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Abstract

This is the first in a series of papers in which we construct and study a new p-adic
cohomology theory for varieties over Laurent series fields £((¢)) in characteristic p. This
will be a version of rigid cohomology, taking values in the bounded Robba ring & , and
in this paper, we give the basic definitions and constructions. The cohomology theory
we define can be viewed as a relative version of Berthelot’s rigid cohomology, and is con-
structed by compactifying k((¢))-varieties as schemes over k[¢] rather than over k((2)).
We reprove the foundational results necessary in our new context to show that the
theory is well defined and functorial, and we also introduce a category of ‘twisted’ coef-
ficients. In latter papers we will show some basic structural properties of this theory,
as well as discussing some arithmetic applications including the weight monodromy
conjecture and independence of ¢ results for equicharacteristic local fields.
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Introduction

This is the first in a series of papers [13,14] dedicated to the construction of a new p-adic
cohomology theory for varieties over local fields of positive characteristic, that is fields
which are isomorphic to a Laurent series field £((¢)) over a finite field 2. (Actually we
expect to be able to phrase things purely in terms of valued fields in characteristic p, but
for now we stick to the explicit case of £((¢)) for simplicity). Here we will give a general
overview of the context and motivation behind the work, and provide an introduction
to the series of papers as a whole.



The study of the cohomology of arithmetic varieties has a long and distinguished
history, arguably beginning with Weil’s address 1954 ICM address in which he spec-
ulated that a suitably robust cohomology theory for varieties over finite fields would
have remarkable implications concerning the numbers of points on varieties over finite
fields. Ever since then, the search for and study of such ‘Weil cohomology theories’ has
been a major driving force in algebraic geometry and number theory, the clearest ex-
ample of this being the foundational work of Grothendieck and his school on the étale
topology for schemes, culminating in Deligne’s final proof of the Riemann hypothesis
for smooth projective varieties of all dimensions in his 1974 paper.

Even though it was the Z-adic theory that eventually led to the first full proof of the
Weil conjectures, rationality of the zeta function was first proved via p-adic methods
by Dwork, a full 10 years before Grothendieck’s proof via étale cohomology. Dwork’s
method was later put into a more conceptual framework of a p-adic cohomology theory
by Monsky and Washnitzer, and thanks largely to work of Berthelot, this eventually
grew into the more sophisticated theory of rigid cohomology. Since the early success
of p-adic approaches, however, it is the /-adic theory that has generally lead the way
in known results and power of the machinery, for example, finite dimensionality of p-
adic cohomology for smooth varieties was not known until Berthlot’s proof in 1997, and
it was not known that p-adic cohomology admitted Grothendieck’s ‘six cohomological
operations’ until recent work of Caro and Tsuzuki. A completely p-adic proof of the full
Weil conjectures was only given in 2006 by Kedlaya.

One particular area in which we are interested in is the cohomology of varieties
over local fields, and in particular the interaction with the cohomology of their reduc-
tions over the residue field. So let us suppose that we have a smooth and proper variety
X over a local field F of residue characteristic p >0, and let ¢ be a prime different from
p. Then, like all Z-adic representations, the étale cohomology Hét(X Fsep,Qy) is quasi-
unipotent, that is after making a finite separable extension of F' the inertia group acts
unipotently. This is a cohomological interpretation of semistable reduction, geometri-
cally speaking we expect that there exists a finite separable extension of F' such that X
admits a semistable model over O, the ring of integers of F'.

In the case where we do actually have semistable reduction, i.e. a semistable scheme
Z /0 with generic fibre X, then there is a close relation between the cohomology of X
and that of the special fibre & - this is given by the weight spectral sequence.

@ HL PO, Qo-r - D)= Hy (Xpsn, Qo)

I=max{0,-r}

where the DY) are disjoint unions of intersections of the components of Z;. In this case,
the weight monodromy conjecture asserts that the filtration induced by the weight spec-
tral sequence on Hét(X Fsep,Qy) is equal to the monodromy filtration, coming from the
quasi-unipotence of the action of the interia group Ir. This is closely bound up with
the notion of /-independence, which more or less states that the Galois representation
Hét(X rsep,Q¢) is independent of /. More specifically, the ¢-adic monodromy theorem
allows us to attach Weil-Deligne representations to the étale cohomology of some va-
riety X over F', and the one conjectures that the whole family of /-adic Weil-Deligne
representations for ¢ # p is ‘compatible’ in a certain precise sense.

When F is of mixed characteristic (0, p) and ¢ = p then the story is more complicated.
For example, one no longer has a monodromy theorem, and one has to impose a condi-
tion of ‘potential semistability’ to get a reasonable category of Galois representations, it
is then a hard theorem that all representations coming from geometry are potentially
semistable. As in the ¢-adic situation, it is this potential semistability that is crucial
in attaching Weil-Deligne representations to the p-adic Galois representations coming
from geometry, and thus being able to formulate a weight-monodromy conjecture in this
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case, as well as including the case ¢ = p in /-independence results and conjectures. The
vanishing cycles formalism is also a lot more involved, see for example [8,/18].

The situation we are interested in, namely F of equal characteristic p and ¢ = p (i.e.
F = k((#)) is even more mysterious. More precisely let & be a field of characteristic p, 7
a complete DVR whose residue field is £ and fraction field K is of characteristic 0. Let
7 be a uniformiser for 7, fix a norm |-| on K such that |p| = p~!, and let r = |71 > 1.
Here the monodromy theorem one has concerns (¢, V)-modules over the Robba ring Zx,
where the Robba ring

Ry = { Y ait' eK[t,t 7]
i

In<1s.t. Iailni—>0asi—>—oo
Vo<1, lajlp* —=0asi—o0

is the ring of functions converging on some open annulus 1 < [¢| < 1. These (¢, V)-
modules can then be viewed as p-adic differential equations on an open annulus, to-
gether with a Frobenius structure (here K is a complete p-adic field of characteristic 0
with residue field &). As well as the ‘constant’ (¢, V)-module Zx and its Tate twists, ex-
amples of such modules include the Bessel isocrystal introduced by Dwork in [5]]. This
is a free Zg-module of rank 2, with basis {e1,e2} on which the connection acts via

V(eq) = t_znzez, V(eg) = t_lel

0 O) ().

These modules appear in nature as the fibres of overconvergent F-isocrystals on a
smooth curve C/k around a missing point

Spec(k(¢)) — C

and the Frobenius acts via some matrix A with detA =p and A = (1 0

and can be viewed as a p-adic analogue of Z-adic Galois representations.

However, has previously been no satisfactory link between these objects and the
p-adic cohomology of varieties over k((¢)), which is currently most easily expressed as
taking values in the category of (¢, V)-modules over a related ring, the Amice ring

Ex = { Y ait' eK[t,t ']

1

suplai|<oo,ai—>0asi—>—oo}
i

which is a complete p-adic field with residue field £((¢)), and the theory that gives rise to
these cohomology groups is Berthelot’s rigid cohomology X — Hlfig(X/éaK). Here (¢,V)-
modules have no obvious geometric interpretation, since &k itself does not, but they still
make sense as finite dimensional vector spaces over &x equipped with a connection
and a horizontal Frobenius. Although &x and Zx are both subrings of the double
power series ring K ﬂt,t_lﬂ, neither of them contains the other, and thus there is no
straightforward way to relate (¢,V)-modules over either to those over the other, and
hence no straightforward way in which to view quasi-unipotence of (¢, V)-modules over
Zx as a cohomological manifestation of potential semistability.

One of our goals in constructing a new theory of p-adic cohomology for varieties over
k((#)) is to connect rigid cohomology to the quasi-unipotence theorem, by showing that
each H Ii_ig(X /&x) has a canonical lattice over the bounded Robba ring

&= { Y a;t' eK[t,t 7]
i

supla;| <oo, I < 1 s.t. Iailni —>0asi—>—oo}
i

which appears as the intersection of Zx and &x inside K [[t,t_lﬂ. This is a Henselian
valued field with residue field £((¢)), and what we expect is a ‘refinement’ of rigid coho-
mology :

X~ H:ig(X/éaK)
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takings values in vector spaces over & , such that when we base change to §x we re-
cover &x-valued rigid cohomology. These spaces should also come with the structure of
(¢,V)-modules over 8;{ It is also worth noting that those (¢, V)-modules over Zx that
arise in geometry as the fibres of overconvergent isocrystals on smooth curves around
missing points are actually canonically defined over &l , since the pullback functor ac-

tually factors naturally through the category of (¢, V)-modules over éa;{

Actually there is a sense in which the existence of the theory H (X/éa;{) can be
viewed as an analogue of the mixed characteristic result that p-adic Ggalois represen-
tations coming from geometry are potentially semistable. The natural base extension
functor from (¢, V)-modules over éa;{ to those over &x is fully faithful, thus there is a
natural condition on (¢,V)-modules of being ‘overconvergent’, that is of coming from
a (¢,V)-module over éa;{ It is exactly those ‘overconvergent’ modules which can be
base changed to £k, and thus can be said to be ‘quasi-unipotent’ in a certain sense.
We can therefore view overconvergence as an equicharacteristic analogue of potential
semistability, and the existence of an éa};-valued cohomology theory as proving that
those (¢, V)-modules coming from geometry are overconvergent.

When we simply take 7 = W = W(k) to be the Witt vectors of %, then, for smooth
and proper varieties at least, this ‘overconvergence’ property of H, g(X/(‘J’K) was proven
by Kedlaya in his thesis [11], and using full faithfulness this means that one can just
simply define H;‘ig(X/é";) to be any (¢, V)-module over é"; whose base change to &k is
H?. (X/&k), and one gets a functor on the category of smooth and proper k((t))-varieties
essentially for free. Depsite this, there are many justifications for the long and some-
times tedious effort of setting up a new theory of rigid cohomology that we undertake
in these papers. Firstly, it is always conceptually and practically more satisfying to
actually construct something than merely show that it has to exist - Kedlaya’s overcon-
vergence result shows that the groups H;fig(X /é";{) have to exist, at least for smooth and
proper varieties, however, what we show 1s how we expect these cohomology groups to
be constructed. Secondly, the fact that our construction applies to arbitrary varieties
over k((t)), not necessarily smooth or proper, will enable us to extend these results to
include open and/or singular varieties. Finally, and currently somewhat more specula-
tively, we expect that our approach to the problem will most naturally lead to the devel-
opment of a p-adic vanishing cycles formalism and the construction of a p-adic weight
spectral sequence describing the weight filtration on H 1fig(X/(S’;{) ® & Zx, at least once

a suitably robust cohomological formalism has been developed.

To reiterate then, what we are seeking therefore is a refinement of Berthelot’s theory
of rigid cohomology taking values in vector spaces over the bounded Robba ring &l , and
the clue as to how to proceed in our construction comes from the observation that éa};
itself can be viewed as a kind of ‘dagger algebra’ over K, of the sort that appears in
Monsky-Washnitzer or rigid cohomology. Dagger algebras are quotients of the ring of
overconvergent power series

K(xl,...,xn)T = { Zale
I

dp>1s.t. IaIIpI —>0}

and appear when one calculates the rigid cohomology of smooth affine varieties X =
Spec(Ag)/k: one takes a dagger algebra A lifting Ag, then the rigid cohomology of X is
just the de Rham cohomology of A.

If we let Sk = ¥[¢] ®y K, and equip it with the 7-adic topology, then the Amice ring
&k is just the ‘Tate algebra’
Sk (x)

“1\ _
Sxit )= (tx—1)




’

over Sk, and the bounded Robba ring é";{ is the corresponding ‘dagger algebra

Skt

—1yF
KD S

In more geometric terms, we consider the ‘frame’
(Spec(k(2)),Spec(k[t]),Spf (¥ [¢]))

and let us suppose for a minute that we have a good notion of the ‘generic fibre’ of
Spf (7/[[tﬂ), as some kind of rigid space over K, let us call it [D% (the notation is meant to
suggest some form of ‘bounded open unit disc’, or an ‘open unit disc with infinitesimal
boundary’). If we believe that Berthelot’s notions of tubes and strict neighbourhoods
can also made to be work in this context, then the tube of Spec(k(£))) inside ID% should
be defined by

{venl|itor=1}

and a cofinal system of ‘strict’ neighbourhoods of this tube inside ID?{ should be given by
{x € ID?{| [t(x)] = r_l/”}.

Each of these should be the affinoid rigid space associated to the ring

a; €K, supla;| < oo, Iailr_’/"—>0asi—>—oo}
i

éarfl/n = (i’T = { Zi:aitl

and so we find that the global sections I'(D ) of the ring of overconvergent

ko gpec(k«t)»%ﬁ}
functions should be nothing other than é?’;r{

Luckily, Huber’s theory of adic spaces, or equivalently Fujiwara/Kato’s theory of
Zariski-Riemann spaces (as explained in [9] and [[7] respectively), provides the frame-
work in which to make these heuristics completely rigourous. Equipping Sx with the
m-adic topology, the adic space ID?{ :=Spa(Sk, ¥ [t]) admits a specialisation map

sp: D% — Spec (k[t])

and we can define the tube of Spec(k((%)) inside Do , which will be the closure of the
inverse image under the specialisation map. (The reason for this is that we want these
tubes to be ‘overconvergent’ subsets of [D?{). A cofinal system of neighbourhoods of
1Spec(k(t)) [D?{ is then given exactly as expected, and so we do genuinely get an iso-
morphism

(U ;pec(k((t)))@ﬂ)?() =8k

between global sections of an appropriately constructed sheaf of overconvergent func-
tions and éa;, Moreover, there will be an equivalence of categories between coherent

4 . . . +
J Spectk(( t)))@D% -modules and finite dimensional & -vector spaces.

Thus what this is suggesting to us is that we should be looking for is a version of
‘relative’ rigid cohomology, that is rigid cohomology relative to the frame
(Spec(k(#),Spec (k[t]),Spf(¥[¢]))
rather than the frame

(Spec(k(£)), Spec (1)), Spf (Os ))
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In other words, rather than compactifying our varieties over £((¢)) and then embedding
them in smooth formal schemes over Og, , we should instead compactify them over & [¢]
and then embed them in smooth, 7-adic, formal schemes over 7 [¢]. Thus we are lead to
consider the notion of a smooth and proper frame over 7 [t] as a triple (X,Y,*33) where
X is a k((t))-variety, Y is a proper, k[¢]-scheme with an open immersion X — Y, and 3
is a m-adic formal 7 [¢]-scheme together with a closed immersion Y — P such that B is
smooth over 7 [¢{] around X. We can then use Huber and Fujiwara/Kato’s theories to
systematically work on the generic fibre of such the formal scheme ‘3.

The reader familiar with Berthelot’s foundational preprint [3] might well suggest
that we can make sense of the generic fibre of Spf (7/[[)5]]) within Tate’s original theory
of rigid spaces as long as we are prepared to use the m = (r,#)-adic, rather than the
nm-adic topology. There are a couple of reasons why we do not do this. First of all, if we
want to compactify our varieties as schemes over k[¢], we need the mod-7 reductions of
the formal schemes of 7 [¢] we consider to be schemes, not formal schemes, over k[¢t].
Another reason is that the ;7 construction on the generic fibre of Spf (VHtﬂ) give rise to
the Robba ring Zk, not the bounded Robba ring éa}; If we are to construct a theory over
the latter, then we really must work with the p-adic topology on 7 [¢].

Thus we proceed to try to construct a theory of rigid cohomology relative to

(Spec(k(®)),Spec (k[¢]), Spf (¥ [¢]))

by using the notion of a frame (X,Y,3) over ¥ [¢] described above. Modulo some tech-
nical checks to ensure that the rigid spaces we want to consider are suitably nicely
behaved, the theory proceeds more or less identically to ‘classical’ rigid cohomology. We
get entirely analogous ‘standard’ systems of neighbourhoods, we have a strong fibration
theorem and a Poincaré lemma, and categories of coefficients are constructed in exactly
the same way (at least, ‘relative’ coefficients are, we will return to this issue shortly).
Thus a large bulk of this paper (and its sequels) consists of checking that as many of
the known results about rigid cohomology as possible can also be proved in our new
context. Thus our main result in this first paper is the following.

Theorem 5.12}5.18). For any variety X/k((t)) there are well-defined and functorial
cohomology groups Hliig(X/é";) which are vector spaces over é";{ There are also well-

defined and functorial categories of coefficients F-IsocT(X/é"};), as well as well-defined
and functorial cohomology groups H iig(X 187 ,&) with values in some coefficient object &.

As expected, the category F-Isoc'(X /é";{) will consist of certain modules with an over-
convergent, integrable connection on an appropriate tube, together with a Frobenius
structure. If we fix some Frobenius ¢ on 6’;{, then the cohomology groups H. iig(X /6’;;,6’)
will also come with a g-linear endomorphism in the usual fashion.

The vast majority of the definitions, results, and proofs in the first paper will be
entirely familiar to anyone well-versed in the constructions of ‘classical’ rigid cohomol-
ogy, as outlined in [3}/17]], and there are almost no surprises whatsoever to be found.
In parts we repeat more or less word-for-word the original proofs given by Berthelot
in [3] and Le Stum in [17], and in others (whenever we have suitable base change re-
sults to hand) we can actually use the fact that these results are known over &x to
give straightforward proofs. We hope that the reader will forgive us for going into such
detail with material that is essentially well-known, but we considered it important to
be as thorough as we thought reasonable, given the novel context.

The second paper in the series [14] is then concerned with trying to prove certain

basic properties that one expects of the theory X — Hlfig(X/éan ,&). The three most

important results that one would like to know about é’;{-valued rigid cohomology are
the following.



i) finite dimensionality, that is H 1fig(X /&7 ,&) should be finite dimensional over & ;

ii) bijectivity of Frobenius, that is the linearised Frobenius map

Hi

I T i T
L KIE &) 0y 6 — H (XIE].8)

rig
should be an isomorphism;

iii) base change, that is there should be a functor

F-Isoc'(X/&}) — F-Isoc'(X/&x)
&—&

giving rise to a natural isomorphism

Hi

i ~ i 3
1 X/E . E) 8 51 Ex = Hy, (X1ER.,6)

comparing the new theory to ‘classical’ rigid cohomology.

Of course, the third of these implies the other two, and in some sense is the most fun-
damental result. In fact, if we had a suitably robust proof of the third of these, then
actually a lot of the work in these papers would be unnecessary.

To see why, note that for any smooth and proper frame (X,Y,3) over 7 [¢] in the
sense outlined above, we can base change to get a frame (X ’Yk((t))’q:;@gK ), smooth and
proper over Og, in the ‘classical’ sense. If we could prove a suitable base change result
for any frame, that is that the base change of the rigid cohomology computed using
(X,Y,P) is the rigid cohomology computed using (X ,Yk((t)),‘B@gK), then finite dimen-
sionality and invariance of the choice of frame would follow immediately from the cor-
responding result in ‘classical’ rigid cohomology. However, the issue of base change for
the cohomology of rigid analytic varieties is somewhat delicate, and becomes even more
so when one introduces overconvegent structure sheaves, and we are not currently cer-
tain that this approach can be made to work. If it could, however, then it would given
must simpler proofs of the theorems in this paper and the next, as well as proving re-
sults going beyond what we have managed so far, for example finite dimensionally in
general, or cohomological descent.

Lacking such a base change theorem, we are forced to proceed in a more pedestrian
manner, and can only obtain limited results. The basic idea of how to prove base change
and finite dimensionality is to follow Kedlaya’s proof of finite dimensionality in [12], but
for reasons that we will explain shortly we were only able to make this work fully in
dimension 1. Thus the first step is to prove a suitable version of the p-adic local mon-
odromy theorem, which then implies finite dimensionality and base change for A'. This
is achieved again by exploiting the observation that the relation between é"; and 8k is
exactly analogous to the relation between a dagger algebra and its affinoid completion.
Hence we can prove our required result by ‘descending’ from the p-adic monodromy the-
orem over &k, in exactly the same way as Kedlaya proves a monodromy theorem over
a dagger algebra by ‘descending’ from the completion of its fraction field. In this part
of the proof, it is not really necessary to restrict to the ‘absolute’ one-dimensional case,
indeed, we see no reason why Kedlaya’s methods will not apply to give a generic push-
forward in relative dimension 1 exactly as in [12], which one might hope would pave
the way for a general proof of finite dimensionality for smooth varieties by induction on
the dimension.

It is in the second stage of the proof, however, that we find ourselves needing to
make the restriction to dimension 1, and is closely linked to the difficulty in giving a
‘Monsky-Washnitzer’ style interpretation of é";{-valued rigid cohomology. The problem
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is in finding a suitable morphism of frames (X,Y,) — (A ) extending

n n mn

k@ e[ Py
a finite étale morphism X — A} ., when n >1. When n =1 we can achieve what we
need by extending the ground field so that the compactification of X acquires semi-

stable reduction, thus we can choose a morphism Y — P! _ which is a local complete

E[¢]
intersection, and étale away from a divisor of I]J’i(( p it thus lifts. In higher dimensions
though, we were not able to find a suitable lifting to construct pushforward functors.
Thus the most general result concerning base change that we can currently prove is the
following.

Theorem ( [14]). Let X/k((t)) be a smooth curve, and & € F-IsocT(X/éa;{). Then the base
change map

Hi

i : 3
i X/6,8)® 1 Ex — Hy, (X/ER, )

is an isomorphism.

We also introduce éa;{-valued rigid cohomology with compact supports, and can prove
a similar base change theorem for smooth curves, although with restrictions on the
coefficients. Thus by using the fact that Poincaré duality is known over &x, we easily
obtain the following result.

Theorem ( [14])). For any smooth curve over k((t)) there is a trace map

Tr:H?

T i
c,rig(X/é"K) — (-1
such that for any & € F-IsocT(X/é";{) which extends to & € F-Isoc*(f/é";) on a smooth
compactification of X, the induced pairing

Hi

i 2-i (x /ot i
L XIEL. &) x HE L (X/6],6Y) — 85(-1)

c,rig

is a perfect pairing of ¢-modules over é";{

Finally, in the third paper [13]l in this series, we get to some arithmetic applications.
The first task is to introduce a more refined category of coefficients, one for which the
differential structure is relative to K, rather than éa;g. Objects & in the resulting cate-
gory Isoc’(X/K) will then have connections on their cohomology groups H iig(X 167 ,8),
arising via the Gauss—Manin construction. Thus if & is equipped with a Frobenius
structure, i.e. is an object of the category F-Isoc'(X/K), and X is a smooth curve over
k((t)), then the cohomology groups H 1‘;ig(X/6"T ,&) will be (¢, V)-modules over é’;{ Actu-
ally, to prove that the o0 and V-module structures are compatible is slightly delicate,
and necessitates a discussion of descent, this also has the added bonus of extending
gg-valued rigid cohomology to non-embeddable varieties. We also get connection on
cohomology groups with compact support, and the Poincaré pairing will turn out to
be a perfect pairing of (¢, V)-modules over é";{ Using this theory, we can then attach
p-adic Weil-Deligne representations to smooth curves over k((¢)), the point being that
Hiig(X/%K) = Hiig(X/é’IT{) ®g;( Rx will be a (¢, V)-module over Zg, and hence we can
use Mamora’s procedure from [[15] to produce an associated Weil-Deligne representa-
tion. This can then be compared with the ¢-adic Weil-Deligne representations coming
from /-adic cohomology. For more details see the introduction to [13]].

1 Rigid cohomology and adic spaces

In this section % is again a field of characteristic p, 7 a complete DVR whose residue
field is £ and fraction field K is of characteristic 0. Moreover x is a uniformiser for 7,
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and as above, we fix a norm |-| on K such that [p| = p~1, and let r = |7|~! > 1. Berthelot’s
theory of rigid cohomology

X'—>H1’fig

(X/K)
is a p-adic cohomology theory for k-varieties, whose construction we quickly recall. To
define H 1;‘ig(X /K) one first compactifies X into a proper scheme Y/k, and them embeds
Y into a formal scheme $3/7, which is smooth over 7 in a neighbourhood of X. One
then considers the generic fibre g of *13, which is a rigid analytic space, and one has a
specialisation map

sp:*Px — P

where P is the special fibre of B, that is its mod-7 reduction. Assocaited to the sub-
schemes X,Y c P one has the tubes

X[sp:=sp~ ' (X), IY[yp=sp '(¥),

let j :1X[z—1Y [y denote the inclusion. One then takes J';,Q]*Y[‘13 to be the subsheaf of

J *Q]*X[(13 consisting of overconvergent differential forms, that is those that converge on
some strict neighbourhood of 1X[s; inside 1Y [s3. The rigid cohomology of X is then

Hi

i - *
L X/K) = H' (1Y T, /5 Dy, ),

this is independent of both Y and 3.

In the theory that we wish to construct, we will want to consider the ‘generic fibres’
of more general formal schemes, namely 7-adic formal schemes topologically of finite
type over 7 [¢], and as such this falls somewhat outside the scope of Tate’s theory of
rigid spaces. Luckily, this is nicely covered by Huber’s theory of adic spaces, or equiva-
lently, Fujiwara-Kato’s theory of Zariski-Riemann spaces (the equivalence of these two
perspectives, at least in all the cases we will need in this article, is Theorem I1.A.5.2
of [7]). Thus as a warm-up for the rest of the paper, as well as to ensure ‘compatibility’
of our new theory with traditional rigid cohomology, in this opening section we show
that rigid cohomology can be computed using adic spaces.

This is rather straightforward, and is achieved more or less by showing that certain
cofinal systems of neighbourhoods for 1X[s; in 1Y [; inside the rigid space Pk are also
cofinal systems of strict neighbourhoods of 1X[y; in Y [z inside the corresponding adic
space. We can then use the fact that corresponding rigid and adic spaces have the same
underlying topoi to conclude that the two different constructions of ‘];(Q]*Y[m (in the

rigid and adic worlds) give the same object in the appropriate topos, and hence have the
same cohomology.

So let (X,Y,*3) be a smooth and proper frame, as appearing in Berthelot’s construc-
tion, that is X — Y is an open immersion of k-varieties, Y is proper over 2, Y — ‘P is a
closed immersion of formal 7-schemes and ‘B flat over 7 and formally smooth over 7 in
some neighbourhood of X. Let P denote the special fibre of *J3, so that there is a home-
omorphism of topological spaces P =*53, and let Z =Y \ X, with some closed subscheme
structure.

Note. A variety will always mean a separated scheme of finite type, and formal schemes
over 7 will always be assumed to be separated, m-adic and topologically of finite type.

In this situation, we will want to consider three different sorts of generic fibre of 3,
rigid, Berkovich, and adic. To describe them, we work locally on 3, and assume it to be
of the form Spf(A) for some topologically finite type 7 -algebra A, for any such A, we we
let A* denote the integral closure of A inside Ag := A ®y K.



* The rigid generic fibre 3™8. This is the set Sp(Ax) of maximal ideals of Ag,
considered as a locally G-ringed space in the usual way (see for example Chapter
4 of [6]). Alternatively, this is the collection of (equivalence classes of) discrete
continuous valuations v : Ax — {0} UR™O.

 The Berkovich generic fibre J3B¢". This is the set .#(Ak) of (equivalence classes
of) continuous rank 1 valuations v : Ax — {0} UR>?, considered as a topological
space as in Chapter 1 of [1]].

¢ The adic generic fibre. This is the set Spa(Ax,A") of (equivalence classes of) con-
tinuous valuations v : Ax — {0} UT into some totally ordered group I (of possibly
rank > 1), satisfying v(A™) < 1. It is considered as a locally ringed space as in [9].

Remark 1.1. Whenever B is a topologically finite type K-algebra, that is a quotient of
some Tate algebra K(xi,...,x,), we will also write B* for the integral closure of the
image of ¥ (x1,...,x,) inside B, and Spa(B) instead of Spa(B,B*). Note that B* does
not depend on the choice of presentation of B.

Remark 1.2. It is generally conventional when working with higher rank valuations for
them to be written multiplicatively, and we will do so throughout this article. Hence
the slightly strange looking definition of the Berkovich space .#(Ak).

