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Abstract. We derive the flow of discrete NLS equations by the mean field asymptotics of a many body quantum model for N
interacting particles as N becomes large. This is obtained through L? - estimates on Wick symbols with respect to a class of
flow invariant measures. Furthermore, we show weighted Hilbert-Schmidt norm estimates for Wick operators evolved in the
Heisenberg picture. This leads to an Egorov type result for Wick symbols, global in time and with quantitative estimates.
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1. Introduction

Let us consider the family of discrete nonlinear Schrodinger equations (ANLS) written in the form

.d 2
i—u(r) = Z 3 (1) + Up [ (0) | Pur (£) (1)
1<j<e
with u;(0) := wr € C, 1 < k < €. The real matrix (74;)1<x j<¢ is supposed symmetric and positive
definite, and 0 < Uy < U. It is well known that u := (uy, us,...,ur) can be written in terms of the

(complex) Hamiltonian flow linked to

1
H@ow) = Y Tyow; +3 PR )

1<jk<e 1<k<e

namely u(t, w) = ®,(®,w) where ¥; = (®,,®,) : A = {(®,w) | w € C'} C C¥ — C* is the flow of
the equation y = i(0,H(y), —0zH(y)).

In our work we follow an approach based on the use of Wick operators, many body theory and semi-
classical estimates, where N is the number of particles and /4 := 1/N is the asymptotic parameter.
Our main outcome is an Egorov type result (see [7], [13]) written for Wick operators on Bargmann space
FB((C[) in order to recover the ‘classical’ flow of the dNLS (1). In particular, we show a semiclassical
estimate which is global in time and with respect to the L?-norm linked to flow invariant measures. This
approach has the advantage to overcome the well known problem of the Ehrenfest time, and avoid any
exponential in time upper bounds. Furthermore, we show a link between L?-norms of Wick symbols
and weighted Hilbert-Schmidt norms of the corresponding Wick operators, which is a novel result in the
framework of Wick and anti-Wick operators theory (see [2], [11], [12], [15], [17], [33]).
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2 L. Zanelli / Mean field asymptotics and invariant measures for dNLS

The target of our paper is to derive the flow of the dNLS equation (1) directly from the mean field
asymptotics for the quantum dynamics of the following many body operator

~ AL A 1 /\.l./\ A A ~ ~
H:= Z 70 blb; +on D Uy biblbib, = Hy + H,y 3)
1<jk<e 1<k<e

written in terms of creation and annihilation operators [by, IBZ] = Oy 1d here defined on the Bargmann
space F(C’), see Sect. 3.1. To introduce more in details our mean field approach, we first notice that

the rescaled operators a; := ﬁi)k, &,t = ﬁi),t fulfill the commutation rules [ay, &;5] = %" Id and the
Heisenberg equation reads

d . RPN

() = D7 (e + Ura () an(r) aule) 4)

1</<e

with a;(0) := @ for 1 < k < ¢. Notice that in order to show the link with flow of (1) we define the
(rescaled) Wick symbol

Pl 0,0) = (6 /5, 009,35, )

where &, 5, = wk ¢, /5, namely @, are the normalized coherent states in Fp(CY), see Sect. 3.1.
The number operator N := S¢_, bib, = NS'_, alay satisfies [N, H] = 0 and provides the expected
number of particles for the states ¢ /5, by (¢ /5o, N, /5,,) = N |w|?. By an easy computation we have

that NH (@, w) = (9, /5, He /N @nd this implies that (4) can be rewritten through the Wick bracket
(see Sect. 3.1)

1 (l)w (8"% 0%pr  O0"H 8“pk) ©)

2
id
NPt = 1o Hhwia = > A \N) 82 6w ~ B 00"

with initial data p;(0,,w) = wy, and where the sum is reduced to the second order thanks to the
polynomial behavior of H in (2). In view of this equation, we now define the ‘semiclassical’ parameter
h := 1/N, and notice that the k-th component of the dNLS flow in (1) solves

A _ OH Ouy O Ouy

T 96 00 9w 96 7)

namely involves the Poisson bracket, which is the first order approximation of the equation (6).

The objective is thus to prove that py — uy — 0 as N — oo in an appropriate measure sense and, as
a consequence, also by a weighted operator norm estimate. R
To this aim, we consider the semipositive definite operators P on F(C’) in the class of anti-Wick
operators given by P := f(N) where f € C*®(R), £(0) = 0 and f(x) > Co x Vx > 1 for some Cg > 0.
Typical examples in this setting are P = N with @ > 1, see Def. 3.5. In this framework we will use the
Trace formula involving Wick operators Opy, (o), see Sect. 3.5,

—AP A

Tr (eq OpW(O')) - / odmy, >0, cy=Tr(e ), )
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L. Zanelli / Mean field asymptotics and invariant measures for dNLS 3

with the probability measure dm, defined by the (positive) anti-Wick symbol of P

1 ~
dmy (v, w) = o aaw(e ) (@, w) do N dw )

for w := x +i¢ and dw A dw = n~‘dxdé. In particular, we will show in Prop. 4.3 that dm, are invariant
measures under the flow U, of the dNLS, namely

U*(dmy) = dm, (10)

Vt > 0 and arbitrary fixed 4 > 0.
The first result of the paper reads

Theorem 1.1. Let u be the flow of the DNLS equation (1), let py. be the solution of (7) for 1 < k < € and
dm, given (9) with e“©* = N + 1. Then, for (/N < D < +oc we have u, p;, € L*(m,) and

p £ Ut
o = uell2ny < V3 5% €2 N (11)

In this result we show an explicit quantitative estimate in terms of the parameters of the problem. We

can in addition prescribe ¢ ~ NP for some 0 < 8 < 1 or £ ~ In (N) so that {/N — 0 as N — +o0. In
the case P = CoN and ¢! = N + 1, we have

dmy(@,w) = N* e Ml do A dw (12)

namely a gaussian probability measure. Notice that any convex linear combination of the measures dm,
as in (9) gives the same upper bound in (11). We thus have also a uniform estimate with respect to all
the measures in the convex hull, that moreover are not necessarily written in the form (9), namely it is
a larger convex set of invariant measures. It is rather interesting the open problem to show that all the
invariant measures for our dNLS flow belong to this set. In Sect. 2 we show that Thm. 1.1 implies also
a Gibbs estimate, to get a further derivation of the dNLS flow.

Let us now recall that the Hilbert-Schmidt norm reads ||B|ys := (Tr(ETE))% and consider B :=
(c}le_ﬂﬁ )% ﬁ(g N) Op” (o) with the semiclassical Wick operator Op%, (o), & := 1/N, given in (36). The
operator ﬁ(g v = FB(CY) = Acyy C Fp(C') is the projector into the span of the eigenspaces of N
up to eigenvalue N, see Def. 3.3. In particular, II <5y — Id as N — +o0. By assuming the following
growth condition Hﬁ(<N) Opt, (0)|Jus < C1 h=2 for some C; > 0 and Q € N, then (see Prop. 4.6)

e—/lP

1 2
2 9 h 2 —-L D ,2,-20
[(“.) " Tieem OB(@)]| < 207lagyyy + e H e CE (13)

provided 26¢ < N. We have thus shown that an L?-norm on Wick symbols, plus an explicit O(h>°) -
term, controls a weighted Hilbert-Schmidt norm. This can be regarded as a result of phase space Analysis
for Wick operators on Bargmann space.
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4 L. Zanelli / Mean field asymptotics and invariant measures for dNLS

To apply (13) for our targets, we show in Prop. 4.16 that the semiclassical Wick operator Op%, (o — u)
satisfies the above growth condition, uniformly in time, for suitable C;(D) and Q(¢) = 1 + £/2. The
more restrictive condition 26¢ < N/(81In(N)), N > 2, guarantees that the remainder on the righthand
side of (13) is O(h*°) uniformly with respect to € and 7 > 0, see Remark 4.17.

Furthermore, if 7,,, > 0 is the minimum eigenvalue of the positive matrix (7x;)1< k<¢ in H then,
thanks to simple spectral arguments,

—AH

(%) Fcm onkio|

D
<e?
HS

(S0 i, Oply(o)| (14)
o
) (<N) YPw S

where b, := Tr(e~*#) and ¢, := Tr(e~"™nV), see Prop. 4.7.
In view of Theorem 1.1 and thanks to the upper bounds in (13) - (14), we can now state the next

Theorem 1.2. Let P be as in Def. 3.5 and let H be as in (3). Assume that 25¢ < N/(81n (N)). Let py, ug
be as in Thm. 1.1. If €“°* = N + 1 then

AP, 1
e/lP,

2 h 3
|(%)" Tem Opbtor =) | < VB5°e

b
2

_|_4(1 —|—D)%e%+De_16h’ (15)

=2~
Sl

where ¢; 1= Tr(e*”?). For A=1/T and 0 < T < Tpin/ In (N + 1) we have

—AH

e 3~
H( b, )2 I < ny Opty (ox — ) HHS <V653 e

Lo,
N VN

+3D 1

11
4(14 D)ze 2 e 16 (16)

where by := Tr(e ).

The parameter 7" can be interpreted as the temperature of the N particles, and the estimate (16) works
if the bound 0 < T < 7,/ In (N + 1) is fulfilled, namely the temperature must be small enough with
respect to N.

We underline that Op, (0x) = a(t), the annihilation operator evolved in the Heisenberg picture, see

Remark 3.1. Moreover, in Sect. 3.2 we show that the semiclassical quantization of the k-th component
of the ANLS flow Op%, (i) is a well posed Wick operator and solves an evolution equation, which is a
deformation of the Heisenberg equation beyond the simple quadratic case.
We stress that both Op’%, (o) than Op’, (1) are unbounded operators, and whence the use of weighted
norms in Thm. 1.2 is a nice way to get a semiclassical estimate of their convergence. In Thm 1.4 of [13]
the convergence is proved in operator norm (without weights) for bounded quantum observables but the
problem of the Ehrenfest time for the validity of the semiclassical approximation is clearly shown. Here
we overcome such a problem by this different kind of convergence.

In [30], the same kind of estimate of Thm. 1.1 is shown for the L”-norm with p > 1 and gaussian
measure. The present paper extends such result towards three directions: for p = 2 to a larger class of
invariant measures thanks to the role of anti-Wick symbols, adding the operator estimates in (13)-(14)
used in Thm. 1.2 and moreover providing the Gibbs estimate in Sect. 2.

The use of Wick operators in many body problems and related semiclassical estimates is well known
in the literature. Here we apply these tools to study a class of dNLS (instead of NLS or Hartree equa-
tion) and to get linear in time estimates. We remind that in various works (see [3], [4], [27], [28], [29],
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[32]) the derivation of ANLS type equations is obtained from the NLS equation, but exponential in time
estimates appears frequently or local in time results are shown. This occurs also in the literature of mean
field derivation of NLS and Hartree.

In the paper [6] the the flow of the Hartree equation is recovered as mean field limit, and infinite dimen-
sional phase-space analysis are carried out thanks to Wick and anti-Wick operators on the Fock space. In
section 7.2 of [19] the authors discuss, thanks to the Wick quantization for a class of symbols, how the
many-body quantum mechanics of bosons can be viewed as a deformation quantization of the Hartree
theory. A semiclassical asymptotic expansion is shown, in [1], for Wick symbols of density operators
governed by time dependent Hartree—Fock equation.

To conclude the Introduction, we also remind some of the many papers on the mean field derivation of
the NLS equation, the Hartree equation, or more in general the study of many body theory by different
techniques (see for example [5], [8], [10], [16], [18], [21], [22], [23], [24], [25], [26], [31] and references
therein).

The content of the paper is the following: in Sect. 2 we discuss the use of the classical Gibbs measure.
In Sect. 3 we recall the basic notions of Wick and anti-Wick operators together with some technical
results useful for our approach. Section 4 is devoted to the proofs of Theorems 1.1 and 1.2 and related
additional results.

2. The Gibbs estimate

In this section we use the ‘classical’ Gibbs measure as a tool to prove another derivation (with respect
to Thm. 1.2) of the dNLS flow in (1) in terms of the temperature 7 — 0 as asymptotic parameter.
With respect to this topic, we remind that the Gibbs measures have been intensively studied in connec-
tion to many-body quantum problems. In what follows, we recall only some of the recent results, but
we also address the reader to the references therein. In the paper [18] the Gibbs measures of nonlinear
Schrodinger equations arise as high-temperature limits of thermal states in many-body quantum mechan-
ics, in particular for defocusing interactions in dimensions 1 < d < 3. The authors of [26] have shown
that Gibbs measures based on 1D defocusing nonlinear Schrodinger functionals with sub-harmonic trap-
ping can be obtained as the mean-field, or large temperature limit, of the corresponding grand-canonical
ensemble for many bosons. In the work [14] the aim is to study concentration of the Gibbs measures for
a class of periodic Zakharov, KdV, NLS and Gross-Pitaevskii equations in dimensions 1 < d < 2.

Here we look for a semiclassical estimate through the use of the flow invariant Gibbs measure

1

—H(ow) 7~
f D) 45 N de e do N\ dw (17)

d]P)/l =

where w := g +ip and dw Ad := n~{dqdp. To answer this question, we notice that e~ has an upper
bound given by the anti-Wick symbol of e~V

0 < e~ @) ¢ O'Aw(eiﬂoﬁ)(@, w), ¢ = ATpin + 1 (18)
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6 L. Zanelli / Mean field asymptotics and invariant measures for dNLS

where the value 7, > 0 is the smallest eigenvalue of the positive definite matrix (74;)1< j<¢ linked to
the quadratic part of H in (2) and

Taw(e V) (@, ) = (A Ty + 1)¢ e~ Hminlel”, (19)

We are interested to use such a gaussian measure inside the statement of Theorem 1.1, hence we now
require A7,,;, > N. Notice moreover that if 1 > €/7,,, then Tr(e~ ") < e. By defining 7., > 0 as the
biggest eigenvalue of (7y;)1<x, j<¢ and the constant g, := e(QTmax)f it follows also that

cay = Tr(e™10N) = /O'Aw(e’loﬁ)(a), w)do Ndw < ay / e~ M@0 4y A dw (20)

provided also that A > A3 = A;(U,{) and where this value is given by the integral inequal-
ity [ e~ TnaslVP U0 il g A gy > (1/27m4x)". Thus, we require the more restrictive condition
A = max{N/Tmin; €/ Tmin; 11 (U, €) }.

As a consequence, in view of (18) - (20), we have for any g € L?(m,,) with the gaussian measure

—40N) diy A dw the following inequality

dmy, = c{ol oaw(e
18122y < Var 18ll2(myy) - (21)
In view of (11) - (21), we have directly our classical Gibbs estimate by the next

Proposition 2.1. For g, := px — uy asin Thm. 1.1 and A = 1/T it follows

ay T

¢
Igell 2y < V257 €P U1 (22)

Trmin
where 0 < T < 1/ max{N/Tmin; €/ Tmin; 21 (U, €)} and /N < D.

We underline the differences with respect to the Hilbert-Schmidt estimate (16) where 0 < T <
Tmin/ In (N + 1) and the upper bound is written only in terms of N. Here we have a different interval
for T which is (asympotically) smaller since it decreases with the same order than 1/N or faster.

3. Settings and Preliminaries
3.1. Bargmann space and Wick Quantization

In this section we mainly follow the notations and some standard results of [11], but we also address
the reader to [17] and [15]. In addition, we show some further properties on Wick and anti-Wick opera-

tors useful in the context of our paper.
Let A(CY) be the set of the anti-analytic functions ¢ : C* — C. The Bargmann space is defined as

Fp(CY) = {z// e ACY | / W(@)|2e 7 az A dz < +oo} (23)
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L. Zanelli / Mean field asymptotics and invariant measures for dNLS 7

with the scalar product (here z := x + i€ and dz A d7 := 7~ {dxdé)
(W, ) : /;b el dz/\dz—/ U (x —i&)p(x — i) e” (xf+1%) dxdé

Coherent states in .FB((CZ) are, with normalization factor e™ 2 “"'2, given by

o (Z) = eV

N

w-E). (24)
The creation and annihilation operators on Fz(C) are defined as

@) =222 by =z 25)

<k

For a given operator A : F(Cf) — Fp(C!) its Wick symbol is defined by
ow(A)(@, ) = (P, Ads) (26)

whereas outside the diagonal (@, w) the Wick symbol reads

nYe <¢ng¢w>
ow(A)(Z,w) := ———-. 27)
AEC) =G )
The Wick quantization of an entire function o : C! x C — C is given by
Opy()W)(@) i= [ o) vl@) o7 do 1 do @s)

In view of these settings, we have A = Opy, (0w (A)).

To be more precise about the set of these operators, we follow the arguments shown in [17] - pg. 139.
Suppose that A (possibly unbounded) is defined on F; B((Cf) together with its adjoint At and assume that
for all w € CY, ¢, belongs to the domains of A and AT. Then, w — o (A)(@, w) is a smooth function
on C! and moreover oy (A)(@, w) is the restriction on the diagonal of oy (A)(z, ) as in (27), which is
furthermore an entire function. As shown in Prop. 1.69 of [17], any entire function K(z, w) is uniquely
determined by its restriction to {Z = @}.

Thanks to these observations, A = Opy, (o) : F5(C’) — F5(CY) is uniquely related to the symbol on the
diagonal, and for this reason frequently in the literature one directly refers to A as the Wick quantization
of the function in (26).

A simple computation shows that

ow(be) = 0 ow(b) =or,  ow((b])" o (b)) = &fw. (29)

These equalities allow to write the Wick symbol of H asin (3)

1 4
¢w,H¢w = Z Tj Wk Wj + 3N Z Ujlw,|®. (30)

1<jik<e 1<Kt
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8 L. Zanelli / Mean field asymptotics and invariant measures for dNLS

The set of Wick operators is closed under composition, and the Wick-« product is defined as the symbol
of the composition of two operators,

(D i 72 (@,0) = (B0, Opyy (V) 0 Opyy () ). 31)

It can be shown (see [11]) the following asymptotics (in multi-index notation)

o0
190 g
D pewrn @ ~ -7 77 32
o Wick O ; A o A" ’ ( )
i 1 ‘ o) oAt
=2 - Ocor, .. Ow;, Diy, iy, .. 0y,
= P Ow;, 0w, ... Ow;, 0w, 0w;,... OW;,
where 0w" := dw;, 0w, ... dw; . About the well posedness of the righthand side and the semiclassical

asymptotics in a set of Wick symbols we address the reader to [9]. The Wick bracket is defined as the
symbol of the commutator

{0'(1), 0'(2)}Wick = o) * Wick o? — o2 * Wick o) (33)

In (32) the semiclassical parameter is # = 1 and the absence of the factor 2" used in [9] is a consequence
of the setting of the scalar product in (24). The semiclassical Wick-x product reads

Sy A AN oS

D) ey (2) ~ 7 ) 34

O L e ar (34)

The above defined Bargmann space Fz(C’) can be equipped with the scalar product (¥, ¢), =
= [y*(2)e(z) ¢~ dz A dz, the h-Wick quantization is given by

Oy (@) W)@ 1= h™* [ o) w@) e HEF D do ndo G3)

for which the Wick- product of symbols is (34). The semiclassical coherent states ¢/ (z) := e (W= 500)

are normalized with respect to / - scalar product. Notice that for (V) := y(v/hv) then |||y = |||
(the norm in Bargmann for 4 = 1) and Vzo € C’

Oply () (W) (Viz0) = / o (v zo. Viv) un () e~ 2D gy A gy
This equality gives a bijection between the 4-Wick operators and the ones with 7 = 1.
Oply (o) () (Vhzo) = Opy () (W) (Vhzo),  oa(z0,v) := o(Vhzo, V). (36)

Remark 3.1. As a consequence of the above settings, by defining the rescaled symbol of any Wick
operator p(0, w) := (@, /5., Ad,/x,,) (10 simplify, we write it only on the diagonal) we have Op™ (o) =

leh for h = 1/N. This is precisely the framework of the Theorem 1.2 for py defined in (5) where

Oply (o)W = (1), - (37)
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Remark 3.2. The family ¢, (zZ) := ﬁ z% where @ € ZY, is an orthonormal set in F(C") (see [11]).
The number operator N = Z§:1 nj = Z§:1 [;;r l;jfulﬁlls Ny = || Yo where || .= a1+ a2+ ...+

Definition 3.3. We define the subsector up to N particles by the set A(<yy := Span{ ¥, | |a| < N}.

Notice that if y € Ay and ||| = 1 then y =3, <y Ca ¥ and (Y, Ny) < N. One can also define
in the same way the set \(yy given by the homogeneous polynomials of degree N in the variable 7, and
denote it as the N-sector of the Bargmann space (see pg. 48 of [17] for the link with the sectors of the
Fock space). We define the operator

Hi<w) : Fo(CY) — Acyy C Fa(CT)

as the orthogonal projector into A<y with respect to the scalar product on Fg(CY). Easily see that
ﬁ(gN) — Id weakly as N — +o0.

3.2. The quantization of the dNLS flow

We show that the quantization of the dNLS flow is well posed; this means that for the solution u; of
the equation (7) the related operator Opy, (1) is a well defined Wick operator in the sense of (28). To
this aim, we first prove that the equation

iLig (1) = [i(r), Ho) + 2%y U;bL [ine(1). 7)) by, iy = bl
(38)

i:(0) := by, withfixed 1<k<¢,

can be solved in a class of Wick operators.
Consider the Hilbert space of linear operators from Fz(C’) into itself, equipped with the scalar product

<X, §> = Tr(e*ﬁﬂg). Notice that (by, by) < +00.
By the same arguments shown after (196) with e~" in place of II<n) we get the conservation law

d

— (i, ) = 0. 39

AL (39)
Standard arguments of evolution equations on Hilbert spaces ensure the existence V¢ > 0 of the unitary
flow e~ where Z(it) := [it, Ho] + Zf.:l U; b;r. [it, ;] b;. In short notation, we write

(1) = e % iy (0) (40)

In particular, notice that if U; = 0 then one gets the usual unitary conjugation i (f) = eifl2t itk(O)e_’ﬁQ’ .

By taking the adjoint on both sides of (38) we get for IZZ (t) the same equation with Z, and thus
ST =izt of
(1) = e ", (0). (41)

It follows that i () and its adjoint are both defined with the domain F3(C’), whence containing also
coherent states. In view of subsection 3.1 we deduce that i (¢) is a Wick operator.
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‘We can now state that

it (1) = Opyy (k) (42)

since taking the brackets on both sides of (38) with respect to coherent states ¢,, (i.e. looking at the Wick
symbol) we get

¢ ¢

. duy _\ Ouy _ Ouy

Y T > (Tk./ wj+ U./ij|2w1> 0. > (Tk/ @+ Ujlw,[? wj)@- (43)
j=1 Ij=1 /

which is precisely the equation (7), with the (complex) Poisson bracket. This is solved uniquely through

the flow related to the Hamiltonian H given in (2) exhibiting bounded sublevel sets. This means that (38)

is the operator counterpart of (43).

Remark 3.4. With respect to this subsection we stress some facts.

(i) The semiclassical Wick quantization OpY,(ui) with 0 < h < 1 can now be written by using the
formula (36). The evolutive equation now reads

i£0ply (u) = [Oply (we). Ho) + