Weil conjectures and Betti numbers of moduli spaces

Christopher Lazda

1 Lecturel
Let’s start with an object you’ll hopefully all be reasonably familiar with.

{(s)=)Y n~5, seC, Re(s)> 1.

n=1
Conjecture (RH). If {(s) =0 and 0 <Re(s) < 1, then Re(s) = %

This has an Euler product expansion

()= ] a-p™™

p prime

and we note that
{prime numbers} — {closed points of Spec(Z)}

S0 we can write

()= ] Q-#k@ ™"

x€|Spec(2)|

where k(x) is the residue field at x.

Definition. For any scheme X of finite type over Z, (i.e. any “arithmetic scheme") we define

(x()= [] Q-#kx) ™"

xelX|
the product being taken over all closed points, and k(x) denotes the residue field.

Exercise. Show that in this situation k(x) is always a finite field, so the definition makes
sense.

Example. Suppose that K/Q is finite, with ring of integers Ox. Then taking X = Spec(Ok)
we get

(Spec(@K)(S): l_[ (l—Npis)il
pcOx

which is the usual Dedekind zeta function {g(s) of K. There is also a Riemann hypothesis
for (i, again stating that zeroes of {x with 0 < Re(s) < 1 satisfy Re(s) = %

Example. X = A[%p = Spec (Fp[¢]).

{closed points of A[%p} — {irreducible polynomials over F,}

= [/\I% (S): H(l_p—dS)—Nd
P d=1



where Ng = # irreducible polynomials of degree d. Let’s try the following trick: set u = p~°
and compute uZ'(u)/Z(u) where Z(u) =[[4(1 - ud)~Na_ We get

d dNgu?
—logZ(u) =
“du 8 @) cgl 1-ud

= Z dNgu™

d,m=1

Z Z dNgu"

n=ldn

Z pnun

n=1

since (recall from Galois theory) Y 5, dNg = p". Note that p" = #A[%p([Fpn) and that we also
have

d
—logZ(u) =
du 0gZ(u) 1-pu
1
=>Zu)=
1-pu
1
= ag, 9= 7

This trivially satisfies the ‘Riemann Hypothesis’, since it has no zeroes.

Lemma. Let q be a prime power, and X a scheme of finite type over [ (therefore X is a
scheme of finite type over Z and has a zeta function). Write B, = #X(F4n). Then we have

B,
(x(s)= exp(z —u”)
n=1 1

where u=q~*°

Proof. Let N4 be the number of closed points of X of degree d over [y, i.e. such that the
residue field k(x) is F,«. Then we have the formula

Zde =B,
din

since every closed point of degree d gives rise to exactly d points in X(F4») for d | n. Then
exactly as in the calculation we’ve just done we can show

{x(s)=[J@-u®)y™e

d=1

where u = ¢~* and that if we let Z(x) = [[7>1(1 —u%)"N¢ then we have an identity of power
series 4
U logZ(u) = r;anu”

and the lemma follows. O



Exercise. By showing that when X/F; has dimension d, #X(F,») = 0(¢™?) as d — oo, show
that {x(s) converges for Re(s) > dim X.

So zeta function of schemes over finite fields ‘encode’ the numbers of points over all finite
extension fields, in that if you know one, you know the other. It’s in practise often easier to
work with the power series

Z(X,u)::exp(z M

n=1

u”) € Q[u].

Note that while the {-function {x(s) doesn’t ‘see’ the base field [F,, the Z-function Z(X,u)
does, since we have set u = ¢ 5.
1.1 Abelian Varieties

Now let’s take A/F, an abelian variety of dimension g, that is a smooth, projective, (geo-
metrically) connected group variety over F,. We'll let A = A xf, Fq, and F: A — A be the
g-power linear Frobenius morphism, that is if we have some projective embedding

A N
A—Pe

q

Therefore A(Fg4») is exactly the (closed) fixed points of F", or in other words, if we con-
sider the isogeny o
®,=id-F":A— A

then A(F,») = ker(®,)(F,). Since id — F* separable, we therefore have
#A(Fg») = deg(id — F™).

To calculate this, we’ll introduce the Tate module of A. Let £1q be a prime, so that A[¢"] is
an étale group scheme over [, of order 28 and

ALM([F,) = (2/0"2)%
(non-canonically). The multiplication by ¢ induces transition maps
[0]: A[C"1(F,) — ALC" 1(F,)
so we can form the inverse limit

T((A):=1lim A["1(F,),

n

this is a free Z,-module of rank 2g, and every endomorphism v € End(A) of A induces an
endomorphism vy, of Ty(A), and hence of V,(A) :=T¢(A)®z7, Q,.

Theorem (See Mumford’s “Abelian Varieties”). For every endomorphism v € End(A) there
exists a unique polynomial Py(t) € Z[t] (the characteristic polynomial of y) such that for all
integers n we have

Py(n) = deg([n]—v).
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Moreover for any ¢1q we have that
Py (t) = det(t —yy)
is the characteristic polynomial of ¥ acting on Vy(A).

We’re now going to take ¢ = F, the Frobenius endomorphism, this tells us that if we let
28
Prt)=[]t-w))
=1
be the characteristic polynomial of F' acting on V;(A), and n = 1, then
2g
Ppi(t) =[]t~ 0})

i=1

is the characteristic polynomial of F" acting on V,(A) and hence we can count the number
of Fgn-rational points on A as

28
#A(Fgn) = deg(id — F™) = Ppn(1) = H(l—w;‘)
i=1

n n
=1- Z(uh+2(u]1 iy T a)h.a)jzg.
J1,J2

Actually, some simple linear algebra tells us that
n n
Y ol
is exactly the trace of F" acting on A*V,(A), so we can write

28
#AF,) = Y (~DPTe(F™ | ARV,(A)).
k=0

Substituting this in to the expression for Z(A,u) gives us

zg (- 1)k+1
ZA,uw) =[] exp( Y Tr(F™ | Ang(A)—)
k=0 n=1

Lemma. Let V be a finite dimensional vector space over a field K, and ¢ : V — V and
endomorphism. Then

det (id — pu) = exp ( Y Tr(wn)—)
nz1

Proof. Exercise (hint: express both sides in terms of the eigenvalues of ¢). O

So we can therefore write the Z-function of A as

2g .
Z(A,u) = [] detid - Fu | A*V,(A)D""
k=0
_ P1(®)...Pog_1(u)
"~ Po(u)...Paglu)
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where
Pi(t) = det(id — Fu | A*V,(A)) € Z[u]

can be written as [];(1 - a;,u) with @;; running over things of the form w;, ... wj,.
Theorem (Riemann Hypothesis). Each w; has norm ql2.

Exercise. What does this tell us about the zeroes of {4(s) = Z(A,q~%)?

Exercise. We expect a functional equation

Z(A,(q%u) H=Z(A,u)

can you interpret this in terms of a statement about the w;?

2 Lectures2 & 3

James told you about the Weil conjectures, and said that a ‘good’ cohomology theory for
varieties over [, would imply them more or less formally. Let’s look at that in a bit more
detail.

Weil cohomology theories

Definition. Fix an algebraically closed field £ and let 7}, be the category of smooth, pro-
jective, connected varieties over k, that is non-singular, connected varieties cut out by ho-
mogenous equations in some PV (k). Let K be a field of characteristic 0. A K-valued Weil
cohomology theory is a contravariant functor

H*(-):7, — {graded vector spaces over K}
X - H*X)
fX>Y—f" HY)-HX)

together with a graded commutative product
U:HY(X)®g H/(X) — H™(X)

a trace morphism '
Tr: 24X (x) - K

and a cycle class map
cl: C"(X)— H¥(X)

such that:

i) HY(X) is finite dimensional, and zero outside the range [0,2dim X].

i) (Kiinneth formula) if we let p1,p2:X xY — X,Y denote the two projections, then the
natural map

H X)ox H (Y)—>H"(X xY)
a®f—alkpf:=pi(@)ups(P):

is an isomorphism.



