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Abstract

In this paper we investigate the arithmetic aspects of the theory of E
†
K -valued rigid

cohomology introduced and studied in [11, 12]. In particular we show that these co-
homology groups have compatible connections and Frobenius structures, and therefore
are naturally (ϕ,∇)-modules over E

†
K whenever they are finite dimensional. We also in-

troduce a category of ‘absolute’ coefficients for the theory; the same results are true for
cohomology groups with coefficients. We moreover prove a p-adic version of the weight
monodromy conjecture for smooth (not necessarily proper) curves, and use a construc-
tion of Marmora to prove a version of `-independence for smooth curves over k((t)) that
includes the case `= p. This states that after tensoring with RK , our p-adic cohomol-
ogy groups agree with the `-adic Galois representations H i

ét(Xk((t))sep ,Q`) for ` 6= p.
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Introduction

This is the final paper in the series [11,12] concerning a new p-adic cohomology theory
for varieties over Laurent series fields in positive characteristic. A general overview
of the whole series is given in the introduction to [11], so here we will summarise the
results of the previous papers and give a detailed introduction to the results contained
here.
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Let k be a field of characteristic p > 0. In the first paper [11] we introduced a version
of rigid cohomology

X 7→ H∗
rig(X /E †

K )

for varieties over the Laurent series field k((t)) with values in vector spaces over the
bounded Robba ring E

†
K (here K is a complete discretely valued field of characteristic 0

with residue field k). There we proved that the cohomology groups were well-defined
and functorial, as well as introducing categories of coefficients. In the second paper
[12] we proved finite dimensionality and base change for smooth curves, as well as
introducing compactly supported cohomology and proving a version of Poincaré duality.

These results can be seen in some sense to describe the ‘geometric’ properties of the
theory, and in this paper we concentrate on exploring the corresponding ‘arithmetic’
properties, that is the extra structures on these cohomology groups which will reflect
properties such as the reduction type of the variety under consideration. The first part
of the paper is therefore dedicated to endowing the cohomology groups H∗

rig(X /E †
K ) with

a canonical connection, the Gauss–Manin connection, and to this end we introduce a
new category of ‘absolute’ coefficients Isoc†(X /K) associated to any variety X /k((t)) in
which the objects have differential structures relative to K rather than E

†
K . The key

observation in allowing us to set up this theory is the fact that when the base field k
has a finite p-basis, the natural inclusion

kJtK ·dt →Ω1
kJtK/k

is actually an isomorphism. By boot-strapping up, this enable us to do differential
calculus relative to V on p-adic formal schemes over V JtK, with essentially no modifi-
cations required to the usual procedure. This can then be easily carried over to rigid
varieties over SK in the sense of [11]. The upshot of all this is then the fact that we can
make exactly the same definitions and constructions to build the category Isoc†(X /K)
as we did to build the category Isoc†(X /E †

K ) in §5 of loc. cit., provided we work with the
category of p-adic formal schemes of ‘pseudo-finite type’ over V , i.e. of finite type over
some Spf

(
V JtK

)×V . . .×V Spf
(
V JtK

)
. There will be a canonical forgetful functor

Isoc†(X /K)→ Isoc†(X /E †
K )

and since objects in the former category have differential structure relative to K , the
usual construction will give a Gauss–Manin connection on their cohomology. When
E ∈ F-Isoc†(X /E †

K ), then simple functoriality of cohomology will give rise to a Frobenius
on H∗

rig(X /E †
K ,E ), and this will be compatible with the Gauss–Manin connection when

E ∈ F-Isoc†(X /E †
K ). Hence we get the following.

Theorem (1.16). Let X /k((t)) be a variety, and assume that k has a finite p-basis. Let
E ∈ F-Isoc†(X /K) and i ≥ 0. Assume that the base change morphism

H i
rig(X /E †

K ,E )⊗
E

†
K

EK → H i
rig(X /EK , Ê )

is an isomorphism. Then H i
rig(X /E †

K ,E ) comes with a canonical structure as a (ϕ,∇)-

module over E
†
K .

This is the case in particular when X is a smooth curve over k((t)), in which case it
is also straightforward to verify that the Poincaré pairing is a perfect pairing of (ϕ,∇)-
modules.

The focus of the second section is then in exploring the expected connections between
the arithmetic properties of some variety X /k((t)) and the (ϕ,∇)-module structure on its

2



cohomology H∗
rig(X /E †

K ), or rather the associated (ϕ,∇)-module

H i
rig(X /RK ) := H i

rig(X /E †
K )⊗

E
†
K

RK

over the Robba ring RK . The point is that for any variety X /k((t)) to which we can apply
the above theorem, in particular for smooth curves, we can attach p-adic Weil–Deligne
representations to their cohomology groups by first base changing to RK and then using
Marmora’s functor

WD : MΦ∇
RK

→RepKun (WDk((t))).

from (ϕ,∇)-modules over RK to Weil–Deligne representations with values in the maxi-
mal unramified extension of K . This will be our main tool in the study of the arithmetic
properties of p-adic cohomology of such varieties, and the two main questions we are
interested in are the p-adic weight-monodromy conjecture and `-independence. Specif-
ically, the main results we prove concerning smooth curves are the following.

Theorem (2.18, 2.27). Let k be a finite field, and suppose that K = W(k)[1/p] is the
fraction field of the Witt vectors of K . Let X /k((t)) be a smooth curve, let X be a smooth
compactification of X and assume that D = X \ X is geometrically reduced.

i) For all i ≥ 0 there is a natural filtration gW• on H i
rig(X /RK ), the geometric weight

filtration, such that for all n, the Weil–Deligne representation attached to the nth
graded piece

Gr
gW
n (H i

rig(X /RK ))

is ‘quasi-pure’ of weight n, that is the kth graded piece of the monodromy filtration
is pure of weight n+ k. Moreover, if X is proper (i.e. D =;) then the only non-zero
graded piece is Gr

gW
i .

ii) The Weil–Deligne representation attached to H i
rig(X /RK ) is ‘compatible’ with the

family of Weil–Deligne representations attached to the Galois representations

H i
ét(Xk((t))sep ,Q`)

for ` 6= p.

Although we only know base change for smooth curves, we can actually prove cases
of `-independence and the weight-monodromy conjecture for any smooth and proper
variety over k((t)) using Kedlaya’s overconvergence theorem for the cohomology of such
varieties (Theorem 7.0.1 of [7]). We can also prove a p-adic criterion for good/semistable
reduction of abelian varieties analogous to the Néron–Ogg–Shafarevich criterion. These
results are actually little more than a rephrasing of those from [5] on p-divisible groups
of abelian varieties in terms of (ϕ,∇)-modules over RK , using theorems of Kedlaya and
de Jong comparing p-divisible groups and Dieudonné modules to be able to reinterpret
Grothendieck’s results in the expected manner. The main results for smooth and proper
varieties are almost certainly known to the experts and do not in fact use our construc-
tion of H i

rig(X /E †
K ) in any way. However, there are several reasons for including them

here, and in particular including them as an application of the theory of E
†
K -valued rigid

cohomology. Firstly, the precise description of the weight and monodromy filtrations on
H i

rig(X /RK ) in the smooth and proper case, and the cohomological criterion for good or
semistable reduction of abelian varieties that we present are far more transparently
analogous to the corresponding statements in the `-adic case than those given in [5],
even though the results in loc. cit. provide the majority of the actual content of our own.
Secondly, the fact that we have a cohomology theory for singular or open varieties, not
just smooth and proper ones, allows us to easily deduce versions of weight-monodromy
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and `-independence for open curves (as stated above) from those from complete curves.
We expect that once we know base change in general, versions of these results for sin-
gular or open varieties can be deduced (although not in a completely straightforward
manner) from the corresponding ones for smooth and proper varieties. Finally, and
perhaps most importantly, a full treatment of these questions will necessarily involve
a p-adic vanishing cycles formalism, and the construction of a p-adic weight spectral
sequence. Perhaps the most natural (or at least the most obvious to us) way of ob-
taining such a formalism will be via a suitably robust theory of arithmetic D-modules
on varieties over k((t)) and/or kJtK, and our construction of H i

rig(X /E †
K ) is perhaps the

framework for p-adic cohomology which most easily leads into the constriction of such
a theory. We hope to be able to explore this in greater depth in future work.

1 Absolute coefficients and the Gauss–Manin connection

The set up and notation will be almost exactly as in [11, 12]. We will denote by k a
field of characteristic p > 0, K a complete, discretely valued field of characteristic 0 with
residue field k and ring of integers V , π a uniformiser for K and k((t)) the ring of Laurent
series over k. However, since we will want to make use of the simple characterisation of
Ω1

kJtK below, we will assume further that k has a finite p-basis. We will denote by E
†
K the

bounded Robba ring over K , RK the Robba ring and EK the Amice ring (for definitions
of these see loc. cit.). We will fix compatible Frobenii σ on the rings V ,K ,V JtK,SK :=
V JtK⊗V K ,E †

K ,EK and RK .
In [11] we constructed a version of rigid cohomology

X 7→ H∗
rig(X /E †

K )

for varieties (i.e. separated schemes of finite type) over k((t)), taking values in E
†
K -vector

spaces, and in [12] prove that for smooth curves the natural base change morphism

H∗
rig(X /E †

K )⊗
E

†
K

EK → H∗
rig(X /E †

K )

to classical rigid cohomology was an isomorphism (actually, this result also holds with
coefficients). This therefore gives us a satisfactory geometric theory, in that H∗

rig(X /E †
K )

is finite dimensional and of the expected dimension. As explained in the introduction,
we expect these groups to come with the addition structure of (ϕ,∇)-modules over E

†
K ,

which will reflect the particular arithmetic properties of the situation under considera-
tion.

Definition 1.1. Let ∂t : E
†
K → E

†
K be the K-derivation given by differentiation with

respect to t.

• A ϕ-module over E
†
K is a finite dimensional E

†
K -vector space M together with a

Frobenius structure, that is an σ-linear map

ϕ : M → M

which induces an isomorphism M⊗
E

†
K ,σ E

†
K
∼= M.

• A ∇-module over E
†
K is a finite dimensional E

†
K -vector space M together with a

connection, that is an K-linear map

∇ : M → M

such that ∇( f m)= ∂t( f )m+ f∇(m) for all f ∈ E
†
K and m ∈ M.
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• A (ϕ,∇)-module over E
†
K is a finite dimensional E

†
K -vector space M together with

a Frobenius ϕ and a connection ∇, such that the diagram

M ∇ //

ϕ

��

M

∂t(σ(t))ϕ
��

M ∇ // M

commutes.

