack Gg, —Zip" we can describe generators of this cone, hence obtaining vanishing results
for the coherent cohomology of automorphic sheaves, which are important in the study of general Serre conjectures.
The work of my thesis leads naturally to the following question.

Question 4.4. Does the natural analogue of the cone conjectures hold for closures of strata X,,? Can the relative
cones be described explicitly?

Theorem 4.5 (Koskivirta, LP). In the case of a unitary group of signature (2,1) (i.e. for the Picard modular surface)
the cone conjecture holds for all strata and one can give an explicit formula describing the non-vanishing cones.

We are currently working on generalising this result to GU(n — 1, 1) and all the strata therein. Even just describing
the cone over the whole special fibre is challenging (the combinatorics becomes rather involved quite quickly) and that
is the goal of a separate project of Goldring, Koskivirta and Yang (Deding).

4.3. Divisibility criteria and simplicity of zeros. Point (ii) in Proposition 1.4 and point (iii) of Theorem 3.3 are
essential when looking at applications to the Serre conjectures, because they lead to entailments where the weight is
shifted “by a small amount” (in the classical case, if h f f, but p | A, then 6(f)/h is a modular form of weight A + 2
and 2 is smaller than p+1). Such a divisibility is called a drop in the weight filtration. Giving criteria describing when
such a drop happens is essential and intimately linked to the following question.

Question 4.6. When do sensible generalisations of the classical Hasse invariant have simple zeros?
I think I can give a partial answer, which would entail the following.

Conjecture 4.7. In the context of [3], that is, for PEL Shimura varieties of type A and C and p totally split in the
reflex field E, the relevant Hasse invariants h, have simple zeros.

Moreover, denoting by 0 the operator defined by the authors, for f € H°(Sk,V(\)), we have that h, | 0(f), if and
only if he | fr or p | Ar1 4 Arep = (N, 61 4 6Y. 1), in case (A), p | Ar1, in case (C).
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Some technical details are still missing, but similar results have been proved by other authors in unpublished work.
Moreover, the same techniques involving flag spaces should be applicable to the setting of Theorem 3.3, where it would
allow me to remove the hypothesis r = 1,2 in point (iii).

4.4. Theta operators on the stack of G-zips. Another question that arose naturally in conversation with Wushi
Goldring and Jean-Stefan Koskivirta is whether one could define theta operators already on the period stack Gg,—Zip".
While this seems intuitively natural on the one hand, for instance, because one can define Hasse invariants and their
generalisations on Gg,—Zip#, on the other the stack Gg,—Zip", being of dimension 0, is not “big enough” to have
the kind of differential structure (e.g. the sheaf of differentials Q') that one needs to construct 6 operators, at least
not in a naive sense.

Recently, building on ideas of Wushi and Jean-Stefan, I have started exploring a direction of research that might
bypass this kind of issues. In short, when stating their aforementioned cone conjectures, Goldring and Koskivirta do
not limit themselves to period maps ¢ coming from a Shimura variety. They consider more generally morphisms of
k-stacks

&S — G-Zip*
such that:

(i) S is a nice enough scheme over k (quasi-projective variety),
(ii) ¢ is smooth (hence S is),
(iif) ¢ is surjective from each connected component of S.

One can then pullback automorphic bundles from G—Zip#* to S, consider sections on S and the saturated cones
ezip c GS-

Conjecture 4.8. One has C,p = Cg.

My idea is to impose further conditions on £ as above, namely:

(iv) ¢ factors through some enrichment G—Zip*V of G—Zip* that gives an integrable connection on something like
Hgg (A/S),
(v) the connection from the previous point gives rise to a Kodaira—Spencer-like isomorphism.

These conditions are very restrictive. For instance, point (iv) forces the dimension of S to be that of P\ G, where P is
the Hodge parabolic. One interesting twist that this approach allows, is that one could consider this set-up for stacks
of G-zips that do not come from Shimura data. In a basic example, one can take S = P}, 2 = (G = GLyr,, P =
BT,Q =B%,L=M =T) and define naturally a map

¢: P} — GLy—Zip”©
satisfying the conditions above (several, in fact). From this, one can recover, through this abstract construction of a
zip-theoretic theta operator, the Dickson invariant Xo XV — X! X;. This is an invariant that is known to be related to
the theta operator in the representation theoretic approach the classical Serre’s conjectures. This construction seems
to make the analogy between theta and XoX? — X} X7 more explicit in geometric terms.
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