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Abstract

In this paper we prove that the éf’;{-valued cohomology, introduced in [9] is finite di-
mensional for smooth curves over Laurent series fields k£((¢)) in positive characteristic,
and forms an éa;({-lattice inside ‘classical’ §x-valued rigid cohomology. We do so by prov-
ing a suitable version of the p-adic local monodromy theory over &l , and then using an
étale pushforward for smooth curves to reduce to the case of Al. We then introduce 8;{-
valued cohomology with compact supports, and again prove that for smooth curves, this
is finite dimensional and forms an é"};-lattice in &x-valued cohomology with compact
supports. Finally, we prove Poincaré duality for smooth curves, but with restrictions on
the coefficients.
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Introduction

This is the second in a series of papers [|8,/9] dedicated to the construction of a new
p-adic cohomology theory for varieties over local fields of positive characteristic. A
detailed introduction to the whole series is given in [9], so here we will give a brief
overview of the results contained in this paper.

In the first paper [9] we introduced a version of rigid cohomology for varieties over
the Laurent series field £((¢)) with values in vector spaces over the bounded Robba ring
éa;{ (here K is a complete discretely valued field of characteristic 0 with residue field
k). There we proved that the cohomology groups were welll-defined and functorial, as
well as introducing categories of coefficients. The main result in this paper is that base
change holds for smooth curves over k((¢)), a precise statement of which is as follows.

Theorem lb Let X/k((t)) be a smooth curve and & € F-Isoc' (X /é"};) an overconvegent
F-isocrystal, with associated overconvergent F-isocrystal & € F-Isoc'(X/Ex). Then the



base change morphism

Hi

i : 3
i X/65,8)® 1 Ex — Hy, (X/ER, )

is an isomorphism.

Here &k is the Amice ring, which is the p-adic completion of é"; This implies that
H iig(X /&1 ,&) is finite dimensional, of the expected dimension, and that the linearised
Frobenius morphism is bijective. The method of proof is very similar to that used by
Kedlaya in [7]] to prove finite dimensionality of ‘classical’ rigid cohomology. We first
prove a version of the p-adic local monodromy theorem, exploiting the fact that éa;{ can
be viewed as a kind of ‘dagger algebra’ over K to adapt Kedlaya’s proof of a monodromy
theorem for dagger algebras in loc. cit. to our situation. This will then more or less
immediately imply the required result for A}c« -

We then use étale pushforward - the point 1s that locally any smooth curve admits
a finite étale map to Ai« By and after making a finite separable extension of 2((¢)) we
can lift this to characteristic zero to construct an étale pushforward functor and thus
reduce to the case of the affine line. The construction is slightly more difficult than in
classical rigid cohomology, since one must first choose models over £[¢] before lifting. It
is not clear to us whether a similar construction can be made in higher dimensions, and
it is for this reason that we are compelled to restrict to the case of curves.

We also introduce a version of é’;f{-valued rigid cohomology with compact supports,
again with and without coefficients, and use similar methods as before to show that for
smooth curves, these groups are finite dimensional, and form an (S’Iz-lattice inside k-
valued rigid cohomology. This allows us to deduce Poincaré duality entirely straightfor-
wardly, by base changing to &k, however, using this method forces us to make restric-
tions on coefficients, namely we must restrict to those F-isocrystals which extend to a
compactification.

In the third paper in the series [8] we will discuss some arithmetic applications of
the theory. We will introduce a more refined category of coefficients such that the asso-
ciated cohomology groups come with a natural Gauss—Manin connection, and then use
this to attach (¢, V)-modules over the Robba ring Zg, and hence p-adic Weil-Deligne
representations, to smooth curves over £((¢)). We will also discuss questions such as
/-independence and a p-adic version of the weight-monodromy conjectures.

1 A p-adic local monodromy theorem after Kedlaya

For the whole of this paper, notations will be as in [9]. That is, 2 will be a field of
characteristic p > 0, 7 will be a complete DVR with residue field £ and fraction field K
of characteristic 0, 7 will be a uniformiser for 7. We let |-| denote the norm on K such
that |p| = 1/p, and we let r = |7'[_1| > 1. We will let £((¢)) denote the Laurent series field

over k, and éa;;,?/'BK and &gk respectively denote the bounded Robba ring, Robba ring,
and Amice ring over K, and curO &> Osx the valuation rings of éa;{ and &k respectively.
K

For definitions of these, see the introduction to [9]. We will fix a Frobenius ¢ on ¥ [¢],
and denote by o the induced Frobenius on any of the rings Sx = ¥ [t] ®y K, Ogy, 6k,

+
@’g;{ , x> RK.

In [9] we constructed, for any k((¢))-variety, a category F-IsocT(X/é";{) of overcon-
vergent F-isocrystals on X/} , as well as cohomology groups H iig(X/éaJr ,&) which are

vector spaces over éaT, functorial in both & and X. We will not go into the details of
this construction here. For a k((¢))-variety X and an overconvergent F-isocrystal & on



X/éQIT{, two of the fundamental results that one would want to know about é";{-valued
rigid cohomology are finite dimensionality and base change. This latter means that the
base change map

I{i

i : 3
1 X/E . E) 8 51 Ex — H}, (XIER.,6)

is an isomorphism, where & is the associated overconvergent F-isocrystal on X/8x (see
of [9]). In this section, we pave the way for proving this for smooth curves over k(%))
by proving a version of Kedlaya’s relative local monodromy theorem. The statement of
Kedlaya’s result is as follows (for more details about the specific terms appearing in the
statement, see [7]]).

Theorem 1.1 ([[7], Theorem 5.1.3). Let A be an integral dagger algebra over K, and let
M be a free (p,V)-module over the relative Robba ring Z 4 (as defined in §2.5 of loc. cit.).
Then there exists a weakly complete localisation B of A, an integer m =0, a finite étale
extension B1 of By = B"fm, a finite, étale, Galois extension X&' of %g‘f, and a continuous
Bi-algebra isomorphism

‘@Bl =~ .= %Bl ®%}§1I 74

such that M ® " is unipotent.

This theorem allows Kedlaya to prove generic coherence of the higher direct images
of an overconvergent F-isocrystal along the projection A‘%( — X, for X = Spec(Ay) a
smooth affine variety over k&, with weakly complete lift A. In keeping with the general
philosophy that we should view 8;{ as a ‘weakly complete lift’ of £((¢)), one would hope

that by replacing A in the statement of the above theorem by &l , one could hope to
prove finite dimensionality of _
Hl

rig

1 T
A€ )

for any overconvergent F-isocrystal & on A}e« t))/g;{' This will be our eventual strategy.
Almost everything in this section is based upon Section 5 of [7], and there are very few
new ideas involved. The only real insight is that the relationship between éa;;. and &k
is exactly analogous to the relationship between a dagger algebra and the completion
of its fraction field, and hence the methods used in loc. cit. should work more or less

verbatim to descend properties of V-modules from Zg; to Z; .
K

Our first task is to introduce the objects the will allow us to formulate our version of
Kelaya’s theorem, including the Robba ring over éa;; We will also need to prove various

important properties of this ring, and of it’s ‘integral’ subring gi’inft. Recall that we have
gK

éa;g. = colim;<1&,

&= { Y ait'eéx
4

Iailnl—>0asi—>—oo},

each &, is equipped with the norm

Zaiti
i

:max{suplailni,suplail}
n

1<0 i=0

and these induce a direct limit topology on é"}; which we call the fringe topology. Recall
that for each 7 we may define the Robba ring over &, to be

U %05

$>0



where %, ; is the ring of series } ;¢ fiy' with f; € &y such that ||fill, r7is' - 0asi| — oo

for all 0 < s’ <=s. To define the Robba ring over éa;, requires a bit more care. For each

s >0, we define %, _to be the ring consisting of series }¥_; f; y' such thatforall0<s’<s,
o

there exists some 7 such that f; € &, and | f; ||nr*i3/ —0as |i| = oo.

Definition 1.2. The Robba ring #,; is by definition
K
R =% ,
& SL>J0 &l s

that is it consists of series ¥'; fiy" such that for all s > 0 sufficiently small, there exists
some 7 such that f; € &, and |fill,,r™"* — 0

Thus, if Zg, denotes the Robba ring over &g, in the usual sense as in Section 2
of [7]], there is a natural inclusion

Ry — R

arising from the inclusion é";{ — &x. We will let %g‘f C %, denote the subring consist-
K

K
ing of series with integral coefficients, i.e. coefficients in O . There is thus a similar
K
inclusion
int int
e%’g;( — R,
where %g}; is defined analogously. Note that we have %, %, but be warned that
K
UnZs, & Rz . The former is obtained by reversing the quantifiers ‘V sufficiently small

=

s>0 and ‘EInK< 1’ in the definition of the latter.
We will need to know how to ‘lift’ certain finite extension of 2((#))(y)) to those of Z ghs

K
however, this will not be achieved in an entirely straightforward manner. The first
problem is that the residue field of %, is not the whole of the double Laurent series

K
field £(t)(y)), but is in fact somewhat smaller.

Lemma 1.3. The quotient ring %g}t/(n) is isomorphic to the ring of Laurent series
K

3 fiy' € RN

such that there exist positive integers c,d with —v(f;) < ci+d for all i. This is a subfield
of k(t)(y)) which contains k(#))(y).

Proof. It is straightforward to see that .%i;t/(ﬂ) is contained inside £((#))(y)), since for

K

I, <1, where || denote the p-adic norm on

Yifivie '%Z:*t and i < 0 we have ||fil < |If;
K

Ogy - To show that it is the ring described, first suppose that we have some },; f; yie

E()(y) such that —v;(f;) < ci +d for some c,d. Write f; =} ; f;;¢/ and lift each non-

zero f;j € K to some f'ij € K of norm one. I claim firstly that f; = Y fijtj lies in Oy, and
K

secondly that ¥; f; ' is in R .
K ~
Indeed, in the first case we actually have that f; € 7/[[t]][t‘1] <0, , and for the second
K

note that since f; = 0 for i < 0, it suffices to check the growth condition as i — co. But
since f;; =0 for j < —ci —d we have that

IFijll, <ne

4



and hence for each s we can find some 7 close enough to 1 to ensure that n=¢imdpTis L
asi—oo. Hence }; fiy' € %, as required.
K

Conversely, let us suppose that f = Y; f;y' does not s?ti_sfy the growth condition,
that is —v¢(f;) = ci +d for all integers c,d. For any lift ¥; fiy" of f to O+ [y,y~1], then
K

since f; must have a term in ¢%:(/?) it follows that we must have ||f, ||17 >t and so
”fl “17 Fois > n—cz—dr—ts

for all ¢,d. Hence for any given s, no matter how we choose 1, we can always choose
some ¢ to make this — oo as i — oo, thus f does not lift.

Finally, since the element y of k((¢))(y)) trivially satisfies the growth condition, to
prove the final claim it suffices to show that if f € £(¢))(y)) is non-zero and satisfies the
growth condition, then so does f~1. We easily reduce to the case where f = 1+Y ;21 a;y’
with a; € k(t)), let us choose ¢,d such that —vi(a;) < ci+d. Then f1 = 1+Y 21 biy
where b; is a sum of things of the form a;, ...qa;, withir =1andi;+...+i,, =i. Hence

—vy(b;)<  sup {Z—Ut(ail)}i sup _{Z(cil+d)}s(c+d)i

Ii4.+im=i | | 1+ +im=i | [
for all i = 1 and so /! satisfies the growth condition, as required. O

Let us denote this field of ‘overconvergent’ Laurent series by k(¢){{y}}, and the part
with positive y-adic valuation by £(#)){y}. The next result tells us that with respect to
totally ramified extensions, this field behaves essentially the same as the full double
Laurent series field 2(£)(y)).

Proposition 1.4. Write F = k(t)). The field F{y} is y-adically Henselian, and if we
have P € F{y}[X]an Eisenstein polynomial, with root u, so that there is an isomorphism
F((y)[ul = F(w)), then there is an equality

F{y}ul=F{u}

inside k(t)(w)). In particular, every finite, separable, (Galois) totally ramified extension
F(u)/F((y)) arises from a unique finite, separable, (Galois) totally ramified extension of
the form F{ul}/F{{y}.

Proof. We first show that F{{y}} is Henselian Write v = v; for the ¢-adic valuation on F,
and define partial valuations on F{y} by setting v,(}¥ ;=0 fiv)) = v(fn). Let P € F{y}[X]
be a polynomial and xo € F{y} such that P(xg) =0 mod y and P’(xg) # 0 mod y, we need
to show that there exists some x € F{y} such that x = x9o mod y and P(x) = 0. After
replacing P(X) by P(X + x¢) we may assume that xg = 0.