It is this extra structure that will reflect the arithmetic properties of the situa-
tion, for example if A/k((t)) is an abelian variety, then we expect to be able to ‘read off ’
whether or not A has good reduction from the (ϕ,∇)-module structure on its cohomology
H∗

rig(A/E †
K ).

The origin of the expected ϕ-module structure on H∗
rig(X /E †

K ) is entirely straightfor-

ward: for any variety X /k((t)), and any E ∈ F-Isoc†(X /E †
K ), functoriality gives a σ-linear

endomorphism
ϕ : H∗

rig(X /E †
K ,E )→ H∗

rig(X /E †
K ,E )

corresponding to a linear map

ϕσ : H∗
rig(X /E †

K ,E )⊗
E

†
K ,σ E

†
K → H∗

rig(X /E †
K ,E ).

Of course, we expect this latter map to be an isomorphism for all X , but we cannot
currently prove this.

Lemma 1.2. If X is a smooth curve over k((t)), then ϕσ is an isomorphism.

Proof. This follows from base change - we have compatible Frobenii on E
†
K and EK , and

ϕσ⊗
E

†
K

EK is the usual Frobenius structure on rigid cohomology H∗
rig(X /EK , Ê ). This is

an isomorphism, and hence ϕσ is an isomorphism.

Thus for any overconvergent F-isocrystal E on X /E †
K , with X /k((t)) a smooth curve,

the cohomology groups H∗
rig(X /E †

K /E ) have the structure of ϕ-modules over E
†
K . The

origin of the ∇-structure, while no less mysterious, is somewhat more involved, and is
the subject of the rest of this section. The basic point is to equip our isocrystals with
connections relative to K , rather than to SK , and the connection on their cohomology
with then simply be the Gauss–Manin connection. To implement this strategy, however,
we must first discuss differential calculus relative to K on rigid varieties over SK .

1.1 Differential calculus on rigid varieties over SK

In this section, we develop the rudiments of differential calculus on rigid varieties over
SK , with differential structure relative to K . This will then be used to construct cate-
gories of isocrystals with naturally occurring Gauss–Manin connections on their coho-
mology. The starting point is the following crucial result due to de Jong.

Lemma 1.3. Let Ω1
kJtK/k denote the module of differentials of kJtK/k, and Ω̂1

kJtK/k the
module of t-adically continuous differentials. Then the natural map

Ω1
kJtK/k → Ω̂1

kJtK/k
∼= kJtK ·dt

is an isomorphism of kJtK-modules. If A0 is a finitely generated kJtK-algebra then there
is an exact sequences of A0-modules

A0 ·dt →Ω1
A0/k →Ω1

A0/kJtK → 0
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and in particularΩ1
A0/k is a finitely generated A0-module. Moreover, if A0 is smooth over

kJtK then this sequence is exact on the left as well, and Ω1
A0/k is a projective A-module.

Proof. The first claim follows from Lemma 1.3.3 of [1], and the second then simply
follows from the exact sequence

A⊗Ω1
kJtK/k →Ω1

A0/k →Ω1
A0/kJtK → 0

associated to k → kJtK→ A.

Write Vn = V /πn+1. For a topologically finitely generated V JtK-algebra A, with re-
ductions An = A/πn+1, we let

Ω1
A/V := lim←−−n

Ω1
An/Vn

be the module of π-adically continuous differentials. By the previous lemma, this is a
finitely generated projective A-module, and there is an exact sequence

A ·dt →Ω1
A/V →Ω1

A/V JtK → 0

of A-modules, where
Ω1

A/V JtK := lim←−−n
Ω1

An/VnJtK

is the module of π-adically continuous differentials on A/V JtK. Moreover, if A is formally
smooth over V JtK, then this sequence is exact on the left as well. This globalises, and
hence for any formal scheme X over V JtK there is an exact sequence

OX ·dt →Ω1
X/V →Ω1

X/V JtK → 0

which is exact on the left when X is smooth over V JtK. To take this further, we will
need to compare modules of differentials and smoothness of a formal scheme over V JtK
to that of its generic fibre XK . The latter is constructed by Huber in [6], for separated
morphisms f : X → Y locally of finite type, and by definition is it ∆∗(I ) = I /I 2 where
∆ : X → X ×Y X is the diagonal morphism, and I ⊂OX×Y X is the ideal of the diagonal.

Lemma 1.4. Let f : X→Y be a morphism of formal schemes of finite type over V JtK,
with generic fibre fK : X →Y . Then there is an isomorphism

Ω1
X /Y

∼=Ω1
X/Y⊗OX

OX

which respects the derivations of OX into both.

Proof. This just follows from the explicit construction of both modules, i.e. §1.6.2 of [6]
and Corollary I.5.1.13 of [4].

We would like to extend this to define the module of differentialsΩ1
X /K for a rigid va-

riety over SK , that is a rigid space separated and locally of finite type over the ‘bounded
open unit disc’

Db
K :=Spa

(
SK ,V JtK

)
,

and compare it with Ω1
X/V for X a formal scheme of finite type over V JtK. From now on

we will exclusively work with rigid spaces in the sense of Fujiwara/Kato, note that in
particular this means that we can make sense of the fibred product X ×K X when X is
locally of finite type over Db

K .
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Lemma 1.5. Let X be a V -flat formal scheme of finite type over V JtK, so that we have
Ω1

X/V = lim←−−n
Ω1

Xn/Vn
with Xn the mod πn+1-reduction of X. Let I denote the ideal of the

diagonal of X inside X×V X. Then there is an isomorphism

Ω1
X/V

∼= I/I2

compatible with the natural derivations of OX into both.

Proof. The question is local on X, which we may therefore assume to be affine, X ∼=
Spf(A). Let Î = ker(A⊗̂V A → A), note that there is a natural continuous derivation
d : A → Î/Î2, and hence we get a linear map

Ω̂1
A/V → Î/Î2.

Since Ω1
A/V = lim←−−n

Ω1
An/Vn

, it suffices to prove that I/I2 is p-adically separated and
complete, and that we can identify I/I2 ⊗V Vn with In/I2

n, where In is the kernel of
An ⊗Vn An → An. To see this, first note that the exact sequence

0→ I → A⊗̂V A → A → 0

together with V -flatness of A implies that I ⊗V Vn ∼= In, and hence that I ∼= lim←−−n
In. It

then follows easily that Î2 ⊗V Vn � I2
n. Let A(2) (resp. A(2)

n ) denote (A⊗̂V A)/Î2 (resp.
(An ⊗Vn An)/I2

n), then we have a commutative diagram

Î2 ⊗V Vn //

����

An ⊗Vn An // A(2) ⊗V Vn

��

// 0

I2
n

// An ⊗Vn An // A(2)
n // 0

with exact rows, this implies that A2⊗V Vn ∼= A(2)
n . Hence by reducing the exact sequence

0→ Î/Î2 → A(2) → A → 0

moduli πn+1, using V -flatness of A, and taking the limit as n →∞ gives the required
result.

Hence we define, for any rigid variety X over SK , the module of differentials

Ω1
X /K :=I /I 2

where I ⊂OX×K X is the ideal of the diagonal. By the previous lemma, whenever X is
the generic fibre of some V -flat formal scheme X of finite type over V JtK we have

Ω1
X /K =Ω1

X/V ⊗OX
OX

compatibly with the natural derivations

d : OX →Ω1
X/V

d : OX →Ω1
X /K

and hence in particular we get the following.

Corollary 1.6. For any rigid variety X over SK , Ω1
X /K is a coherent OX -module, and

there is a natural exact sequence

OX ·dt →Ω1
X /K →Ω1

X /SK
→ 0

which is moreover exact on the left whenever X is smooth over Db
K .
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Proof. The only thing not clear is the last claim about left exactness. To see this, we
note that the question is local, and hence using Corollary 1.6.10 and Proposition 1.7.1
of [6] we may assume that X ∼=Spa(A) is affinoid with A of the form

A ∼= SK 〈x1, . . . , xn, y1, . . . , ym〉
( f1, . . . , fm)

and det
(
∂ f i
∂yj

)
a unit in A. From the corresponding statement on formal schemes over

V JtK, we can see that Ω1
X /K can be described explicitly as the OX -module associated to

the A-module
A ·dt⊕⊕n

i=1 A ·dxi ⊕⊕m
j=1 A ·dyj

(d f1, . . . ,d fm)
.

Since det
(
∂ f i
∂yj

)
∈ A×, it follows that this is equal to

A ·dt⊕
n⊕

i=1
A ·dxi

and hence the claim is clear.

We now fix a rigid variety X , smooth over Db
K . As usual, we set X (n) to be the nth-

order infinitesimal neighbourhood of X inside X ×K X , that is the closed subscheme of
X ×K X defined by the ideal I n+1 according to II.7.3.5 of [4], and p(n)

i : X (n) → X the
two projections for i = 1,2.

Definition 1.7. Let X be as above.

i) An integrable connection on an OX -module E , relative to K , is a homomorphism
of sheaves

∇ : E → E ⊗Ω1
X /K

such that ∇( f e)= e⊗d f + f∇(e) for all f ∈OX and e ∈ E , and such that the induced
map

∇2 : E →Ω2
X /K :=Λ2Ω1

X /K

is zero.

ii) A stratification on an OX -module E , relative to K , is a collection of compatible
isomorphisms

εn : p(n)∗
2 E

∼→ p(n)∗
1 E

such that ε0 = id and p∗
12(εn)p∗

23(εn)= p∗
13(ε) for all n.

The proof of the following result is then exactly the same as in the classical case.

Proposition 1.8. There is a natural equivalence of categories between OX -modules with
stratification relative to K and OX -modules with integrable connection relative to K .

1.2 Overconvergent isocrystals and connections

Now that the theory of connections and stratifications relative to K is in place, we can
proceed to construct the category Isoc†(X /K) associated to a k((t))-variety X in entirely
the same manner as in §5 of [11]. We begin with the following, somewhat ad-hoc defi-
nition.
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Definition 1.9. We say that a p-adic formal scheme X over V is of pseudo finite type if
there exists a V -morphism

X→Spf
(
VJtK

)×V . . .×V Spf
(
V JtK

)
of p-adic formal schemes which is of finite type. We say that rigid space X over K is
locally of pseudo finite type if there exists a K-morphism

X →Db
K ×K . . .×K D

b
K

of rigid spaces over K which is locally of finite type. Morphisms are morphisms over V

and K respectively, note that the generic fibre of a formal scheme of pseudo finite type
over V is locally of pseudo finite type over K , and that both categories are closed under
taking fibre products in the larger categories of p-adic formal schemes over V and rigid
spaces over K respectively.

Definition 1.10. The category of k((t))-frames over V consists of triples (X ,Y ,P) con-
sisting of an open immersion X → Y of a k((t))-variety into a kJtK-scheme, and a closed
immersion Y →P of Y into a formal V -scheme which is of pseudo finite type. We say
that (X ,Y ,P) is proper if Y is proper over kJtK and smooth if P is formally smooth over
V in a neighbourhood of X . Morphisms of frames are morphisms over (k((t)),kJtK,V ),
therefore the category of k((t))-frames over V contains the category of V JtK-frames ( [11],
Definition 2.1) as a non-full subcategory.

If (X ,Y ,P) is a k((t))-frame over V , then we have the specialisation map

PK → P =P×V k

and can define the tubes ]X [P and ]Y [P exactly as in §2 of [11], together with the
map j :]X [P→]Y [P and the functor j†

X = j∗ j−1. We can therefore make the following
definitions.

Definition 1.11. i) An overconvergent isocrsytal on a k((t))-variety X is a collection
{EQ} of j†

UO]W[Q -modules, one for each pair consisting of a k((t))-frame (U ,W ,Q)
over V and a map U → X , together with isomorphisms u∗EQ → EQ′ associated to
any morphism of frames (U ′,W ′,Q′) → (U ,W ,Q) commuting with the given mor-
phisms to X . The category of such objects is denoted Isoc†(X /K).

ii) If (X ,Y ,P) is a k((t))-frame over V , then an overconvergent isocrsytal on (X ,Y ,P)
is a collection {EQ} of j†

UO]W[Q -modules, one for each k((t))-frame (U ,W ,Q) over V

mapping to (X ,Y ,P), together with isomorphisms u∗EQ → EQ′ associated to any
morphism of frames (U ′,W ′,Q′)→ (U ,W ,Q) such that the diagram

(U ′,W ′) //

%%

(U ,W)

��

(X ,Y )

commutes. The category of such objects is denoted Isoc†((X ,Y ,P)/K).

Then exactly the same argument as in §5 of [11] shows that if (X ,Y ,P) is a smooth
and proper V JtK-frame, i.e. P is smooth over V JtK around X , then the forgetful functor

Isoc†(X /K)→ Isoc†((X ,Y ,P)/K)

is an equivalence of categories. Again, if (X ,Y ,P) is a smooth frame over V JtK, we will
let

pi : (X ,Y ,P×V P)→ (X ,Y ,P)
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denote the natural projections. This clashes with the notation used in loc. cit., this
should hopefully not cause too much confusion.

Definition 1.12. Let (X ,Y ,P) be a smooth frame over V JtK.

i) An overconvergent stratification (relative to K) on a j†
X O]Y [P -module E is an iso-

morphism
ε : p∗

2E → p∗
1E

of j†
X O]Y [P×V P

-modules, called the Taylor isomorphism, such that ∆∗(ε) = id and

p∗
13(ε)= p∗

12(ε)◦p∗
23(ε) on ]Y [P×V P×V P. The category of coherent j†

X O]Y [P -modules
with overconvergent stratification is denoted Strat†((X ,Y ,P)/K).

ii) A stratification on a j†
X O]Y [P -module E is a stratification as an O]Y [P -module. The

category of coherent j†
X O]Y [P -modules with a stratifications as O]Y [P -modules is

denoted Strat((X ,Y ,P)/K).

iii) An integrable connection on a j†
X O]Y [P -module E is an integrable connection as

an O]Y [P -module. The category of coherent j†
X O]Y [P -modules with an integrable

connection is denoted MIC((X ,Y ,P)/K)

Again, exactly as in [11], we have a series of functors

Isoc†(X /K)→ Isoc†((X ,Y ,P)/K)→Strat†((X ,Y ,P)/K)

→Strat((X ,Y ,P)/K)→MIC((X ,Y ,P)/K)

with everything except Strat†((X ,Y ,P)/K)→Strat((X ,Y ,P)/K) being an equivalence of
categories.

Proposition 1.13. The functor Strat†((X ,Y ,P)/K) → Strat((X ,Y ,P)/K) is fully faith-
ful.

Proof. Faithfulness is clear, since both categories embed faithfully in the category of
coherent j†

X O]Y [P -modules. We are therefore given a morphism

E →F

between coherent j†
X OPK -modules with overconvergent stratification, which commutes

with the level n Taylor isomorphisms

p(n)∗
2 E → p(n)∗

1 E

p(n)∗
2 F → p(n)∗

1 F

for all n, and we must show that it commutes with the overconvergent Taylor isomor-
phisms

p∗
2E → p∗

1E

p∗
2F → p∗

1F .

As in the proof of Proposition 7.2.8 of [13], it therefore suffices to show that the map

Hom j†
X OP2

(p∗
2E , p∗

1F )→ lim←−−n
HomO

P(n) (p(n)∗
2 E , p(n)∗

1 F )

is injective. By choosing a presentation of E1, it thus suffices to show that the natural
map

p1∗p∗
1F → lim←−− p(n)∗

1 F

10



of sheaves is injective. This question is local on P, which we may therefore assume
to be affine, and by restricting to the interior tube ]X [◦P as in the proof of Proposition
5.7 of [11] we may in fact assume that P is a formal scheme over OEK and that Y = X .
Again, using the fact that the question is local on PK it suffices to prove the injection
on global sections. We may also choose co-ordinates

(x1, . . . , xd) :P→ Âd
OEK

which are étale in a neighbourhood of X , so that dt,dx1, . . . ,dxd is a basis for Ω1
]X [P/K .

Hence, if we set A =Γ(]X [P,OPK ) and M =Γ(]X [P,F ), we have isomorphisms

Γ(]X [P, p(n)∗
1 F )∼= M⊗A

A[τ,χ1, . . . ,χd]
(τ,χ1, . . . ,χd)n

Γ(]X [P, lim←−−n
p(n)∗

1 F )∼= M⊗A AJτ,χ1, . . . ,χdK

where τ= t⊗1−1⊗ t and χi = xi⊗1−1⊗xi. Of course, the same calculation holds on any
open subspace of ]X [P, for example the closed tubes [X ]m of radius r−1/m inside PK . If
we let Am =Γ([X ]m,OPK ) then we therefore get

Γ([X ]m, lim←−−n
p(n)∗

1 F )∼= M⊗A AnJτ,χ1, . . . ,χdK.

The functions χ1, . . . ,χd induce a morphism

P×V P→ Âd
P×V Spf(V JtK) = Â

d
P×V Spf

(
V JtK

)
which is étale in a neighbourhood of X , and hence by the analogue of Proposition 4.1
of [11] over V JtK⊗̂V V JtK (whose proof is identical), we may replace P×V P by

Âd
P×V Spf

(
V JtK

)= Âd
P×V JtK Spf

(
V JtK

)×V Spf
(
V JtK

)
Now, in this case the tubes ]X [ are actually rigid varieties, and it is not hard to see that
their formation commutes with fibre products, and hence we may make the identifica-
tion

]X [P×V P
∼=]X [

Âd
P
×
Db

K
]Spec

(
kJtK

)
[Spf(V JtK)×V Spf(V JtK).

Since we are only interested in global section, we may replace the open tubes ]X [ and
]Spec

(
kJtK

)
[ by the corresponding closed tubes of radius r−1/m (where r = |1/π| for any

uniformiser π). If we let Om be the ring of functions on the closed tube [Spec
(
kJtK

)
]m in-

side Db
K ×KD

b
K then using Proposition 4.3.6 of [13] we may identify the group of sections

of p∗
1F on the closed tube [X ]m inside P×V P with

Om⊗̂SK

(
M⊗A Am〈r1/mχ1, . . . , r1/mχd〉

)
.

By inducting on the number of generators of M, we may reduce to the case when M is a
quotient of A, and by replacing Am by the affinoid algebra M⊗A Am it suffices to prove
that the map

Om⊗̂SK B〈r1/mχ1, . . . , r1/mχd〉→ BJτ,χ1, . . . ,χdK

is injective for any topologically finite type EK -algebra B. Here the map is the obvious
one on B〈r1/mχ1, . . . , r1/mχd〉 and on Om is induced by the map

SK ⊗̂K SK → SKJτK
f ⊗ g 7→ f (t)g(τ+ t)

11



(in other words τ= 1⊗ t− t⊗1). Hence it suffices to prove that the map

Om⊗̂SK B → BJτK

is injective. But now by using adic flatness of B over EK , and writing everything out
explicitly, it suffices to show that

(SK ⊗̂K SK )〈T〉
pT − (1⊗ t− t⊗1)m → SKJτK

is injective, which follows from a direct calculation.

Hence we may define the full subcategory

MIC†((X ,Y ,P)/K)⊂MIC((X ,Y ,P)/K)

as the essential image of Strat†((X ,Y ,P)/K), and we get an equivalence

Isoc†(X /E †
K )∼=MIC†((X ,Y ,P)/K)

whenever (X ,Y ,P) is a smooth V JtK-frame. Functoriality and Frobenius structures can
be dealt with exactly as in loc. cit., we therefore get categories F-Isoc†(X /K) which are
Zariski-local in X , and functorial in X , k((t)) and K . Since the category of V JtK-frames
embeds faithfully in the category of k((t))-frames over V , we get canonical ‘forgetful’
functors

(F-)Isoc†(X /K)→ (F-)Isoc†(X /E †
K )

which is seen to be faithful by comparison with the category of modules with integrable
connection.

Definition 1.14. Let E ∈ (F-)Isoc†(X /K). Then we define the rigid cohomology

H i
rig(X /E †

K ,E )

to be the cohomology of the associated object in (F-)Isoc†(X /E †
K ).

1.3 The Gauss–Manin connection and (ϕ,∇)-modules

We can now explain how for every variety X /k((t)), and every object E ∈ Isoc†(X /K),
there is a natural connection on H i

rig(X /E †
K ,E ).

Proposition 1.15. Let (X ,Y ,P) be a smooth V JtK-frame. Then j†
XΩ

1
]Y [P/K is a locally

free j†
X O]Y [P -module, and there is an exact sequence

0→ j†
X O]Y [P ·dt → j†

XΩ
1
]Y [P/K → j†

XΩ
1
]Y [P/SK

→ 0

of locally free j†
X O]Y [P -modules.

Proof. Follows from Corollary 1.6.