There are several relations among these spaces, for example, there is an obvious
inclusion 9pBe" — 9324 which is not continuous, but there is a continuous map [-]: 329 —
BBer which exhibits 93P as the maximal separated (Hausdorff) quotient of 932 (as
follows from Proposition II.C.1.8 of [7]). There is also an inclusion 38 — 9324 a5 the
subset of rigid points, this factors throughout 3P¢*. For x a point of any of these spaces,
we will write v,(-) for the corresponding valuation, note this is compatible with the
embeddings "€ — PBer — P2d but not with the map [-]: 324 — Ber,

For # € {rig, Ber,ad} there are specialisation maps

sp:‘B#—>‘B:P

which are compatible with the inclusions 3"'¢ — 3Bt — 332 hut not with the quotient
map []: 9324 — BB The maps P& — P and P24 — P are continuous (for the G-
topology on B"€), but the map PP — P is anti-continuous, that is the inverse image
of an open set is closed and vice versa.

Definition 1.3. For the closed subvariety Y c P define the tubes
]Y[%g = sp’l(Y) c ;Drig
]Y[%ar = sp~L(Y) < pBer
]Y[%l = Sp—l(Y)o Cmad,

note the fact that the adic tube is the interior of the ‘naive’ tube sp~1(Y). Also note
that this definition works for any closed subset of P, in particular we can talk about the
tubes 1Z[f;.

These tubes can be calculated locally as follows. Suppose that 33 = Spf(A) is affine,
and th_at f1,...,fn € A are functions such that Y c P is the vanishing locus of the reduc-
tions f;. Then we have:

WIS = {x e e
]Y[%I‘ = {x c gBBeI‘

]Y[aqé1 = {xegﬁad

va(fi) < 1Vi}
vx(fi)<1Vi}

bpa(fi) < 1Vif

10



again note the difference in the description of the adic tube. Also worth noting is the
fact that ]Y[g§1 is the inverse image of ]Y[%er under the map [-]: 329 — g3Ber,

Lemma 1.4. In the above situation we have:

VI = UIYES, where

n=1

[Y]?zd — {x € gpad

v <1 w},
and

]Y[;ég = [Y158, where

n=1

[Y];ig _ {x c mrig

ve(m ) <1 Vi}
are (admissible) affinoid coverings.

Proof. Note that each [Y 1€ = Sp(A g (T)Y(xT~f")) = {x e P8 | v (f) < r Y} is affinoid,
and these form an admissible cover of ]Y[l%g by Proposition 1.1.9 of [3]..

In the adic case, note that each [Y]‘,"Ld = Spa(Ag(TY/(nT — ™)) is an affinoid open
subspace of P24, we must show that they form an open cover of ]Y[%i. Firstly, note

that v, (771 f?) < 1= v (T ™) < 12 vp(f) < 1 V" < 1 (recall that r = |7]~1), the first
implication following from Lemma below and the second using the fact that vp
is a valuation of rank 1, so can be viewed as a multiplicative map into R*°. Hence
[y1ad C]Y[;"J‘éi for each n.

Now suppose that x e]Y[24

B that is vp,(f;) < 1. Then there exists some n such that
v[x](n_lfi”) < 1. Hence again by Lemma below we must have vx(n_lfi") <1 and
hence x € [Y124 for some 7. O

Lemma 1.5. Let & = Spa(B) be an affinoid adic space for some B topologically of finite
type over K. Then for any point x € X and any f € B we have

ve(f) <1 =>v[x](f)S 1
V() <1=>v.(f) <1

Proof. Let I ¢ B denote the support of the valuation v, corresponding to x, that is
the ideal of elements with valuation 0. Let V, be the valuation ring of the induced
valuation v : Frac(B/I) — {0}uT, and let P, c V, denote the prime ideal of elements
whose valuation is < 1. The radical p := /() < P, of () is a height one prime ideal of
V. to which we may associate a rank one valuation vy, : Frac(B/I) — {0} UT”, which is
the valuation associated to [x] (see for example I1.3.3.(b) of [7]]). Since p c P, it follows
that v(1) =1 =vy(1) =1 for all A € B/I, which proves the first claim. For the second,
note that we may assume that v,(f) #0, thatis f ¢ I, and hence v, and v, both extend
uniquely to valuations on B{f1). To obtain the second claim we now just simply apply
the first to £ L. O

In particular, ]Y[24 is an adic space locally of finite type over Spa(K). In ILB of [7],

Fujiwara and Kato construct an equivalence
X — X

from the category of adic spaces locally of finite type over Spa(K) to rigid spaces locally
of finite type over Sp(K), which is such that Spa(B), = Sp(B) for any affinoid algebra B,
and such that (323)y = P for any formal scheme P of the type considered above. The
previous lemma allows us to deduce the same result for the tube 1Y [s3.

11



Corollary 1.6. There is an isomorphism
ad\  ~1v[rig
Y o =1V I3

as rigid spaces over Sp(K).

This should convince any doubtful reader that the definition above of ]Y[adl is the

correct one. Note that in all cases # € {rig, Ber,ad}, the specialisation map glves rise to
a map

#
Definition 1.7. For the open subvariety X c Y define the tubes

X[ == sp ™ (X) IV [f
]X[qBBer i=sp '(X) C]Y[%r
IX[58 = sp~1C0) IV I

again note the fact that the adic tube is the closure of the ‘naive’ tube sp~1(X).

As before, these tubes can be calculated locally as follows. Suppose that 3 = Spf(A)
is affine, and suppose that g1,g2,...,8m € A are functions such that X =Y n(u;D(g;)),
where g; the reduction of g;. Then we have:

]X[rlg {x E]Y[rlg

3j st va(g)) = 1}

]X[Bel' {x E]y[BeI‘

Jj st ve(gj) = 1}

IX[5¢ = {x eIV 3 )z1}

and again note that 1X [?ﬁl is the inverse image of ]1X [%*r under the map [-]:329 — g3Ber,
For # € {rig, Ber,ad} denote by

Sy vt
the canonical inclusion, note that for # = Ber, ad this is the inclusion of a closed subset,

but for # = rig this is an open immersion. For # = Ber,ad and a sheaf &% on ]Y[#qg we de-

fine jT Z = j.j L, however, the definition in the rigid case is slightly more involved.
b'¢

Definition 1.8. A strict neighbourhood of 1X [rlg in ]Y[ is an open subset V C]Y[;ég
such that ]Y[rlg vulz [r1g is an admissible open covering, where recall that Z is the

complement of X in Y. For any such V, we let jy : V —»]Y[rlg be the canonical open
immersion.

For a sheaf & on ]Y[rlg define j;? = colimy jv.j,'F, where the colimit is taken
over all strict nelghbourhoods Vof IX [%g in ]Y[gigg .

Definition 1.9. The rigid cohomology of X is defined to be

Hi (X/K) = H (Y [, 75 0 e

This does not depend on the choice of frame (X,Y,3).

12



We want to show that we can compute this instead as

i d T —1
Hl(]Y[am ’.]X ]Y[ad) Hl(]X[ »J Q]y[ad)

In order to do this we must first recall Berthelot’s construction of a cofinal system of
strict neighbourhoods from Section 1.2 of [3]. For j3 affine we have constructed affinoids
[YT'® and [Y]‘,"‘ld, which depended on the choice of functions f; € Oy cutting out Y in the
reduction P.

Lemma 1.10. For n > 0 the affinoids [Y]rlg and [Y]";‘Ld are independent of the choice of
the f;. Hence they glue over an open affine covering of *33.

Proof. For [Y]l,;ig this is proved in 1.1.8 of [3]l, and the proof for [Y]i’Ld is identical. O

Note that ([Y]29), = [Y15%, and that these are the same as the closed tubes [Y]-un

of radius =", constructed by Berthelot in [3]. We also have
#
]Y[g/_g yrr,
n>0

and this is an admissible covering if # = rig. Similarly, when B is affine and we have
fi,gj as above, so that Y = n;Z(f;) and X =Y n(U;D(g;)) we can define

Ule - {xe]Y[“g 3j s.t. vg(n g'")>1}

Uad = {x e]Y[“g

3j s.t. ve(mm™ 1gm)> 1}
as well as

rig _ rig
e {x eIy

NCRPAESY

U, = {xe]Y[;3 velnlg =1}

so that U} = u;U* ».» and this is an admissible open covering when # = rig. As before,
for m > 0 these are independent of the choice of the g; and hence glue over an open
affine covering of 3. Finally we set
=Yl U},
=[YI,nU; ;

nmj

so that V,f, =u JV# - and this covering is admissible when # = rig.

Lemma 1.11. When ‘B is affine, the V# ;are affinoid, and (V34 ) = yrie

n,m,j nm]

Proof. Suppose that ‘B = Spf(A) is affine, and choose f;,g; as above. Then

Vad ~S AK<T1""5TIL,S>
o] (xTi~fi,n—-87S)
Vrig =g Ag(T4,...,T,,S)
i (T - fi,m—g7S)
and the lemma follows. O
Corollary 1.12. For all frames (X,Y,*B), we have (Vad Yo = ,f‘,gn 0

13



Now, for any increasing sequence of integers m(n) — oo, we let
#_ #
Vﬂ - l;JVn,m(n)'

The previous corollary tells us that (Vﬁd)o = Vzg , and it it proved in 1.2.4 of [3]] that the

Vgg for varying m form a cofinal system of strict neighbourhoods of ]1.X [;g inside ]Y[%g .
In order to show that the same is true in the adic world, we need the following lemma.

Lemma 1.13. Let & = Spa(B) be an affinoid rigid space, locally of finite type over K.
Let V c % be an open subset, and g € B such that

VD{xE%| U[x](g)Z 1}.
Then there exists some m such that
VolxeXZ v (n g™ =1},

Proof. Let T = Z \V denote the complement of V, this is a quasi-compact topological
space. As in §11.4.3 of [7], g defines a continuous function ||g|| : & — R=0 (although
the function there depends upon a choice of an ideal of definition .# and a non-zero
constant ¢ < 1, there are canonical choices in our case, namely .# = () and ¢ such that
the induced norm on constant functions is the fixed norm on K).

This induces a continuous function

lgl: T — r=°

which is in effect a consistent normalisation of |v[x](g)| € R for varying x. Therefore by
assumption ||g||(T) < [0,1). But since T is quasi-compact, so must its image under | g||
be, and hence || g](T") < [0,7] for some 1 < 1. Hence

Tc{xeX |v(g)<n}
and by Lemma [1.5] there exists some m such that
Tc{xeX |v(n g™ <1},
The claim follows. O

Proposition 1.14. As m varies, the Véd form a cofinal system of open neighbourhoods
of ]X[g;‘ inside ]Y[gg.

Proof. Let V c]Y [y be an open subset containing 1X[x3. It suffices to show that for all
n there exists some m such that

[YI,nV2olY],nUp.

Since the [Y], are quasi-compact and glue over an open affine covering of 13, we may
assume that 3 is affine, and hence the [Y], are affinoid. Let g; € Oy be functions
whose reductions g; satisfy X =Y n(u;D(g)), so that

[Y1,nUy = Uij,j
[Y1n 0 Upj={xe Y]] ver g™ = 1}

It thus suffices to show that for all j, there exists m such that Vn[Y], o2 [Y],nUp ;.
But this is exactly the content of Lemma above. O
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Before we prove the fundamental result of this section, Proposition we need
the following topological lemma.

Lemma 1.15. Let i : T — V be the inclusion of a closed subspace T of a topological space
V. Suppose that there exists a basis 9B of open subsets of V such that for every W € %
and every open subset U' of V containing T N'W, there exists an open neighbourhood U
of Tin'V such that UNW c U’. Then for any sheaf % on V there exists an isomorphism

ii ' = colimysrju i F

where the colimit runs over all open neighbourhoods U of T in V, and jy : U — V denotes
the corresponding inclusion.

Proof. Note that by general nonsense, i 1 commutes with sheafification, we claim that
the same is actually true for i .. Indeed, for any presheaf ¢ there is a natural morphism

(9" — i.(9%)

where (—)* denotes sheafification. To check that it is an isomorphism, we can check on
stalks. For any point x ¢ T, the stalks of both sides at x are 0, and for any point x € T,
the stalks of both sides at x is just the stalk ¥,.

It thus follows that i, i~ L% is the sheafification of the presheaf

W — colimyy~rw (U, ).

Since sheafification preserves colimits, it follows that colimy -7 /i« jl_]lg is the sheafifi-
cation of the presheaf
W — colimy-7T'(U N W, %).

thus there is a natural map
colimysrjusjgtF —ii ' F
which is induced by

{UsT—{U >WnT}
U—~UnW.

The condition in the statement of the lemma is exactly that this is a cofinal map of
directed sets for a basis for the topology of V. O

Proposition 1.16. Under the equivalence (—)g : (]Y[gg,@]yv[ad) = (]Y[%g,@]y[rig) of ringed
B B
topoi induced by Corollary[1.6land I1.B.2(e) of [7)], we have an isomorphism

(G0 = ik (Fo)
for any O)yaa-module F.
Ry

Proof. First note that Proposition[1.14]also holds when we restrict to an affinoid subset
of P24, and hence the conditions of Lemma 1.15are met for the inclusion 1X [?g—»]Y[ad,
and we have

JF = colimpjms jrk F
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where j,, : V&d —1Y[24 denotes the inclusion. The functor (-)y commutes with push-
forward and pullback, and hence by 1.2.4 of [3]], which proves an analogue of Proposition
1.14]in the rigid world, we have

(%o = (colimpmjms i Fo
= colim im0+ J o F0
= (o)
as required. O

Corollary 1.17. There is an isomorphism

i ad T i rig 1‘ *
H (YT, 7% ]Y[ad/K) H Y1y XQ]Y["g/K)
Proof. This follows from the previous corollary together with the fact that there is an

isomorphism (Q* ) = O

v [ad/K ]Y[“g/K

2 Rigid cohomology over Laurent series fields

Let 2,7 ,K,n,r be as in the previous section. As discussed in the introduction, if we
take our ground field to be £((¢)), the Laurent series field over %, then rigid cohomology
is a functor

X~ H;ig(X/éaK)

taking values in vector spaces over the Amice ring

Ek = { Zaiti EK[t,t_l]]

supla;| < oo, ai—>0asi—>—oo}.
i i

Again, as we said there, if we are to obtain a theory

X — H} (X/E})

taking values in the bounded Robba ring

= { Zaiti €Eéx
i

then we need to take into account overconvergence conditions along ¢ = 0, or, in other
words, we should compactify our varieties over k[¢] rather than over £((¢)). This leads
to the following definition.