Write P =a,, X™+...+a¢Xo with a;, = Zizoakiyi, ap; € F and choose ¢,d € Z>g such
that v(ap;) = —ci —d for all i,k. Actually, by multiplying P through by a sufficiently
hight power of ¢, we may assume that d = 0, and by increasing ¢ we may also assume
that vo(P'(xg)) < c. We are going to inductively construct x = 2o % y! such that:

i) P(X™ x;y")=0mod y"*1;
i) v(x;)=—-3ci+c;
i) vo(P' (L} ;") = vo(P'(0)).
This clearly suffices to prove the claim. So suppose that xi,...,x,-1 have been con-
structed (note that the same argument with n = 1 allows us to construct x; to start the



induction). By Taylor’s formula we have

Pxiy+...4+x,y")=Px1y+... +xn_1y”_1) +x,y"P(x1y +.. .xn_lyn_l) mod y"+1

= (a +x,0)y" mod y"**!
where a, § € F are such that v(a) =v,(P(x1y +x9y2+...+x,y" 1)) and v(B) =vo(P'(x1y+
xX2y2 + ...+ xXp-1Y" 1)) = vo(P'(xp)). Hence to ensure that

n+l

P(x1y+...+x,y")=0mod y

we must have x, = —af !, which is a well defined element of F. To see that v(x,) =
—2cm, note that
0(x) = U (P(x1y + ...+ %, Y1) = vo(P'(0)).

and that we can write the coefficient of y" in the expansion of P(x1y +...+ x5, y* 1) as

R i i1 in

> Y an ) B s

i=0k=0 i1+ +in 1=k 1---tn-1
i1+2i2+...(n—1)in,1=n—i

Now, each summand in this has valuation at least as large as

viap;)+i1v(x)+...+ip—10(xp_1)=—ci—2ci1 —5cig—...—B(n—1)—c)cip-1
=>—ci—2c(n—i)—cig—2cig—...—(n—2)cip_1

=-2cn—c(n—i—k)=-3cn+
and hence using the ultra metric inequality, to show that
v(x,)=-3cn+ec.

it suffices to show that i +2>=1. Butif 2 =0theni;=...=1i,,-1 =0 and hence i =n, so
we are done. Finally, that vo(P’(Z’;:lxiyi)) =vo(P’(0)) is clear, hence F{y} is Henselian
as claimed.

Next let us show that we have an inclusion F{{u}} € F{y}[u], it suffices to show that
we have an inclusion F{u} c F{y}ul. Write P = X™ —a,,_1X™ 1 —... —ag, so that we
have

W =am_ 1™ 4 +ag

with ay, € F{y}, say ap = ¥;=1ar;y’ with ag; # 0. Now, for any Y;-0b;u’ € F{u} we can
repeatedly substitute in ©™ for lower powers to give

. m-1 )
Z biul = Z gjuJ
i=0 Jj=0
with g; € F[y]. The problem is to show that g; € F{y}.

Choose integers c,d such that —v(b;) < ci+d, and —v(ap;) <ci+d for all i,k. The
point is that after repeatedly substituting in u™ for lower powers we can write

gj=bj+ ) bifi
l=zm

where for [ in the range nm +j <l <(n+1)m + j, the term f; is a sum of products of at

least n of the aj. Since each aj, is divisible by y, this means that if when calculating
—-v,(g;) we only need to take account of the terms

(n+1)m+j

bj+ Z blfl

l=m

6



and moreover, only need to take account of the terms for which f; is a sum of multiples
of at most n of the a. But since we have —v(ap;) < ci +d, when we multiply together at
most n of the aj, we get something which satisfies —v,, <(c +d)n, for all n =1, in other
words —v,(f7) < (c+d)n for n = 1. Since —v(b;) < cl +d, it follows that

—vp(gj)s(c+d)n+cl(n+1Dm+j)+d=(c(m+1)+d)n+(d+(+1c)

for n = 1, hence each g; is in F{y} as required.

Finally, let us show that we have F{{y}{u] c F{{u}}, since F'{{u}} is a ring containing
u it suffices to show that F{{yl}} = F{{ul}. We first claim that if g =3 ;- gjuj € F{u}
and f; € F are such that —v(f;) < ci +d for some c,d, then ) ; figi, a priori in F'(u)),
is actually in F{{u}}, note that we may also assume that —v(g;) < cj+d. The point is
that when calculating —v, (}_; figh), we only need to take account of the terms Z?:o figt,
since u divides g. Once can easily see that since —v(g;) < cj+d, we must therefore have
—v,(g') < cn+(i+1)d, and hence —v,(X7, fig') < (2c+d)n+2d.

Applying this claim with g = y we see that to show F{{y}} c F{{u} it suffices to show
that y € F{{u}}. Write y = g(w)=u™} ;>0 gjuj, we now assume that P has the form

X" +am1 X" T+, . +ap

which aj = Y;>1a;y' with —v(ay;) growing linearly in i. We will show that if -v(g;)
grows faster than linearly, then there cannot be the requisite cancellation in

W amo 1™+ +ag
to ensure that it equals zero.
If we substitute the expression for y into the above equation, then the term aju*,
for £ < n, looks like

i (Lji?aki( > gjl...gji))uN

N=0 Ji+..+ji=N—-in—-k

and there exist arbitrarily large N such that for each %, the dominant term in this sum
for the coefficient of u? is the term ap18N-k—n corresponding to i = 1, since otherwise
this would contradict the faster than linear growth of the —v(g;) (here we are using the
fact that the —v(aj;) grow linearly in i). Hence again by the faster than linear growth
of the —v(g;), there exist arbitrarily large N for which one of these terms ar1gn-r—n
has strictly larger negative valuation than the others. Hence it cannot possibly happen
that
W tamou™ . +ag=0

and we obtain our contradiction. O

Our next key result result will be that %g‘; itself is Henselian. Recall that by defi-
K

nition, we can write

el fun)

s>0 \0<s'ss \n<1

where A, ¢ consists of series ¥, f;y' with f; € &, and ||f; II,)r‘is' — 0. We can define a
norm on A, » given by

= sup {lfill, |
15

Zfiyi

!

.8



which induces a topology. We put the direct limit topology on U;<1 4, , the inverse
limit topology on (Mo<s'<s(Up<1Ap,s)) and then the direct limit topology on % ;. With
K

respect to this topology, a sequence f, = Y; finy' € # ¢ tends towards 0 if and only if
K

for all sufficiently small s > 0, there exists some 7 < 1, such that the norms |Ifll,, =

sup; {llfin 7'} are all defined, and | f;, ll,s — 0. We first need a lemma.

Lemma 1.5. i) The norm ||-|l;, s makes each A; s into a Banach K-algebra.

1) Suppose that a € %g}: satisfies lla|l <1, ||| denoting the n-adic norm on %g‘i Then
there exists some s such that for all 0 <s' < s, there exists some 1 such that a € Ay ¢

and lallys <1

Proof. i) This is entirely standard.

i) Ifa=);a; yi € ‘%?Tt and |la|l < 1, it follows from discreteness of the m-adic norm
. K
on .%"g‘}; (which is just another copy of Og, but with ‘ground field’ §x rather than

K) that there exists some ¢ < 1 such that ||a;|| < ¢ for all ;. Choose sy such that
a€ ‘%8* 507 SO there exists some 779 such that a; € &, and IIa,-Iln0 r/'50 -0asi—
i

+00, note that for all i >0 we have |a; ||r,0 r71%0 < |la; | < ¢. Choose iy < 0 such that
i =10 = lailly, r~i%0 < ¢, by increasing 7 if necessary we may also assume that
laill,, <c for ip <i <0. We can thus choose s < s( to ensure that ||a; IITI0 rois < ¢ for
all ip <1 < ip, hence sup; {IIaiII,70 r’is} < ¢, however, we may no longer have that
laill,yr~' — 0 as i — —co.

But now we know that forall 0 < s’ <s,
sup{llail,, 7'} <c
13

and that there exists some 7 such that |la;ll; rois 0, we may assume that n > o,
hence .
sup{llai e } <c<l1
i

as required.
O

Proposition 1.6. The ring %g‘; is a Henselian local ring, with maximal ideal generated
K

by 7.

Proof. 1 first claim that %g}: is local, with maximal ideal generated by 7. So consider
the embedding @;‘i — @g‘; into the 7-adic completion of %g‘;, and suppose that a € @;‘I{
is such that a ¢ (), that is ||a|| = 1 for the natural nz-adic norm on %g‘i Since the mod-7
reduction of a is a unit there exists some u € 9’2;}: such that |lau —1|| <1, and if we let
x =1-au then the series }_,,~9x" converges in @g‘t to an inverse v for au. By Lemma

ii) there exists some sg such that for all 0 < s < s¢, there exists some 1 < 1 such that

a,u €Ay and |lxll, s < 1. Hence by Lemmz_i i)lthe series ), x™ converges in Ay, for

all such s, and so v € Z,+. Since %+ N ZM = Nt it follows that v € Z™, and hence
éoK éoK 8k gIT{ &

T

. K

a is a unit in 92“‘;‘.
gK



Exactly as in Lemma 3.9 of [5], to show that e%j;t is Henselian, it suffices to show
K

that if P(x) = x™ — 2" L +a9x™ 2 +...+a,, is a polynomial with aj, € n%g}t for all &,
. K
then P has a root y in %;t such that y = 1 (mod 7). By Hensel’s lemma the sequence y,,

defined by *
P(yn)

P'(yn)

converges to such a y € ?722,};, since Z 5 N @g‘; = QZ?{“ we must show that in fact y, — y
K

yo=1, yn+1=yi—

inside % ,: . The proof is almost identical to the usual proof of Hensel’s Lemma. Since

IIak I, ||P(1)P 1)~ 1|| <1, by Lemma |1.5| we may choose s, and for all 0 < s’ <s some
=1(s') such that all the aj, and P/(1) ! are in Aps and llagl,q, [PAOP' M7, o < 1.
We claim by induction that:

i) y] EAU,SI’ ||yn—1||173 - 1 and "yn - 1“17 s’ = C
ii) P'(y,)is invertible in A, ¢/,
i) PGP (yu) M, o < ¢

Note that by assumption these are all true for n = 0. Thus assume that i), ii) and iii)
are true for y,. Then we have

{1941 = nllyr 190 =1l }
max{c?,c} <c
o

11 = Yl st 1l §

lyn+1— 1l < max

I/\

IA

“yj+n Hn,s’
Smax{c2 ,1} <1

and thus i) holds for y,,1. Hence we can write P'(y,.1) = 1+x for some x € Ay

with |lxll; ¢ <1, and thus ii) is also true for y,.1. Also note that this implies that
2n+1

||P’(yn)_1||ns, < 1 and hence to prove iii) it suffices to show that ||P(yn+1)||n g=c
But now using the Taylor expansion and the fact that [y, ll, o <1 gives

P(yn+1) = P(yn) = P'(y)P(y,)P'(3,) " + 2(P(y,)P () 1)

for some z € A,,’sr with lzll;,s < 1. Hence

2n+1

112
IPns)llys < [PGa)P () o <
and iii) holds for y,+1. Hence y, — y in each A; ¢, and thus y € %g}: as required. O

Lemma 1.7. Write F = k((¢)) and suppose that F(u)/F((y)) is a separable, finite, totally
ramified extension, coming from some F{ul}/F{y}. Let %/%mt be the corresponding

unramified finite extension given by Proposition[1.6] Then there is an isomorphism
u ~
‘%é‘* =R ®@in; %g;f(
K gK

where %(’;T is a copy of R, but with series parameter u.
i K



Proof. We closely follow the proof of Proposition 3.4 of [10]. Write y = g(u), so that
g=u"(go+g1u+...)forg;eF, go#0and — v(gl) < c¢j+d for some integers c¢,d, v being
the t-adic valuation on F. Lift g to some g € %m "% (i.e. a copy of %mt * but with series

parameter u) of the form g = u™(go +g1u +. ) with go ¢ ﬂ@ Actually, we want to

lift slightly more carefully than this - if we write g; =Y Jz—cz—d gi jtf then we will set
8i=Yjs—c-d gijtj where g;; € K is an element of norm 1 lifting g;;, and zero if g, is.
Thus g is invertible in %:;t’u, and in fact I claim that for all }; f; yle ‘%,i;ft’ the sum
K K

Y, f:g' converges in ,%’(i;t’“. Let us treat the sums Y ;- fig' and Y ;- f; g’ separately,
K .
first let’s look at the positive part. Since we have | g; ||n < n_“_d it follows that