The point of this is that if (X ,Y ,P) is a smooth V JtK-frame, and E is a j†
X O]Y [-module

E with integrable connection relative to K , the we obtain a Gauss–Manin connection

∇ : H i(]Y [P,E ⊗Ω∗
]Y [P/SK

)→ H i(]Y [P,E ⊗Ω∗
]Y [P/SK

)

12



on its de Rham cohomology (over SK ) in the usual way as follows. Define a filtration F•
on the complex E ⊗Ω∗

]Y [P/K by

F0 = E ⊗Ω∗
]Y [P/K , F1 = im(E ⊗Ω∗−1

]Y [P/K ⊗O]Y [P ·dt → E ⊗Ω∗
]Y [P/K ), F2 = 0

so that we have
Gr0

F = E ⊗Ω∗
]Y [P/SK

, Gr1
F
∼= E ⊗Ω∗−1

]Y [P/SK
·dt.

Thus the spectral sequence associated to this filtration has E1-page with differentials

H i(]Y [P,E ⊗Ω∗
]Y [P/SK

)→ H i(]Y [P,E ⊗Ω∗
]Y [P/SK

) ·dt

which defines the Gauss–Manin connection on each H i(]Y [P,E ⊗Ω∗
]Y [P/SK

).
It is easy to see that if u : (X ′,Y ′,P′)→ (X ,Y ,P) is a morphism of smooth and proper

V JtK-frames, and E ∈MIC((X ,Y ,P)/K) then the natural morphism

H i(]Y [P,E ⊗Ω∗
]Y [P

)→ H i(]Y ′[P′ ,u∗E ⊗Ω∗
]Y ′[P′ )

is horizontal, which implies firstly that the connection does not depend on the choice of
frame (X ,Y ,P) but only on X , and secondly that the functoriality morphisms in rigid
cohomology

H i
rig(X /E †

K ,E )→ H i
rig(X ′/E †

K , f ∗E )

associated to a pair of morphisms f : X ′ → X and f ∗E → E ′ are in fact horizontal.
To extend this construction to compactly supported cohomology is entirely straight-

forward, to explain how this is done we fix a smooth and proper V JtK-frame (X ,Y ,P)
and E ∈ MIC((X ,Y ,P)/K). Then exactly as in 5.13 of [11], we may choose some neigh-
bourhood V of ]X [P inside ]Y [P to which E extends. Then there is a natural Gauss–
Manin filtration on E ⊗Ω∗

V /K , and hence we can consider RΓ]X [P (E ⊗Ω∗
V /K ) as an object

in the filtered derived category of sheaves on V . Exactly as in the case for cohomology
without supports, looking at the differentials on the E1-page of the associated spectral
sequence calculating

H i(V ,RΓ]X [P (E ⊗Ω∗
V /K ))

then gives morphisms

H i
c,rig((X ,Y ,P)/E †

K ,E )→ H i
c,rig((X ,Y ,P)/E †

K ,E ) ·dt

which define the connection on cohomology groups with compact support. Again, one
easily verifies that these only depend on X and not on the choice of frame, and that
the functoriality morphisms associated to either proper maps or open immersions are
horizontal. It is also straightforward to check that the Poincaré pairing

H i
rig(X /E †

K ,E )×H j
c,rig(X /E †

K ,F )→ H i+ j
c,rig(X /E †

K ,E ⊗F )

constructed in §3 of [12] is compatible with the connections.
Since the Frobenius action on both H i

rig(X /E †
K ,E ) and H i

c,rig(X /E †
K ,E ) (when E ∈

F-Isoc†(X /E †
K )) is simply that induced by functoriality, it follows from functoriality of

the Gauss–Manin connection that the connection and Frobenius structures are com-
patible, in the sense that the diagram

H i
rig(X /E †

K ,E ) ∇ //

ϕ

��

H i
rig(X /E †

K ,E )

∂t(σ(t))ϕ
��

H i
rig(X /E †

K ,E ) ∇ // H i
rig(X /E †

K ,E )

commutes.
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Corollary 1.16. Let X /k((t)) and E ∈ F-Isoc†(X /K). Assume that H i
rig(X /E †

K ,E ) is finite
dimensional, and that the the induced linear Frobenius

ϕσ : H i
rig(X /E †

K ,E )⊗
E

†
K ,σ E

†
K → H i

rig(X /E †
K ,E )

is bijective. Then H i
rig(X /E †

K ,E ) is a (ϕ,∇)-module over E
†
K . In particular this is the case

if the base change morphism

H i
rig(X /E †

K ,E )⊗
E

†
K

EK → H i
rig(X /EK , Ê )

is an isomorphism. The same is true for compactly supported cohomology.

Corollary 1.17. Let X /k((t)) be a smooth curve, E ∈ F-Isoc†(X /K) and i ≥ 0. Then
H i

rig(X /E †
K ,E ) is a (ϕ,∇)-module over E

†
K , and if E extends to an overconvergent F-

isocrystal (relative to E
†
K ) on a smooth compactification X of X then H i

c,rig(X /E †
K ,E ) is

also a (ϕ,∇)-module. In the latter case the Poincaré pairing

H i
rig(X /E †

K ,E )×H2−i
c,rig(X /E †

K ,E∨)→ E
†
K (−1)

is a perfect pairing of (ϕ,∇)-modules.

1.4 The case of a point

Having introduced these new categories of coefficients, a sanity cheek is probably in
order to ensure that our notion is a sensible one. When X = Spec(k((t))) is a point,
Tsuzuki in [18] has already proposed candidates for Isoc†(X /K) and F-Isoc†(X /K), it is
therefore worth comparing our constructions agree with his in this case. First let us
review his definitions.

Recall that a ∇-module over E
†
K is simply a finite dimensional vector space together

with a connection. If M is such an object, let D(m)= t∇(m) for all m ∈ M, where ∇ is the
connection on M. Define maps D[k] : M → M so that D[0] = id and

D[k+1] = (D−k)D[k].

If M is a free E
†
K -vector space, we can give M two different topologies, the p-adic topol-

ogy and the fringe topology, coming from the p-adic topology and fringe topology on
E

†
K . The p-adic topology on E

†
K is simply that induced by the p-adic topology on EK via

the inclusion E
†
K → EK , and the fringe topology is the direct limit topology coming from

writing
E

†
K = colimη<1Eη

with Eη being given its natural topology as in §1 of [12]. For any m ≥ 0 write

Em = SK 〈T〉
π− tmT

= Er−m ,

and similarly write ‖·‖m for the natural norm ‖·‖r−m on Em (recall that r = |π|−1). Write
‖·‖ for the p-adic norm on E

†
K .

Definition 1.18. i) We say that M is T-overconvergent if for any w ∈ E
†
K with ‖w‖ <

1, and any e ∈ M, the series
∞∑

k=0

wk

k!
D[k](e)

converges for the p-adic topology.
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ii) We say that M is overconvergent if for any w ∈ E
†
K with ‖w‖ < 1 (equivalently:

there exists m such that w ∈ Em and ‖w‖m < 1), and any e ∈ M, the series

∞∑
k=0

wk

k!
D[k](e)

converges for the fringe topology.

Note that since the p-adic topology is weaker than the fringe topology, overconver-
gence is a stronger condition than T-overconvergence.

Proposition 1.19. There is a natural equivalence between Isoc†(Spec(k((t)))/K) and the
category of overconvergent ∇-modules over E

†
K .

Proof. Write X = Spec(k((t))). There is a natural fully faithful functor from Isoc†(X /K)
to the category of coherent j†

X O
Db

K
-modules with integrable connection (relative to K),

which in turn is equivalent to the category of ∇-modules over K . We therefore need
to check that the essential image of Isoc†(X /K) consists of exactly the overconvergent
∇-modules.

Exactly as in Proposition 5.15 of [11], we may describe the overconvergence condi-
tion on objects of Isoc†(X /K) as follows: let M be a ∇-module over E

†
K , and let M0 be

a coherent Em0 module with connection such that M0 ⊗Em0
E

†
K
∼= M (for some m0). Let

∂=∇ denote differentiation with respect to t on M or M0. Then M is an overconvergent
isocrystal iff for all n there exists some m ≥ m0, such that for all e ∈ M0 ⊗Em0

Em, we
have ∥∥∥∥∂k(e)

k!

∥∥∥∥
m

r−
k
n → 0

as k →∞, for some Banach norm on M ⊗Em0
Em (recall r = |π|−1). A simple calculation

shows that we have D[k](e)= tk∇k(e) for all e ∈ M0⊗Em0
Em, and then using the fact that

we have ‖t‖ = ∥∥t−1∥∥= 1, it easily follows that the two conditions of being overconvergent
coincide.

Hence we can view overconvergent isocrystals as a full subcategory of the category
of T-overconvergent ∇-modules over E

†
K . While we expect that they do not coincide, we

cannot currently provide a counter-example.

Question 1.20. Is overconvergence a strictly stronger condition than T-overconvergence?

Corollary 1.21. The category F-Isoc†(Spec(k((t)))/K) is equivalence to the category of
(ϕ,∇)-modules over E

†
K .

Proof. If we knew that overconvergence and T-overconvergence coincided, this would
follow immediately from Proposition 3.4.4 of [18]. However, the proof easily adapts, the
key point being that in the proof of Proposition 3.4.2 of loc. cit., we may replace the
p-adic norm ‖·‖ (denoted |·|G there) by some norm ‖·‖m for m large enough. While this
increase the norm of the matrix representing D[n] (i.e. the matrix denoted C[n] in loc.
cit.), by choosing m large enough we can still ensure that we get

∥∥∥ D[k](e)
k!

∥∥∥
m
ηk → 0 as

k →∞, which is enough to ensure the required convergence, by completeness of Em.
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2 Weight monodromy and `-independence

As mentioned in the introduction, we expect that the cohomology theory H∗
rig(X /E †

K )
should be more intimately connected with the arithmetic properties of X than the usual
rigid cohomology H∗

rig(X /EK ). In particular, it is using H∗
rig(X /E †

K ) that we can formulate
p-adic analogues of well-known conjectures and results concerning the `-adic cohomol-
ogy of varieties over local fields. In this section we give some examples of the ways
in which we expect to see the arithmetic properties of X reflected in its cohomology
H∗

rig(X /E †
K ). In some sense these are really toy examples, and in fact don’t use the full

information contained in H∗
rig(X /E †

K ), but only that which is preserved by base changing
to RK .

Definition 2.1. For any smooth curve X /k((t)) and any E ∈ F-Isoc†(X /K) we define

H i
rig(X /RK ,E ) := H i

rig(X /E †
K ,E )⊗

E
†
K

RK

by the results of previous sections, this is a free (ϕ,∇)-module over RK . We also define
H i

rig(X /RK ) to be H i
rig(X /E †

K )⊗
E

†
K

RK .