In<ls.t. Iailni —0as i—»—oo}

Definition 2.1. A frame over 7 [¢t] is a triple (X,Y,]3) where X — Y is an open immer-
sion of a k((¢)-variety X into a separated, k[¢]-scheme Y of finite type, and Y — ‘B is
a closed immersion of Y into a separated, topologically finite type, n-adic formal 7 [¢]-
scheme. We say that a frame is proper if Y is proper over k[¢] and smooth if 3 is smooth
over 7 [[t] in a neighbourhood of X. We say that a k((¢))-variety X is embeddable if there
exists a smooth and proper frame of the form (X,Y,}3).

Example 2.2. Two extremely important example will be the frames
1 1 Bl
(Ak((t))’ Pk[[t]]’PV[[t]])

and A
(Spec(k((t))) ,Spec (k[¢]), A;[[t]])

for n = 0. Here (*) denote the z-adic completion functor on schemes over ¥ [¢].
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Since we will now be exclusively we working with Huber’s adic spaces, or equiva-
lently Fujiwara/Kato’s Zariski-Riemann spaces, we will henceforth (unless otherwise
mentioned) use the word rigid space to mean a rigid space locally of finite type over
Spf(7[t])"® in the sense of Definition 11.2.2.18 and 11.2.3.1 of [7], or equivalently an
adic space locally of finite type over Spa(Sg, ¥ [¢]) in the sense of (1.1.2) and Definition
1.2.1 of [10]], where Sg = 7 [t] ®y K. The equivalence of these two definitions is Theorem
I11.A.5.2. of [7], and we will freely pass between the two interpretations, also note that
this includes the notion of ‘classical’ rigid spaces locally of finite type over K in the sense
of Tate. All rigid spaces we will consider shall be locally of finite type over Sk, and for
any Sk-algebra B, topologically of finite type over Sk, denote by B* the integral closure
of the image of ¥ [¢](x1,...,x,) inside B for some presentation Sg(x1,...,x,) — B. We
will also denote Spa(B,B*) = Spf(B*)"8 by Spa(B), none of this depends on the choice of
presentation. If B = Ag := A ®y K for some topologically finite type 7 [¢t]-algebra A, we
will also write A* for the integral closure of A inside B, thus A* =B™.

Remark 2.3. It is worth noting that since 7 [¢] is Noetherian, thus we satisfy the hy-
pothesis (1.1.1) of [10] as well as being in the ‘t.u. rigid Noetherian’ case of [[7]].

If (X,Y,) is a frame then we will let Px = P& denote the generic fibre of P,
this is an rigid space of finite type over [D% := Spa(Sk, 7 [t]). We will also let P denote
the mod-7 reduction of B, so that there is a homeomorphism P =‘J3. Then there is a
specialisation map

sp:*Pgx —P=P
as in §I1.3.1 of [[7], which locally on *J3 can be described as follows. If 53 = Spf(A), then
points of PBx can be identified with certain valuations on Ag, and points of Spf(A) with
open prime ideals of A. Then the specialisation map sends v : Ag — {0} UT to the prime
ideal consisting of elements a € A such that v(a) < 1.

Let ['Br] <*Px denote the subset of points whose corresponding valuation is of rank
1, by I1.2.3.(c) and Proposition 11.4.1.7 of [7]] there is a map

[[1:Bx — Bkl

which takes a point to its ‘maximal generisation’. The set [Bx] is topologised via this
quotient map, with respect to this topology it is Hausdorff, and [-] identifies [ ] with
the maximal Hausdorff quotient of Px (Proposition I11.2.3.9 of [7]). With respect to this
topology, the inclusion [Px ] — Px is not continuous in general.

This has the following local description. Suppose that 3 = Spf(A) is affine, so that
Bx = Spa(Ag), the set of (equivalence classes of) continuous valuations v on Ag such
that v(a) < 1 for every a € A*. Then [Pxl = #(Ak) is identified with the Berkovich
spectrum of Ak, that is the set of (equivalence classes of) continuous rank 1 valuations
Ag — {0} UR>? (although in [7], this identification is only made for affinoid algebras
over K, the same argument as given in Propositoon I1.C.1.8 of loc. cit. will work more
generally). The map Spa(Ag) — #(Ak) can then be described as follows. Let v: Ag —
{0} UT be a valuation, and let I € Ax denote its support. Let v : Frac(Ag/I) — {O}uT
denote the induced valuation, and V its valuation ring, with valuation ideal P, c V.
Then p = \/(7) c P, is a height one prime ideal of V, and hence corresponds to a rank
one valuation vy : Ag — {0} U R>%. Then [v] = Up.

If Z c P a closed subset, we define

1Zlp=sp 1 (2)°.

to be interior of the inverse image of Z by the specialisation map. Exactly as in the
previous section, if spy.; : [Pk ] — P denotes the induced specialisation map on the subset
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of rank 1 points, then we have 1Z[; = [-]_l(sp[__]l(Z )), and if locally we have f; € Oy whose
reductions f; define Z inside P, then

1ZIyp= {x € P | vp(fi) <1 Vi}

(Proposition I1.4.2.11 of [7]]). Specialisation induces a continuous map spy :1Z[z— Z. If
U c Z is open, then we set

Wiy=spy @)

Again, we have [U[y= [-]’l(sp[f]I(U )) which shows that JU[y; only depends on U and ‘B
(and not on Z) and if locally we have g; € Oy such that U = Zn(U;D(g;)), then

WUlyp={x€lZly | 3j s.t. vi(gi) = 1}.

Remark 2.4. i) We will often refer to sp;,l(U ) as the interior tube of U, and denote it
by IU [?43' We do not know if it is literally the interior of ]U[s:, however, this should
not cause too much confusion.

ii) Since Og, = ¥ [t](t™1), if U is actually a scheme over £((#)) then this interior tube
is a rigid space locally of finite type over &x. Moreover if g; are as above, then it
can be described as

{x €]Z[q3 | 3j s.t. vx(gj) > 1}.
In particular, if ‘B@gK denotes the base change of 9 to O, then for U/k((?)), the
interior tube of U in ‘P and the interior tube of U in ‘B@gK (defined in the obvious
manner) are equal as rigid spaces over &x.

iii) Since |U[y= [-]_1(sp[__]1(U )) for any locally closed subscheme U c P, we can see
that the formation of tubes behaves well with regard to unions and intersections
of subschemes of P. For example, if U = U; UUy; is a union of closed subschemes
U;, then JUl3=1U1[zUlUsls3, and if U,V are subschemes of P such that UnV = g,
then JU[zN1V[p= @. Note that neither of these is immediately obvious from the
definitions. Another fact that follows along the same lines that we will need later
on is that if we have a Cartesian diagram

U! ;B/

|k

U——p

with horizontal arrows immersions, then ul‘{l(]U[cp) =1U’ [
If (X,Y,P) is a frame, we let j :1X[z —1Y [z denote the inclusion. As in the previous
section, for a sheaf & on ]Y [z we define j;? = LF.

Definition 2.5. We define the rigid cohomology of the frame (X,Y,]3) to be

HE (G0 Y V6 = H Y o, Qi) = B OX T~ Qi)

rig
We will see shortly that these are indeed vector spaces over 6";, thus justifying
the notation. Beforehand, however, we will first discuss how the cofinal systems of
neighbourhoods we saw in the previous section can be constructed entirely similarly in
the context of frames over 7 [t].
So suppose that we have a frame (X,Y,3), with ‘B affine, and let f;,g; € Oy be
functions such that, letting f;,g; € Op denote their mod-7 reductions, we have

Y =n;V(f)) <P
X=Yn(u,Dg,).
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Define

[Y], = {xePx | von 1) = 1Vi}
Un,j= {xE]Y[sp | V(™ gm)> 1}

U ZUJUmj
Vam,j =¥ 1nNUn,;
n,m =[Y1,nUp

as in the previous section. Exactly as before, for n,m > 0, these do not depend on
the choice of f;,g;, and hence glue over an open affine cover of 3. Moreover, we have
1Y = UplY,]. We will also need a slightly different version of the U, which better
reflects the fact that we always have a non-trivial open immersion X — Y. With this in

mind, we choose g;. such that X =Y nD(#)n (u jD(g;.)), and define

Uy, = {xel¥ iy | vetr g™ = Loy o™ 2 1}

U’ =UjU J
nm] =[YI.NUn,;
m—[Y]nmUm’

again these do not depend on the choice of the g’. and hence glue over an open affine
covering of 3. Finally, for any increasing sequence of integers m(n) — oo, we set

Vﬂ = U Vn,m(n)

U n,m(n)

Proposition 2.6. i) Foralln =0, both V, , andV, n m form a cofinal system of neigh-
bourhoods of [Y1, N1XIsy in [Y1,.

ii) As m varies, both V,, and V,, form a cofinal system of neighbourhoods of 1X [y in
]Y[fp. o

Proof. Exactly the same argument that proves Lemma and Proposition works
here. O

We can now prove that our notation for the rigid cohomology of a frame over (X,Y,3)
is justified.

Lemma 2.7. The cohomology groups H;lg((X Y, B)E ) are vector spaces over é";{

Proof. There is a morphism of frames
(X,Y,B) — (Spec(k(2)),Spec (k[t]), Spf (¥ [¢]))
which induces a morphism of ringed spaces
Y b,/ Ovt) = B e Opy)

where [Dé’{ = Spa(Sg, ¥ [¢t]). Now just observe that by Proposition and Lemma m

that
Sg(T) _gt
(r—tmT) K

and the lemma follows. O

b ot 5
F(DK’JSpec(k((t)))@Dg.) = colim,,
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3 Sundry properties of rigid spaces and morphisms between
them

In this section we collect together a few technical results we will need about rigid spaces
and morphisms between them, and as such it can be safely skimmed and the results
referred back to as necessary. There are certain properties of morphisms of rigid spaces,
that we will need to use, such as finite, proper, etc., which are defined both by Huber
in [10] and by Fujiwara and Kato in [7]. Since results proved both in [10] and in [7]
will be useful for us, it will be necessary to know that the two definitions coincide.
Thus part of this section is devoted to proving these equivalences. We will also need a
results concerning the étale locus of a morphism of rigid spaces. First, however, we will
prove a few results about the support of coherent sheaves on rigid spaces, and about the
interaction of closed analytic subspaces with the kinds of open subspaces considered in
the previous section. Unless otherwise mentioned, all rigid spaces will be assumed to
be locally of finite type over ID?{.

Definition 3.1. Let & be a rigid space. Then a closed analytic subspace of & is a
subspace defined by a coherent sheaf of ideals .# c G4 . This is again a rigid space, with
structure sheaf given by Gy /.#.

Remark 3.2. Note that by Proposition I1.7.3.5 of [[7] a closed analytic subspace of X is
exactly the image of a closed immersion of rigid spaces in the sense of Definition I1.7.3.7
of loc. cit.

Proposition 3.3. Let & be a coherent sheaf on a rigid space &. Then the support
supp(F) of & is contained in a closed analytic subspace of &.

Proof. The question is local on &', which we may thus assume to be affine & = Spa(B)
for some topologically finite type Sk-algebra B. Then & is the Oy -module associated
to some finite B-module M. If %22 is the coherent sheaf on X = Spec(A) associated to
M, and ¢ : & — X the canonical morphism of ringed spaces, then & = ¢* %2 (see for
example §11.6.6 of [[7]]). Hence

supp(F) € ¢ L(supp(F %))

and supp(Z2'8) is the closed subset V (I) of Spec(A) defined by the ideal I = Ann(M) c A.
By Proposition I1.7.3.16 of [7]], this inverse image coincides with the closed analytic
subspace of Spa(A) corresponding to /. O

Proposition 3.4. Let & be a quasi-compact rigid space, and f e (X ,0x). Let T c X
be a closed analytic subspace, and suppose that

Tn{xeX | v(f)=1}= .
Then there exists some m such that
Tr{xeZ v (n f™) =1} =g.

Proof. The question is local, so we may assume that &, and hence T, is affinoid, say
T = Spa(B). Let g € B be the pullback of f, we are required to show that

ve(g@)<1VxeT=3Im st ve(n g™ <1VxeT.

By Lemma (or rather, its analogue for rigid varieties over Sk, the proof goes over
verbatim) we may restrict to height one points x € [T']. But now this can be rephrased
as

ve(g) < 1Vx € [T1= Im s.t. ve(g) <r V™ Va e [T,

20



so if we let ||-[lsup = Sup,e_4(B)v(-) denote the spectral semi-norm on B, then it suffices to
show that
v(g)<1Vve M(B)= lglgyp <1.

This then follows from compactness of . (B). O

Remark 3.5. This proposition is closely related to the fact that the underlying set of a
closed analytic subspace of & is an overconvergent closed subset of &, i.e. the inverse
image of a closed subset of [Z].

Now we turn to proving the equivalences we require between the definitions of sep-
aratedness, properness and finiteness given by Huber and Fujiwara/Kato.

Definition 3.6. A morphism & — % of rigid spaces is separated if the diagonal mor-
phism
AN —->XxqgX

is a closed immersion. Note that this is the definition given in both [7]] and [10].

Definition 3.7. From now on ‘rigid variety over Sk’ will mean ‘rigid space separated
and locally of finite type over ID%’.

Note that by Corollary 11.7.5.12 (3) of [[7], any morphism between rigid varieties is
separated. Any morphism is also locally of finite type in the sense of Definition 11.2.3.1
of [7]] by Proposition I1.2.3.2 of [7]], and in the sense of Definition 1.2.1 of [10]] by Lemma
3.5 (iv) of [9]. A morphism of rigid varieties over Sk is of finite type (in the sense of
either [7] or [10]) if and only if it is quasi-compact. Indeed, this follows by Proposition
11.7.1.5 (1) of [7] and is the definition of finite type in [|10].

Definition 3.8. A morphism f: & — % of finite type between rigid varieties over Sg
is said to be:

i) proper in the sense of Huber if for any morphism Z — % of adic spaces (not
necessarily locally of finite type over ID?{) the map

X xgZ—ZF

is closed.

ii) proper in the sense of Fujiwara/Kato if for any morphism Z — % of rigid spaces
(not necessarily locally of finite type of ID?{) the map

X xyZ—>Z

is closed.

Note that a priori the two definitions are not the same, since the category of objects
we are base changing by could be different. However, by Corollary I1.7.5.16 of [7] it
suffices to check the universal closedness for Fujiwara/Kato properness for Z = Dy, for
n =1, and hence Huber properness implies Fujiwara/Kato properness.

To show the converse, we first recall some notation. For an adic formal scheme
X of finite ideal type, not necessarily of finite type over ¥ [t], we let X"€ denote the
associated coherent rigid space in the sense of §I1.2.1 of [7]]. For a rigid variety & over
Sk and x € X we let A, = @;%,x denote the stalk of the integral structure sheaf of &

at x, By =Oq x = A [771] the stalk of the structure sheaf, m, the maximal idea of By,
and K, the residue field B,/m,. Corollary I1.3.2.8 of [7]] tells us that m, < A,, and that
V, := A,/m, is a valuation ring inside K,. Let k, denote the residue field of V,.
Following §1.1 of [10]], we define an affinoid field to be a pair (A”,A*) where A" is a
valuation ring with quotient field A”, and the valuation topology on A is induced by a
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valuation of rank 1. Following §I1.3.3 of [7]], we define a rigid point of a rigid variety &
over Sk to be a morphism of rigid spaces Spf(V)™8 — & (not necessarily of finite type
over ID%) where V is an a-adically complete valuation ring for some a € my \ {0}.

Lemma 3.9. If f : & — % is Fujiwara [ Kato proper, then it is Huber proper.

Proof. This more or less follows from the respective valuative criteria, i.e. Theorem
11.7.5.17 of [[7]]| and Lemma 1.3.10 of [10], with a little care taken to ensure that rigid
points of & correspond to morphisms Spa(A”,A*) — % where (A”,A") is an affinoid
field.

So suppose that we have a diagram of adic spaces

Spa(A”,AT) —— &

| ]

Spa(B”,BY) —— %

with & — % Fujiwara/Kato proper, such that A” = B>, we must show that there is
a unique morphism Spa(B”,B*) — % making the diagram commute. Actually, since
X — % is separated, by the valuative criterion for separatedness (i.e. Lemma 1.3.10 of
[10]) it suffices to show that there exists such a morphism. Note that since Spa(A”~,A")
only depends on the completion (A”, A*) we may assume that A> = B> is complete, and
we have valuation rings Bt c AT c A™.

Then by 1.1.8 of [10]], the morphism Spa(A”,A*) — & corresponds to a pair (x,¢)
where x € Z and ¢ : K, — A” is a continuous homomorphism such that V, = ¢~ 1(4").
Hence this extends uniquely to a morphism V, — A* of complete valuation rings (where
V, is the m-adic completion of V) and hence a rigid point Spf(A*)™® — &, similarly the
morphism Spa(A”,B*) — % corresponds to a rigid point of %, and there is a commuta-
tive diagram

Spf(A*)" —— &

l

Spf(B*)" —— .
Since the morphism Bt — A" is a localisation at a prime ideal of B, the morphism
Spf(A*)" — Spf(B*)™®

is a generisation in the sense of I1.7.5(c) of [7], and hence there exists a unique mor-
phism Spf(B*)"® — 2 making the diagram commute. Again, the rigid point Spf(B*)"¢ —
% corresponds to a point x € Z and a continuous homomorphism V, — B* of com-
plete valuation rings, and hence a continuous homomorphism V, — B*. This extends
uniquely to a continuous homomorphism K, — A” and hence a morphism Spa(A~,B*) —
X as required. O

Henceforth we will simply refer to a morphism f : & — % of rigid varieties over Sg
being proper.

Definition 3.10. A morphism f: % — % of rigid analytic varieties over Sk is said to
be:

i) finite in the sense of Huber if locally on % it is of the form
Spa(B) — Spa(A)
for some finite morphism A — B of topologically finite type Sg-algebras A, B;
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ii) finite in the sense of Fujiwara/Kato if locally on # it arises as the generic fibre of
a finite morphism X — 2) between formal schemes of finite type over 7 [¢].

It is clear that Fujiwara/Kato finiteness implies Huber finiteness.

Lemma 3.11. If f : & — % is Huber finite, then it is Fujiwara/ Kato finite.

Proof. We may suppose that f is associated to a finite morphism A — B of topologically
finite type Sk-algebras. Let A* — B* be the associated morphism of +-parts, note that
B7* is the integral closure of A" in B. Choose b1,...,b, € B* which generate B as an
A-module, and hence topologically as an A-algebra. Since each b; is integral over A™,

AT — A'[by,...,b,]
is a finite formal model for A — B. O

Henceforth we will simply refer to a morphism f : & — & of rigid varieties over Sk
being finite. Having proved the required equivalence between the different definitions
of properness and finiteness, we move on to the second main result of this section,
concerning the openness of the étale locus of a morphism of rigid varieties over Sx.

Definition 3.12. Let f : & — % be a morphism between rigid spaces over Sg, A : & —
X xqy X the closed immersion defined by the diagonal, and .# = ker(Og x,, 90 — AsOy)
the kernel of the multiplication map. Then we define the module of differentials

Qb =N (F) = 9/9%.
by 1.6 of [10] this is a coherent G4 -module,
While the following definitions are not those given in §1 of [10], the results there

show that they are equivalent.
Definition 3.13. A morphism f: % — % of rigid varieties over Sk is said to be:
1) unramified if Qé{ s = 0;
ii) flat if for each x € &, Ox , is flat over Oy f(y);
iii) étale if it is flat and unramified.
It follows immediately from Proposition that the locus where a morphism f :

X — % is not unramified is a closed analytic subspace of &. The following result says
that the same is true for étaleness.

Proposition 3.14. Let [ : & — % be a morphism of rigid varieties over Sg. Then f is
étale away from a closed analytic subspace of X '.

Proof. We may assume that f is unramified, and the question is local on both & and
2%, which we may thus assume to be affinoid. Hence by Proposition 1.6.8 of [10] we may
factor & — % as a closed immersion g : & — Z follows by an étale map h: Z — %.
Thus it suffices to show that the closed immersion g: & — Z is an isomorphism away
from a closed analytic subspace of Z. But now this just follows from the fact that g is
an isomorphism away from the support of the coherent sheaf

ker(Cz — g.0q)
together with Proposition|3.3 O

Remark 3.15. Note that this closed subspace will in general be the whole of &', and this
result will only be useful when we already know that f is generically étale, i.e. étale on
some open subset of X'.
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4 Independence of the frame

In this section we prove that for a smooth and proper frame (X,Y,*3), the rigid coho-
mology '
HL (XY, PVéh)

only depends on X, and gives rise to a functor

i il
Hiig(X 1€%)
on the category of embeddable varieties. (It is relatively easy to then extend this to
non-embeddable varieties, we will do this in the sequel [13]). We will follow closely
Berthlot’s original proof of independence for rigid cohomology in [2] and [3], the key
results being the Strong Fibration Theorem and the overconvergent Poincaré Lemma

below.

Proposition 4.1 (Strong Fibration Theorem). Suppose that

YI i’ ;B/

AN
v u
is a diagram of frames over V [t]], such that v is proper, and u is étale in a neighbourhood

of X. Then ug induces an isomorphism between a cofinal system of neighbourhoods of
1X[yp in 1Y [y and a cofinal system of neighbourhoods of 1X[syr in 1Y '[g.

Proof. We follow closely the proof of Théoréme 1.3.5 of [3]. We may replace Y’ by the
closure of X in Y’, and hence assume that z"%(X)nY' = X. Using the standard neigh-
bourhoods V;, constructed in the previous section, it therefore suffices to prove that for
all n > 0 there exists some d = n, such that

Y1 nug (Y1 nUp) = Y1, NUp

is an isomorphism for m > 0. The question is local on *J3, which we may thus assume to
be affine, isomorphic to Spf(A). After base changing to [Y ], we may assume that [Y], =
Bk and that the closed immersion Y — P of Y into the reduction of 3 is nilpotent. The
question is also local on X, which we may thus assume to be of the form D(¢g)nY for
some g € A. Thus we have

Un={xePx | v(p )™ = 1}
and we wish to show that there exists some d = n such that
Y'anug'Un) = Up

for m > 0. Let P and P’ denote the reductions of P and P’ respectively, and let U,, =
ul_{l(Um). Write P, =Y xp P' and Py = X xp P’, note that P}, has the same underlying
space as P'. Since P}, — X admits a section around which it is étale, it follows that X
is open and closed in P}, and since P} is open in P}, X must be open in Py,

Let D = P, \ X be the closed complement, since X cY" it follows that P}, is the union
of its two closed subschemes Y’ and D, and P is the union of its two components X
and Py \X=Dn u~1(X). Thus we have

Py =1Y [y U D[y
1Py [sp= u X [yp) =1X[g U (DL N uz AX )
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the first being an open covering and the second being a decomposition into components.
Arguing by quasi-compactness, we can see that there must be some d,/ such that

PBx =[Y'lquID];.
Since u Y X)nY' = X, it follows that
1Yl 0 1Dy 0 ug' (1X [sp) =1X [ N1D [, =1X N Dlsyr= @,

so a fortiori [Y'lg n[D]; N ul}l(]X [3) = . By the maximum principle applied on the
separated quotient of [Y']; Nn[D]; together with Lemma we can see that we must in
fact have

[Y'lanID;nU,, =¢

for m > 0. Thus U}, =([Y'lgnU,,)u(D];nU),) is a decomposition of U}, into compo-
nents.

Define T¢ =[Y'lq nUy,, this is an open and closed subset of U,,, and hence a quasi-
compact rigid space over Sg. By Remark[2.4(2) and the weak fibration theorem (Propo-
sition 1.3.1 of [3]), T — Up, induces an isomorphism between the interior tubes 1X [%3,
and 1X [;3. By Proposition [3.14] the locus where T¢ — Up, is not étale is a closed an-
alytic subset of Ty, and the fact that it is étale on the interior tubes together with
Proposition implies that Ty — Uy, is étale for all m > 0. Since ug is proper, we
must also have that Ty — Uy, is proper, thus by Proposition 1.5.5 of [10] it is finite.

Proposition I1.7.2.4 of [7]] now shows that (again, for m > 0) T;{" — U, is the mor-
phism associated to a coherent Oy, -algebra <, say, and by the ‘classical’ weak fibra-
tion theorem we know that this morphism is an isomorphism on the interior tube 1X[3,.
Hence by applying Proposition to the kernel and cokernel of Gy, — </, and then
using Proposition [3.4] we can see that it is an isomorphism on U, for m > 0. This
completes the proof. O

To be able to use this, we will need to know that, locally, a smooth morphism of
frames (X,Y,’) — (X,Y,*B) factors into an étale morphism of frames followed by a
projection (X ,Y,Adm) — (X,Y,P), where Y is embedded in Adm via the zero section.
This is the content of the following lemma.

Lemma 4.2. Let
YI i/ gp/

Sl L

be a diagram of smooth frames over ¥ [[t], such that u is smooth in a neighbourhood of
X. Let 9’ c Oy denote the ideal of Y' in ', and I' that of Y' inside Py, =P’ x Y.
Suppose that there are sections ti,...,tq € T(Y',#') inducing a basis f1,...,tq of the
conormal sheaf I'/I'% in a neighbourhood of X. Then the morphism ¢ :p' — ;‘X% defined

by t1,...,tg maps Y' into Y and is étale in a neighbourhood of X.
Proof. The proof is identical to that of Théoréme 1.3.7 in [3]]. O

The other fundamental result that we require is a suitable version of the Poincaré
Lemma.

25



Proposition 4.3 (Poincaré Lemma). Let (X,Y,B) be a smooth frame over ¥ [t], and let
u:(X,Y, A ) — X,Y,)
be the natural morphism of frames. Then the induced morphism
T Oy — RugsjL Qo
JxYIYly UK+Jx 1Y [5q 1Y [
B
is a quasi-isomorphism. Hence the induced morphism
* - *
Ix Qs — Rux *JXQ]Y[% Sk

is a quasi-isomorphism.

Proof. The question is local on 3, which we may thus assume to be affine, 3 = Spf(A).
Let f; € A be functions whose reductions f; define the ideal of Y inside P and choose
gj € A such that X =(D(#®)n(U; D(E;)))NY.

First suppose that d =1, and let D}?K denote the unit disk (R%/M )k = Spa(Sg(X))

over Sk, with co-ordinate X. If we let [Y], = {x € Pk | vx(n‘lfi”) <1Vi}, then 1Y [p=
UnlY 1., and we may base change to [Y ], and hence assume that 1Y [s(y=Fx. Now define

Y7, = {x € P x5 DY, | ve(r X" < 1}

= xE]Y[Al

{ v ™) = 1, 3j s.t. vx(ﬂ_lg;.”) > 1}
{xE‘ﬁKl v 1t™) =1, 3j st vl 1gm)>1}
{xE]Y[/_A\l

=12 €PBx v =1, v g = 1}

vx(”_ltm) =1, Ux(ﬂ_lg;'n) = 1}

so that, by Proposition and the preceding discussion, ]Y[A\%3 =UplY,,and Y1, nU,,
(resp. Up,) is a cofinal system of neighbourhoods of 1X [A};} N[YT, in [Y]), (resp. X[y

in ‘Bg). To prove the claim, it suffices to prove it after base changing to each U, ; for
some fixed mg, hence we may assume that there is only one g, or in other words that
there exists some g such that

U,,n = {x E]Y[A%3

V(@ ) 21, v g™ = 1}
Un={xePx v 1t™) 21, v, (x 1 g™) =1}

Hence each [Y1), nU,, (resp. Uy,) is affinoid, and if we let B, ,, (resp. By,) denote the
affinoid algebra over Sk corresponding to [Y], nU), (resp. Up,), then we have

1 ~ 1/; o
Bn,m :Bm<7‘ nX) = m

We next claim that the result holds for global sections on P, that is

colimy, By — RT(Pr, Rure o/ Uy, i)
B
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is an isomorphism. Indeed, letting j, » : [Y1, nU,, — [Y], denote the natural inclusion
we have a sequence of quasi-isomorphisms

RI(Bx,Ruk. j&QfY[Ad ) RF(]Y[%,J;(Q]*Y[ )
Y

Ml

~ . -t *

=Rlim, RIAY ], 75 Qpyr vy vy,
B

= RlimnRF([Y];l,colimmjm’n*QFY]hnUr,n/Um)
= Rlim,colim,, RT([Y 1, Rjm s Q
= Rlim,colim,, RT([Y], N Urln’QFY];LmU;n/Um)

= Rlimycolimy, 'Y T, Uy, Oy e ir )

= Rlim,,colim,, (B, (r'"X) — B, (r/"X)d X).

* )
[Y1,nU,/Upn,

Thus what we want to prove is that
colim,, B, — Rlimy,colimy, (B, (r'"X) — B, (r/"X)d X)
is a quasi-isomorphism. Write
H' = colim,, H: (B, (r'" Xy — B, (r"X)d X)
H’ = H/(Rlim, colim,, (B, (r /" Xy — B (r'"X)d X))
so that we have
H° =1lim, H?
H?=lim! H!

and an exact sequence
0—lim,H! - H! - lim!H° - 0

and H/ =0 for j #0,1,2. Since Hg = colim,,B,, for all n, and the transition maps
H! —H! | are all zero, it follows that H = colim, B,,,, H! = H? =0 and hence

colim,, B, — RI(Px, Rux J';Q]*Y[Al ¥l
B

is a quasi-isomorphism as claimed. Since a similar calculation holds when we replace
B by any open affinoid subset, the claim in relative dimension 1 follows.
In the general case we consider the tower

2D

. ) . @-1
X Y,AQH= XY AZH ~ S XYP
and we know that at each stage,
F (k) =T *
IxOwiy — Rug ixQyr, avi,
ks PUN
is a quasi-isomorphism. We want to deduce that in fact
o (k) 1 *
JXQ]Y[;\k,lm/]Y[qg —Rug,J XQ]Y[A;&} NY Iy
is a quasi-isomorphism. To do so, we consider the Gauss—Manin filtration F* on

.
IxSyr, nvig
T
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arising from the composition 1Y [z —1Y[gs-1—1Y [, this is defined by
B B

(k))

it o i e Y
F (JXQ]Y[A;% nyig) =0 Qyp, pyry, ® @ VL1V Ty JXQJY[;\g33 NY 1"
B %

Since the terms in the exact sequence

BN _ 4ol _ it .
0 — Qi) Tx iy, avig ~ Ix v, vy — Ix v, vy, 0
B B B RY
are locally free, we can deduce that
iito (k)y* w—i
Grp(x Qi aviy) = @ Tx Qv vy ©IX L, W Tt
Ap B

and hence
(k) -1
Ruy) Grp(x Qiyy, 5 M¥I) = Ty, g YTy ® Rug) (5 Q) YT, AYT5 1)
ﬁ B B
= JXQ]Y[Ak,lﬂY[qB [=il.
PB
Thus examining the spectral sequence associated to the Gauss—Manin filtration gives
(k) Tk
Ruy (JX 1Y 15 /]Y[q_}) JXQ]Y[Ak,l/]Y[cp
B
and repeatedly applying this gives
Rug.(ji Qs )=t e
KxUX Y [ YTy = Ix YW Iy
RY

as required. Again, to deduce the last statement we use the Gauss—Manin filtration on
J XQ Vi, ISk arising from the composition 1Y [za —1Y [z — [Db in exactly the same way.
B
W

(Note that local freeness of j XQ]Y[xp ISk follows from combining smoothness of I3 over
7[¢] in a neighbourhood of X with Propositions|[3.3|and3.4]) O

Finally, we will need to know a certain degree of locality on X. If Z=Y \Z and E is
any sheaf on Y[z then we define EEE by the exact sequence

t 4
0-IE—~E— L E—o.

E=zjl  EandI, It E=TT E.
Lemma 4.4. Let (X,Y,P) be a V[t]-frame, and X = szlXj a finite open cover of X.

Then for any sheaf E on 1Y [z there is an exact sequence of sheaves

4
0_’JXE HJXE_’ I1 JX 5N Xy E—...—jyx,E—0

]0<l1 !

Note that ]  and 1“T are exact, and we have ] X ] X

on 1Y [xp.

Proof. We follow the proof of Proposition 2.1.8 of [3], and proceed by induction on the
size of the covering n. The case n = 1 is obvious, so assume that n = 2 and let X' =
U;?:zX ;- The induction hypothesis implies that

4 4
0—>]X,E HJXE—> l_[ _]XJ_OX_E—>...—>JQ,LXE—>0

1<j 1<jo<i; 07 Jj=2
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is exact. Let Z' =Y \ X' so that the complex

— F
=0—-E— H]XE—> H ]X X, E_'"'_)Jm’LX'E_’O)
1<j 1<jo<ij j=2"J

is a resolution of EE,E . Letting Z1 =Y \ X; we get an exact sequence of complexes
0—-T' K'—-K' - K -0
A X1 :
We can identify j;lK * with the complex

4 4 +
O—»JXIE—> H,JXmX-E_'"'_'"'er-X-E—’O
1<,] J JT

and hence we can identify the double complex associated to K* — j&lK * with

-
0—E— H]XE—> H]X x B x B0

]0<lj

This is quasi-isomorphic to EEIK °, which by exactness of ETZI is in turn quasi-isomorphic

toT TZ FTZ,E r, " E. Thus we have a quasi-isomorphism

t .t
I E=Z|0—E— HJXE—> H]X X, E—»...—»JanjE—>O

J0<LJ
and hence an exact sequence
&
0—>JXE H]XE—> H _]X X, E— ...—>_]anjE—>O
J0<L]

as claimed. O

We can now put this all together to prove that, up to isomorphism, the rigid coho-
mology of (X,Y,*]3) only depends on X.

Theorem 4.5. Let
YI i/ ;B/

Sl L

X——y ——p

be a diagram of smooth frames over V¥ [t], such that v is proper, and u is smooth in a
neighbourhood of X. Then the natural maps

i i NS
H (XY, V) — H, (XY RV}

are isomorphisms for all i = 0.

Proof. We closely follows the proof of Theorem 6.5.2 in [17]]. It suffices to prove that the
natural morphism

Y Y
Ixygsg — RUK«Tx Qyris,
is a quasi-isomorphism, this question is clearly local on 3, and is local on X by Lemma

Also note that we may at any point replace Y or Y’ by closed subschemes containing
X.
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First assume that v =id is the identity, so we actually have a diagram
(/Bl
L
x—2.vy i,y

with u smooth around X. In this case the question is also local on P/, and hence we
may assume that the conclusions of Lemma [4.2]hold. Hence we may factor u as

XY, P % X,Y,AR) © (XY, P)
where v is étale in a neighbourhood of X. Hence by Proposition [4.1] we have
Fo ok ~ st o
JXQ]Y[Ad ISk = RuK*JXQ]Y[mr/SK’
B
by Proposition 4.3| we have
it o =Ru/, it Q*
IX YISk = PRI XA g ISk
B
and combining these two then gives the result.
Next assume that v is projective, then exactly as in Lemma 6.5.1 of loc. cit. by

localising on 3 and X, and replacing Y’ by some closed subscheme containing X we
may assume that we have a morphism of frames

Y/ i” {pl!
4
v u'
with u’ étale around X. We consider the diagram of frames

(X’Y’7q3, an (’B”) — (X’Y,’m’)

| |

XY PN —— X,Y,P)
and by the case v =1id already proven, we deduce that
Ruj, /5 Q5 = Rug. j Q)
KxI X AN ogniSg = KT X34y Sk

since both are isomorphic to Ruf, j;Q]*Y,[‘B’Xm‘B” Sk’ where u” 1B x5 P” — P is the

canonical map. Again using Proposition 4.1 we deduce that

i = Rul, j5 Q = Rug.j Q)

JX Y gpiSkx = PURI XY gniSg = KT X2y /S
as required.

Finally we consider the general case. Thanks to Chow’s Lemma (see 7.5.13 and
7.5.14 of [16]) we may blow-up B3’ along a closed subscheme of Y’ outside X, and obtain
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a diagram

Y —%

where vou' is projective. Since the closed subscheme we are blowing up is contained in
V(7) =B, the induced map u}{ is an isomorphism on generic fibres, as well as between
tubes. Hence we get : )
. * ~ ! . *
JXQ]Y’[(‘B//SK = RuK*JXQ]Y”[\Bn/SK'
The projective case already proven then implies that

JeQwigisg =Rwou)x *J';(QTYH[W/SK =Rug *j;QikY’[qy/SK

as required. O

Of course, in the usual way by considering the fibre product of two frames this
implies that the rigid cohomology of any two smooth and proper frames of the form
(X,Y, %) and (X,Y’,B’) are isomorphic. Exactly as in the discussion following Corol-
laire 1.5 of [4]], we then get a functor

i T
X~ Hfrig(X/é"K)

from the category of embeddable k((¢))-varieties to gg-vector spaces. We can thus sum-
marise the results of this section as follows.

Theorem 4.6. There are functors

X — H!

rig

X/E))

from the category of embeddable varieties over k((t)) to vector spaces over éa;{, which can
be calculated as Hi(]Y[gp,j;Q]*Y[m) for any smooth and proper frame (X,Y ,*3). More-
over, the functoriality morphism

f*HL (X168} — HL (X'16))
associated to a morphism f : X' — X of embeddable varieties can be calculated as that
induced by a morphism of smooth and proper frames (X',Y',3") - (X,Y, ).

We will extend this to include coefficients in the next section, and to non-embeddable
varieties in the sequel [[13].

Remark 4.7. Actually, we get slightly more, since the proof shows that we can define the
rigid cohomology Hiig((X ,Y)/é";{) of any embeddable pair (X,Y) consisting of an open
immersion of a k((¢))-variety into a flat, finite type k[¢]-scheme. We do so by choosing
a closed immersion Y — ‘B into a finite type formal 7 [¢]-scheme, smooth over ¥ [¢]
around X.

One interesting special case of this is when Y is a compactification of X as a k((¢))-
variety. In this case, we choose an embedding of Y into a finite type formal Og, -scheme,
smooth around X, then such a formal scheme is also of finite type over ¥[¢], and
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smooth over 7[t] around X. Hence H iig((X ,Y)/é";{) is just the usual rigid cohomol-
ogy H fig(X/gg). More generally, if Y is actually a k((¢))-variety, then Hiig((X ,Y)/é";{) is
just the usual partially overconvergent rigid cohomology H ;ig((X ,Y)IEk).

Another interesting special case is when Y is taken to be a model for X over k£[¢],
in this case Hiig((X ,Y)/é”;{) is a version of convergent cohomology taking values in éa};
rather than &x. However, since this will not be finite dimensional in general, we see no
reason to believe that this should be an éf{-structure on the usual convergent cohomol-
ogy Hiony(X/6x):= HL, (X, X)/EK).

5 Relative coefficients and Frobenius structures

In this section we introduce the coefficients of the cohomology theory X — H iig(X /é";{),

namely overconvergent isocrystals (relative to é";{). We follow closely the definition
of overconvergent isocrystals given in Chapter 7 of [17], which is the inspiration for
most of the definitions and results here. The definitions we give will transparently not
depend on any choice of a smooth and proper frame containing X, however, the key re-
sults will be a characterisation in terms of modules with overconvergent connection on
a given frame, as well a characterisation of the pullback functor induced by a morphism
of varieties in terms of a morphism of frames. We also define cohomology groups with
values in an overconvergent isocrystal, which a priori does depend on a choice of frame,
however, the results of the previous section (or rather, their proofs) will easily imply its
independence from such choices. We then discuss Frobenius structures on isocrystals,
and introduce the fundamental category of coefficients, the category F-Isoch(X/(‘oa;{) of
overconvergent F-isocrystals on a k((¢))-variety X, and give a characterisation in terms
of modules with overconvergent connection on a frame, together with a Frobenius struc-
ture. Nothing in this section should contain any surprises for those familiar with the
theory of rigid cohomology, however, given the novel setting, we thought it best to pro-
ceed as slowly and thoroughly as we considered reasonable.

The categories of coefficients that we will consider in this section are relative coef-
ficients, that is their differential structure is é"lz-linear. This is the set-up most closely
linked to classical rigid cohomology, and is also that in which it is perhaps most nat-
ural to state and prove the version of the p-adic monodromy theorem we will need in
order to show finite dimensionality of gz-valued rigid cohomology for smooth curves.
In fact, it is the proof of finite dimensionality for smooth curves in the sequel [14] that
requires us to introduce categories of coefficients, since our eventual strategy will be to
push forward via an étale map to Al. However, for our eventual purposes of studying
questions such as the weight monodromy conjecture and independence of ¢, these coef-
ficients will not be enough. In a sequel [13], we will introduce and study categories of
‘absolute’ coefficients, i.e. those for which the connection is relative to K, and not éa;r{
These objects will then come with a natural connection on their cohomology groups, the
Gauss—Manin connection, and these groups will therefore become (¢, V)-modules over
éa;{ For now, though, we will start with the definition of the categories of ‘relative’ co-
efficients that we will be interested in, that is overconvergent isocrystals on varieties
over k((#)) and frames over ¥ [¢].

Definition 5.1. i) Let X/k((¢)) be a variety. An X-frame over ¥ [¢] is a frame (U, W,Q)
over 7[t] together with a £((¢)-morphism U — X. A morphism of X-frames is a
morphism of frames commuting with the given morphism to X.

ii) An overconvergent isocrystal on X, /é";{ is a collection of coherent j L@’]W[ o-modules,
&q, one for each X-frame (U,W,9), together with isomorphisms u*&n — &g for
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every morphism of X-frames u : (U',W',Q') — (U,W,£), which satisfy the usual
cocycle condition. The category of such objects is denoted Isoc (X /éf’;{).
iii) Let (X,Y,P) be a ¥ [¢]-frame. A overconvergent isocrystal on (X ,Y,‘B)/éf’;{ is a

collection of coherent j{,@]w[ﬂ-modules, &9, one for each frame (U,W,Q) over
(X,Y,PB), together with isomorphisms u*&n — &g for every morphism of frames
uw: (U, W, ,Q")— (U,W,Q) such that the diagram

U' W) —— U,W)

N

X,Y)

commutes, and which satisfy the usual cocycle condition. The category of such
objects is denoted Isoc’((X ,Y,‘B)/é‘;r{).

These are abelian tensor categories, which admit internal hom objects, and are such
that the natural ‘realisation functors’ commute with tensor products (at this stage we do
not know flatness of isocrystals, and therefore do not know exactness of the realisations
or commutation of realisations with internal hom). There is an obvious functor

Isoc'(X/&)) — Isoc' (X, Y, P)&N)

induced by the forgetful functor from frames over (X,Y,3) to frames over X. It is
straightforward to verify that the category Isoc’(X /éa;r{) is local for the Zariski topology

on X, and that Isoc’((X, Y,‘B)/é";;) is local for the Zariski topology on 3. Zariski locality
of Isoc(X /6“;{) with respect to X follows from the lemma below.

Lemma 5.2. Let (X,Y,P) be a ¥ [¢t]-frame. Then restriction followed by push-forward
induces an equivalence of categories

colimy Coh(Gy) — Coh(j Gry1,,)

where the colimit runs over all open neighbourhoods V of 1X [y inside 1Y [sp.

Proof. Entirely similar to the proof that we will give later on for modules with connec-
tion, Lemma [5.13 O

Ifu:(X,Y',98)— (X,Y,) is a morphism inducing an isomorphism between cofinal
systems of neighbourhoods of 1X[y in 1Y [y and 1X[q in 1Y [y, then the pullback
functor

u* :Isoc' (X, Y, P)/&)) — Isoc (X, Y, B)/&])

is an equivalence of categories. The first step in interpreting overconvergent isocrystals
on an embeddable variety is the following.

Proposition 5.3. Let u : (X,Y',P) — (X,Y,B) be a smooth and proper morphism of
frames over V [t]. Then the pullback functor

u* :Isoc'(X,Y,P)/E)) — Isoc (X, Y, B)/ED)

is an equivalence of categories.
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Proof. The proof, as the proof of the corollary below, goes exactly as in Chapter 7 of [17]],
and is very similar to the proof of Theorem [4.5|above. The question is local on I3 and X,
and we may also at any point replace either Y or Y’ by a closed subscheme containing
X. Again, we divide the proof into three stages.
First assume that the induced map Y’ — Y is the identity, so that we actually have
a diagram
m/
/|
u
with u smooth around X. Here the question is also local on B/, and hence we may
assume that we can factor u as

XY P = (X,Y,AL S (XY, )

where v is proper and étale. Since w admits a section inducing the identity on X, it is
formal that it induces an equivalence

Tsoc (X, Y, P)E}) = Tsoc (X, Y, AGVE})
and the fact that v induces an equivalence
Tsoc' (X, Y, Ag)/&5) — Isoc (X, Y, R Vé})

follows from the strong fibration theorem, i.e. Proposition |4.1]
Next we assume that Y’ — Y is projective, hence by localising on X and 3 and
replacing Y' if necessary we may assume that we have a morphism of frames

Y/ i" (Bl/

A

with u’ étale around X. We consider the diagram of frames

(-Xy Ylym’ X‘,B SBH) — (X,Ylam/)

| |

XY, P —— X, Y,P)

and by the case v = id already proven, together with the strong fibration theorem, we
deduce that

Isoc'(X,Y',0)/&}) = Isoc (X, Y, xon P VEL)
=Tsoc' (X, Y, 0"VER) = Isoc (X, Y, V&),

Finally we consider the general case. As in the proof of Theorem we may blow
up P’ along a closed subscheme of Y’ outside of X to obtain a frame (X,Y"”,3") such
that Y is projective over Y. Now, since the blow-up induces an isomorphism between a
cofinal system of neighbourhoods of 1X[y in 1Y'[pr and 1X [pr in 1Y"[zn, we therefore
have

Isoc' (X, Y, 0)/&)) = Isoc (X, V", B"V&L)
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But by the projective case already proven, we have
Isoc' (X, Y, P)/&)) = Isoc' (X, V", P"VEL)
and the proof is complete. O

Corollary 5.4. Let (X,Y,]3) be a smooth and proper frame over ¥ [t]. Then the forgetful
functor
Isoc'(X/&)) — Isoc' (X, Y, P)&])

is an equivalence of categories.

We can now interpret Isoc' (X ,Y,‘B)/cg’};) more concretely, first in terms of modules
with stratifications, and then in terms of modules with connections. Let us first recall
the definitions of stratifications and connections in rigid geometry, as well as the notion
of an overconvergent stratification for frames.

For a frame (X,Y,3) and any n = 1, we let B” denote the n-fold fibre product
of P with itself over ¥ [¢], the diagonal embedding allows us to consider the frames
(X,Y, "), and the natural inclusions and projections between the different 3" induce
morphisms of frames

X, Y, 3" - (X,Y, ")

which we will generally denote by the same letters, e.g. A for the diagonal morphism
XY, P)— (X, Y, P,

p1,p2 for the two morphisms of frames
XY, P = X, Y,P.

and pi9, pas, p13 for the projections from the triple product to the double product.

Also, for any smooth rigid variety Z over Sk, we let ™ denote the nth infinitesi-
mal neighbourhood of & inside & xg, %, and p(in Vo™ % fori= 1,2 the two natural
projections.

Definition 5.5. Let (X,Y,]3) be a smooth frame over 7 [¢].

i) An overconvergent stratification on a j}@]y[m -module & is an isomorphism
€:p18—py8

of j;(@]Y[‘BZ -modules, called the Taylor isomorphism, such that A*(¢) = id and
P13(€) = piy(€) o pya(e) on 1Y [ps. The category of coherent j;,@]y[YJB -modules with
overconvergent stratification is denoted Strat’ (X ,Y,‘B)/é";).

ii) A stratification on an 6’]17[9[3 -module & is a collection of compatible isomorphisms
p(ln)*éa it p(zn)*éa

satisfying a cocycle condition similar to that for overconvergent stratifications.
The category of coherent jj;(@’]y[ -modules with a stratifications as O}y(,,-modules

is denoted Strat((X, Y, PVé&R).

2y

iii) An integrable connection on a j;@]y[m -module & is a map

. 1
ViE =800y sy
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which satisfies the Leibniz rule and is such that the induced map

2.0 2
V€= &8 Dy sy

is zero. The category of coherent jj;(@’]y[q3 -modules with an integrable connection
is denoted MIC((X,Y ,B)/&))

Thus in the usual way there is an equivalence of categories
Strat((X, Y, P)/&5) — MIC(X, Y, BVE})
and pulling back via the natural morphism
VIR =1 [y
gives a functor
Strat (X, Y, B)V&)) — Strat(X, Y, BVE)).

Modules with overconvergent stratifications are related to overconvergent isocrystals
through the following construction. Given a smooth and proper frame (X,Y,3) and
F eIsoc' (X ,Y,‘J3)/é"};.), then we have isomorphisms

p1Fp — Fypr — Py Fp

and hence an isomorphism pj %y — p; %y which satisfies the cocycle condition on pLE
This induces a functor

Isoc'(X,Y,R)/&)) — Strat’ (X, Y, B)/&))

given by & — & := 3. This functor is easily checked to be an equivalence. Thus we
obtain a series of functors

Isoc'(X/&}) — Isoc' (X, Y, B)/&)) — Strat’ (X, Y, LV&))
— Strat(X, Y, PVé&)) — MIC(X, Y, B)/&R)

with everything except Strat’ (X, Y,‘ﬁ)/g;{) — Strat((X, Y,‘I?)/éa;{) equivalences. We will
shortly show that in fact it is fully faithful, however, before we do so we will need the
following lemma.

Lemma 5.6. Let 1X [33 denote the interior tube of X as in Remark this is a rigid
space locally of finite type over &x. Then the restriction functor

COh(j;@]Y[%) — Coh(Oyx3)

is faithful.

Proof. The statement is local on 1Y [53, so by Lemma we may replace [Y [z by [Y1,.
Suppose that f : & — & is a morphism of coherent j,Ojy),-modules which restrict to
zero on | X [O‘BH[Y]’“ we may assume that there is a neighbourhood V of 1X[s3n[Y ], such
that f arises from a morphism fyf : Ey — Fy of coherent Oy-modules. The support of
im(fy) is contained in a closed analytic subspace of V, and does not meet ].X [;3 NY1,.
Hence by Proposition there must exist a neighbourhood V' of 1X[szN[Y], contained
in V such that the support of im(fy) does not meet V'. Hence fv is zero on V' and thus
f is zero. O
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Proposition 5.7. The functor
Strat(X,Y,B)V&}) — Strat(X, Y, BVE)).
is fully faithful, with image closed under tensor products and internal hom.

Proof. Since both categories admit a faithful functor to the category of coherent j} O1y [y
modules, it suffices to prove that the functor is full. That is, we must show that if a mor-
phism & — % between modules with overconvergent stratification commutes with the
finite level Taylor isomorphisms, then it commutes with the full overconvergent Taylor
isomorphism. By looking at the difference between the two natural maps p36 — p; %
(and p(zn)*é’ — p(ln)*g? for all n), it suffices to show that if v : pj& — p].F is such that
Wl]Y[&’? =0 for all n, then ¥ = 0. Note that this is a question purely about coherent

j;@’] X[y -modules.
Let P’ denote P ®; ;) O, and Y' denote Y ®,[, k(¢). Then Lemma 5.6/ above im-

plies that the restriction functor from coherent jj;(@’]y[ -modules to coherent j;@]y/

q} [Y’B’ -
modules is faithful. Similarly the restriction functor from j;f@“’[mz -modules to j;{ @’]yr[(n,2 -
modules is faithful, so it suffices to prove the corresponding statement for the tubes over
&k, that is if we have a morphism vy : p;& — p]F between coherent j;@]Y’[m,z -modules

such that wI]Y,[<n) =0 for all n, then ¥ = 0. But this is just a translation into the lan-

guage of adic spaces of Lemma 7.2.7 of [17].
The statement about tensor product and internal hom is then straightforward. [

Definition 5.8. We say that an integrable connection is overconvergent if it is in the es-
sential image of this functor. The category of modules with overconvergent connections
is denoted

MIC (X, Y, B)VE)) « MIC(X, Y, BVER).

In other words, a connection is overconvergent if the Taylor series converges in a
neighbourhood of ]X[xz2. The following theorem summarises the results of this section
so far.

Theorem 5.9. Let X be a k(t)-variety, and (X,Y,') a smooth and proper frame con-

taining X. Then the realisation functor & — &y induces an equivalence of categories
Isoc'(X/&}) — MICT(X, Y, p)é&h)

from overconvergent isocrystals on X/é”;r{ to coherent j;@’]y[m-modules with an overcon-

vergent, integrable connection.

Of course, this equivalence is natural in the sense that if u : (X', Y', ') — (X,Y,B)
is a morphism of smooth and proper frames over ¥ [¢], and f : X’ — X the induced
morphism of £((¢))-varieties, then the diagram

Tsoc (X/8)) — T Tsoc'(X"/61)

l l

MICT(X, Y, P)EL) — MICT(X', Y, B')/E))

commutes up to natural isomorphism. The following particular case of this naturality
will be useful.
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Corollary 5.10. Let u: (X,Y',B) — (X,Y,B) be a morphism of frames inducing the
identity on X, and let & € Isoc'(X. /é?’;;) be an overconvergent isocrystal, with realisations
& e MICT(X,Y,BV/&}) and &' € MICT(X,Y', B'VE)). Then & = u*& as modules with
connection.

We now define cohomology groups with coefficients in an overconvergent isocrystal.
So suppose that X is an embeddable variety and & € IsocT(X/g;r{) is an overconvergent
isocrystal. For every smooth and proper frame (X,Y,]3) over ¥ [¢] we can realise & on
(X,Y,) to give a j;{@’]y[q3 -module &y with an overconvergent integrable connection.
Then we define the cohomology groups

Hi

(XY V6%, 8) = H (Y Iy, 8  Qjyy, s,

as in the constant coefficient case these are vector spaces over 6";{ Actually, to check
that this is compatible with the definition we gave in the constant case, we will need
the following lemma.

Lemma 5.11. Let (X,Y,B) be a smooth frame. Then for any @]Y[q}-modules E,F we
have a natural isomorphism

IxE ooy, )=/ E%0y, F
of j;@]y[m-modules.

Proof. First note that since j}é’ is supported on 1X[s3, so is j;é’ ®@]Y[‘13 &%, and hence it

suffices to prove the lemma after applying j 1. But now we simply have

J% 8 @0y, PN =i E 0oy, F)

.—1 .—1
= E® - F
.] J 1@’]1{[(}3 .]

1. -1 —1
= «J E® - F
J T J lﬁ]Y[ng
=i Y. te B0y, F)

:j—l(j:;(éa ®@JY[‘J3 g)

as required. O

Note that this lemma also implies that rigid cohomology can be calculated as

Hi ).

L (XY PYEL,6):= H (X[, (6@ Qfy

w/Sk
Theorem 5.12. Up to natural isomorphism IT-Iliig((X,Y,‘}3)/(5aT ,&) only depends on X
and & and not on the choice of smooth and proper frame (X,Y ,’B3). Moreover, the pull-
back morphism

ut HL (XY, PY6EL,6) — HL (XY PVEL. £ 8)
determined by any morphism of frames u : (X', Y',B') — (X,Y, ) only depends on the

morphism f : X' — X induced by u. Hence we get a functor

(X,8)— H'. (X/&},8)

rig
in the sense that for any pair of morphisms f : X' — X and f*& — &' there is an induced
morphism

Hi

T i T
L XIEL.6) —~ H (X166,

rig
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Proof. Identical to the case of constant coefficients & = @;/gT treated in the previous

3 K
section. O

We next show a characterisation of overconvergence of a connection, analogous
Theorem 4.3.9 of [17]. This characterisation will be local, so we will need to know
that overconvergence itself is a suitably local property. Clearly MIC(X ,Y,‘B)/é";{) and
MICT (X ,Y,‘B)/é’;{) are local on 3, we will need to know that they are also local on X.

We will let (X,Y,P3) be a smooth frame, and for all open neighbourhoods V' of 1X[s
inside 1Y [z we will let MIC(Oy/Sk) denote the category of coherent Oy -modules with
integrable connection relative to Sg.

Lemma 5.13. Restriction followed by push-forward induces an equivalence of categories
colimyMIC(Oy/Sk) — MIC((X, Y,‘B)/é’;z,)
where the colimit runs over all open neighbourhoods V of 1X[s; inside 1Y [s3.

Proof. Let us first prove the corresponding result where we replace 1Y [z by the quasi-
compact tubes [Y],, so that the quasi-compact opens V, ,, = [Y], nU,, form a cofinal
system of neighbourhoods of 1X[3N[Y], inside [Y],. By using the internal hom for
coherent modules with connection, full faithfulness boils down to showing that for any
coherent module with integrable connection & on some V,, p,,

Colim 2 T (Vyy pr, &)V=0 S TV 1, 7016V,
Since the natural morphism
colimy />, T'(Vyy 1, 8) — T(Y1n,jej ' 6)

is horizontal, it certainly suffices to prove that this latter morphism is an isomorphism,
which follows from Lemma together with the fact that global sections commute
with filtered direct limits on quasi-compact topological spaces. Note that this argument
also shows that

colimy Coh(@y) — Coh(j Opyy,)

is fully faithful.