—dr—ns

gl <7

at least for n and s such that this norm is defined. We therefore have

N < Ufilly @y
.8

and hence, if we are given s and 7 such that f; € &,, g € A, and ||f;|l rois - 0 as
i — 0o, then since n > 1, by increasing 1 we can ensure that ~¢r™" < r~° and hence
|| figt ”n . — 0 asi—oo. Hence for all s sufficiently small, there exists some 7 such that

Y0 figi converges in A, ;s and thus the sum converges in % &l It is easy to see that

the limit has to have integral coefficients, and hence the sum converges in '%Z:Tt‘

Next let us look at the negative part }_; .o fig’, let us rewrite this as ) ;- fig™* where
for all sufficiently small s there exists an n with f; € &, and | f; II,7 r'* - 0asi— oco. Write
g l= aalu‘”(l +biu+...), then as in the proof of Lemma we have that each b; is
a sum of things of the form g;,...g;, withi; =1 and i1 +...+i,, =i. Hence we have

15ill, < n~"“*®, and hence, where defined, we must have Hg‘1||17 < |lagt|| 7. Now

choose s¢ > 0 such that for all 0 < s < sg we have some 7 such that ||f; |n ris - 0, and let
s1 =so/(n+1). Then for any 0 < s < s; we have

fig™

_ i
Lo =Ifi Iy (g, 7)

and since Haol || =1, by increasing n we can ensure that ”aal ||n s < ' for some s’ < S0,

and thus by further increasing 1 we can ensure that || fig™? || — 0 and hence the sum

converges in 92" Again, it is not hard to see that it must actually lie in %gt o

K K
Hence we get a ring homomorphism .%”mt glt’u by sending ¥, f;v* to X; fig?, it is

clear that modulo 7 this induces the glven map F {{y}} — F{{u}}. Note also that there are
uniquely determined power series c; =Y;>1¢iy" € Ot [¥] such that
K

m-1

u™+cpmo1u +...+¢c0=0

inside 85 [u«], I claim that in fact these power series lie inside %mt ", it suffices to show
K
that they lie in %;T . In fact, one can show inductively using the equation
K
[L_k
(o] m m N
u”+ Z Z kj 8ky---8k; |U =0
N=m\ k=0 j=1  ki+..+k;=N—jm—k

10



determining the cy; that if ,s are such that |a;ll; < Cris for some constant C, then we
have (G-1D+k+i
] — — n(i— 13
lepill < (Crs)n(z D+k ”golnn

for all i,k. Since by increasing 1 we may make both C and || gal “n as close to 1 as we

please, it therefore follows that for all &, there exists some sg such that for all 0 <s < sg
and all A > 1, there exists some 11 <1 and D > 0 such that

”cki ”T] SD(ArS)(n+1)l

for all i. Hence the series cj; are in %;T as required, and u is actually integral over
X K
,%:;Tt. It then follows that
K
%int _ (@int,u — %mt[u]
& Fak fak
is a finite, m-adically unramified extension with induced extension F{{y}} — F{{y} of

residue fields, we must therefore have %' = %j;t’u, or in other words 921;:’” is an explicit

K K
construction of the lift 2’ of F{{u}}. Finally, we need to prove that we have %

int,u

&k

Rgr = ‘%Zfr . But the exact same argument as in the integral case shows that for any
K K

series Y'; fiy' in #

® ‘%inTt
°x

gt » the series }; f; g' converges in %Zﬁ , and we therefore get a finite
K K
map %z — %;T such that %Zﬁ = Rz [ul. We therefore get a commutative push-out
K K K K
diagram

%mt,u R

i
&

I

¥
éa}; g’K
which realises Z“. as the tensor product (%mft’u & gpint R - O
&y Ex ot K

Having established the required properties of % ,;, we can now introduce the key

&)
objects of study in this section, namely (¢, V)-modules over 2 .
K

Definition 1.8. A Frobenius on £ is a continuous ring endomorphism, o-linear over
K

é";{, lifting the absolute g-power Frobenius on 2(£){y}}.

Fix a Frobenius 0 on % ; , and let 0, : 2 el R &l be the derivation given by differ-
K K

&l
entiation with respect to y, that is 9,(%; fivh)=Y;ifiyi L
Definition 1.9. * A ¢,-module over % &t is a finite free # ot -module M together
K K
with a Frobenius structure, that is an ¢-linear map
o:M—-M

P =M.
éaK

which induces an isomorphism M ®g,—ggT o
K
* A V-module over £, is a finite free %, -module M together with a connection,
K K

that is an é";{-linear map
V:M—-M

such that V(fm)=0,(f)m + fV(m) for all f € Z,; and m e M.
K

11



* A(g,V)-module over Z; is a finite free % .+ -module M together with a Frobenius

K K
¢ and a connection V, such that the diagram

M—Y M

@ Oy(a(y)e

M—Y M

commutes.
If M is a V-module over Z,; we define its cohomology to be
K

HO(M) :=Xker(V)
HY(M) := coker(V).

It will also be useful to interpret these in a more co-ordinate free fashion, to do so
let Q}/Z . be the free 2 ol -module generated by dy, and
K

°k

d: %, — QL
&g gz‘”;{

given by df =0,(f)dy. Then (ng,2 . ,d) is universal for continuous éa;{-derivations from
&

K
2 g+ into separated topological % . -modules, and a connection on an £ . -module M is
K K K

equivalent to a homomorphism

V:M—MsQl,
Sk

such that V(fm)=medf + fV(m).

Definition 1.10. A V-module M over % ol is said to be unipotent if there exists a basis
K
{e1,...,en} of M such that

V(ei)E.@gIzel+...+@g;;ei_1

for all ;. We say that a (¢, V)-module is unipotent if the underlying V-module is.
We will be using Theorem 6.1.2 of [5] as a template for the theorem we wish to
prove, so we will need to be able to associate a finite extension of % gt to certain kinds
K

of ‘nearly finite separable’ extensions of £2(¢))(y)), that is composite extensions of the
form

@) — (VP (v} — Fliyh — Fiu)

where F/E(t)VP" is a finite separable extension and F{u}}/F{y}} is finite, Galois and
totally ramified. We will consider each of these extensions in turn, starting with the
extension E(£){y} — k()YP" {y}. If o is our Frobenius on éz‘;{, then there is an induced
map £, a, Rz given by ¥ifiy' — X;0(fi)y’, note that this should not be confused
K K
with a Frobenius on £ ol - We let .%( &ty
K K
via the m-fold composition of ¢’, so that % ot — R
K

E@)VP" iy}

Secondly, if F/E(t)) is a finite separable extension, then we can consider the finite
extension @;F/g;c asin Sectionof [9]. Since éaIT{F is of the same form as éa;{ (but with a

-m denote &% &t considered as an % &l -algebra
K

K
@y is a lifting of R(t){y}} —
K

12



different parameter and ground field) we may define % & exactly as above, and there
is a natural map

Actually, these are both particular cases of a more general construction associated to a
finite extension & T/<5"IT{. The point is that we can use the fringe topology on é“’;{ to induce
a similar fringe topology on %', by writing

F't= colim; %,

where each &, is a finite free &;-module (namely the sub-&,-module of &  spanned
by some chosen basis for & T/é";{). These then come with a compatible collection of

topologies induced by some Banach norm on each %, and we can give & T the direct
limit topology. This does not depend on the choice of basis. Thus we can define the
Robba ring Z 4+ over & T exactly as in Deﬁnition this does not depend on the choice
of &, or their Banach norms, and we can topologise it exactly as we topologise the
Robba ring £ 8L We can also describe Z g4+ more straightforwardly as follows.

Lemma 1.11. Let & T/é";{ be a finite extension. Then the natural multiplication map
T
‘%g;; ®g;; F' - %gf
is an isomorphism. Hence in particular, # ot ®gt é"};F =R GhF
K K K

Proof. Both are subrings of the ring % [[y_l, y] of doubly infinite series with coefficients
in T, hence the map is injective. To prove surjectivity, let vi,...,v, be a basis for
97/6’};. Then for

f:Zfiyi Ec%gw‘

we know that we can write

=20 fijy"
J 1

where f; =3 ;fijv; € FT we must show that each Y fijyi actually lies in %gf . So let
K

s > 0 be sufficiently small. Then there exists some 7 < 1 such that each f; € &, and

Ifill,r™** — 0. But f; € #, implies that f;; € &, for all i,j, and since &, is a finite free

module over the Banach algebra &, IIf; ||,7r‘is — 0 if and only if ||fij||nr‘is — 0 for all

J-

Finally we consider the extension F{{y}} — F{{u}}. By Proposition we can lift this

uniquely to some finite, étale, Galois extension ,%"i;tF — . Define #' =% ghF ® ggint R,
K K &r

K
this is isomorphic to %ZTYF by Lemma Thus associated to the series of extensions
K

EOY) — k(" {yh — Fiiyh — Filu}

we get extensions
Ryt — R, i vg-m — Rt F — B .
Ex (E) &y g;gF

We next explain how to base extend a V-module M over £ up this tower of extensions.
K

For the extensions

Ry — A

tg-m — R tF
@&y &b

13



this is straightforward, we just use the fact that & ghF = Rt ® gt é";;F and extend the
K K K
connection M — M linearly over é";;.F in the obvious fashion. For the extension % ,1r —
K

%;‘a;{ »» we note that the appropriate universal properties of Q! (and the fact that %(’;;{ r
is a separated topological % é;r,p-module) give a commutative diagram
K

1
R
éx

|

R,y —— QL
Ex ohF
K

gféam«" —Q
K

. 1 o0l
with O | —Q

P linear over # ghF Hence we can extend
' g;;F K
V:M—MeQl,
SLF
K

to a morphism
/. 1
\% .M®922;F - MeQg.

1.F
¢k

by setting V(m®r) = V(m)®r+m®dr. We can now state the version of the p-adic
monodromy theorem we wish to prove.

Theorem 1.12. Let M be a (¢,V) module over the Robba ring Rt - Then M is quasi-
K

unipotent, that is there exists an integer m = 0, a finite separable extension F/k()VP"

and a finite, Galois, totally ramified extension F{ul}/F{y}} such that M ® '%Z”’F is unipo-
K

tent.

As mentioned above, the proof will closely mirror Kedlaya’s proof of Theorem
which uses the ‘usual’ p-adic monodromy theorem for the completion of the fraction
field of A, and then ‘descending’ horizontal sections to Zp for some localisation B of
A. Our proof will proceed entirely similarly, with A being replaced by éa;; and the
completion of its fraction field by &k, we do not have to worry about the localisation,
since & is already a field.

Thus we will deduce Theorem from the corresponding statement for §x, which
we now recall. Associated to the extensions

RNy} — k()YP" iyl — Fly} — Filud
we get the extensions

R(N(Y) — (P (y) — F(y) — F(w)
and therefore the extensions

u
:%(S’K - '%(é"K)”_m nd '%éallg nd e%gg

as in Section 3 of [5], where, for example, éf’g is the finite extension of &k corresponding
to some F/k(()) (beware that the notations in [5] are very different, there these rings are

1/p™
denoted r’;ﬁf@{fﬁ@,r’;ﬁfﬁm” & )),Fla?,(l(,%'z,)n and T4 respectively). Then over &x Kedlaya’s

p-adic monodromy theorem is the following.

14



Theorem 1.13 ( [5]], Theorem 6.1.2). Let M be a (¢, V) module over the Robba ring % g, .
Then there exists an integer m =0, a finite separable extension F/E(¢)VP", and a finite,

Galois, totally ramified extension F(u))/F((y)) such that M ® %Zg is unipotent.

If we choose compatible Frobenii on 2% éﬁ and Zg, (which we may do) there is a

natural base extension functor M — M®g o @gK from (¢, V)-modules over % P to (¢, V)-

modules over Zg, . Exactly as in [7], the key stage in the proof of Theoremnwﬂl be
to show the following.

Proposition 1.14. Suppose that M is a V-module over % zi . If M ®gg£T Ry 1s unipotent
K ‘K
(as a V-module over Zg,), then M is unipotent.

In order to prove Proposition[I.14we will need to adapt Kedlaya’s method of produc-
ing horizontal sections to our situation. Happily, this can be achieved entirely straight-
forwardly. As in [7]], we first need to introduce some auxiliary rings. For any < 1 and
s >0 we let Rg, s denote the ring of formal series }; fi y* such that there exists ¢ > 0
with

Ifilly =t —0
as i — +oo. We let R be the direct limit colimy<1Rg, s. For R = R s Or R=Rg

>

K
there is an obvious notion of V-module over R, as well as unipotence for such modules.
Each Rg, s has a norm given by

2

=sup {Ifil,r "}
ns

and there is a similarly defined norm on R, s, all are complete with respect to these
norms. The ring R _ is given the direct limit topology from the topologies on each
e

Rg

LIS

Definition 1.15. Let A be either éf}; or &k, and let M be a free V-module over either 24
or R4 ¢ for some s > 0. Define D : M — M by D(m) = yV(m). Then a strongly unipotent
basis for M is a basis eq,...,e, such that

D(e;)eAei+...+Ae;_1.