In fact, a lot of our results do not depend on our construction of H i
rig(X /E †

K ), since as
mentioned in the introduction to, Kedlaya in his thesis proved that when X is smooth
and proper over k((t)), and K =W(k)[1/p], then H i

rig(X /EK ) is overconvergent, that is de-

scends to a (ϕ,∇)-module over E
†
K . This actually suffices to prove both `-independence

and the weight monodromy conjecture in cohomological dimension ≤ 1, at least for
smooth and proper varieties. It is the general formalism of E

†
K -valued rigid cohomology,

however, that allows us to then easily deduce results about open curves from the state-
ments in the smooth and proper case. Also, again as mentioned in the introduction, we
expect that once a suitably robust formalism of E

†
K -valued cohomology has been devel-

oped, it will provide the natural setting for the construction of a p-adic weight spectral
sequence ‘explaining’ the weight filtration on the cohomology of smooth and proper va-
rieties with semistable reduction.

For the rest of this section, we will assume that k is a finite field, and contrary to
the assumptions of the rest of the paper, Frobenius σ will be assumed to be the p-power
Frobenius. We will let q denote the cardinality of k. We will assume that V =W =W(k)
is the ring of Witt vectors of k, we therefore have K = W[1/p]. We will also let R+

K
denote the plus part of the Robba ring, that is the ring of convergent functions on the
open unit disc over K .

2.1 Weil–Deligne representations and Marmora’s construction

One of the indications that H∗
rig(X /E †

K ) is a good version of p-adic cohomology to look
at over k((t)) is the fact that by base changing to RK as just described, we can attach
Weil–Deligne representations to the cohomology of varieties X /k((t)). This is done using
Marmora’s construction in [14] of the Weil–Deligne representation attached to a (ϕ,∇)-
module over RK , which we now recall.

Let us denote by Gk((t)) and Gk the absolute Galois groups of k((t)) and k respectively,
we therefore have an exact sequence

0→ Ik((t)) →Gk((t)) →Gk → 0

where Ik((t)) is the inertia group. Define the Weil group Wk((t)) to be the inverse image
of 〈Frobk〉 ∼=Z⊂Gk ∼= Ẑ, topologised so that IK is open. Here Frobk refers to arithmetic
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Frobenius, and we define the map v : Wk((t)) →Z by Frobv(σ)
k ≡ σ mod Ik. For any repre-

sentation V of Wk((t)) we denote by V (1) the representation on the same space but with
the action of any σ ∈Wk((t)) multiplied by qv(σ).

Definition 2.2. Let E be a field of characteristic zero. An E-valued Weil–Deligne rep-
resentation over k((t)) is a continuous representation of the Weil group Wk((t)) in a finite
dimensional, discrete E-vector space, together with a Gk((t))-equivariant, nilpotent mon-
odromy operator

N : V (1)→V .

The category of E-valued Weil–Deligne representations is denoted RepE(WDk((t))). Note
that since Ik((t)) is a profinite group, it follows that it must act via a finite quotient on
any Weil–Deligne representation.

If (V , N) is some Weil–Deligne representation over k((t)), then there is a unique
Wk((t))-invariant filtration M•V on V , called the monodromy filtration, such that:

i) N(MiV (1))⊂ Mi−2V ;

ii) N induces an isomorphism

Nk : GrM
k V (k) ∼→GrM

−kV .

Definition 2.3. Let V be a Weil–Deligne representation over k((t)).

i) We say that V is pure of weight i if the eigenvalues of any lift to Wk((t)) of Frobk
are Weil numbers of weight −i, i.e. are algebraic numbers all of whose complex
embeddings have absolute value q−i/2.

ii) We say that V is quasi-pure of weight i if for all k the kth graded piece GrM
k V of

the monodromy filtration are pure of weight i+k in the above sense.

Remark 2.4. i) Since Ik((t)) acts on V by a finite quotient, the condition of being pure
or quasi-pure can be checked on a single lift of arithmetic Frobenius.

ii) What we have termed ‘quasi-pure of weight i’ has been called by Scholl (unpub-
lished) ‘pure of weight i’, since it is conjecturally expected that the ‘geometric’
weight filtration on the cohomology of varieties has graded pieces which are quasi-
pure, rather than pure. We do not follow this terminology, since we want a way to
distinguish pure and quasi-pure Weil–Deligne representations.

Marmora’s construction takes a (ϕ,∇)-module over RK , and associates to it a Weil–
Deligne representation with coefficients in Kun, the maximal unramified extension of
K , as follows.

Recall from §2.2 of [18] that for every finite separable extension F/k((t)) there is a
corresponding finite étale map RK → RF

K where RF
K is a copy of the Robba ring but

with a different constant field and parameter. Define

B0 := colimFRF
K

to be the colimit of all RF
K as F runs over all finite extensions of k((t)) within some fixed

separable closure, and let B =B0[log t], that is we adjoint a formal variable log t, who’s
derivative is dt

t . Note that Gk((t)) acts naturally on B0, and hence on B by letting it act
trivially on log t, and there is a natural extension to B of the Frobenius σ on RK . B

also admits a monodromy operator N, that is a B0-derivation such that N(log t)= 1.
By the p-adic local monodromy theorem, every (ϕ,∇)-module M over RK becomes

trivial over B, i.e. admits a basis of sections which are horizontal for the extended
connection

∇ : M⊗RK B → M⊗RK Ω
1
B
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where Ω1
B

= B ·dt. Note that we get a ‘diagonal’ Frobenius structure on M ⊗RK B, as
well as a monodromy operator and a Gk((t))-action arising from the given monodromy
and Galois actions on B. Hence we get a functor

M 7→ (
M⊗RK B

)∇=0

from the category of Deligne modules over Kun, that is vector spaces together with
a monodromy operator, a Frobenius and a semilinear Gk((t))-action, which satisfy cer-
tain natural compatibilities (see §3.1 of [14]). Composing with Fontaine’s functor from
Deligne modules to Weil–Deligne representations which ‘twists’ the Galois action by
the Frobenius to linearise it (see §3.4 of loc. cit.), we therefore get a functor

WD : MΦ∇
RK

→RepKun (WDk((t))).

from (ϕ,∇)-modules over RK to Kun-valued Weil–Deligne representations. In partic-
ular, we can talks about a (ϕ,∇)-module over RK being pure or quasi-pure of some
weight.

2.2 The p-adic weight-monodromy conjecture in cohomological dimension 1

We will now let X /k((t)) be a smooth and proper variety, and denote by H i
cris(X /EK ) its

rational crystalline cohomology, as constructed by Ogus in [15] (tensored from OEK to
EK ) - this is a (ϕ,∇) over EK . Then Theorem 7.0.1 of [7] says that this module is overcon-
vergent, that is descends to a (ϕ,∇)-module H i

cris(X /E †
K ) over E

†
K (note that H i

cris(X /E †
K )

is well-defined by Kedlaya’ full faithfulness result, i.e. Theorem 5.1 of [8]). Of course,
conjecturally, we expect this to coincide with H i

rig(X /E †
K ), however, we currently only

know that this is the case in dimension 1.

Definition 2.5. Define the RK -valued crystalline cohomology of X by

H i
cris(X /RK )= H i

cris(X /E †
K )⊗

E
†
K

RK .

Then the main result of this section is then the following.

Theorem 2.6. Let X /k((t)) be a smooth and proper variety, of pure dimension n, and let
i ∈ {0,1,2n−1,n}. Then H i

cris(X /RK ) is quasi-pure of weight i.

Corollary 2.7. Let X /k((t)) be a smooth and proper curve, and i ≥ 0. Then H i
rig(X /RK )

is quasi-pure of weight i.

We start by recalling the notion of a Dieudonné module over versions of the rings
SK ,E †

K ,EK in which p is not invertible.

Definition 2.8. Let R be one of the rings WJtK,O
E

†
K

,OEK . Then a Dieudonné module
over R is a finite free R module M, together with a topologically quasi-nilpotent con-
nection ∇ : M → M ⊗RΩ

1
R and horizontal morphisms F : σ∗M → M, V : M → σ∗M such

that FV = pidM and V F = pidσ∗M . The category of such objects is denoted MDR

Remark 2.9. Here Ω1
R is simply defined to be the free R-module on dt, with canonical

derivation d : R →Ω1
R .

Then thanks to the Main Theorem on page 6 of [1], we have equivalences of cate-
gories

D : BTkJtK
∼→MDWJtK

D : BTk((t))
∼→MDOEK
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between p-divisible groups over kJtK (resp. k((t))) and Dieudonné modules over WJtK
(resp. OEK ), which commute with the natural base change functors.

To prove Theorem 2.6, note that by Poincaré duality in crystalline cohomology it
suffices to treat the cases i = 0,1, and the case i = 0 is clear, hence the only real content
is the case i = 1. To deal with this case, we introduce the Albanese variety A of X , so
that there is an isomorphism

H1
cris(X /EK )∼= D(A)[1/p]∨

between the first crystalline cohomology of X and the dual of the rational Dieudonné
module of the p-divisible group of A. Theorem 7.01. of [7] shows that D(A) is ovecon-
vergent, i.e. comes from a unique Dieudonné module D†(A) over O

E
†
K
= Rint

K . Denote
by DR(A) its base change to RK . Then Theorem 2.6 is a consequence of the following
result.

Theorem 2.10. The (ϕ,∇)-module DR(A) over RK is quasi-pure of weight −1.

We will demonstrate this by explicitly describing the weight filtration on DR(A) in
the semistable case, using results from [5], and then show that this actually coincides
with the monodromy filtration. Fist, however, we need a couple of technical results on
(ϕ,∇)-modules and Dieudonné modules.

Lemma 2.11. i) Let X be be an invertible n× n matrix over RK . Then there exist
invertible n×n matrices Y over E

†
K and Z over R+

K such that X =Y Z.

ii) Let X be be an invertible n× n matrix over EK . Then there exist invertible n× n
matrices Y over OEK and Z over K such that X =Y Z.

Proof. i) This is Proposition 6.5 of [9].

ii) This is Proposition 2.18 of [16]

Proposition 2.12. i) Let M be a (ϕ,∇)-module over E
†
K , and suppose that M⊗

E
†
K

RK

is defined over R+
K . Then M is defined over SK .

ii) Let M be a Dieudonné module over OEK , and suppose that M ⊗OEK
EK is defined

over SK . Then M is defined over WJtK.

Proof. This is Theorem 2.10 and Proposition 2.19 of [16].

