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Abstract

In this paper we will investigate some aspects of the asymptotic
behavior of oscillatory integrals from the Gevrey point of view. We will
give formal asymptotic expansions and study the Gevrey character of
oscillatory integrals, in comparison with the Gevrey character of their
amplitudes. We will deduce a formula for the loss of Gevrey regularity
both for phase functions in the Morse class and for degenerate phase
function.
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1 Oscillatory integrals and Gevrey char-

acter
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Our aim is to give an asymptotic analysis from the Gevrey point of
view of oscillatory integrals of the type

Iϕ
a (q, λ) :=

∫
Rn

eiλϕ(x,q)a(x, q, λ) dx (1)

for λ → +∞, where q ∈ R`, the phase function ϕ is a real–valued
smooth function in Ω ⊂ Rn×R`, while the amplitude a is a complex–
valued smooth function in Rn × [1,+∞), and also a symbol of order
m (see the definitions below).

We will concentrate on the simpler case

Iϕ
p (λ) :=

∫
Rn

eiλϕ(x)p(x, λ) dx (2)

where no external parameters q appear, and first consider Morse non
degeneracy for ϕ, i.e. we require that every critical point x0, dϕ(x0) =
0, to be non degenerate, i.e. det d2ϕ(x0) 6= 0.

The first motivation for this investigation is to extend the results
of [4] to a first situation where critical points occur. In fact, the
problems in optics require a rather precise analysis of integrals of the
type of (2). Indeed, the Huygens principle in wave optics, states that
the illumination in a point q ∈ R3 suscitated by a light wave which
is completely determined, say, on a surface Σ, can be computed as a
superposition of elementary contributions coming from every infinites-
imal portion of Σ. This superposition of infinitesimal waves can be
expressed precisely by means of an oscillatory integral.

Moreover, for q ∈ R3 fairly distant from the caustic and λ suffi-
ciently large, the short wave approximation holds, i.e. the oscillatory
integral can be substituted by a finite sum of contributions which can
be plainly interpreted as rays. This fact is proved by means of the sta-
tionary phase method, and in a single time makes descend geometrical
optics from wave optics and offers a support for the Fermat principle.

We set ourselves in the Gevrey class of functions in order to obtain
finer estimates than which obtainable in the C∞ class and also to allow
ourselves to employ compactly supported amplitudes, which cannot be
done in the analytical class.

We will also make use of refined scales of anisotropic Gevrey spaces
splitting (separating) the Gevrey regularity with respect to the vari-
ables x and q, and the large parameter λ.

Given ρ, σ, θ > 1 we define the following spaces of formal symbols:

1. Let F θ
m[1,+∞) be the set of all formal series

∞∑
j=0

κm−jλ
m−j ∈ Fm[1,+∞) (3)
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such that there exists a constant C such that

|κm−j | 6 Cj+1 (j!)θ , ∀j ∈ N (4)

2. Let F σ,θ
m (Rn × [1,+∞)) be the set of all

∞∑
j=0

pm−j(x)λm−j ∈ Fm(Rn × [1,+∞)), (5)

such that, for every compact subset K ⊂ Rn, there exists a
constant CK , such that

|∂αpm−j(x)| 6 C
|α|+j+1
K (α!)σ (j!)θ , ∀α ∈ Nn,∀x ∈ K. (6)

3. Let F ρ,σ,θ
m (Rn × [1,+∞)) be the set of all

∞∑
j=0

pm−j(x, q)λm−j ∈ Fm(Rn × [1,+∞)), (7)

such that, for every compact subset K ⊂ Rn, there exists a
constant CK , such that∣∣∣∂α

x ∂
β
q pm−j(x, q)

∣∣∣ 6 C
|α|+β|+j+1
K (α!)σ (β!)ρ (j!)θ , ∀α ∈ Nn,∀x ∈ K.

(8)

We observe that setting ε = λ−1 we obtain that θ coincides with the
Gevrey index for the formal Gevrey power series.

We emphasize that there are essentially two major issues related
to the study of the asymptotics of oscillatory integrals I(λ), λ� 1 as
above. The first goal is to derive a formal asymptotic expansion

I(λ) ∼
∞∑

j=0

Ijλ
µ−jν , Ij ∈ C, λ� 1 (9)

for some µ ∈ R, ν > 0, and secondly, to study the Gevrey character
of the formal series above.

Secondly, one deals with the remainder, namely we investigate,
roughly speaking, the rate of decay for λ→ +∞ of

RN (λ) := I(λ)−
N∑

j=0

Ijλ
µ−jν , N ∈ N, λ� 1 (10)

Again the Gevrey classes are a natural framework for estimating
the type of decay of RN (λ).
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The main result we will prove is the following universal formula
for the remainder:∣∣∣∣∣Ik

g (λ)−
∞∑

m=0

Imλ
− 1

k
−m

k

∣∣∣∣∣ 6 Ae−aλ
− 1

k(σ−1)+1
, (11)

where σ is the Gevrey class of the amplitude g and ϕ has the first k
derivatives equal to zero.

2 Morse critical points for the phase

2.1 Asymptotic expansions and remainder

The main result of this chapter is on the loss

p ∈ F σ,θ ⇒ I ∈ Fmax{2σ−1,θ}

of formal Gevrey regularity for the stationary phase method (cf. [6])
when the phase function is nonanalytic.

Note that when p is non analytic, i.e. σ > 1, then 2σ − 1 > σ, so
the Gevrey character of I is strictly greater (worse). Otherwise, when
p is analytic, there is no degeneracy, because 2σ−1 = 2 ·1−1 = 1 = σ.

We decouple the influence of the formal Gevrey character on the
well known formal series appearing in SPM.

Theorem 1. Let ϕ(x) ∈ Gσ(Rn,R) and p(x, λ) ∼
∑
pj(x)λ−j ∈

F σ,θ
m (Rn,R). Suppose there is a unique critical point x0 for ϕ and

suppose Morse non degeneracy, i.e. ∃!x0,∇ϕ(x0) = 0, and ∇2ϕ(x0) 6=
0. Then

I(λ) =
∫
eiλϕ(x)p(x, λ)dx = eiλϕ(x0)q(λ), (12)

where q(λ) ∼
∞∑

k=0

q−n
2
+m−kλ

−n
2
+m−k ∈ Fmax{2σ−1,θ}

m−n/2 ([1,+∞)) (13)

where, as it is well known from the complete asymptotic expansion for
the stationary phase method

q−n
2
+m−k =

ei(
π
4
) sgn Q

detQ

∑
j+s=k

(2i)−s

s!

〈
Q−1 ∂

∂y
,
∂

∂y

〉s

×

×
(
pm−j(κ(y), λ)

∣∣detκ′(y)
∣∣) ∣∣∣

y=0
(14)

with x = κ(y) being the change of the variables transforming the phase
function ϕ(x) into 〈Qy, y〉
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Proof. By a generalization of the Morse lemma in Gσ classes (see
Appendix 3.2 for the proof) there exists an appropriate Gσ change of
variables x = κ(y) ∈ Gσ, with respect to which the phase function
κ∗ϕ(y) = ϕ(κ(y)) becomes a quadratic form 〈Qy, y〉.

The new amplitude p̃(y, λ) is defined by

p̃(y, λ) = p(κ(y), λ)
∣∣detκ′(y)

∣∣ .
Thus we can write,

q(λ) =
∫
eiλ

〈Qy,y〉
2 p̃(y, λ)dx,

where p̃ is still a formal Gσ,θ symbol.
According to the well known formula,

q−n
2
+m−k =

ei(
π
4
) sgn Q

detQ

∑
j+s=k

(2i)−s

s!

〈
Q−1 ∂

∂y
,
∂

∂y

〉s

p̃m−j(y)
∣∣∣
y=0

.

The degree of derivation to which p̃m−j(y) is subject is 2s, thus, by
the inequality (4),∣∣∣qm−n

2
−k

∣∣∣ 6 A
∑

j+s=k

1
2s

1
s!

∣∣∂2sp̃m−j(0)
∣∣ 6

6 A
∑

j+s=k

1
2s

1
s!
C2s+j+1 ((2s)!)σ (j!)θ ≈

≈ Ak max
j+s=k

1
2s

1
s!
C2s+j+1(s)!2σ(j!)θ ≈

≈
(
C̃

)2k+1
(k!)max{2σ−1,θ}, (15)

and the expression above yields the end of the proof.

Osservazione 1. One can introduce Banach spaces of formal Gσ,θ sym-
bols with norms of the type

‖p‖σ,θ;T :=
∑

α∈Zn
+,j∈Z+

T |α|+j

(α!)σ (j!)θ
sup
x∈K

|∂αpm−j(x)| (16)

and, after precise combinatorial estimates via the Stirling formula,
consider SPM with fixed phase as a linear operator acting between
two Banach spaces with formal symbols. Such results, a part of the
theoretical value in itself might be useful in future investigations. Mo-
tivations for such approach are based on results for singular PDE in
Gevrey spaces, divergent Gevrey formal power series in Dynamical
Systems.
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We point out that if σ = θ we recover the loss of σ − 1 Gevrey
regularity studied in [6, 2].

2.2 Gevrey anisotropy for the amplitude

Let Q be a symmetric non–degenerate real matrix in R2n with signa-
ture type (n, n). The next theorem shows that we may reduce the loss
of Gevrey smoothness if we impose additional regularity in anisotropic
Gevrey spaces Gσ,ρ. Let σ, ρ > 1. We define Gσ,ρ;Q(R2n) as the set of
all g ∈ C∞(R2n) such that there exist S ∈ GL(2n; R) satisfying

S ◦Q ◦ S−1 =
(

0 In
In 0

)
(17)

and the function S∗g(z) = g(Sz) satisfies the following σ, ρ anisotropic
Gevrey estimates: for every K ⊂⊂ R2n there exists C > 0 such that

sup
(x,y)∈K

|∂α
x ∂

β
y S

∗g(x, y)| 6 C |α|+|β|+1(α!)σ(β!)ρ, α, β ∈ Zn
+ (18)

We note that Gσ,ρ;Q(R2n) ⊂ Gmax{σ,ρ}(R2n).
Setting f(x, y) := S∗g(x, y), let us estimate its multi–derivative

with respect to γ = (α, β) ∈ Nn × Nn,

∣∣∣∣( ∂

∂(x, y)

)γ

f

∣∣∣∣ =

∣∣∣∣∣
(
∂

∂x

)α (
∂

∂y

)β

f

∣∣∣∣∣ 6 C |α|+|β|+1(α!)σ(β!)ρ 6

6 C |α|+|β|+1(α!β!)max{σ,ρ} = C |γ|+1(γ!)max{σ,ρ},

because, plainly, γ! = α!β! and |γ| = |α|+|β|. So f is in Gmax{ρ,σ}, and
as a result also g is, being S an analytical (linear!) diffeomorphism.

The next result shows that the Gσ,ρ;Q(R2n) anisotropic regularity
of the amplitude leads to an improvement of the Gevrey index of the
asymptotic expansion.

Theorem 2. Let Q be a 2n × 2n non–degenerate real symmetric
matrix with signature type (n, n). Let

a ∈ Gσ,ρ;Q
0 (R2n). (19)

Then

I(λ) =
∫
eiλ〈Qz,z〉a(z)dz ∼

∞∑
k=0

a−n−kλ
−n−k ∈ F σ+ρ−1

−n (R2n). (20)
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Proof. The proof follows from the fact that

〈Qz, z〉 = xy, z = (x, y) ∈ R2n,

the explicit formulas for the asymptotic expansion and the assumption
a ∈ Gσ,ρ;Q

0 (R2n). Indeed, the form of Q implies that〈
Q−1 ∂

∂z
,
∂

∂z

〉
=

n∑
j=1

∂2

∂xj∂yj
. (21)

Next, in view of (19), we get

a−n−k =
ei(

π
4
)n

(−1)n

(2i)−k

k!

 n∑
j=1

∂2

∂xj∂yj

k

S∗a(x, y)
∣∣∣
(x,y)=(0,0)

.

which allows us to estimate in the following way

|a−n−k| 6 C0
1
2k

1
k!

∣∣∣∂k
x∂

k
yS

∗a(x, y)
∣∣∣ ∣∣∣

(x,y)=(0,0)
6

6 C0
1
2k

1
k!
C2k+1 (k!)σ (k!)ρ ≈

≈ C0C̃
k+1(k)!σ+ρ−1, (22)

as desired.

3 The case of degenerate phase

Our aim is to give a rather complete asuymptotic analysis from the
Gevrey point of view of oscillatory integrals of the type

Ik
g (λ) :=

∫
R

exp
(
itkλ

)
g(t)dt, g ∈ Gσ

0 (R), (23)

where k = 1, 2, . . . , and λ ∈ R is considered as a large parameter
λ→∞.

As a result, we will be able to analyze more general oscillatory
integrals with arbitrary Gρ phase,

Iϕ
g (λ) :=

∫
R

exp (iϕ(t)λ) g(t)dt, ϕ ∈ Gρ(R), g ∈ Gσ
0 (R),

(24)
applying partitions of unity, changes of coordinates and other results
on preservation of Gevrey classes. In fact, integrals as (23) locally
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represent every possible situation which can occur with oscillatory
integrals: lack of critical points (k=1), Morse critical points (k=2)
and degenerate critical points (k > 3). In the optics interpretation,
these situations are represented respectively by darkness, rays and
caustics.

We will give a formal asymptotic expansion of (23) and study its
Gevrey character with respect to which of g. We will deduce a univer-
sal formula for the loss of Gevrey regularity. Next we will study the
decay of the remainder and prove a general exponential trend which
was already found for the Morse case (k=2).

Consider first the Gσ Mac Laurin expansion of g(t),

g(t) ∼
∞∑

α=0

g(α)(0)
α!

tα,
∣∣∣g(α)(0)

∣∣∣ 6 Cα+1(α!)σ.

Substituting into (23), we, formally, get

Ik
g (λ) =

∫
R
eit

kλg(t)dt ∼
∞∑

α=0

g(α)(0)
α!

∫
R
eit

kλtαdt. (25)

The integrals of the form
∫
eit

kλtαdt, are singular for λ = 0, and does
not exists in a classical sense. Nevertheless, they can be defined as
homogeneous distributions in Hörmander sense,

Ik,α(λ) =
∫
eit

kλtαdt := lim
δ→0

∫
eit

kλtαψ(δt)dt,

where ψ is a suitable compact supported function ψ ≡ 1 in a neigh-
borhood of 0. As distributions, they coincide, for λ 6= 0, with a
homogeneous function of λ.

For k = 1, we recall a well known homogeneity result.

Lemma 1. If u ∈ D′(R) is a homogeneous distribution of order µ, then
its Inverse Fourier Transform

û(λ) =
∫

R
exp (ixλ)u(x)dx

is homogeneous of degree −1− µ.

Proof. Indeed, this is evident by the change of the variable

û(sλ) =
∫

R
exp (ixsλ)u(x)dx

= s−1

∫
R

exp (ixλ)u(xs−1)dx

= s−1−µ

∫
R

exp (ixλ)u(x)dx. (26)

for every s > 0.
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The cases in which k > 1 can be reconduced to this by means of
suitable changes of variable.

Proposition 1. Let k odd, then

Ik,α(λ) =

{
1
kC

k,α
oddλ

−α+1
k , α = mk + p− 1, p = 1, . . . , k − 1,

0, α = mk − 1 m ∈ Z+.

Proof. Being k odd, we can perform the following Holder-continuous
change of coordinates: tk = r, t = r

1
k , dt = 1

kr
1
k
−1dr, so∫

R
eit

kλtαdt =
1
k

∫
R
eirλr

α+1
k

−1dr =
1
k
Cλ−

α+1
k .

Recall that this integral is zero whenever α+1
k ∈ Z+, because it co-

incides with one of the derivatives of the Dirac delta distribution.
(which are all homogeneous distributions, being derivatives of the
Heaviside distribution, which is 0-degree homogeneous, and are all
zero for λ 6= 0.)

Proposition 2. Let k even, i.e. k = 2l, then

I2l,2β(λ) =
1
l
C l,β

evenλ
−β

l
− 1

2l , ∀β ∈ Z+

I2l,2β+1(λ) = 0.

Proof. We cannot perform a global change of variable here, neverthe-
less, ∫

R
eit

2lλtαdt =
∫ 0

−∞
+

∫ +∞

0
=

{
2

∫ ∞
0 , α even

0 α odd
.

So the nontrivial case is α = 2β.

I2l,2β = 2
∫ ∞

0
eit

2lλt2βdt = 2
1
2l

∫ ∞

0
eirλr

β
l
+ 1

2l
−1dt =

=
1
l

∫
R
eirλH(r)r

β
l
+ 1

2l
−1dt,

where H(r) is the Heaviside function. So we are still considering the
inverse Fourier transform of a homogeneous distribution, which is a
Schwartz distribution again coinciding with an homogeneous function
of λ, when λ 6= 0.
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We give now an estimate on the coefficients found above: Ck,α
odd and

C l,β
even, when k, l are considered as fixed, while α, β are spanning all

Z+.

Lemma 2. Let k odd, p = 1, . . . , k − 1. Let Ck,α
odd as in Proposition 1.

Then there exist A1, A2 > 0 such that

A1 <

∣∣∣∣∣Ck,mk+p−1
odd

m!

∣∣∣∣∣
1
m

< A2. (27)

Proof. For λ 6= 0 we can write,

Hk,p−1(λ) :=
∫

R
eit

kλtp−1dt =
1
k
Ck,p−1λ−

p
k .

Differentiating the left side, we get

∂

∂λ

∫
R
eit

kλtp−1dt = i

∫
R
eit

kλtk+p−1dt,

so, differentiating m times,(
∂

∂λ

)m ∫
R
eit

kλtp−1dt = im
∫

R
eit

kλtmk+p−1dt) = imHk,mk+p−1(λ).

On the other hand, differentiating the right side m times, we get(
∂

∂λ

)m 1
k
Ck,p−1λ−

p
k =

=
(
−p
k

) (
−1− p

k

)
. . .

(
−(m− 1)− p

k

) 1
k
Ck,p−1λ−m− p

k .

Equating both sides,

im
1
k
Ck,mk+p−1λ−

mk+p
k =

= (−1)m
(p
k

) (
1 +

p

k

)
. . .

(
(m− 1) +

p

k

) 1
k
Ck,p−1λ−m− p

k .

As a result, ∣∣∣Ck,mk+p−1
∣∣∣ =

∣∣∣Ck,p−1
∣∣∣ (

(m− 1) +
p

k

)
!

thus,

inf
p

∣∣∣Ck,p−1
∣∣∣ (m− 1)! <

∣∣∣Ck,mk+p−1
∣∣∣ < sup

p

∣∣∣Ck,p−1
∣∣∣m!

Dividing by m! and extracting the m-th root the thesis follows.
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Lemma 3. Let k = 2l, l ∈ Z+. Let C l,β
even as in Proposition 2. Then

there exist B1, B2 > 0 such that

B1 <

∣∣∣∣∣C l,β
even

β!

∣∣∣∣∣
l
β

< B2. (28)

Proof. Setting

K l,β(λ) :=
∫

R
eit

2lλt2βdt =
1
l
C l,βλ−

β
l
− 1

2l ,

the same argument of Lemma 2 works with minor changes.

Corollary 1. There exists C̄1 > 0 s.t.∣∣∣Ck,α
odd

∣∣∣ 6 C̄α
1 (α!)

1
k , ∀α ∈ Z+,

and the estimate is sharp.

Corollary 2. There exists C̄2 > 0 s.t.∣∣∣C l,β
even

∣∣∣ 6 C̄β
2 (β!)

1
l , ∀α ∈ Z+,

and the estimate is sharp.

3.1 Asymptotic expansions

Theorem 3. Let k odd, g ∈ Gσ
0 (R). Then

Ik
g (λ) � 1

k

k−1∑
p=1

λ−
p
k

∞∑
m=0

g(mk+p−1)(0)
(mk + p− 1)!

Ck,mk+p−1
odd λ−m ∈ F k(σ−1)+1

− 1
k

[1,+∞).

Proof. Considering the Mac Laurin expansion of g and recalling Propo-
sition 1,

Ik
g (λ) �

∞∑
α=0

g(α)(0)
α!

∫
R
eit

kλtαdt =
∞∑

α=0

g(α)

α!
1
k
Ck,α

oddλ
−α+1

k =

=
1
k

k−1∑
p=1

∞∑
m=0

g(mk+p−1)(0)
(mk + p− 1)!

Ck,mk+p−1
odd λ−

mk+p
k .
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The expansion can be considered as the sum of k − 1 series with
dominant term λ−

p
k . Let us estimate the coefficients. Being g ∈ Gσ

and recalling Lemma 2,∣∣∣∣∣ g(mk+p−1)(0)
(mk + p− 1)!

Ck,mk+p−1
odd

∣∣∣∣∣ 6

6
(mk + p− 1)!σ

(mk + p− 1)!
Cm(m!) � Cm(m!)k(σ−1)+1,

as claimed.

Theorem 4. Let k = 2l, l ∈ Z+. Then

I2l
g (λ) � 1

l

l−1∑
q=0

λ−
q
l
− 1

2l

∞∑
m=0

g2(ml+q))(0)
(2(ml + q))!

C l,ml+q
even λ−m ∈ F− 1

2l
.

Proof. Recalling Proposition 2 we write

I2l
g (λ) � 1

l

∞∑
β=0

g(2β)(0)
β

C l,β
evenλ

−β
l
− 1

2l =

=
1
l

l−1∑
q=0

∞∑
m=0

g(2(ml+q))(0)
(2(ml + q))!

C l,ml+q
even λ−m− q

l
− 1

2l =

=
1
l

l−1∑
q=0

λ−
q
l
− 1

2l

∞∑
m=0

g(2(ml+q))(0)
(2(ml + q))!

C l,ml+q
even λ−m.

The expansion can be considered as the sum of l series with dominant
term λ−

q
l
− 1

2l . Let us estimate the coefficients. Recalling Lemma 3,∣∣∣∣∣g(2(ml+q))(0)
(2(ml + q))!

C l,ml+q
even

∣∣∣∣∣ 6

6 (2(ml + q))!σ−1Cm((ml + q)!
1
l � Cm(m!)2l(σ−1)+1,

as claimed, and exactly as in Theorem 3, being k = 2l.

Remark 3.1. Note that the loss of Gevrey regularity from σ of g to
k(σ − 1) + 1 of Ik

g , amounts to (k − 1)(σ − 1). For k = 1 the loss is
0, while for k = 2, the Stationary Phase case, equals σ− 1, as already
observed in [6].
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3.2 The exponential estimate for the remain-
der

In this section we will prove a universal exponential decay result for
the remainder of the expansion series of Ik

g (λ):∣∣∣∣∣Ik
g (λ)−

∞∑
m=0

Imλ
− 1

k
−m

k

∣∣∣∣∣ 6 Ae−aλ
− 1

k(σ−1)+1
. (29)

Let us face first some preliminaires.

Theorem 5. There exist C0, C1 > 0, such that

∣∣IR
N (λ)

∣∣ :=

∣∣∣∣∣Ik
g (λ)−

N−1∑
m=0

Imλ
− 1

k
−m

k

∣∣∣∣∣ 6 C0C
N
1 (N !)k(σ−1)+1λ−N , (30)

Lemma 4. If
I 6 cn(n!)θλ−n, (31)

then there exists A, a > 0 such that

I 6 Ae−aλ
1
θ .

Proof. Let us divide both sides of the hypothesis by N !2θ,

I

N !2θ
6
cNλ−N

N !θ
,

elevate to the power 1
θ

I
1
θ

N !2
6
c

N
θ λ−

N
θ

N !
,

and sum from 0 to ∞
∞∑

N=0

I
1
θ

N !2
6

∞∑
N=0

1
N !

(
λ

c

)−N
θ

,

which gives, elevating finally to θ,

I 6 Ae−aλ
1
θ ,

where A = 1
JB(0,2)θ , a = θc−

1
θ and JB is the Bessel J function.
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Theorem 6. Let g ∈ Gσ
0 (R) be flat in 0. Then

∣∣∣Ik
g (λ)

∣∣∣ 6 Ae−aλ
1

k(σ−1)+1
. (32)

Proof. Easy corollary of the Theorem 5 and of the Lemma 4.

Remark 3.2. The thesis of Theorem 6 still holds for non flat g, but
also when

[k = 1] It suffices g ∈ Gσ
0 (R).

[k even] g(2α)(0) = 0, ∀α ∈ Z+.

[k odd] g(km+p−1)(0) = 0, ∀k ∈ Z+, p = 1, . . . , k − 1..

Proof. It is a direct consequence of Propositions 1 and 2.

Sketch of the proof of Theorem 5. The integral can be split in two
parts:

Ik
g (λ) =

N∑
α=0

g(α)(0)
α!

∫
R
eit

kλtαdt+
∫

R
eit

kλ g
(N+1)(θt)
(N + 1)!

tN+1dt = I0
N +IR

N

The estimate of the remainder gives:

IR
N (λ) =

∫
R
eit

kλ g
(N+1)(θt)
(N + 1)!

tN+1dt =
1
k

∫
R
eirλ g

(N+1)(θr
1
k )

(N + 1)!
r

N−k
k dr =

IPP=
1
k

1
(N + 1)!

(
− 1
iλ

) ∫
R
eirλ d

dr

(
r

N−k
k g(N+1)(θr

1
k )

)
dr = · · · =

IPP=
1
k

1
(N + 1)!

(
− 1
iλ

)m ∫
R
eirλ

(
d

dr

)m (
r

N−k
k g(N+1)(θr

1
k )

)
dr �

� N !k(σ−1)+1λ−N .
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Appendix: The Morse lemma for Gevrey

functions

Lemma 5 (Morse lemma). Let f(x) : Rn −→ R be a C∞ function
such that 

f(0) = 0,
∇f(0) = 0,
∇2f(0) ≡ A ∈M(n× n,R), detA 6= 0.

(33)

Then there exists local coordinates y = y(x) in a neighborhood of 0
with respect to which

f(x(y)) =
1
2
〈Ay, y〉 .

Proof. We can rewrite f as a quadratic form with non constant coef-
ficients applying twice the Hadamard’s lemma:

ϕ(x) =
1
2
〈B(x)x, x〉 =

∑
j,k=1,...,n

1
2
bjk(x)xjxk, (34)

where

bjk = 2
∫ 1

0
(1− t)

∂2f

∂xj∂xk
(tx)dt. (35)

Let us consider the function

B : Rn −→M(n× n,R),
x 7−→ (bjk)(x),

for which

B(0) = A =
(

∂2f

∂xj∂xk

)
.

We are looking for a change of coordinates y = y(x) = R(x)x with
respect to which the matrix 〈B(x(y))x(y), x(y)〉 ≡ 〈Ay, y〉 for all y in
a neighborhood of 0, i.e.

y = R(x)x, R(x)TAR(x) = B(x),
R(0) = I, R(x) ∈M(n× n,R).

Indeed, with respect such coordinates,

f(x) = f(x) = 〈B(x)x, x〉 =
〈
R(x)TAR(x)x, x

〉
=

= 〈AR(x)x,R(x)x〉 = 〈Ay, y〉 .

15



Now, the existence of such an R(x) is assured if the map

Sym(n× n,R) −→ Sym(n× n,R), (36)

R 7−→ RTAR, (37)

is an isomorphism, and we will prove its invertibility by the surjectivity
of its differential in x = 0, R = I. Differentiating (36) then, we obtain

d[RTAR](S)
∣∣∣
x=0
R=I

=

=
d

dλ

(
(R+ λS)TA(R+ λS)

) ∣∣∣λ=0
x=0
R=I

= STA+AS, (38)

which clearly is surjective, for every symmetric matrix C is image of
S = A−1C

2 .

Osservazione 2. Moreover, the invertible map (36) is polynomial in the
entries of R, thus its inverse, say F (B(x)) = F (RT (x)AR(x)) = R(x)
is analytic in the entries of B. We obtain then y(x) = R(x)x is a
Gσ change of coordinates whenever the Morse function f(x), and by
consequence B(x), as apparent from (35), is Gσ.
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