Note that by Proposition 5.2.6 of [7], when A = &k then any free, unipotent V-module
over Z4 or R, admits a strongly unipotent basis, and in fact exactly the same proof

shows that the same is true when A = é";{ Also, if eq,...,e, is a strongly unipotent basis
for m, then the kernel of V on M is equal to the kernel of D on the A-span on the e;.

Lemma 1.16. Fix nog < 1. For any rational € € (0,1] there exists some no <1 <1 such
that

Iy < NFIENF NG,

for all f € &,,. Here ||-|l; the is natural norm on &, and |-|| the n-adic norm on k.

Proof. For f = Ziaiti € &y, we write f, = Zizoaiti and f_ = Zi<0aiti, I claim that it
suffices to find some 71 that works for all f_, indeed if so then we would have

IFIEE G, = max (I £ I8 0100 -max {4l -1, |
R T VA A Vg VAT

= max {If 171, |
=1l
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since | £+ 11 €11+ 15, = If+ll; =1If+]. But now the change of coordinate z = y~1 converts

the question for f_ into Proposition 2.4.2 of [7]] in the case of the one-dimensional MW-
algebra K (2)t. O

Lemma 1.17. Let M be a free V-module over R i s for some s > 0 such that M’ :=
K?
Me R ; Ry s is unipotent. Let e be the nilpotency index of the matrix via which D acts
S

on a strongly unipotent basis of M'. Define functions fn: M' — M' by fo(m)=D"1(m)
and

D2\*
fn<m>—(1— ) Far(m)

for n=1. Then for any m € M', the sequence f,(m) converges as n — oo to some element
f(m) such that V(f(m)) = 0. Moreover, if m € M c M' then so is f(m).

Proof. The fact that f,,(m) converges as n — oo to some f(m) such that V(f(m)) =0 is
exactly Lemma 5.3.1 of [7], we must show that if m € M then so is f(m), or in other
words we need to show that the sequence f,,(m) actually converges in M. As in lemma
5.3.2 of loc. cit., choose a basis ej,...,e, for M and define the matrix N by

Dej ZZNijei-
4

Also write m = }; g; —1e; and choose some 7 such that each N;; and g; _1 are all defined
over Rg, ;. Write f,(m) =X, gine; so that each g;, € Rg, s, we need to prove that each
sequence g;, converges to some g; € Rg, 5. Exactly as in the proof of Lemma 5.3.2 of
loc. cit. we know that there exist constants D > 0,0 <A < 1,p > 1 such that

lgin+ —&in|, < DA™
lgin+1) —&in “n,s <Dp"

where ||-||s is the natural norm on Rgg s and ||-l|;, s that on Rgn,s. Thus by Lemma
above we can find some n <7’ <1and D' >0,0< A’ <1 such that

lgicny—ginll,y o =D'AY"
and hence each sequence g;, converges in Rg,, 5. O

Proof of Proposition We first claim that if M is a free V-module over R, _ for

some s >0, such that M ® Rg, s is unipotent, then M is unipotent. Let D, e and bee as
in Lemma [I.17 above, and let M, denote the &x-span of a strongly unipotent basis.
Now, for all m € M ® Rg, 5, V(f(m)) = 0 and hence f(m) must lie in the image of
D¢ 1 on My. Since f(m)=D¢"(m) for any m € My, it follows that the image of f is
exactly the image of D¢~! on My. But since M ® 8} &k is dense in M ® Rg, ¢ it follows

that f(M ® &x) = D¢ 1(M,). Hence f(m) # 0 for some m € M, and thus exists some

K
non-zero n = f(m) € M with V(n) = 0. By Corollary 5.2.5 of [7], the Rg, ;-submodule
of M ® Rg, s generated by m is a direct summand, since m belongs to the &x-span of a
strongly unipotent basis for M®R g, s, and hence the % 8, ,-submodule of M spanned by

m is a direct summand. Thus by quotienting out by this submodule and using induction
on the rank of M we get the claimed result.
Now suppose that we have some free V-module M over £ & such that M ® Zg,

is unipotent, and let e1,...,e, be a basis for M. Then as in Proposmon 5.4.1 of [7],
if we let N denote the %gt NR,: -span on the e;, then since Zg, c UssoR gy s, for s

B

K
sufficiently small, N ®(Zg, NRgy ;) is unipotent. Hence by what we have proved above,
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N@®R; _isunipotent, and thus admits a strongly unipotent basis {v;}. By an argument

1dent1cal to Proposition 5.2.6 of [7]], N ® (Zg, NR g s) also admits a strongly unipotent

basis {w;}, and by Corollary 5.2.5 of loc. cit., these two bases have the same &x-span

inside N ® Rg; s. Hence the v; form a strongly unipotent basis of N ® (Zg NR r ).
o

Since Zg, ﬂR = QZ(E,T s
proof. O

it thus follows that M = N ® 2 is unipotent, completing the
K

With Proposition [1.14] out of the way, we can complete the proof of Theorem [1.12

Proof of Theorem Let m,F and F(w)/F(y)) be as in Theorem|1.13] so that we have
extensions
Rex = Rggy — Rgk = Rgr

K

such that M ®%2F is unipotent. We may assume that the extension F(u))/F((y)) arises

K
from some extension F{u}}/F{y}}. There is therefore a commutative diagram

%g;r{—>%(££’)g —>@£,TF —)%g“,

R

u
.%(S’K —_— .%(éaK)g_m %éb]ﬁ{' e%g]lg

and hence if we let N =M ® QZ:;T,F, then N ® @(’;F is unipotent. Hence by Proposition
K K
11.14] N is unipotent. O

Using the monodromy theorem, we can now prove finite dimensionality and base
change for the cohomology of (¢,V)-modules over % ;. Again, assume that we have
K

chosen compatible Frobenii on &% &t and Zgy .
K

Theorem 1.18. Let M be a (¢,V)-module over % i . Then the cohomology groups
K

HOM),H' (M)
are finite dimensional over é"};, and the base change morphisms

H'(M) e, 6k — H' (M ® Rsy)
K

H'(M) e, 6k — H' (M ® Rgy)
K

as isomorphisms.

Remark 1.19. Of course, H'(M ® Re) and H IMe Reg, ) are defined entirely similarly
to H'(M) and H(M).

Proof. This is entirely similar to Proposition 7.2.1 of [7]], since H:(M ® Rgy) is finite
dimensional, it suffices to prove the base change statement. First suppose that M is
unipotent, with unipotent basis {m1,...,m,}. Let M; be the span of m1,...,m;, this is
a sub-V-module of M, and M ;/M;_; is isomorphic, as a V-module, to % g,;{ . Hence direct
calculation for M = % &) together with the snake lemma and induction on j imply the
result. Of course, exactly the same calculation works over Z 4+ for any finite extension
Fh&k.
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In general, we choose m,F and F{u}}/F{{y}} such that the conclusions of Theorem
hold. By Lemma we know that

i T F ~ r7i
H (M)®g;{éaK =H (M®@g;{ 9?(3}?1{)

and since a similar calculation holds when replacing é";; and é"};F by their completions
&k and g’g respectively, it suffices to prove the theorem after base changing to 2 ghF- In
K

other words, after replacing k(%)) by F we may assume that there exists a finite, Galois,
totally ramified extension 2(¢){ul}/k(¢){y}} and corresponding extension %/92:;“ such
K

that Z ® gpint R
s

Since 92/92;‘; is Galois, we can define a trace map tr: QZ;T — Ryt by summing over
K K 4

Aut(%/%;;t), we similarly get a trace map tr: Q1
K

=R*, and M ® Z“, is unipotent.
s~ el s ° P

. = QlT such that the diagram
g} &

M———MoR!, ———M
K

\ \[V v

t
MeQl, —— MeQl, ——MeQl,
&l &b &l
K K K

commutes, and the composite maps

M—-MeR', — M
&

K
1 1 1
MeQy . —»M@aQ%uT - MeQgy :
Ex &k Ex

are both multiplication by n =[Z : %;t]. Hence there exists a projector H (M ®92(’; )=
K K

HiM ®‘%Z"* ) whose image is exactly H'(M). Of course, similar considerations hold over
K
Rey, and hence we get a commutative diagram

H' Mo, )0, 6x — H (M8 R, )81 &k
k K Kk K

| |

H’(M@%ZaK) —)H’(M@.@EK)

where the images of the horizontal arrows are H (M)® &l &k and H\(M ® R g, ) respec-
K

tively. Since M ® '%Z” is unipotent, the vertical arrows are isomorphisms, and hence we
K

get an isomorphism . .
H'(M) ®,r 6K —H'(M® ZReg,)
K

as required. O

2 Finiteness of rigid cohomology for smooth curves

Now armed with a suitable version of the p-adic local monodromy theorem we can prove
finite dimensionality of H :ig(X /&7 ,&) for smooth curves X, though perhaps not in the
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expected manner. One might expect to prove this by attaching a version of the Robba
ring to every missing point of X as in §7.3 of [4], and deducing finite dimensionality
directly, but we will not do this. Instead, we will prove finite dimensionally for Al
directly using the p-adic monodromy theorem, and then deduce it for more general
smooth curves by locally pushing forward via a finite étale map to Al.

Our first task is therefore to use the monodromy theorem to prove finite dimension-
ality and base change with coefficients on the affine line.

il T
Theorem 2.1. Let & € F-Isoc (Ak((t» K). Then

Hi (A /65 6)
is finite dimensional for all i and the natural map

- .
i (o658 ®g1 Ex — Hig(Aj /8, €)

is an isomorphism.

First of all we will need to reinterpret this result a la Monsky-Washnitzer, in order to
be able to use the results of the previous section. The frame we will choose is the obvious

one (Ak« t»,IF’k[[ iq 7/[[ t]]) and we will let ¢ denote any lift to this frame of the g-power

Frobenius on [FDk q compatible with the chosen Frobenius o on 7 [t]. Let IP’1 = (I]J’1

VI K

denote the analytic projective line over Sk, with co-ordinate x, say.

Lemma 2.2. The open sets

Vi i= {P € Pé’;m

vp(r ™ < Lup(na™) <1}

are an cofinal system of neighbourhoods of ]Ai« t»[@1 " inside []Dl an
V[

Proof. This is Proposition[2.6] of [9]. O

Note that each V,, is affinoid, corresponding to the adic spectrum of the ring

Sk(x,81,S2)
(nS1-t™,S9—nx™)"

Em (r VM) =

We let é"};(x)T = colimmé"m(r_l/mx), this has the alternative description as the ring
of power series ¥; fix' such that there exists n <1 and r > 1 with f; € &y for all i
and |If;ll,
(0} glf{ (x)T denote the ring of power series ) ; fixi in 6’;{ ()t such that each fie® gl'{'{ , thus

ri — 0 as i — oo. In other words, éa;{(x)T = colim,,<1,p>1é?n(p‘1x). We let

Ozt (x)/m = k(#)[x] is the polynomial ring in one variable over k((2)).
K

Definition 2.3. A Frobenius on éa;{ () is a homomorphism which is o-linear over &l ,
preserves O éaT (x)T, and induces the absolute g-power Frobenius on £((¢))[x].

Note that any choice of Frobenius on the frame (Al ) induces a compat-

k@)’ k[[t]]’ V[[t]]
ible collection of Frobenii, all of which we will denote by o, on the rings in the diagram

xwy'1
&t ———— %

|0
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Definition 2.4. Let o be a Frobenius on é";{<x)7, and let 0, :(5";2,(ac)lr — é";{(xfr be the
derivation given by differentiation with respect to x.

* A @p-module over é’;{ ()" is a finite 8;{ (x)"-module M together with a Frobenius
structure, that is an o-linear map
o:M-M

which induces an isomorphism M ® éa;{ =M.

é";{(xﬂ,o
e A V-module over 5;{ ()" is a finite 8;{ (x)"-module M together with a connection,

that is an é";{-linear map
V:M—-M

such that V(fm)=0,(f)m + fV(m) for all f € ezg";;(ac)Jf and me M.

* A (p,V)-module over éa}; (x)' is a finite éa;({ () -module M together with a Frobenius
¢ and a connection V, such that the diagram

M— M

lq’ Jax(o(x))q)
\Y

M— M
commutes.

Now, suppose that & is an overconvergent F-isocrystal on Ai« t))/é";. Then for each

m > 0 there is a module with (integrable) connection &, on V,, giving rise to &, and
thus the direct limit over all the I'(V,,,, &,) will be a module with connection over 6’;; ()T,

that is a finitely generated é";{ (x)T-module M together with a connection V: M — M.