Now, let A be the Néron model of A over kJtK, with identity component A ◦ and
special fibre A0. Let A ◦

0 denote the identity component of A0. Since Theorem 2.6 is in-
sensitive to replacing k((t)) by a finite extension, we may assume that A has semistable
reduction, in other words that A ◦

0 is an extension of an abelian variety B0 over k by a
torus T0. Let ˆA denote the formal completion of A along its special fibre, and T̂ ⊂ ˆA

its maximal formal sub-torus, as in §5.1 of [5]. Write

G = A[p∞]

G f = ˆA [p∞]⊗kJtK k((t))

G f = T̂[p∞]⊗kJtK k((t))

so that we have a filtration
0⊂G t ⊂G f ⊂G
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of p-divisible groups over k((t)), moreover, it follows from §2.3.3 of [5] that G f is the
largest sub-p-divisible group of G which extends to a p-divisible group over kJtK. By de
Jong’s equivalence we therefore get a filtration

0⊂ D t(A)⊂ D f (A)⊂ D(A)

of the associated Dieudonné modules over OEK , which descends to a filtration

0⊂ D†,t(A)⊂ D†, f (A)⊂ D†(A)

of (ϕ,∇)-modules over O
E

†
K

. Moreover, D f (A) is the largest submodule of D(A) defined

over WJtK. We may now base change to R to get a filtration

0⊂ D t
R(A)⊂ D f

R
(A)⊂ DR(A)

of (ϕ,∇)-modules over R.

Proposition 2.13. D f
R

(A) is the largest sub-(ϕ,∇)-module of DR(A) defined over R+
K ,

i.e. by Dwork’s trick it is the largest sub-(ϕ,∇)-module of DR(A) admitting a basis of
horizontal sections.

Proof. Suppose that N ⊂ DR(A) is defined over R+
K . Then thanks to Corollaire 3.2.27

of [14], there exists a sub-(ϕ,∇)-module N ′ ⊂ D†(A)[1/p] (over E
†
K ) such that N ′ ⊗

E
†
K

RK ∼= N. By Proposition 2.12(i), N ′ is actually defined as a (ϕ,∇)-module over SK .
The intersection N ′′ := N ′∩D†(A) is then a sub-Dieudonné module such that N ′′[1/p]=
N ′, by Proposition 2.12(ii), N ′′ is actually defined as a Dieudonné module over WJtK.
Therefore we must have N ′′ ⊂ D†, f (A) and hence N ⊂ D f

R
(A) as claimed.

Proposition 2.14. There are canonical isomorphisms

D t
R(A)∼= H1

rig(T0/K)∨⊗K RK

D f
R

(A)

D t
R

(A)
∼= H1

rig(B0/K)∨⊗K RK

of (ϕ,∇)-modules over RK .

Proof. By the compatibility of the Dieudonné module functor with base change, we
know that D t(A)⊗WJtK W ∼= D(T0), compatibly with Frobenius, where we have abused
notation and written D t(A) to mean the canonical model of D t(A) as a Dieudonné mod-
ule over WJtK. Hence we have, by Dwork’s trick, that D t(A)⊗WJtK R+

K
∼= D(T0)⊗W R+

K ,
and the first isomorphism follows from the fact that the rational Dieudonné module of
a torus is just the dual of its rigid cohomology.

Similarly we have an isogeny

D f (A)⊗WJtK W

D t(A)⊗WJtK W
' D(B0)

and hence again using Dwork’s trick we can see that

D f (A)⊗WJtK R+
K

D t(A)⊗WJtK R+
K

∼= D(B0)⊗W R+
K

and the second isomorphism follows.

20



We denote this natural filtration on DR(A) by W•, so that W−2 = D t
R

(A), W−1 =
D f

R
(A) and W0 = DR(A). By the previous proposition, both GrW

−2 and GrW
−1 are constant

(ϕ,∇)-modules over RK , and are pure of weights −2 and −1 respectively. Moreover, the
orthogonality theorem, Théorème 5.2 of [5] gives a canonical isomorphism

DR(A)

D f
R

(A)
∼= (

D t
R(A∨)

)∨ (1)

of (ϕ,∇)-modules over RK , where A∨ is the dual abelian variety of A. Thus by the
previous proposition applied to A∨ we get that GrW

0 is again constant, and pure of
weight 0. We therefore refer to W• as the weight filtration on DR(A).

Hence to prove Theorem 2.10, it suffices to prove that the weight filtration W• de-
scribed in the pervious section coincides with the monodromy filtration M•, up to a
shift by 1, and after applying the Marmora’s functor WD. We start by introducing the
following notation.

Definition 2.15. Let M be a (ϕ,∇)-module over R. Define the operator D : M → M by
D(m)= t∇(m).

The main ingredient is then the following explicit description of DR(A).

Proposition 2.16. There exists a basis {e1, . . . , e l , f1 . . . , fm, g1, . . . , gn} for DR(A) such
that:

i) {e1, . . . , e l} is a basis for W−2 and {e1, . . . , e l , f1, . . . , fm} is a basis for W−1;

ii) D(e i)= D( f j)= 0 for all i, j;

iii) D(gk) is in the K-span of the {e i} for all k.

Proof. For any (ϕ,∇)-module M over RK , let H0(M) denote the subspace of horizon-
tal sections, this is a finite dimensional vector space over K . Since W−2 and W−1
are both constant, i.e. admit bases of horizontal sections, we may choosing a K-basis
{e1, . . . , e l , f1, . . . , fm} of H0(W−1) such that {e1, . . . , e l} is a K-basis for H0(W−2). This then
gives us an RK -basis {e1, . . . , e l , f1, . . . , fm} of W−1 such that {e1, . . . , e l} is an RK -basis for
W−2 and D(e i)= D( f j)= 0 for all i, j.

Now, since W0/W−2 is also constant (as it is dual to D f
R

(A∨) by orthogonality), it
follows that we may choose an RK -basis {e1, . . . , e l , f1 . . . , fm, g1, . . . , gn} for DR(A) such
that ∇(gk) is in the RK -span of the {e i} for all k, the claim is now that we can modify
this basis such that D(gk) is in fact in the K-span of the {e i}. But following through the
procedure of Proposition 5.2.6 of [10] easily does this.

We can now complete the proof of Theorem 2.10, and therefore of Theorem 2.6.

Proof of Theorem 2.10. As already remarked, it suffices to show that WD(W•)= M•[−1].
Letting {e1, . . . , e l , f1 . . . , fm, g1, . . . , gn} be as in the previous proposition, it follows

from the construction of Marmora that the associated Weil–Deligne representation
WD(DR(A)) is actually defined over K and is given by the K-span of

{e1, . . . , e l , f1 . . . , fm, g1, . . . , gn}

inside DR(A). The monodromy operator N is then just given by the action of D, and
therefore takes the form 0 0 A

0 0 0
0 0 0
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where A ∈HomK (〈gk〉,〈e i〉). This visibly satisfies N2 = 0.
If N = 0, then this implies that DR admits a basis of horizontal sections, and the

monodromy filtration is trivial one, we therefore need to show in this case that the
weight filtration is also trivial, that is that W−2 = 0 and W−1 =W0. But if DR(A) admits
a basis of horizontal sections, then Proposition 2.13 implies that D f

R
(A) = DR(A), i.e.

W−1 =W0. By similar considerations on the dual abelian variety A∨ was can see that we
must have D f

R
(A∨)= DR(A∨) and hence orthogonality implies that W−2 = D t

R
(A)= 0.

If N 6= 0 then the monodromy filtration is given by M−1 = im N, M0 = ker N and M1 is
everything, we therefore have that M−1 ⊂WD(W−2), M0 ⊃WD(W−1) and M1 =WD(W0).
But again, Proposition 2.13 implies that we must actually have M0 = WD(W−1) (since
otherwise we would have a larger constant submodule that D f

R
(A)) and hence applying

this to the dual abelian variety and using orthogonality gives M−1 =WD(W−2).

We can also prove a version of the Néron–Ogg–Shafarevich criterion, as follows.
Let A/k((t)) denote an arbitrary abelian variety, i.e. not necessarily with semistable
reduction, and A /kJtK its Néron model. Then A ◦

0 , the connected component of the
special fibre, is an extension

0→ L0 →A ◦
0 → B0

of an abelian variety B0 by a smooth affine algebraic group L0, and L0 is an extension

0→ T0 → L0 →U0 → 0

of a unipotent group by a torus. T0 is then the maximal torus of A ◦
0 , and we refer

to its dimension µ as the reductive rank of A0. The dimension λ of U0 is called the
unipotent rank of A0 and the dimension α of B0 is called the abelian rank of A0. If n
is the dimension of A we therefore have n = α+µ+λ. Note that good reduction of A
is equivalent to having µ= λ= 0 and semistable reduction of A is equivalent to having
λ= 0. These numbers are the same for A and for its dual abelian variety A′.

Even without assuming semistable reduction, we still get a filtration

D t
R(A)⊂ D f

R
(A)⊂ DR(A)

where, by Dwork’s trick, we have

D t
R(A)∼= H1

rig(T0/K)∨⊗K RK

D f
R

(A)∼= H1
rig(A ◦

0 /K)∨⊗K RK

D f
R

(A)

D t
R

(A)
∼= H1

rig(B0/K)∨⊗K RK

and, as in the proof of Proposition 2.13, D f
R

(A) is the largest constant submodule of
DR(A). We therefore have

rkRK DR(A)= 2n

rkRK D f
R

(A)=µ+2α

rkRK D t
R(A)=µ.

Orthogonality in the form used above no longer holds, however, we do always have

D t
R(A)= D f

R
(A)∩D f

R
(A′)⊥

where ⊥ denotes the orthogonal subspace with respect to the Weil pairing

DR(A)⊗R DR(A′)→RK (1)

(see Théorème 5.2 of [5]).
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Theorem 2.17. Let A/k((t)) be an abelian variety, not necessarily assumed to have
semistable reduction.

i) A has good reduction iff DR(A) admits a basis of horizontal sections.

ii) A has semistable reduction iff DR(A) admits a unipotent basis, that is a basis
e1, . . . , en such that ∇(e j) ∈RK e1 + . . .+RK e j−1 for all j.