iii) (Poincaré duality) For X of dimension n, cup product follows by the trace map induces
a perfect pairing . .
H'(X)exg H" (X)) — H*™X)=K

iv) For X, Y of dimension n,m respectively, and a € H>*(X), BeH 2m(Y) we have

Trx.y(aXp) =Trx(a)Try(B)

v) Suppose that Z < X and W cY are irreducible closed subvarieties. Then

cl(Z x W) =cl(Z)X cl(W)

vi) Let f:X — Y be a morphism in 7, and Z < X irreducible. Let m = deg(Z/f(Z)). Then
for all « € H2%™Z(Y) we have

Trx(cl(Z)U f*(a)) = mTry (cl(f(Z)) U a)

vii) f:X —Y and Z c X as above. Then under suitable conditions on f,Z we have
f*el(Z) = cl(f~H(Z)

viii) If X =« is a point, then Try(cl(x)) = 1.

Remark. Actually one can show from the axioms that the cycle class map induces a ring
homomorphism
A*(X)—H"(X)

where A*(X) is cycles module rational equivalence.

Example. i) The prototypical example is for 2 = C, K = Q and H*(X) is just the usual
singular cohomology of algebraic varieties over C (with the topology induced by the
natural topology on A™(C) = C").

ii) For abelian varieties and % arbitrary, then V,(A) is a way to construct a Q-valued
version of H(A), for ¢ # char(k), we therefore take H'(A) := V/(A)V. Any abelian
variety over C is = C&/L for some lattice L = Z2?¢ and topologically we have H(A) =
A'H'(A). For general A/k we therefore set H(A) = A'V,(A)V. Then our expression
for the zeta function of A defined over [, last week looked like

2g .
Z(A,u) = [] det(1- Fu | Hy(A) V"
k=0

and ‘Poincaré duality’ allows us to write this as

2g .
Z(A,u) = [] det(1-Fu | H*(A) V",
k=0

Actually, A — H'(A) can be extended to a Weil cohomology theory with values in Q,
for any algebraically closed field of characteristic # ¢. This involves a huge amount of
hard work!



iii)

The basic approach is to completely redefine what constitutes a topology - the idea is
that for the purposes of sheaf theory it is the ‘category’ of open sets of a topological
space that matter more than the actual space itself. The main object of study in this
approach is then the ‘étale topology for schemes’ where an ‘open set’ of some variety
X is a morphism U — X which locally looks like an unramified cover. We can do sheaf
theory for this topology, and hence define the ‘étale cohomology H ét(X ,A) of varieties’
which for finite coefficients like Z/nZ behaves very much like the singular cohomology
of complex manifolds. Actually for complex varieties, it gives exactly the same answer
as singular cohomology.

To get well behaved groups over Q,, we take

H(X,Zp) =limH.(X,Z/(")

n

HL(X,Q0)=HW(X,Z) o7, Q;
giving a characteristic zero theory.

Suppose that % has characteristic zero, and let X be a smooth affine variety over k&, so
that X is the zero set inside A (%) of some polynomials f1,...,fr. Let A = G(X) be the
ring of functions on X, that is k[x1,...,x,1/(f1,...,fr).

Define the module of differentials

ql - Adx1o...9 Adx,
AT dfi,...,dfy)

where for f some polynomial we set df =) ; %dxi. This is an ‘algebraic’ construction
of differential forms on X, and is a finitely generated A-module by construction. There
is a natural map d : A — 9114 given again by df =) ; j—édxi. Let Qf‘ = ApOmegct}4 be
the pth exterior power, then the Leibniz rule

d(foiA...Awp)=df AW A...Awp, f EA,w; € Q)

gives a map

D _ p+1
QA QA

and we get a complex
0-A—Q}—....

We define the de Rham cohomology
Hp(X) =H'(Q)).

Example. Let X = AL(k), so that A = k[x]. Then Qi = k[x]dx and qu =0 for i > 0.
Then the cohomology of the complex

ar

— ==

d
0— klxl’ =" Rlxldx — 0
is just % in degree 0, so that

HY (AL (R)) = &, Hip(AY(R)) =0 for i >0
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Example. Now suppose that X = V(xy—1) c A%(k) = Al(E) \ {0}, so that A = k[x,x1].
Then we have 9,14 = k[x,x '1dx and the de Rham cohomology of X is the cohomology
of

0— k[x,x_l] — k[x,x_l]dx — 0.