Exactly as for éa;{ (x)T, the Frobenius structure on & gives rise to a Frobenius structure
on M, thus we get a functor
&— M :=T(Pg™",8)

from overconvergent F-isocrystals on Ai« ) to (¢, V)-modules over 6’;{ oyt

Now let

Ex(x)' = colim, Ex (r V" x)

denote the 1-dimensional Monsky-Washnitzer algebra over &x. Since we have com-
patible Frobenii on éa;{(xﬁ and &x(x)" we get a base extension functor M — M’ :=

M<22>(%T{<x>T 8k (x)T from (¢, V)-modules over é?’;{ ()T to those over &x (x)T. Letting Hi(M')
denote the cohomology of the complex M’ Y. M’ there is then a base change morphism
H'(M)® 5 &k — H'(M).

Proposition 2.5. For any & € F-IsocT(A}i« t»/éa;{) with associated (¢,V)-module M over

éa;r{ (x)T, there is an isomorphism
(Al / 6, €) = H' (M)

Moreover, if we let M' =M & &t &x (x)', then the base change morphism
K

Hi

1 I} ] 1 A
g Ah/Ei0 ) 851 6K — Hyip (Al /6, 6)

can be identified with the base change morphism

H'(M)®,: &k — H (M.
K
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Proof. Once we have used the global differential dx make the identification

4ol o
J 1 Q l,an =J 1 @ Lan,
Ao Psg Sk "My Psg

the complex M Y. M is then just the global sections of the complex

- 1
s&—&ej, Qb .
Awwy Py Sk

Hence for the first claim it suffices to prove that coherent jT1 Op1an-modules are
k@) Sk

F(P;}in, —) acyclic.

So let & be a coherent jT 1 @Pl,an -module, and let j,, : V,, — PL2" denote the inclu-

S
k@) Sk K

sion of the cofinal system of neighbourhoods from Lemma Since the tube ]IP’; ] [p: "
vt
IP;’;“ is quasi-compact, it follows from Lemma of [9] that

H'(Pgy", #)= colimusoH' g, jms Fn)

where %, is a coherent Oy, -module inducing &, for m > 0. Since each V,, is affinoid,
the pushforward j,,. is acyclic, so we have

colimyns0H' (PG™", jm s Fm) = colimpms0 H' (Vi Fop).
Again, since V,, is affinoid, we have
H' (Vi, Fn) =0

for i >0, and the first claim is proven.
Since an entirely similar argument applies to show that

Hi

) R
rig V() 6K 6)

can be computed in terms of the global sections of & ® jT . QF , which is just the

l,an/g

rw Pa 16k
restriction of & ® jt\l Q;Lan/s to the open subset
k@) s WK
1l,an l,an
P o © [P’SK R
to prove the second claim it suffices to show that for any coherent jT 1 Opran-module
k@) Sk

&, there is an isomorphism

F(Péa}?n’g) = F(P;ﬁn,g) ®é";{<x>f é"K(x>T_

LetW,, .=V, ﬂl]l’iain, these form a cofinal system of neighbourhoods of ]Ai« t))[[FDI,an inside
&k

I]J’é,,}?n. Since W), is an open affinoid subset of the affinoid V,,,, we have that

LWy, Fm) 2T (Vin, F) @1V, 0v,,) L Wi, Ow,,)-

for any coherent Oy, -module %,,, and the claim follows from taking the colimit as
m — oo. O

Hence we can rephrase Theorem [2.1] as follows.
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Theorem 2.6. Let M be a (¢,V)-module over é"}; (x)T. Then H'(M) is finite dimensional
over 6’;{, andif M' =M ® @t 8k (x)T, then the base change morphism
K

Hi(M)®,; 6k —H' (M)
K

is an isomorphism.

As in the previous section with the proof of a version of the monodromy theorem,
the proof will be inspired by the proof of generic finiteness and base change for rela-
tive Mosnky-Washnitzer cohomology by Kedlaya in [7]], where for a dagger algebra A
he shows generic finiteness of the pushforward of a (¢,V) module via A — A(x)T by
descending from the completion of the fraction field of A. Again, in our situation the
‘dagger algebra’ is é";{, and the completion of its fraction field is £k, and the idea behind
the proof easily adapts to our situation. Before we give the proof, however, we will need
to know that (¢, V)-modules over éa}; (x) are free, thus enabling us to apply the results
of the previous section to their base change to #Z 8l This will need building up to.

Definition 2.7. i) If f =Y, fix! € Ex (x) then we say that f has order & if | £;|l < IIf3
fori <k and | f;|l < | fzll for i > &k, where ||-|| is the m-adic norm on x. If A c &x(x)
is a subring (for example A = é";{(x)T) then we say f € A has order % if it does so in
Ex (x).

i) Iff=Yfixt € &k (x)" and p > 1 then we say f has p-order % if f € é?’K(p’lx),
£l o < Ifell p® for i <k and |Ifill p* < Ifell p* for i > k. Again, we will also use
this terminology for subrings of §x oyt

iii) If f =Y fixl € éz:({(xfr and n < 1,p > 1 then we say [ has (,p)-order % if f €

En(o™ ), I filly o* < I felly p* for i <k and lIfill, p* <2, p* for i > k. Here ||l is
the natural norm on &;,.

Lemma 2.8. i) Let f € &k (x)!, and suppose that f has order k. Then there exists
00 > 1 such that for all 1 < p < po, f has p-order k.

i) Let f € 3};(36)7, and suppose that f has order k. Then there exists n1<1,p > 1 such
that [ has (n,p)-order k.

Proof. i) First note that since the p-order of f can only decrease as p decreases, it
suffices to prove that there exits some p such that f has p-order 2. Choose p
such that f € £’K(p‘1x) and choose ig =k such that i =ig = |f;ll pi < |Ifzll. Since
I£% 1l = lIf; |l for all i <k, it follows that for any p’ > 1, | £l p" = I f; |l p" for i <%, and
if 1<p' <pandi=ig, then |Ifillp” < Ifil p* < Ifrll < lIfzllp. Hence it suffices
to find 1 < p’ < p such that ||f;l| p” < lIfxll p'* for £ < i < iy. But now just taking

p' <minjei<i, 'l'l’li—kl'l' will do the trick, since [|£;]| < lIf3 ]l for £ <i <iq.

ii) Choose pg > 1 such that for all 1 < p < py, f has p-order %, after possibly decreas-
ing po we may choose 179 such that f € &, (pglx), that is || f; II,,0 pé — 0. Choose i
such that i = io = Ilfill,, pf) < Ifell, thus for all ny =<1, all 1 < p < pg and all
i =g we have f;ll, p" <l fell, p*.

Now, since ||f;ll < [zl for all i <k, then for all € > 0 there exists some 7 such that
I£ill, < Ifxll;)+€ for all i <% (since there are only a finite number of such 7). Hence
by taking e sufficiently small, we can find 7o <711 <1 and 1 < p < pg such that
Ifill, p* < I fell, p® for i <k and g1 <n < 1. Similarly, since IIf;ll p* < I|f |l p* for all
k <1 <ig, we can find some 71 such that ||f; II,Ipi < ||f||,}pk for all £ <i<iy. Hence
Ifill, p° < UIfll, p* for i >k and IIfill, p* < Ifll, p* for i <k,i.e. f has (n,p)-order k.

O
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Lemma 2.9. i) Suppose that f,g € éﬁ’;{(x)T and g has order k. Then there exist

unique q € <‘S’;r{(x)T andre 6’;{[35] of degree <k such that f =qg +r.

i) Let f € 6";{ ()T, Then there exists a polynomial h € é";;[x] and a unit u € (éa;; (xyH)*

Proof.

ii)

such that f = uh.

i) The Weierstrass Division Lemma in x (x) tells us that there exist unique
q € 8k {(x) and r € g [x] of degree < k with f = qg +r, we need to show that in fact
qE€ (‘J’Iz(x)T andre @;rc[x].
To prove this, choose 7, p such that g has (1, p)-order k£ and define the norm ||-||; ,
on éan<p_1x> by

Zhixi
i

Then &, (p~1x) is complete with respect to this norm, and after scaling by some
constant in K we may assume that | gll, , = 1. Then exactly as in the proof of the
usual Weierstrass Division Lemma (see for example Theorem 8, §2.2 of [3]]), since
g has (1, p)-order k, we can find a sequence of elements f;,q; € éan(p‘1x>, r € &lx]
of degree <k, such that

= sup{lihill, o'}
l

fi=q;g+r+fis1

Wfillgos Nailly oo 1750, < €171 0

where € = maxi>s{llgillnpi} < 1. Hence the series ) ; q’i and Zir; converge to
elements ¢’ € &, (p~1x) and r' € &ylx] of degree <k such that

f=q'g+r.

Thus by the uniqueness of such a division inside &k (x), we get ¢ =q’ and r =71/,
or in other words g € éa;{ )t and re @;rc[x].

Exactly as in the proof of the Weierstrass Preparation Lemma (see for example
Corollary 9, §2.2 of [3]D), for any f € 69;;(35)T we can write f =uh with h € é’;{[x] and

ue€ 8;2. (x)" such that u is a unit in &x (x), we need to show that in fact u is a unit

in £’£,<x>*. After scaling by some element of K, we may assume that |lu| =1, and
thus by Corollary 4, §2.2 of [3]l, that u has order 1. Hence there exits some (7, p)
such that u has (1, p)-order 1. So in the usual way we can write u = 1—v with
lvlly,e <1 and hence }; v' is an inverse for u in éa,,(p_lx).

O

Lemma 2.10. Let M be a (¢,V)-module over 5}; ()t Then M is freeas a é";{ () -module.

Proof. Lemma above implies that every ideal in é";;. (x)T is generated by some poly-

nomial ~ € é’lz[x], and hence in particular 6’}; (x)" is a PID. Thus to prove that M is free
it suffices to prove that its torsion submodule M'" is zero. Using the structure theo-
rem for modules over a PID, it suffices to prove that for every irreducible element f of
é";{ (x)T, the f-power torsion submodule M[f°°] is zero. Again using Lemma we may

assume that f is in fact an irreducible polynomial over & , which remains irreducible
in &) (0.

So let m € M[f°°], so that f¥m = 0 for some %. Then by the Leibniz rule, 2f*1f'm +
FEV(m) = 0, and hence f**1V(m) =0, i.e. V(m)e M[f*®]. Moreover, if we choose & to
be such that /* annihilates M[£], but not f¥~1, then we must have that f¥V(m) =0,
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and hence that 2f*~1f'm = 0. Since this holds for all m, we conclude that kf*~1f’
annihilates M[f*°], and hence by the choice of &, we must have that f* divides £f*1f".
Since f is irreducible, it thus follows that f must divide f.

Since f is irreducible in é”;{[x], we know that we can write Af + uf’ = 1 for some
polynomials A, u, and hence, since f divides f’, it follows that f must also divide 1, i.e.
f is a unit and hence M[f*°]=0. O

Proof of Theorem There is an Frobenius-compatible embedding 6’;{ -2 o1 given
K

by x— y~1, and we let 2 ¢ denote the quotient. The snake lemma applied to the dia-
K

gram with exact rows
0—M — MR, — M2, ——0
K K

0—>M—>M®=%gf —>M®Q€T —0
K K

induces a long exact sequence
0—H'M)~H' MeR,)—~H Me2,)
K K
—H'M)—~H' MR, )—H' Me2,:)—0.
K K
There is a similar long exact sequence associated to M’ = M ® &g (x)' coming from the

exact sequence
0— &k ) — Rg — g, — 0

as in 7.3.2 of [7], and these exact sequences are compatible with base change, in that
there are morphisms

H (M), &g —H' (M)
K
H'M®% )85 Ex —H (M © Rey)
H%M@Q(QL)@% Ex — H\(M' ® 2g,)

which form a commutative diagram of long exact sequences. By Lemma [2.10] M is free
as an é"}; (x)T-module, and so we can apply Theorem which tells us that the maps

HiM 92(21 ) ® &g — H' (M ® R gy ) are isomorphisms.
K K

Claim. The map
H'Me2,)8, 6k —H' (M ©25,)
K K

is injective, and the map
H'(M)e,; x — H (M)
K

is surjective.