Proof. i) If A has good reduction, then α= n, and hence DR(A)= D f
R

(A) has a basis
of horizontal sections. Conversely, if DR(A) has a basis of horizontal sections,
then D f

R
(A) = DR(A) and hence µ+ 2α = 2n. Since DR(A′) must also admit a

basis of horizontal sections, we also have D f
R

(A′)⊥ = 0 and hence µ= 0. Therefore
α= n and A has good reduction.

ii) If A has semistable reduction, then λ= 0 and hence n =α+µ. Therefore we have
rkRK D f

R
(A′)⊥ = 2n−2α−µ=µ, and hence the inclusion

D t
R(A)⊂ D f

R
(A′)⊥

must be an equality. Therefore both D t
R

(A) and DR /D t
R

(A) must be constant, and
hence DR(A) is unipotent.
Conversely, suppose that DR(A) is unipotent. Then since A admits has semistable
reduction over some finite separable extension of k((t)), it follows from what we
have just proved that there exists a finite étale map RK → RK ′ (with K ′/K some
finite unramified extension) such that the base change to DR(A)⊗RK ′ is unipotent
of level 2. Hence DR(A) itself must be unipotent of level 2, and by duality the
same is true for DR(A′). The quotient DR(A′)/D f

R
(A′) must therefore be constant,

hence D f
R

(A′)⊥ ⊂ D f
R

(A). It follows that D t
R

(A) = D f
R

(A′)⊥ and equating ranks
gives

µ= 2n−2α−µ.

Hence n =α+µ and so λ= 0, i.e. A has semistable reduction.

As mentioned previously, these results do not actually use our construction of H i
rig(X /E †

K )
at all, although we expect that it will be necessary to use methods similar to ours, or
rather an extension of our methods to a more robust cohomological formalism, in order
to construct a weight spectral sequence in general. In the remainder of this section,
we will show how one can immediately deduce a version of the weight-monodromy
conjecture describing the interaction of the weight and monodromy filtrations on the
cohomology of an open (i.e. affine) smooth curve.

Theorem 2.18. Let X be a smooth curve over k((t)), and i ≥ 0. Let X be a smooth
compactification of X , and assume that D := X \ X is geometrically reduced. Then there
exists a canonical filtration gW• on H i

rig(X /RK ), called the geometric weight filtration,

such that the graded pieces Gr
gW
n are quasi-pure of weight n.

Since we treated the case D =; in the previous section, we will assume that D 6= ;.
The case i = 2 is trivial, and the case i = 0 is entirely straightforward, since H0

rig(X /RK )
is just a direct sum of constant modules RK . So again the only case of interest is i = 1.

Lemma 2.19. There exists an excision exact sequence

0→ H1
rig(X /E †

K )→ H1
rig(X /E †

K )→ H0
rig(D/E †

K )(−1)→ H2
rig(X /E †

K )→ 0

of (ϕ,∇)-modules over E
†
K .
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Proof. We know that there exists a corresponding exact sequence

0→ H1
rig(X /EK )→ H1

rig(X /EK )→ H0
rig(D/EK )(−1)→ H2

rig(X /EK )→ 0

in EK -valued cohomology, which is an exact sequence of (ϕ,∇)-modules. Hence the claim
follows immediately by full faithfulness of the base extension functor E

†
K → EK , i.e.

Theorem 5.1 of [8].

Proof of Theorem 2.18. Base changing the excision exact sequence to RK gives an exact
sequence

0→ H1
rig(X /RK )→ H1

rig(X /RK )→ H0
rig(D/RK )(−1)→ H2

rig(X /RK )→ 0

and we define
gW1 = H1

rig(X /RK ), gW2 = H1
rig(X /RK ).

It follows from the results of the previous section that Gr
gW
1 = H1

rig(X /RK ) is quasi-pure

of weight 1, and it is clear that Gr
gW
2 is a sub-module of H0

rig(D/RK )(−1), and therefore
pure of weight 2. Theorem 2.18 is proven.

Definition 2.20. Let X be a curve over k((t)), and i ≥ 0. Define

H i
c,rig(X /RK ) := H i

c,rig(X /E †
K )⊗

E
†
K

RK ,

these are a (ϕ,∇)-modules over RK .

Then Poincaré duality immediately implies the following.

Corollary 2.21. Let X be a smooth curve over k((t)), and i ≥ 0. Let X be a smooth
compactification of X , and assume that D := X \ X is geometrically reduced. Then there
exists a canonical filtration gW• on H i

c,rig(X /RK ), called the geometric weight filtration,

such that the graded pieces Gr
gW
n are quasi-pure of weight n.

2.3 Independence of `

In this section we use the results on weight monodromy from the previous section to
prove independence of `-results for the cohomology of varieties over k((t)) which include
the case `= p.

Definition 2.22. • Let X be a smooth proper variety over k((t)), so that H i
cris(X /E †

K )
is defined as a (ϕ,∇)-module over E

†
K . Then we define

H i
p(X ) :=WD(H i

cris(X /RK )),

this is a Kun-valued Weil–Delgine representation over k((t)).

• Let X be a smooth curve, so that H i
rig(X /E †

K ) is defined as a (ϕ,∇)-module over E
†
K .

Then we define
H i

p(X ) :=WD(H i
rig(X /RK )),

this is a Kun-valued Weil–Delgine representation over k((t)).

• Let X be a smooth curve, so that H i
c,rig(X /E †

K ) is defined as a (ϕ,∇)-module over

E
†
K . Then we define

H i
c,p(X ) :=WD(H i

c,rig(X /RK )),

this is a Kun-valued Weil–Delgine representation over k((t)).
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Then following Deligne, these are objects that can be compared with the families of
`-adic representations {H i

ét(Xk((t))sep ,Q`)}` 6=p, {H i
c,ét(Xk((t))sep ,Q`)}` 6=p, or rather with the

family of associated Weil–Deligne representations. {H i
`
(X )}` 6=p, {H i

c,`(X )}` 6=p.

Definition 2.23 ( [2], §8). i) Let F/E be an extension of characteristic 0 fields, and
V an F-valued Weil–Deligne representation of k((t)). Then we say that F is defied
over E if for any algebraically closed field Ω containing F, V ⊗Ω is isomorphic to
all of its Aut(Ω/E)-conjugates.

ii) Let {E i}i∈I be a family of field extensions of some fixed characteristic 0 field E, and
{Vi}i∈I a family of Ωi-valued Weil–Deligne representations of k((t)). Then we say
that {Vi}i∈I is compatible if each Vi is defined over E, and for any i, j and any al-
gebraically closed field Ω containing E i and E j, the Weil–Deligne representations
Vi ⊗Ω and Vj ⊗Ω are isomorphic.

Then we have the following, more easily checkable, characterisation of compatibility.

Lemma 2.24 ( [2], §8). A family {Vi}i∈I a family of Ωi-valued Weil–Deligne representa-
tions of k((t)) as above is compatible if and only if for all k the character

Tr(−|GrM
k Vi) : Wk((t)) → E i

of the k-th graded piece of the monodromy filtration has values in E and is independent
of i.

As with the weight-monodromy conjecture, the main ingredient of the restricted ver-
sion of `-indepdence we wish to explain is essentially a result on the p-divisible groups
of abelian varieties (or more generally, 1-motives). If A is an abelian variety over k((t)),
we abuse notation slightly and write V`(A) for the Weil–Deligne representation asso-
ciated to the `-adic Tate module of A, and Vp(A) for the Weil–Deligne representation
associated to DR(A).

Proposition 2.25. Let A be an abelian variety over k((t)). Then the family of Weil-
Delgine representations

{V`(A)}`

as ` ranges over all primes (including `= p) is compatible.

Proof. First suppose that A has semistable reduction. In this case we know exactly
what the graded piece of the monodromy filtration look like - if we have an exact se-
quence

0→ T0 →A ◦
0 → B0 → 0

expressing the connected component of the special fibre of the Néron model as an ex-
tension of an abelian variety by a torus, then for all `, including `= p we have

GrM
−1V`(A)∼=V`(T0), GrM

0 V`(A)∼=V`(B0), GrM
1 V`(A)∼=V`(T ′

0)∨(1)

where T ′
0 is the torus occurring in the corresponding exact sequence for the dual abelian

variety A′. The claim then follows from independence of ` for tori and abelian varieties
over finite fields.

In general, we use the theory of 1-motives from [17], which gives the graded parts
of the monodromy filtration GrM

k V`(A) as:

• the Tate module (`-adic or p-adic) of a torus T ′ over k((t));

• the Tate module (`-adic or p-adic) of an abelian variety A′ over k((t)) with poten-
tially good reduction;
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• the Weil–Deligne representation (`-adic or p-adic) associated to some continuous
homomorphism

ρ : Gal(k((t))sep/k((t)))→GLn(Z)

(necessarily with finite image).

Since `-independence for the third of these is clear, and the first is of the same form but
with a Tate twist, we can reduce to the case where A has potentially good reduction,
and the monodromy filtration is trivial.

Then (since k is finite) there exists some finite, separable, totally ramified extension
F/k((t)) such that AF has good reduction, let A′

k denote the corresponding abelian va-
riety over k. Then Gal(F/k((t))) acts on A′

k via k-automorphisms, and exactly as in the
`-adic case, we can describe the p-adic Tate module Vp(A) as follows: the monodromy
operator N is trivial, and the Galois representation is given by the induced action of
Gal(F/k((t))) on H1

cris(A′
k/K)∨⊗K Kun. Hence it suffices to show that for any subgroup

G ⊂ Autk(A′
k), the character of the induced action on H1

cris(A′
k/K) is equal to that char-

acter of the induced action on H1
ét(A

′
k̄
,Q`) for all ` 6= p. Since crystalline cohomology

of abelian varieties coincides with the Dieudonne module of the associated p-divisible
group, this is exactly the statement of (for example) the Corollary in Chapter V, §2
of [3].

Corollary 2.26. Let X be a smooth and proper variety over k((t)) of dimension n, and
i ∈ {0,1,2n−1,2n}. Then the family of Weil–Deligne representations{

H i
`(X )

}
`

as ` ranges over all primes (including `= p) is compatible.

Proof. As before, the only real case of interest is i = 1, which follows from the previous
proposition.

Corollary 2.27. Let X /k((t)) be a smooth curve, and i ≥ 0. Then the two families of
Weil–Deligne representations {

H i
`(X )

}
`

,
{
H i

c,`(X )
}
`

as ` ranges over all primes (including `= p) are both compatible.

Proof. It suffices to treat the case of cohomology without supports, since the supported
version then follows from Poincaré duality. Let X be a smooth compactification for X ,
and D = X \ X , we may assume that D 6= ;. The only case of interest again is i = 1, and
for all ` we have the excision exact sequence

0→ H1
`(X )→ H1

`(X )→ H0
`(D)(−1)→ H2

`(X )→ 0.