Again we have H gR(X ) =k, but we can’t integrate x ! algebraically, so H (liR(X ) is non-
zero. In fact, you can check that H éR(X ) is one dimensional, generated by the class of
x L.

To extend this to projective varieties, we need to glue. I'll show you how to do this for

PL. First of all we write P1(k) = UyuUj, where U is a copy of Al(%) with co-ordinate
x;, say. Let A; =0(U;) and B = G(UynUi), so that there are ‘restriction maps’

in - Qp.
Then the general formula for calculating the de Rham cohomology of P1(%) is as the
cohomology of the total complex
QZO & QZI —Qp
So the de Rham cohomology of P1(%) is the cohomology of
0 — klxo] ® klx1] — Elxoldxo @ klx11dx1 @ Elxo, x5 1 — Elxo, x5 1dxo — O,

recall that on UynU; we have x1 = x51 so the map klx1ldx1 — k[xo,xal]dxo sends x1
to x L and dx; to —Xo 2dxo. So we can calculate this as

HYp(P'(R) = k, Hp(P' (k) =0, H*(P'(k)) = E.

iv) Now suppose that & = Fq. Then the approach we’re going to try to take to give a Weil
cohomology theory for varieties over £ is to ‘lift’ them to characteristic 0 and then use
de Rham cohomology. Actually, we’re going to work with finitely generated algebras
A = klx1,...,x,/(f1,...,fr) over [y such that the associated affine variety over Fq is
non-singular to get a theory for smooth affine varieties defined over [y, we can then

‘glue’ to get a theory for projective varieties.

Weil cohomologies = Weil conjectures

Theorem. Suppose that a Weil cohomology theory exists for k = Fq. Then the rationality
and functional equation part of the Weil conjectures are true.

The difficult part of this is in proving the following version of the Lefschetz trace for-
mula.

Proposition. Let H*(—) be a Weil cohomology theory over some algebraically closed field k,
and f : X — X an endomorphism of some X € ¥},. Let A,I'y ¢ X x X be the diagonal and the
graph of f respectively. Then

A-Tp=Y (~D'Tr(f | H'(X)),

and if I'y and A intersect properly (‘f has isolated fixed points’) then the LHS is just the
number of fixed points of f.



Remark. This is why we need K of characteristic O - if K had characteristic p, we would
only be able to count fixed points mod p.

Proof. Let n =dimX and fix a basis e; of H'(X), with dual basis fj2”_i of H?""1(X), that is
Trx(e’ Ufy" ") =8

The class of I'y lies in H2*(X x X) = @2 H'(X) ¢ H?""/(X) and it can be shown that we

can calculate this class as
2n

)= Y fHeHRfF
i=0 j
We can therefore similarly (using graded commutativity) write
2n ) on—i .
— 1 n—i 2
cd(A)=) (') fi" " Ke'.

i=0 J

Now, for any point x € X we have Trx(cl(x)) = Try(cl(x)) = 1 from the axioms for a Weil
cohomology theory, and hence the fact that A*(X) — H*(X) is a ring homomorphism implies
that for any two subvarieties Z,W < X of complementary codimension that

Z-W=Trx(cl(Z)uUcl(W))

and hence applying this to A,I'r c X x X we get
2n ) ) . ) .
A-Tp=) (~1)'Trx.x | Y (f*()u f,f”‘l)g(ff”“ ue’)
i=0 J.k

2n . . .
= _Z(—l)leTrX(f*(e;)u 28
J>

=0

2n . . .
=) (1" ) Trx(F*Hu ™)

i=0 J
2n . .
=) (-1)'Tr(f | H'(X))
i=0
where the last equality follows from a simple statement in linear algebra. O

So (modulo showing that Frobenius ‘has isolated fixed points’) this proposition implies
that _ _
X(Fgn) = Z(—l)’Tr(F"’ | HY(X))

12

and exactly the same manipulation that we did last time then shows that

)i+1

Z(X,u)=[]det(1-Fu | H'(X))?

Before we prove the functional equation, we need a linear algebra lemma.



Lemma. Let V xW — K be a perfect pairing of K-vector spaces of dimension r, and ¥,p,A
endomorphisms of V,W,K respectively compatible with the pairing (note that A € K). Then

_ _ At — o)
det(1—yu|W) = det((P'V)det(l dQAw)1V)
and
det(y | W) = A" det(¢|V) L.
Proof. Exercise. O

Corollary. Suppose that a Weil cohomology theory exists over Fq. Then the Z-function of
any smooth and projective variety X defined over [, satisfies a functional equation.

Proof. This more or less follows immediately from Poincaré duality. Let X be of dimension
n. Since Frobenius is a finite morphism of degree ¢”", it follows from the axioms that it
acts as multiplication by ¢” on H?*(X) = K. Now the previous lemma applied to the perfect
pairing

H(X)x H* /(X)— H*™(X)=K

says that
(—q"u)b

.~ 4+ 7 _ n.\—1 i
det(FIHi(X))det(l F(q"u) "|H (X))

det(1—Fu | H*" /(X)) =

and
qnbi

det(F | H*" {(X))= —————
det(F | H\(X))

where b; = dimg H(X). Now set ¢ = ¥ ;(~1)!b;, then substituting into the expression

Z(X, u)= Hdet(]_ —Fu |Hi(X))(_1)i+1

2

for the Z-function gives

(_qnu)(—l)ibi

det(F* | Hi(X))-Dr

Z(X,(q"u)_l) — Hdet(l —Fu| H2n—i(X))(_1)i+1

_ Z( X, u)—q™u)*
[1; det(F | Hi(X))-D'

and since det(F | H:(X))det(F | H*"{(X)) = ¢"® we have

Hdet(F | Hi(X))(—l)i — iqn€/2
i
and hence
ZX,(q"w) ™D = +q"uZ(X,u)

as required. O
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In this course we're not actually going to prove that a Weil cohomology exists. Instead
we're going to construct something that behaves very much like a Weil cohomology theory
and prove the Leftschetz trace formula directly. In fact, our starting point is actually going
to be a theory for smooth affine varieties over [F,, i.e. closed subsets of A”(Fq) defined by
polynomials with coefficients in F,, rather than smooth projective varieties over Fq.

The main theme of the number theory part of the course is that the Weil conjectures
give a way of passing back and forth between topological and arithmetic information. For
example, knowledge of the topological behaviour of Riemann surfaces tells us the following
estimate for the number of points on a curve of genus g over a finite field.

Proposition. Let C/F, be a curve of genus g defined over a finite field ;. Then we have
|#C(Fyn)—q" — 1] <2g¢™2.
Proof. We can write the Z-function of C as

P(u)

2CwW="0a —qu)

where P(u) is a polynomial of degree 2g, and P(u) = ]_[?fl(l—wiu) with |w;| = ¢/2. Therefore
we have
#C(Fgr)=q"+1-) !
i

12

and since |w;| < ¢’ we have |Zi w;‘| <2gq™? by the triangle inequality. O

We'll be concerned with going in the other direction - by counting the number of vector
bundles on a curve over a finite field, we can calculate the Betti numbers of the moduli
space of stable bundles.

“Standard Conjectures”

Actually, we can add in some extra axioms for Weil cohomology theories that would (amongst
other things) imply the Riemann hypothesis. These are known as the standard conjectures.
To explain them, we note that the Kiinneth formula together with Poincaré duality give an
isomorphism

H*(X xY)=Hom(H*(X),H*(Y))

of graded K-algebras. We can therefore talk of a morphism H*(X) — H*(Y) being algebraic,
that is induced by an algebraic cycle on X xY

¢ (Lefschetz) Let W be a hyperplane section in X, for some projective embedding X —
PN, and let L : HY(X) — H**2(X) denote cup product with cl(W) € H2(X). Then

L™ HY(X) S H*Y(X).

is an isomorphism. Moreover, if we define operators A : H/(X) — H'"2(X) as the ‘trans-
port’ of L via these isomorphisms, then A : H*(X) — H*(X) is algebraic.

11



¢ (Kunneth) Projection followed by inclusion
H*X)— H'(X)— H*(X)
is induced by some algebraic cycle 7; on X x X.
* (Hom vs. Num) A cycle Z € A*(X) is numerically equivalent to zero iff cl(Z) = 0.