Proof of Claim. For the claim about injectivity, it suffices to show that the natural map
2 o ®pt Ek — gy is injective, which boils down to the diagram
K K

Ex @) —— Ry

|

Ex ()T —— Reg,
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being Cartesian. This follows straight from the definitions, since the inclusions
& — % 5
Ex ()" — Rgy

identify éa;g )" and &k (x)T with % ol m@;c [y~'] and Ree NEK [y~'] respectively. For the
K

claim about surjectivity, topologise M’ with the fringe topology, arising from the direct
limit topology on éaK(x)T as in Definition 2.3.7 of [7]. Then since M ® &l 8k is dense
K

inside M’ for this topology, it follows that the map
H'M)e; 6k — H (M)
K

has dense image for the induced topology on M'. Since the fringe topology is Hausdorff,
and the image of
V:M - M

is closed by Proposition 8.4.4 of loc. cit., it follows that H'(M’) is also Hausdorff for the
induced topology. Since H'(M’) is finite dimensional over &x, any dense subspace must
therefore be equal to the whole space, and hence the claim follows. O

Hence we can apply Lemma 7.5.3 of [7] to conclude that the the maps H' (M) ® &l
K

&x — H'(M') must be isomorphisms, and it then follows that each H*(M) is finite di-
mensional over 6’;2, O

We are now in a position to deduce finite dimensionality of H iig(X /&7 ,&) for smooth

curves X from finiteness for A! just proven. The result we will therefore be spending
the rest of this section proving is the following.

Theorem 2.11. Let X/k((t)) be a smooth curve, and let & be an overconvergent F-
isocrystal on X/éallr{, with associated overconvergent F-isocrystal & on X/8x. Then the
cohomology groups

H. (X/8},6)

are finite dimensional, and the base change maps

Hi

Ly ' (X/6k,8)

:
(X654, 8) 0, 6k — Hiyy

are isomorphisms.

Note that since smooth curves are quasi-projective, there always exists an embed-
ding into a smooth and proper frame over ¥ [¢]. Exactly as the general strategy for
proving finiteness in [7]], we will prove this by descending to Al using (the one dimen-
sional case of) the main result from [6], namely the following.

Theorem 2.12 ( [[6], Theorem 1). Let X/k be a smooth projective curve over a field k
of characteristic p > 0, and D c X any non-empty divisor . Then there exists a finite
morphism f: X — IP’%c such that DN f~1(co0) = @ and f is étale away from oco.

For this to be useful for us we will need to know that we can ‘lift’ a finite étale map
between curves over k((¢))-schemes to characteristic zero. Actually, since we will first
need to compactify over £[¢], the lifting problem is somewhat subtle, and we will need
to make extensions of the ground field 2(#)) to ensure that we can pick ‘sufficiently nice’
models over k[t]. Our first result therefore will tell us that we may make such finite
extensions with impunity. So let us suppose that we have a finite separable extension

25



F = [(u) of k(t)), with associated finite extensions SII';/S K, é"IT{F/é"}; and éag/é"K. Recall
from §5|of [9] that in this situation we have a commutative diagram of base extension
functors

E—E,
Isoc' (X/&}) ———— Tsoc! (Xp/&2")

lgwé lgwé"

E—E,
Isoc! (X/&x) ————— Isoc' (XF/&E).

Lemma 2.13. Let X/k(t)) be an embeddable variety, and & € IsocT(X/é";{). The natural
base change morphisms (see §5|of [9))
Hll"ig

i
H rig

X6}, &85 6 —~ H Xplep",67)

(X/6xk,8) 96, ¢ — HL (XplEg,87)

are isomorphisms.

Proof. Let I]ID% denote the rigid space Spa(SIF{‘), and let (1Y [s3)F denote 1Y [z x5 I]ID%, with
K
f : (Y [p)r —1Y [3 the projection. It is easy to see that there is a natural isomorphism

of complexes

* * ~ *
FHE® s, ) =EF @ Q(]Y[qg)p/sllg

and this together with the fact that for any sheaf E on 1Y [sz the base change morphism
H'(Y[q,E)®s, Sk — H' (Y [yp)r,f*E)

is an isomorphism implies that H; (X/c‘oaT ,E)® 1 ehf =i (XF/éaT’F,éaF). Of course,
ig & K rig K
an entirely similar argument shows that

Hi

rig(X/éaK,é) ®s, EF — H'. (Xp/EF,EF)

rig

is an isomorphism O

Thus at any point during the proof of Theorem |2.11] we may always make a finite
separable extension of the ground field £((¢)). We can therefore lift finite étale maps to
characteristic zero using the following proposition.

Proposition 2.14. Let f: X — IP’%C« o be a finite morphism as in Theorem and let

U=f _I(Ai(( t))). Then after replacing k((t)) by a finite separable extension, there exists a
p-adic formal scheme X, flat and proper over Spf(¥ [¢]), and commutative diagram

U——X

L)

1 ol
Ay Py

such that w is étale in a neighbourhood of U.

Proof. By the semistable reduction theorem for curves, after making a finite separable
extension of £((¢)) we may choose a model X — IP’;[[ 1 such that X is semistable. Since X

1
k(]

over k[t], the morphism X — I]J’]i[[ q is a local complete intersection. Moreover, there

is semistable, it is a local complete intersection over A, and thus, since P is smooth
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exist finitely many points {P;} of the generic fibre X and {@;} of the special fibre )Z)
such that X is étale over Piu q away from the closed affine subscheme {P;} U{Q;} of X.

Hence we may inductively apply Lemma below. O

Lemma 2.15. Let R be a ring, Xy a flat curve over Ry, and fy: X9 — P%Bo a l.c.i. mor-
phism. Suppose that there exists a closed affine subscheme Zg c Xy, with open comple-
ment Uy, such that [y is étale on Uy. Let R1 — R be a square zero extension. Then there
exists a lifting of Xo to a curve X1, flat over R1, and a lifting of fo to an l.c.i. morphism
f1:X1— P}h' Moreover, if we let Uy < X1 denote the open subscheme corresponding to
Uy, then f1 is étale on Uj.

Proof. We follow closely the proof of Lemma 8.3 in [4]. The obstruction to the exis-
tence of a flat lifting is a class in Extgfo(L Xo/PL ,0x,), where L Xo/PL is the relative
0 0

cotangent complex. Since Xy — [l"—"}.l%0 is Led., L Xo/P} has perfect amplitude in [-1,0].
0

v . . . . .

Thus L XoPl i := RHom(L Xo/PL . ,0x,) has perfect amplitude in [0,1], and in particular

FOHLY 1 )=0for i #0,1. Since fy is étale on Uy, it follows that Ly p1 |y, =0, and
X()/[F"R0 Ry

hence that in(L}’(O ) ) has support in Z, for i =0,1. Thus we have
Ro

1 17V a2 R
H (Xo,# (LXo/P}QO))_O_H (Xo, A (LXO/P}QO))’
hence Ext?IO(L Xo/PL ,0x,), and the obstruction must vanish. Since X1/R; is flat, the
0

fact that f7 is l.c.i and étale over U; follows from the same facts about fj. O

This allows us to construct pushforwards of overconvergent F-isocrystals via a finite
étale morphism to Al, at least after making a finite separable extension of k((t)), as
follows. Let f: X — [P’i« £ be a finite morphism as in Theorem |2.12] then after making
a finite separable extension of k((#)) we may assume that there exists a morphism of
smooth and proper frames

. X 1 1 Pl
w:(U,X,X)— (Ak((t))’"}k[[t]]’pﬂ[t]])’

where X = X 1] k[t], such that X is proper over IP}C[[ 1 and X is étale over I]AJ’%/[[ fq ina
neighbourhood of U. Note that we have ])_([x =Xk and ]I]D,i[[tﬂ [p1 - = Pé’;n, and w induces
4l

a morphism of ringed spaces

wK : (X, j{y0,0) = Pgy" oy Opran).
K

Since w is étale in a neighbourhood of U, if we let U,, denote the standard neighbour-
1 R P l,an . -1 _ .
hoods Of]Ak((t))[P%,[[z]] inside lP’SK , then for all m > 0, the induced map wy (Up,) — Uy, is

finite étale. Moreover, since U = w’l(Ai« t»), it follows that the wl}l(Um) are exactly the
standard neighbourhoods Uj, of JU[x inside Xg.

Now let & be an overconvergent isocrystal on U/é"T, corresponding to a coherent
jg@xl{-module with overconvergent connection which we will also denote by &. Since
wg 1is finite on U,, for m > 0, for any coherent j{,@xK-module F, Rwg«F = wg«F

is a coherent jj\lﬁpl,an-module. Since wg is étale on U,, for m > 0, it follows that
Sk
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x T 1 ~ =T 1 . . . .
WyJ A\IQP;’*‘“/SK = ‘]UQxK /Sg? and hence, if & is coherent j;;0x, with an overconvergent

integrable connection, the projection formula implies that
Rug.(8 — £ 7,0k g )Zwk.(6 — E8j10% s,

= wi.(8) ~ wi(8) 8/, QL

S SK

ran-module w4 (&).

which gives an integrable connection on the coherent jj:\lﬁp
Sk

Proposition 2.16. This connection is overconvergent, and the induced overconvergent
isocrystal on Ai« t»/éi’;{ depends only on f:U — Ai« . This gives rise to a functor

fs: IsocT(U/g;f{) — IsocT(Ai«t»/éa};)

adjoint to f* and commuting with finite extensions F/k((t). Moreover, for any & €
IsocT(U/é"};) we have

Hi

tey=ri (Al el
I'ig(U/éa ,(g))ZHl (Ak«t»/éaK,f*g)

rig
Proof. Suppose that w: X — @%/[[ f and w': X' — @;[[ 1 are two choices of morphism of

formal 7 [¢]-schemes lifting f/ : U — A}i« 4 s in Proposition 2.14l Then after replacing
X' by the fibre product X’ xp1 - X and embedding U via the diagonal morphism, we
vt

may assume that there exits a morphism v : X’ — X which is finite and étale in neigh-
bourhood of U. Let X denote the Zariski closure of U in X' ®y [y k[t], and let &,6
denote the realisations of some isocrystal in IsocT(U/é"};) on (U,X,X) and (U,}_(’,f{’ ) re-
spectively. Again, ])_{,[36,: %}{ and by the Strong Fibration Theorem, i.e. Proposition
of [9]], we have that

Rog,(8'® ji 0% 15,) 26 @5 s,

from which we deduce the independence of the chosen lift w.
To show that this connection is overconvergent we use Proposition of [9]. Let x

be the co-ordinate on [Iﬁ’é,F, so that dx is a basis for Q%l D in a neighbourhood of Al,
7[t]

1 in a neighbourhood of U. Also note that in this case

X[
the closed tubes [—], are equal to Xx and [P’é’;n for all n. So let n =0 and let U, be one

as well as being a basis for Q

of the standard neighbourhoods of ]A}e« t))[@l “ inside Pé’zn such that w I}I(U’") — U, is
vt

finite étale, & extends to a module with integrable connection on w;{l(U m), and

_k
rn—0

ak(e)
k!

as kB — 0 for all e € F(wl’{l(Um),é"). Since the Banach norm on F(wl}l(Um),é’) as an

@wl}l(Um)-module is equivalent to the Banach norm on F(wl}l(Um),é") =T(Un,wr+8&) as

an Oy, -module, it follows that

% (e)
k!

_k
rn—0

for all e e I'(U,,,wg «&), in other words the connection on wg.(&) is overconvergent.
Finally, the fact that

RI'(Xg,-) = RT(PG™", Rwg . (-))

easily implies statement about the cohomology of the pushforward. O
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The next stage is to show that f. is compatible with Frobenius structures. Since
f:U— Ai« » 1s finite étale, the relative Frobenius Fyyja1 : U — U’ is an isomorphism,
where U’ is the base change of U via the absolute (g-power) Frobenius of Ai« 2" Hence

if ¢ is a o-linear lift of the g-power Frobenius on Plla[[z}] to @;[[t}] (such liftings always

exist), then the base change X' := X xp1 of X via ¢ together with its natural

@1
D4 7]
map to X is a lifting of the g-power Frobenius on U.

Explicitly, let X be the base change of X by the g-power Frobenius on I]J’]i L then the

relative Frobenius Fyy a1 : U — U’ induces a closed immersion U — X', and the induced
diagram of frames

uXxx)—*r L wX,x

T

PN @
ltﬂt]]’lp%/[[t}]) (Al

1 1
(A k@ Trpp Py

1
k(2)’ P

is a lifting of the commutative diagram

U———U

L]

1 1
Ak * Ak

where the horizontal morphisms are the g-power Frobenii. Hence by Lemma of [9]],
the Frobenius pullback functors

F* :Isoc (U/&)) — Isoc’ (U/&))
* . IsocT (AL /&t tal et
F~ :Isoc'(Ayy)/Ex) — Isoc' (Ap 1/ Ex)
can be identified with ¢} and ¢} respectively.

Proposition 2.17. Etale pushforward f. commutes with Frobenius pullback, in the
sense that the diagram

Tsoc!(U/&}) —E— Tsoc! U/8})

fal ety £ fal et
Isoc (Ak((t»/éf’K) — Isoc (Ak((t»/éf’K)

commutes up to natural isomorphism.

Proof. For any coherent jg@’%K-module & with an integrable connection, there is a
natural base change morphism

PRWEE = Wi, PR E

which is horizontal for the induced connections, we must show that this morphism
is an isomorphism. Of course, we may forget the connection and simply prove the
corresponding statement for coherent J.J{]@’}:K -modules.
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We can given this a Monsky-Washnitzer interpretation as follows, we have

Lan ot i

and the Frobenius ¢ induces a Frobenius o on é";{ )'. Then

Coh( jj\lﬁpgam) = Modgy (&5 () ")
K

and if we similarly let A;( =I'Xg, jI]@%K)’ then we get an equivalence
Coh(j},0x,) = Modg(A}).

There is a finite étale morphism of rings é";{ ()t — A;{ such that the push forward f. is
identified with the forgetful functor

Modgy(A}) — Modgy (&) ().
We can identify I['(X}, j}}@x}{) with

T.oat I\
By=Ap o ., 6po.

Then the base change morphism becomes the natural morphism

il T T
M Bl wio g0’ — M Bal By

associated to a finite A;{-module M, which is an isomorphism. O

Finally, since we want to be able to prove base change theorems as well as finiteness
theorems, we will need to know compatibility of £, with the étale pushforward functor
in ‘usual’ rigid cohomology, as constructed for example in §2.6 of [12]. Let Og, denote
the ring of integers of &%, and let w : U,X,%)— (Aile((t))’ﬂmlle[[t]]’@%/[[t]]) be a lifting of U —

Ay as above. Write X = X ®, [, k(#) and X = X 8] Oy Then

(T Y 5 1 1 51
w (U, Xk9, X) = (A Preys P@?K)
1

k()"
those used in § of [9] show that overconvergent isocrystals on U/&k (resp. Ai« t))/éaK)

is a morphism of frames over Og, lifting U — A Methods entirely similar to

can be described as modules with overconvergent connection on ])_(k((t))[§5= igK (resp.
]Pi« t»[@é = Pé}?n) as adic spaces, and that Tsuzuki’s étale pushforward functor can be
8

described as taking the module with connection

&—&jl QL
Ju %gK/g’K

to the module with connection corresponding to

. T Al ~ - -F 1
Rwg (& 8®JUQ§€gK/£K)_wK*(g) wK*(éd)@JAIQP;}:n/gK

exactly as before. Since the natural morphisms of tubes appearing as the horizontal
arrows in the diagram

g — Xx



are open immersions, and the diagram is Cartesian, it follows immediately that the
natural base change morphism arising from the diagram is an isomorphism, or in other
words that the diagram

Tsoc'(U/8}) —£=2— Tsoc! U/6k)

I I

tal /ety 278 Teoct (Al
Isoc (Ak«t»/éaK) — Isoc (Ak«t»/&{)

commutes up to natural isomorphism. Of course, an entirely similar argument shows
that the same is true with Frobenius structures. We can summarise the results of this
section so far as follows.

Theorem 2.18. Let [ : X — [F"}c«t» be a finite morphism, étale away from oo, and let

U=f ‘I(Ai« ) Then after a finite separable extension of k((t)) there exists a pushforward
functor
f. 1 F-Isoc (U/E)) — F-Tsoc (A} /61

which commutes with further finite separable extensions F/k(t)), and is such that

Hi

t ev=pi (Al gt
L UIEL, &)= HE (A}, /6% [.6)

rig

forany & € F-IsocT(U/é’IT{). Moreover, the diagram

F-Isoc'(U/&);) ———— F-Isoc'(U/&x)

I I

F-Isoc (AL, /6x) — F-Isoc (AL, /6K)

commutes up to natural isomorphism.
We need one last lemma before we can prove Theorem [2.11

Lemma 2.19. Let X/k((t)) be an embeddable variety, X = U;X; a finite open cover of X

and § € IsocT(X/g};). Forindices J ={j1,...,jnl of weset Xy =X; n...nX;,. Then there
exists a spectral sequence

EP = | JQP HY (X /8}.8)= HY: (X 1164,8).
=p

Proof. Follows from Lemma [4.4] of [9]. a

Proof of Theorem By Lemma [2.19]and the corresponding result for rigid cohomol-
ogy over &k (i.e. the spectral sequence resulting from Proposition 2.1.8 of [2]), the
question is local on X, and hence we may assume that there exists a finite étale map to
Ai« )" After making a finite separable extension of 2((#)) we may assume therefore that
we have a pushforward functor

fx : F-Isoc'(X/&}) — F-Isoc (A}, /E5)

as in Theorem Hence we may reduce to the case of affine 1-space, i.e. Theorem
2.1 O
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Definition 2.20. A ¢-module over éi’;{ is a finite dimensional éi’;{-vector space M, to-
gether with a Frobenius structure, that is a g-linear map

o:M—-M

which induces an isomorphism M ® & o é”;{ =M.
K’

Corollary 2.21. Let X be a smooth curve over k(t)), and & € F-IsocT(X/é’};). Then the

cohomology groups H lfig(X/é"T ,&) are p-modules over é";{

Proof. The linearised Frobenius

97 Hy (XIEg.8) 0, & — Hy (XIEy,8)

rig rig
becomes an isomorphism upon base-changing to &k, it must therefore be an isomor-
phism. O

3 Cohomology with compact support and Poincaré duality for
curves

Although we cannot prove it at the moment, we fully expect that <§’;-Valued rigid coho-
mology forms an ‘extended’ Weil cohomology. By this we mean that together with all
the usual axioms for a Weil cohomology, we can define cohomology groups for arbitrary
varieties (not necessarily smooth and proper), as well as cohomology with compact sup-
port and support in a closed subscheme. All these should all not only be vector spaces,
but in fact (¢, V)-modules over &l , and there should be versions of the Kiinneth formula
and Poincaré duality.

In full generality this seems somewhat distant (for example, even finite dimension-
ality appears rather difficult). In this section we start towards this goal: we define
cohomology with compact support and prove Poincaré duality for smooth curves (as ¢-
modules). To define cohomology with compact support requires a bit more care than
in the case of ‘usual’ rigid cohomology, since we are trying to capture sections having
support compact over £((¢)), not k[¢]. In fact this subtlety is acknowledged in le Stum’s
book on rigid cohomology [[11], where he only defines the relative rigid cohomology with
compact support of a frame

X,Y, P —(S,S,6)

under the assumption that S = S. Our goal is to define the ‘relative rigid cohomology
with compact supports’ of a smooth and proper morphism of frames

(X,Y,P) — (Spec(k(t)),Spec (k[¢]),Spf (¥ []))

and so this problem cannot be side-stepped.

Let us first treat the case of constant coefficients, so suppose that we have a smooth
frame (X,Y,P) over ¥ [¢]. Weset Z=Y \X,Y'=Y &, k(¢) and Z' =Y'\ X. Finally
we let W =Y @[, k. Thus we have a diagram of tubes

X[

e

1Vl —— 1V o +—— Wl

1]

12/l 121
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where j,j’,k and k' are closed embeddings, i,i’ and & are open embeddings and the
lower left had square is Cartesian. For any sheaf % on Y [z we define

iy, (F) i=ker(k, k' F — ii Rk F),
the total derived functor of I, Xy, Can then be computed as
Ry, (H7) = (kuk ™' A" = Riyi ™ hk ™ 2 )11,
We define the cohomology with compact support of (X,Y,3) to be
H i,rig((X Y, Y g;{) =H i(]Y[m’RE]X[m(QTY[m/SK))'

To perhaps motivate this definition a bit better, or at least better demonstrate the anal-
ogy with compactly supported rigid cohomology, let us slightly recast our definition of
gg-valued rigid cohomology. For any sheaf % on ]Y'[p we define

N =TT
so that
HL (XY V8 = H Y Ios, o) Qys,)
=H'0Xly,J " k7 Qg s,)
- Hi(]Y[sp,j;j'_lk‘lQ]"Y[m si)
= H' (Y [,/ g (&' Qs
and for any sheaf & on ]Y'[3 we define
Dyxp, (F) =ker(F — i,i" " F).
The total derived functor of I'; XTy is therefore given by
Ry, (&)= (" —RiLi" 2 ")[-1]
and it is straightforward to verify that we have

Hi

c,rig

(X, Y, B8 = H'AY I3, Ry, (B Qs -

These groups satisfy are functorial in two different ways. First, if (U,Y, ) - (X,Y,)
is a morphism of smooth and proper frames such that the induced maps on Y and 8
are the identity, and U — X is an open immersion, then we get an induced morphism

H (U.Y PVl — HL (XY, P)E})

c,rig

which arises from the natural morphism of functors E]U[qa -1 Xl Also, if we have a
morphism of smooth and proper frames

w: (XY, p3)—(X,Y,)

such that the diagram



is Cartesian, then we get an induced morphism

Hi

c,rig

(XY, /el —H . (X',Y',pVeh)

c,rig

arising from the natural morphism of functors I, X[y UK+ U k+Ljx,,,- One also verifies

easily that compactly supported cohomology only depends on a neighbourhood of 1X [z
inside [Y [, since if jy : V —1Y [y is the inclusion of such a neighbourhood, then we
have a natural isomorphism of functors

. 1~

IveLixidv =Dy

where [} X[y O1 the LHS denotes the obvious analogous functor for sheaves on V. The

key step in proving that H é 1rig((X ,Y,‘I?)/éa;{) only depends on X is to show a Poincaré
lemma with compact supports. First, however, we need an excision sequence.

Lemma 3.1 (Excision). Let (X,Y,'B) be a smooth frame, and U < X an open subvariety.
Let Z be a closed complement to U in X, Z =Y \U, and i :1Zlz—1Y [s3 the corresponding
open immersion. Then for any sheaf & on 1Y [sy there is an exact triangle

. —1 +1
of sheaves on 1Y [s3, and hence a long exact sequence

— H

c,rig

W,y pyé&) —H:

c,rig

(XY, PVé)) — H.

c,rig

(Z,Z,P)VE}) —
in compactly supported cohomology.

Proof. First note that the natural map Z — Z is an open immersion, so that (Z ,Z,‘,B)
is indeed a smooth frame. Let Y' =Y ® ] #(¢) as usual, and also let Z =Y NnZ,
W =Y \ X. Consider the diagram of tubes

k
Yy —— 1Yy
i 1
-/ - J
12 [y —— 12l «— Wy
where the square is Cartesian, &, E are closed immersions, i,i’,j,iw are open immer-
sions, also note that we have W = Z \ Z. Thus we have
RLyp, (F) = (ko™ F —Rivi™ Rk F)[-1]
-1 T PR |
Ri.RLyy (7'F) = (Ri.kLETHTIF — RiuRjj T RLE T F) 1]
and hence it suffices to show that there is a quasi-isomorphism
Ri.i 'k 'F - Riw.iy kb i F
~Ri,. k. F'F - Ri,Rj,j K E i IF.

But unpacking this all, setting ¢ = i "'k, kL%, and noting that we have £,i'""1 =i 1k,
then both terms in this simply become

Ri.9 —Ri.Rj.j ¥

which proves the first claim. The second them immediately follows. O
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Lemma 3.2 (Poincaré Lemma with compact supports). Let (X,Y,B) be a smooth frame
over ¥ [t], and consider the morphism of frames

ui(X,Y,AQ —~ (XY, ).

Then
R i, (Qpy s, ) — RukRLy (Q]Y[A%‘3 8
P

is a quasi-isomorphism.

Proof. The question is local on 3, which we may thus assume to be affine, and by con-
sidering further localisations, it suffices to prove the statement after applying the de-
rived global sections functor. As in the proof of the excision theorem (but much simpler)
we have a quasi-isomorphism

* _ . ad 1l . 7 ’d 1l
RIOY T ROy, @ i5,)= (RLyig((¥", Y ALYE]) — RIyig(Z,Z, A% VED)) 111

whereY' =Y ® k] E(#), Z=Y'\X and Z is the closure of Z inside Y, and, for example,
xd Ty -+
Rrrig((Y/,Y,AsI;)/gK) = Rl—‘(]Y[Ag3 "]Y/Q]Y[Ad /SK)
B

d)'

is the cohomology complex computing the rigid cohomology of the frame (Y’ ,Y,Rm

Similarly, we have
RI(Y g, RE e, (Qy 50 = (RTng(V, Y RVER) — RIig (2,2, V6| [-11.
But the Poincaré Lemma without supports (Proposition [4.3]of [9]) shows that the maps

RIg((Y',Y, PV — Rk (Y, Y, AL )ER)
RIvig(Z, Z, P)E)) — RUig(Z, Z,A%)E))

are quasi-isomorphisms (see also Remark[4.7)of loc. cit.) and the result follows. O

Corollary 3.3. Let u: (X,Y', ") — (X,Y,R) be a smooth and proper morphism of
smooth frames, with u 1 X NY' = X. Then the natural map

Hi

c,rig

(XY, P&} — HL (XY, pVeh)

c,rig
is an isomorphism.