To show essential surjectivity, let & be some coherent j;@[y]n -module with connec-
tion, we first claim that & itself comes from a coherent Gy -module for some V. By the
full faithfulness for coherent modules, this is local on a finite open covering of [Y],,
hence we may assume that & has a presentation. Again using the full faithfulness for
coherent modules, this presentation must come from a presentation

Ok -0 —Ey—0

on some V. Now an entirely similar argument to above, using internal hom for abelian
sheaves and Lemma shows that the integrable connection on & must come from
some integrable connection on Ev |y for some V' c V.

We now turn to the original case. So suppose that ¢y : Ey — Fy is a morphism
of coherent Oy-modules with connection on some neighbourhood V' of 1X[s3, such that

the induced morphism between coherent j;r(@]y[q3 -modules is zero. Then for all n the

induced morphism of j;@[y]n-modules is zero, and hence there exists some m such that
the restriction of ¢y to VNV, ,, is zero. By taking the union over all n, there thus exists
some sequence m(n) — oo such that the restriction of ¢y to V n'V,, is zero. Hence

colimy MIC(GOy/Sk) — MIC((X, Y,‘B)/éa;;)
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is faithful. Similarly, if Ey and Fy are coherent modules with connection on some
neighbourhood V of 1X[yz, and ¢ : & — & is a horizontal morphism between the induced
coherent j}}@’]y[q3 -modules, then for all n we can find some m = m(n) such thatV,, ,, cV
and ¢l[yj, comes from a morphism ¢, : Evly,,, — Fvly, . By increasing each m(n) in
turn, we can ensure that ¢, |y, , agrees with ¢,_1. Hence taking the union over all n
gives us a morphism Evy|y, — Fyly, for some m. Hence the functor is full.

To show essential surjectivity, suppose that we have some coherent jj;(@]y[q3 -module
with integrable connection &. Then for all n we know that there exists some m = m(n)
such that &|y;, comes from some coherent module with connection E,, on V,, ,, Again,
by possibly increasing each m(n) in turn, we can ensure that we have isomorphisms
Eannfl,m(nfl) = E,-1, and hence we can glue the E, to give a coherent module with

connection Ep, on V;, inducing &. O

Corollary 5.14. Both the category MIC((X ,Y,‘I.?)/é";;) and the condition of being over-
convergent are local on X.

Proof. Assume that we have an open cover X = U;X;, and compatible objects &; €
MIC(X j,Y,&B)/éaIT{). By the previous lemma these extend to a compatible collection
of coherent Oy;-modules with connection on some open neighbourhoods V; of 1X [y
inside 1Y [yz. Hence these glue to to give a coherent module with connection on V' =
U;V;, which is a neighbourhood of 1X[s; inside 1Y[y;. An entirely similar argument
shows that morphisms glue as well. Thus MIC((X ,Y,‘B)/é’;;) is local on X, and since

Stratf(X ,Y,‘B)/éa;{) is also local on X, so is the overconvergence condition. O

Thus we can test overconvergence locally, and we have the following more concrete
criterion. Let (X,Y,B3) be a smooth frame such that *J3 is affine and X =Y nD(g) for g

the reduction of some g € Og;. Assume further that 933 ] has a basis d#1,...,dt, in a

neighbourhood of X, for some functions ¢; € Oy3. Let (£,V) e MIC(X ,Y,‘B)/é’;{), and let
0; : & — & be the derivations corresponding to d¢;. For any multi-index & = (k1,...,%;)

we set Q@:G?I ...6;”.

Proposition 5.15. Let V be an open neighbourhood of 1X[sys inside 1Y [y such that
dty,...,dt; are a basis for Q%//SK and (&,V) arises from a module with integrable connec-
tion (Ey,Vy)on V. Then (&,V) is overconvergent if and only if for all n, there exists some
m and some d = n such that [Y1gnU,, <V, and for every section e c I'([Y1gNnU,,,Ev)

we have
dke

k!

_ |

(r-=)—0

where ||| is some Banach norm on I'((Y1, nU,,,Ev).

Proof. Define 7 :°3 <y [ PLE pr by 7; = pi(t;) — p5(¢;). Let Vy, ;, =[Y1, NUp, be the
standard neighbourhoods of [Y1,N]X [y inside [Y],, and let Wy, C]Y[‘W denote the
similar standard neighbourhoods of ]X [ inside ]Y[y2. By Proposition and its
proof, there exists some d = n such that for all m > 0, 7 induces an isomorphism W =
Vo XD?{ DgK(r_l/") for some open W, ,, c W c Wy ,, where

DZSK(fl/") =Spa(Sk (" X4,....,r'""X}))

is the polydisc of radius 7. Then we have two maps p1,p2 : Va,m IDéK(r‘l/”) =Vam,
and possibly after increasing m we may assume that Vg ,, c V.
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Ifwelet M =T(Vg ,,,Ev), A= F(Vd,m,@]Y[m) and B = F(Vn,m,@]Y[sp) then the formal
Taylor morphism

EV'Vd’m - liil(p(;)*EV|Vn,m><[DlsK(r‘1/"))
n

can be identified with the map
M — M ®4 B[1]

oke s
e Y E20k
£ k!

where 7& = r}fl ...T;” . Then & is overconvergent if and only if we can choose m so that

this Taylor series actually converges on V,, ,, x [ngK rV ™), or in other words, if we can
choose m such that

; Q:—kaEMQbAB(rl/”T)

for all e. The proposition follow; O

Corollary 5.16. For any smooth frame (X,Y ,B3) the full subcategory
MIC'(X,Y,R)/&)) « MIC(X, Y, BVER)

is stable under subobjects and quotients.

Proof. This just follows from the fact that for any map Er — Fy of coherent Oy-
modules, the map
I(Y1l,nUp,Fy) = T(Y1,NUp,Ev)

is a strict morphism of Banach I'([Y ], N U,,,0v)-modules. O

We will also need to know functoriality of coefficients and cohomology under certain
extensions of 69;{, in particular the following three cases.

i) The finite extension of é";;. corresponding to a finite separable extension of &((¢)).
ii) The extension determined by some Frobenius lift o : é?’;r{ — 8};
iii) The extension & — &x.

Firstly, let F/k((¢)) be a finite separable extension of k2((¢)), A c F the ring of integers,
and //k the induced extension of residue fields. Let L be the unramified extension of K
lifting I/k, with extension #'/7 of rings of integers. Let é";{F and é"g be the unramified

extensions of éa}; and &k respectively lifting F/k((¢)), with rings of integers @ ohF and @g};
K

respectively. These are unique up to non-unique isomorphism, and can be described
concretely as follows. Choose a uniformiser u for F, so that F' = [(u)). Then we have

& = { Y aiu' € Llu,u™]
f

suplai|<oo,ai—>0asi—>—oo}
i

éa;r{’F = { Zaiui E(‘pa};
1

Ogr 285 W [u,u™], O = X W [u,u].
K

In<1s.t. Iailni —>0asi—>—oo}
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Thus # [u] < &, and we let S = # [u] ®y L = 5. Note that although the notation
does not suggest so, Sg depends on the choice of parameter u. Thus the rings

W [u],SE) < (@gy,gy) < (Ogr,8%)
are of exactly the same form as the rings
(V' [t],Sk) < (@g;{,g}{) < (O, EK)
but associated to the pair (L, u) rather than the pair (K, ¢). The base extension
(RN, E[t],V[e]) — F, AW [u])
then determines a base change functor
Isoc'(X/&}) — Isoc' (Xp/&5"),

which we will generally denote by & — &r. A priori, this construction depends on the
choice of parameter u. However, since @ P = colimmW[[u]]O*_l/ my~1y is independent
K

of u, one can use the standard neighbourhoods V,’L,m of §2|together with Lemma to
show that neither the category Isoc'(X F/é’IT{’F), nor the base extension functor functor

Isoc' (X/&)) — Isoc' (Xp/&),

nor the cohomology of such objects, as vector spaces over é"T’F, depend on the choice of
u.

To discuss Frobenius structures and pullback, we fix a Frobenius og on K, that is a
field automorphism preserving 7 and lifting the absolute g-power Frobenius on &.

Definition 5.17. A Frobenius on 7 [¢] is a n-adically continuous endomorphism Tyle] ;
¥ [t] — V[¢] which is semi-linear over ox and lifts the absolute g-power Frobenius on

E[t].

Such a Frobenius extends uniquely to a continuous endomorphism of Gg, , and hence
&k, and this preserves the subrings © g;{ s é";{ and Sg. We will henceforth assume that
we have chosen a Frobenius on 7 [¢], and we endow the rings Sg,0 s ,(‘oa;{,@gK and x
with the induced Frobenii, all of which we will denote by the same letter o.

Exactly as above, if we let X’ denote the base change of X by the g-power Frobenius
on k, then we get a pullback functor

o* :Isoc’ (X/&}) — Isoc(X'/&})

which we can compose with pullback via relative Frobenius X — X', which is k(2))-
linear, to get a g-linear Frobenius pullback functor

F* :Isoc'(X/&)) — Isoc'(X/&)).

Definition 5.18. An overconvergent F-isocrystal on X/é";{ is an object & € IsocT(X/é"Iz.)
together with an isomorphism ¢ : F*& — &. The category of overconvergent F-isocrystals
on X/é’;; is denoted F-IsocT(X/g;;).

Remark 5.19. Note that this definition depends on the choice of Frobenius o on 7 [¢].
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It is not difficult to see that this construction is compatible with the previous con-
struction associated to a finite separable extension F/k((¢)). That is, if we have chosen a
Frobenius on OF compatible with that on 7[¢], then this induces a Frobenius pullback

on Isoc'(X F/éa;gF) and we get a commutative diagram

Isoc' (X/&}) —— Isoc! (Xp/&")

tx/el t 1F
Isoc (X/é"K) — Isoc (XF/é"K )
at least up to natural isomorphism. Thus there is an induced base extension functor
F-Isoc(X/&}) — F-Isoc' (Xp/&)")

which we will again denote by & — &r. Again, this is compatible with pullback via
morphisms of £((¢)) varieties U — X.

Finally, we consider the extension é";{ — &r. Let (X,Y,3) be a smooth and proper
frame over 7[¢], and let (X ,Yk((t)),m@gK) denote the base change of this frame to Og,,
this is a smooth and proper frame over Og, in the usual sense of Berthelot’s rigid coho-
mology. Since Og, =¥ [¢] (¢~1y, there is a natural open immersion of rigid spaces

Wi lpo,, —1VIp

over Sk such that ( j;@]Y[‘n)hYk«t»[m@gK = jJ;(@’]Yk«t»[mmK (which follows, for example,

by the concrete description of a cofinal system of neighbourhoods in both cases). This
induces a functor

MICT (X, Y, B)/6)) — MICT(X, Yy, Pog, VEK)

which is simply given by restriction. Here the latter category is the usual category of
coherent modules with overconvergent connection as defined for example in Chapter
6 of [17]. Actually, the definition there is in terms of Tate’s rigid spaces rather than
Huber’s adic spaces, but exactly the same sort of methods as used in Section (1| will
show that the two points of view are equivalent. The induced functor

Isoc’(X/&}) — Isoc (X/&x)

is independent of the choice of frame (X,Y,)3) and will be denoted & — & (the nota-
tion is meant to suggest a ‘quasi-completion’, that is m-adic completion in the horizontal
variable ! but not the vertical variables). Again, this is easily seen to be compati-
ble with all previous constructions of Frobenius base change, base change via a finite
separable extension of £((¢)) and pullback via a morphism of k((¢))-varieties.
All of these ‘base changes’ induce corresponding base change morphisms on coho-
mology, in that we have canonical base change morphisms
Hll‘ig

X/6.8) 81, Ep — Hyyp(XIE F*8)

(X/6}.,8)®,0 67 — Hy (Xpl6eT 6p)

i
H rig

Hi

T i &
L XI6. &), 6k —~ H] (XI6K.,6)

which are all compatible, in the sense that we leave it to the reader to make precise. In
particular, if & € F-Isoc'(X /é’;{) then we get a natural o-linear morphism

‘ : . ;
HL (X/8},6)— H. (X/6}.,6)
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which commutes with the extensions é";;. — é}T{F and é";{ —8k.

We will end this section by noting a couple of easy corollaries of the naturality of
Theorem[5.9] which give a concrete interpretation of Frobenius pullbacks and Frobenius
structures, and will be useful in the sequels [|13,/14].

Definition 5.20. Let (X,Y,3) be a frame. A Frobenius on (X,Y,3) is a o-linear endo-
morphism ¢ of P lifting the absolute g-power Frobenius on P.

Note that such a Frobenius induces a o-linear pullback functor
¢* :MICT (X, Y, Pyé&)) — MIC (X, Y, By&)),

more generally, if u : (X', Y',") — (X,Y,}3) is a Frobenius semi-linear morphism of
smooth and proper frames over 7 [¢] then we get a pullback functor

u* :MICT(X, Y, B)&)) — MICT(X', Y, B VéEd)

which is o-linear over éa;{

Definition 5.21. Let (X,Y,*]3) be a frame with Frobenius ¢. Then a Frobenius struc-
ture on an object & € MICT((X, Y,‘B)/(S’;;) is an isomorphism ¢*& = & in MICT((X,Y,‘JZ})/é"};).
The category of modules with an overconvergent integrable connection together with a
Frobenius structure is denoted ¢-MICT((X ,Y,‘B)/é’;{).

Proposition 5.22. i) Let u:(X,Y'3) — (X,Y, ) be a Frobenius semi-linear mor-
phism of smooth and proper frames over V[t], such that the induced morphism
X — X is the absolute q-power Frobenius. Then the Frobenius pullback functor

F* :Isoc'(X/&}) — Isoc' (X /&%)
can be identified with the functor
u* :MICT(X, Y, B)&)) — MICT (X, Y, B)&)).

it) Let (X,Y,B) be a smooth and proper frame over ¥ [[t] with Frobenius ¢. Then there
is an equivalence of categories

F-Isoc'(X/&}) = o-MICT (X, Y, R)/ED).
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