¢ Another one that’s too complicated to explain.

These are not known for any Weil cohomology theory! The known proofs of the Riemann
Hypothesis come via the ‘yoga of weights’.
Outline for the rest of the course

¢ 27/11 Thursday 9-11, South Wing Garwood LT. James Newton will talk about Monsky-
Washnitzer cohomology, which will be the Weil cohomology theory we’ll try to con-
struct over [, by lifting to characteristic zero.

¢ 1/12 Monday 10-11 (usual place) and 4/12 Thursday 9:30-10:30 (Imperial seminar
Room). Luis Garcia will talk about proving the Lefschetz trace formula for MW coho-
mology.

¢ 8/12 Monday 10-12 (usual place) Olivier Taibi will talk about Tamagawa numbers for
algebraic groups, and Siegel’s formula for counting vector bundles over finite fields.

¢ 11/12 Thursday 9:30-10:30 (Imperial seminar room) Try to put things together to com-
pute some Betti number of the moduli space of bundles.

3 Lecture 10

References:
¢ Attiyah-Bott, Yang-Mills equations over Riemann surfaces
* Harder-Narasimhan, On the cohomology groups of moduli spaces.....
¢ Desale-Ramanan, Poincaré polynomials of the variety of stable bundles

Let’s start with a quick calculation. Suppose X/F, is smooth and projective, of dimension
n. Then by the Weil conjectures we can write

Z(X.u)= Pi(w)...Pop_1(u)
Po(w)...Pop(u)

where P;(u) = ]_[?;1(1 —a;ju), b; is the ith Betti number of X, and each «;; has ‘weight’ i.
This is equivalent to being able to write

ij

#X([Fgm)=Y (-1'Y a™
i J

12



for all m = 1. Now, note that if we consider this as a formal expression in the a;;, and
substitute in ¢* for (-1)'a;; in the formula for #X(F,) we get

Zbiti
i

that is the Poincaré polynomial for X.

Example. X =P". Then #X(Fy)=1+q+...+q" and g* has weight 2i, so we substitute in
q' =t% to get 1+t +...+¢2", the Poincaré polynomial for P".

We want to do this for the moduli space of stable bundles - count the number of points,
and then make a substitution to get the Poincaré polynomial.

So let Y/F, be a smooth, projective curve of genus g, and fix a line bundle L on Y of
degree (Chern class) k. Then for n = 1 coprime to both ¢ and 2 we have the moduli space

No(n,L)

of stable, rank n vector bundles on Y with determinant L. This is the ‘reduction mod p’ of
the moduli space you saw in the geometry part of the course, so its Betti numbers are the
same as the Betti numbers of the object over C. After enlarging F,;, we may assume that
No(n,L) is actually defined over F,, and we want to count points, that is calculate

#No(n,L)(F,) = #{deg n stable bundles on Y w/ det L}/ =.

The main ingredient we’re going to use to do this is the following.
Theorem (Siegel’s formula).

1 g DD

%#Aut(E): g-1 r@-.fym

where the sum is over all isomorphism classes of rank n bundles on Y with determinant L
(not necessarily stable). We also do not assume that n is coprime to the degree of L.

To use this formula, define for any n’,L’

1

P Lh= ) #AULE)

E semi-stable

the sum being over semi-stable E of rank n’ and determinant L’. Since (n,k) =1, a vector
bundle of rank n and determinant L is stable iff it is semi-stable, and stable vector bundles
have #Aut(E)=qg—1, we get

#No(n,L)(F,) = B(n,L)(q - 1)

so to compute the former it suffices to compute f(n,L). To do this, we use the Harder-
Narasimhan filtration, and the ¢type of the vector bundle.