Proof. Taking into account the Strong Fibration Theorem, that H z rig((X , Y,‘B)/é";{) only
depends on a neighbourhood of 1X[g; in 1Y [s3, and that we may localise on X using the
excision sequence, this then follows exactly as in the proof of Theorem [4.5]of [9]. O

Hence we get the following.
Theorem 3.4. Up to natural isomorphism, H :; 1dg((X ,Y,‘B)/é?’;{) only depends on X and
not on the choice of smooth and proper frame (X,Y ,B), thus it makes sense to write
H 1rig(X/c‘f;;.). These compactly supported cohomology groups are covariant with respect
to open immersions and contravariant with respect to proper morphisms.
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Proof. The only thing that is not clear is functoriality with respect to proper mor-
phisms, but this just follows from the fact that if we have a diagram

X —Y'

| |

X—Y

with both vertical maps proper, and both horizontal maps open immersions, and X'
dense inside Y, then the diagram is actually Cartesian. O

For non-constant coefficients & € IsocT(X/ng{), we perform an entirely similar con-
struction, but simply replacing Y[z by some suitable neighbourhood of 1X[y; to which
& extends. Specifically, if V is some neighbourhood of 1X[y; inside 1Y [y, and & is a
sheaf of V, then denoting by iy the inclusion of the complement of 1X[y; into V' and by
ky the inclusion of V' :=VN]Y'[y into V, we define

L, (F) =ker(ky o ky' F — iv.iy by by F)

as above. If & € Isoc' (X /6";{) extends to a module with connection Ey on some such V,
we define
H

c,rig

(XY, BV, Ev):=H'(V, Ry, (By ©Qy5.))

exactly as before. Of course, there is an entirely similarly defined functor E]X[m for
sheaves on V' we have

Hi

c,rig

(X,Y,BVEL,Ey) = Hi(V’,RQ]X[m(k;,l(EV ® Qg )

as before. This does not depend on the choice of neighbourhood V, or on the extension
Evy of &, we will therefore write it as H* ((X,Y,‘B)/éf’Jr ,8)

c,rig

Remark 3.5. If we define the endofunctor j; for sheaves on V' in the obvious way, then
we also have

H (X/6},6)=H'(V', j(ky By © Qg )))

rig X

so the cohomology without supports of & can also be computed in terms of sheaves on
\ %48

Proposition 3.6. This does not depend on the choice of smooth and proper frame
(X,Y ) containing X, in that if we have a smooth and proper morphism

w (X, Y p3)—(X,Y,P)
of smooth frames, such that uIX)NY' =X, then

Hi

c,rig

(X,Y', V&L, 6)— H. . (X,Y,PVEL,8E)

c,rig
is an isomorphism.

Proof. This is similar to the constant coefficients case, although there is a slight sub-
tlety in the extension of the Poincaré Lemma to include coefficients. In the constant
case we knew we could extend to a module with connection on the whole of the tube
1Y [s3, in general we will only be able to extend to some neighbourhood V' of 1X[y;. We
get round this as follows.
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First we note that it certainly suffices to prove the stronger statement that

R 1y, (6 ® Qg ) — Rug *RE]X[;% w'ée Q]*Y[%/SK)

is a quasi-isomorphism. We use the fact that this question is local on g to base change
to some [Y],, and hence assume that [Y[y= Pk, which we may also assume to be
affinoid. We then use an excision sequence to reduce to the case when X =Y nD(g) for
some g € Oy, thus we may assume that the neighbourhood V is affinoid, and thus has a
formal model. Again using the fact that compactly supported cohomology only depends
on some neighbourhood of 1X[y3, we may further base change to this formal model of V
to then ensure that we do get a module with connection on the whole of 1Y [s3. O

Thus it makes sense to write these groups as H é,n.g(X/é"T ,&), they are functorial in
(5’ , as well as being covariant with respect to open immersions X — X' when & extends to
X' and contravariant with respect to proper morphisms. We also get the functorialities
with respect to finite separable extensions of k((¢)) as Well as Frobenius as in §55| of
[9] (we will come back to the issue of the extension é" — &x shortly). Hence, as in

the case of cohomology without supports, if & € F- IsocT(X/é’IT{) we get a Frobenius on
Xx/&} ,&), that is a o-linear morphism

c r1g

(X/&1,8)— (X/&7,8),

C I‘lg C I‘lg

however, we do not know if this is a ¢-module structure (i.e. linearises to an isomor-
phism) in general.
Since for any sheaf % on some open neighbourhood V' of 1X[y; inside ]Y’[gp there is
an obvious map
.1t
Dy —ix?

which is trivially an isomorphism when X =Y’, for any embeddable variety there is a
natural ‘forget supports’ map

(X/E),,8) — H., (X/8},8)

c r1g
which is an isomorphism when X is proper. This is compatible with Frobenius when

&€ F-Isoc*(X/é"T ). We also have an excision sequence

X/EF,8)— H: . (ZI&Y,817)— ...

c,rig

/s, Ely) —

c r1g c rlg

for any open immersion U c X of embeddable varieties over k((¢)) with complement Z,
and any & € IsocT(X/g};).

The next problem is to relate H é rig(X/é‘i’T ,&) to the ‘usual’ rigid cohomology with

compact supports H f: n.g(X /Ek, &), or at least produce a canonical base change morphism

X/&),8)® 5 K= H} . (X/k,&).

c rlg

To do so, we suppose that we have a smooth and proper frame (X,Y,]3), and we let
(X,Y',’p’) denote the base change of this frame to Og,. Let Z be the complement of
X in Y, and Z' the complement of X in Y'. For simplicity we will stick to the con-
stant coefficients case, the general case can be handled by replacing 1Y [z by a suitable
neighbourhood of 1X[y;. We consider the diagram

1Zlp —— 1V [y +—— 1Vl

I, 7

12/l —— 1V [y
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so that we have
RLyx, ()= (keh™'F = Riyi kb ™ F)[-1]

for any sheaf % on [Y[y. Define the functor EJX[W =kerF — i'.i'" 1F for sheaves on
1Y [y, so that we have

~ -1
Ry, (F) = (F ~Rili™F)[-11
Then we have a natural isomorphism of functors

—1 ~ —1
J Ry =Ry J

which therefore induces an é";{-linear morphism
crlg(X/gT )—H'(QY' Lgprs RF]X Qg //gK))
and hence an &x-linear morphism
cmg(X/é" )®g’r &k — H'(Y' [, RF]X[B,(Q]Y, &k )

It therefore suffices to show that the RHS computes compactly supported &x-valued
rigid cohomology of X. But since the underlying topoi of a Tate rigid space and the
corresponding adic space locally of finite type over &x coincide, and this equivalence is
functorial, it follows that the complex of sheaves RI' |y, (Q]Y’[ )on 1Y [y gives rise to
the same object in the underlying topos of 1Y [ as the analogous construction given
by Berthelot in [1] in terms of Tate’s rigid spaces. Hence we have

Hl(]Y [q}’ erx[p,(Q]Yr ,/gK))N (X/éoK)

c rlg
as expected, and this gives us our base change morphism. For smooth curves, and
with coefficients which extend to the compactification, we can easily see that this is an
isomorphism as follows.

Lemma 3.7. Let X/k(?)) be a smooth curve with compactification X { and suppose that
&€ F-IsocT(X/é”;{) extends to an overconvergent F-isocrystal & on X. Then the base
change morphism

X/} ,E)® i é"K—>H (X/Ek, &)

c rlg c,rig

is an isomorphism.

Proof. Of course, since smooth curves are always embeddable, H’ : (X/é"T ,&) is actu-

ally defined. Let D be the closed complement of X. Since cohomology with and without
supports agree for X and D we have an exact sequence

0—HY . (X/E},8)— H (X/6},8) — HY (DIEY,,E1p)

c,rig rig
—~H' (X/&,8)—H. (X/&),8)—0

c,rig rig

as well as an isomorphism

(X/&r, )= H2 (X/&],8).

c rlg rig

Of course, there same holds over &k, and this exact sequence and isomorplgsm are
compatible with base change. Since we know that base change holds for H ;ig(X 167 ,8)

and H Ifig(D/éaJr ,&|p), it follows that it also must hold for H é 1rig(X /&% ,8). O
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Actually, thanks to excision we now get finite dimensionality and base change for
compactly supported cohomology for any curve, without smoothness hypotheses.

Corollary 3.8. Let X be a curve over k(t)). Then the base change morphism

Hi

c,rig

(X/E)® 51 Ex — Hy 3 (X/EK)

c,rig
is an isomorphism.

Proof. Since every variety becomes generically smooth after a (possibly inseparable)
finite extension of k((?)), it suffices to prove that H’ rig(X/zg";r{,é") commutes with finite
extensions of £((¢)). The case of separable extensions is handled entirely similarly to

Lemma it therefore suffices to treat the case of the extension k((z) — k(#)'P.
-1
If we let 6";;” denote a copy of 8}; but with g;;-algebra given by the Frobenius lift

-1
o. This makes 5};"7 into a finite extension of éa;r{, and hence we can apply methods
entirely similar to those used in the proof of Lemma [2.13 O

Hence, as usual, if X/k((t)) is a smooth curve, and & € F-IsocT(X/g};) extends to
a compactification )_(, then H é,rig(X/é"Jr ,&) is a ¢-module over é";, (that is, it is finite
dimensional and the linearised Frobenius is an isomorphism). If X is singular, then we
at least know that the same is true for H é,rig(X /é";{).

Now, if X/k((#)) is any Frobenius-embeddable variety, i.e. there exists smooth and
proper frame (X,Y,53) which admits a lifting of Frobenius, then we can construct a
Frobenius-compatible Poincaré pairing as follows. Suppose that X is purely of dimen-
sion n. Since for any sheaves % ,% of g‘IT{-modules on some neighbourhood V' of 1X[s; in
1YL there is a natural isomorphism

Feom,: PERIE L)y, #oms, (F,9),

we easily deduce the existence of a pairing

Hi

i j i i x/et
L XIEL O xHY | (X/6,F)— H.'] (XI6),60F)

for any &,% € IsocT(X/éa;;). Hence we get a pairing

(X/8%,8) x H-\(X/81,6Y) — H2"

c,rig c,rig

Hi

¥
rig (X/éaK )

where &V is the dual of &, which is Frobenius-compatible when & € F-IsocT(X/é’;{).

Theorem 3.9. Suppose that X is a smooth curve. Then there is a trace morphism

Tr:H?

c,rig

(X/E}) — 6 (-1)

of ¢p-modules over é";{, which is an isomorphism when X is geometrically irreducible.

Moreover, for any & € F-IsocT(X/éa;;) which extends to some & on a compactification X of
X, the induced Poincaré pairing

Hi

t 2-i (x/ot ]
X/, 6) x HE L (X/8],6Y) — E}(-1)

c,rig
is perfect.

Remark 3.10. i) Here éa;{(—l) means the constant ¢-module, but with the Frobenius
action multiplied by q.
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ii) Since a smooth curve is always Frobenius-embeddable, the statement of the theo-
rem makes sense.

Proof. Let us first suppose that X is geometrically irreducible. Then upon base-changing
to&x, H f rig(X /8};.) becomes one-dimensional and the Poincaré pairing perfect, the same
is therefore true over éa;{ Thus it suffices to show that H irig(X /éa;{) = éa};(—l), by exci-
sion we may assume that X is proper, and hence admits a finite map to P1. Thus we
get a natural map

2 il i 2 i
Hrig(Pk((t))/gK) - Hrig(X/gK)
which becomes an isomorphism upon base changing to &k, and is therefore an isomor-
phism. Thus it suffices to treat the case X = Pi« 1" This can be computed directly.

In general, there exists a finite, Galois extension F/k((¢)) over which X breaks up
into a disjoint union of geometrically irreducible components. Hence by summing the
trace maps on each component we get
. 172 Ty _ 172 T ird TF
Tr:H; , ,(Xp/&g ) =H ; (X/E) ®g;{ &y — &g (-1
and hence using the trace map £’IT{F — 6’;{ (since £’;{F/£’;{ is a finite Galois extension),
we get an induced trace map

Tr:H?

c,rig

X/&8) — &} (-1).

That the induced pairing is perfect then follows again from base change to k. O
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