Them some straightforward linear algebra shows that

GrM
−1H1

`(X )=GrM
−1H1

`(X )

GrM
1 H1

`(X )=GrM
1 H1

`(X )

and that we have an exact sequence

0→GrM
0 H1

`(X )→GrM
0 H1

`(X )→W`→ 0

where
W` := ker

(
H0
`(D,K)(−1)→ H2

`(X )
)
.
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Since we know `-independence for both H0
`
(D,K)(−1) and H2

`
(X ), we therefore know

`-independence for W`. Since we know `-independence for GrM
k H1

`
(X ), `-independence

for GrM
k H1

`
(X ) then follows.

A Non-embeddable varieties and descent

In this appendix, for completeness as much as any other reason, we show how to ex-
tend the construction of rigid cohomology H i

rig(X /E †
K ,E ), which applied to embeddable

varieties X /k((t)), to those which are not necessarily embeddable. The method, using
Zariski descent, is completely standard, and we will allow k to be an arbitrary field of
characteristic p.

Definition A.1. Let X be a k((t))-variety. An embedding system for X is a simplicial
triple (X•,Y•,P•) where X• → X is a Zariski hyper-cover of X , each (Xn,Yn,Pn) is a
smooth and proper frame over V JtK and all the face maps Pn →Pn−1 are smooth around
Xn. A Frobenius ϕ on an embedding system (X•,Y•,P•) is an endomorphism ϕ : P• →
P• lifting the absolute q-power Frobenius on P• =P•⊗V JtK kJtK.

Proposition A.2. Every k((t))-variety X admits an embedding system (X•,Y•,P•) with
a Frobenius lift ϕ.

Proof. Let {Ui} be a finite open affine covering for X . Then there exists an embedding
Ui →P

ni
k((t)) for some ni, and we let U i be the closure of Ui in Pni

kJtK. We can thus consider

the frame (U ,U ,U ) where U = ∐
i Ui, U = ∐

i U i and U = ∐
i P̂

ni
V JtK. Now define Un =

U ×X . . .×X U , with n copies of U , and similarly define Un = U ×k . . .×k U and Un =
U×V JtK . . .×V JtK U, fibre product in the category of formal V -schemes. Then we have a
simplicial triple (U•,U•,U•), and we get a framing system (X•,Y•,P•) for X by taking
Xn =Un, Yn to be the closure of Xn in Un and Pn =Un. Since each Pn is a disjoint union
of products of projective space, the simplicial formal scheme P• admits a Frobenius
lift.

Let X be k((t))-variety, and (X•,Y•,P•) an embedding system for X with a Frobenius
lift ϕ. Then for some E ∈ (F-)Isoc†(X /E †

K ) or (F-)Isoc†(X /K) we can realise each E |Xn on
(Xn,Yn,Pn) to give a compatible collection of modules with connection on the simplicial
rigid space ]Y•[P• .

Definition A.3. Define H i
rig((X•,Y•,P•)/E †

K ,E ) := H i(]Y•[P• ,E ⊗Ω∗
]Y•[P• /SK

), these are

vector spaces over E
†
K .

Of course, we expect that H i
rig((X•,Y•,P•)/E †

K ,E ) only depends on the pair (X .E ), and
when X is embeddable coincides with the rigid cohomology defined in previous sections.
Happily this is the case.

Lemma A.4. Suppose that X is embeddable, and (X•,Y•,P•) is as above. Then there is
a natural isomorphism

H i
rig((X•,Y•,P•)/E †

K ,E )∼= H i
rig(X /E †

K ,E )

which is compatible with Frobenius when E ∈ F-Isoc†(X /E †
K ) and the connection when

E ∈ Isoc†(X /K).
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Proof. Let (X ,Y ,P) be a smooth and proper frame containing X , we form a new em-
bedding system for X as follows. Embed each connected component of Xn into Y via
the canonical map Xn → X → Y , so we get an smooth and proper frame (Xn,Y ′

n :=∐
kn Y ,P′

n :=∐
kn P) for all n. These fit together to form an embedding system (X•,Y ′•,P′•).

Then we define P′′
n =Pn×V JtKP

′
n and Y ′′

n to be the closure of Xn inside P′′
n for the diag-

onal embedding, so that we have a diagram of embedding systems

(X•,Y ′′• ,P′′• )
p2

''

p1

ww

(X•,Y•,P•) (X•,Y ′•,P′•)

where each map P′′
n →Pn,P′

n is smooth around Xn, and each Y ′′
n →Yn,Y ′

n is proper. It
then follows from the proof of Theorem 4.5 of [11] that

Rp1∗(E ⊗Ω∗
]Y ′′• [P′′• /SK

)∼= E ⊗Ω∗
]Y•[P• /SK

Rp2∗(E ⊗Ω∗
]Y ′′• [P′′• /SK

)∼= E ⊗Ω∗
]Y ′•[P′• /SK

and hence that the natural morphisms

H i
rig((X•,Y•,P•)/E †

K ,E )→ H i
rig((X•,Y ′′

• ,P′′
• )/E †

K ,E )

H i
rig((X•,Y ′

•,P′
•)/E

†
K ,E )→ H i

rig((X•,Y ′′
• ,P′′

• )/E †
K ,E )

are isomorphisms. Thus we may replace the embedding system (X•,Y•,P•) by the em-
bedding system (X•,Y ′•,P′•), so that we have an augmentation (X•,Y•,P•) → (X ,Y ,P)
such that Yn = ∐

k(n) Y and Pn = ∐
k(n)P for integers k(n). The point is that now re-

peated application of Lemma 4.4 from [11] gives a resolution

j†
X E 'Tot( j†

X•E)

for any sheaf E on ]Y [P, where Tot denotes the un-normalised cochain complex associ-
ated to a cosimplicial sheaf on ]Y [P. Hence

H i
rig(]Y [P,E ⊗Ω]Y [P/SK )∼= H i

rig(]Y•[P• ,E ⊗Ω]Y•[P• /SK )

as required.
The isomorphism H i

rig((X•,Y•,P•)/E †
K ,E )∼= H i

rig(X /E †
K ,E ) is easily checked to be com-

patible with ground field extensions and functoriality in X , and hence is compatible
with Frobenius when E ∈ F-Isoc†(X /E †

K ). It is also easily seen to be compatible with the
connections.

Proposition A.5. Let (X•,Y•,P•) be an embedding system for X , and E ∈ Isoc†(X /E †
K ).

Then the cohomology H i
rig((X•,Y•,P•)/E †

K ,E ) only depends on X and E up to canonical
isomorphism.

Proof. Suppose that (X ′•,Y ′•,P′•)→ (X•,Y•,P•) are embedding systems for X . We define
Xn,m = Xn ×X X ′

m and Pn,m = Pn ×V JtK P
′
m, so there is a natural embedding Xn,m →

Pn,m. Let Yn,m denote the closure of Xn,m, so that (X•,•,Y•,•,P•,•) forms a double sim-
plicial object is the category of smooth and proper frames over V JtK. Then for each fixed
n, (Xn,•,Yn,•,Pn,•) is an embedding system for the embeddable variety Xn, and if fact
we get a whole augmented simplicial triple (Xn,•,Yn,•,Pn,•)→ (Xn,Yn,Pn). Examining
the proof of Lemma A.4 tells us that

Rπn∗(E ⊗Ω∗
]Yn,•[Pn,• /SK

)∼= E ⊗Ω∗
]Yn[Pn /SK
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where πn :]Yn,•[Pn,•→]Yn[Pn is the natural morphism. Hence if we let π :]Y•,•[P•,•→
]Y•[P• denote the natural morphism, we get an isomorphism

Rπ∗(E ⊗Ω∗
]Y•,•[P•,• /SK

)∼= E ⊗Ω∗
]Y•[P• /SK

and hence the natural morphism

H i(]Y•[P• ,E ⊗Ω∗
]Y•[P• /SK

)→ H i(]Y•,•[P•,• ,E ⊗Ω∗
]Y•,•[P•,• /SK

)

is an isomorphism. Of course, the same is true replacing (X•,Y•,P•) by (X ′•,Y ′•,P′•) and
so we get a canonical isomorphism

H i(]Y•[P• ,E ⊗Ω∗
]Y•[P• /SK

)→ H i(]Y ′
•[P′• ,E ⊗Ω∗

]Y ′•[P′• /SK
)

by composing this isomorphism with the inverse of

H i(]Y ′
•[P′• ,E ⊗Ω∗

]Y ′•[P′• /SK
)→ H i(]Y•,•[P•,• ,E ⊗Ω∗

]Y•,•[P•,• /SK
).

These are easily checked to compatible with the isomorphisms to the cohomology of any
third embedding system (X ′′• ,Y ′′• ,P′′• ).

Hence we get well-defined and functorial cohomology groups H i
rig(X /E †

K ,E ) which ad-

mit semi-linear Frobenii when E ∈ F-Isoc†(X /E †
K ), and connections when E ∈ Isoc†(X /K).

These structures are compatible when E ∈ F-Isoc†(X /K). Of course, entirely similar con-
siderations apply to constructing E

†
K -valued rigid cohomology with compact supports for

non-embeddable varieties. The only new ingredient needed is (a repeated application
of) the following analogue of Lemma 4.4 from [11].

Lemma A.6. Let (X ,Y ,P) be a V JtK-frame, and X =U1 ∪U2 an open cover of X . Then
for any sheaf E on ]Y [P there is an exact triangle

RΓ]U1∩U2[PE →RΓ]U1[PE⊕RΓ]U2[PE →RΓ]X [PE +1→
of complexes of sheaves on ]Y [P.

Proof. Choose complements Z and H j for X and U j in Y respectively, so that H1 ∪H2
is a complement for U1 ∩U2. Let

i :]Z[P→]Y [P, i j :]H j[P→]Y [P, i12 :]H1 ∪H2[P→]Y [P

denote the corresponding open immersions. Note that for any sheaf F on ]Y [P we have
a diagram

F //

��

F ⊕F //

��

F

��

+1 //

Ri12∗ i−1
12 F // Ri1∗ i−1

1 F ⊕Ri2∗ i−1
2 F // Ri∗ i−1F +1 //

in which both rows are exact (since ]H1 ∪H2[P=]H1[P∪]H2[P and ]H1 ∩H2[P=]Z[P).
Hence we get an exact triangle(
F →Ri12∗ i−1

12 F
)
[1]→ (

F →Ri1∗ i−1
1 F

)
[1]⊕ (

F →Ri2∗ i−1
2 F

)
[1]→ (

F →Ri∗ i−1F
)
[1] +1→ .

Now we let Y ′ =Y ⊗kJtK k((t)) and denote by k :]Y ′[P→]Y [P the inclusion, applying this
to F = k∗k−1E gives the result.
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