13



Recap on HN-filtrations and the inductive formula for §(n,L)

Recall that every vector bundle E on Y has a canonical filtration
0=FyCF,C...CF,.=E

such that each D; := F;/F;_q is semi-stable and we have
wD1)>uDg)>...> wD;)

(when E is semi-stable we have r = 1). We let n; be the rank of each D;, L; its determinant,
and k; the degree of L;. We refer to the collection of pairs (n;,%;) as the type of E, note that
if E has rank n and determinant L of degree £ then we have ) ;k; =% and )} ;n; =n. We
then group the terms in Siegel’s formula according to their type:

Yo=Y ¥ :
E #FAUUE) (T ), type E=TCns ko), FAUME)

the terms of type {(n, )} are exactly the semi-stable bundles which contribute f(n,L) to this
sum. The point is that now we can express the terms corresponding to the type {(n;,%;)}; in
terms of B(n;,L;), as follows.

Theorem (Desale-Ramanan). The numbers f(n,L) only depend on the degree k of L, we
therefore write f(n,k). Moreover, we have

1 #J 1, T
= ? [1B(ni, k)

type E={n feo)); HFAULE) gt i

where dJ is the Jacobian of Y, and y is an integer depending only on the type {(n;,k;)};.
Now looking at Siegel’s formula
(n?2-1)g-1)

1 q
> > = (y(©2)...0y(n)
(ni ko)) type E=((ns ep)); HAUHE) g-1

we can split off one ‘grouping’ corresponding to f(n,k), the term we are interested in, and
the other terms all have n; < n, so this leads to an inductive formula for the f(n,%) in terms
of the B(n;,k;) for n; <n.

Detailed casen=2,k=1

Let’s look in detail at the case n =2, £ =1 to see what’s actually going on, we’ll also keep
the assumption that (2,q) = 1. Then we have

3(g-1)

1 q
ﬂ(2’1)+Eur§able#AUt(E) =1 {y(2)

If E is unstable, then we get a canonical filtration
0—-Li—-E—-Ly—0
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with L; line bundles such that L; ® Lo = L has degree 1, therefore there exists some unique
integer r = 0 such that deg(L1) =r+ 1, deg(Lg) = —r, since we have u(L1) > u(Lg). Such
extensions correspond to cohomology classes in

HYY,Ly®L)
and proportional (over [F;) classes give the same bundle, we therefore get

1

E unstable #Aut(E) r=0 degL,=r+1 cEHl(Y,L\2/®L1)/[F; #AUt(Ec)

where E. is the extension corresponding to a cohomology class, and Lo = L‘l’ ® L. Now, to
calculate #Aut(E.), we consider trivial and non-trivial extensions separately. In the trivial
case, E 2 L1 & Lo, any automorphism has to preserve L1, and hence has the form

a vy
o 7
for a,B € [F(’; and v € Hom(Lg,L1) = HO(Y,L‘Z’ ®L1). Hence we get exactly (g —1)%h automor-
phisms, where ko =#H°(Y,Ly ® L1).
When the extension is non-trivial, a slightly more tricky (but still elementary) calcula-
tion gives #Aut(E.) = (¢ — 1)ho where hg = #H O(Y,L‘z’ ® L1). Plugging this into the above
expression gives

1 x hi

> =X X

E unstable #Aut(E) r=0 degL,=r (- 1)2h0
where h1 =#H 1(Y,Lg ®L1). Now Riemann-Roch gives ho/h1 = ¢* 278 so we can write this
as
1
q-1

oo
E unstable #Aut(E) (q 1)q2r+2 degLi=r+1

; ) 2r+2— gﬁ(l,r)

so we can see the inductive part coming in. But f(1,r) is just the number of F,-rational
points on the Jacobian J of Y divided by (¢ — 1), so this sum is equal to

© 1
L
If we write the Z-function of Y as )
2,1~ w;u)
(1-u)1-qu)

then we have

2g
#J(F)=[]1-w))

i=1
and hence Siegel’s formula gives
M%,(1-w)g? = 1 H (1-wig™?)
#No(n,L) + AR o .
(g-1) =097 (1-g=)1-q™h)

Now summing the infinite series, and substituting in ¢ = t? and —w i =t will give an expres-
sion for the Poincaré polynomial of Ny(n,L).
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Similarities with topological approach
number theoretic topological
count all bundles using Siegel’s formula look at the space of all complex structures on a given bundle

split this sum by the type of the bundle stratify this space according to the type of the bundle
inductive formula for f(n,L) inductive formula for the Poincaré polynomial
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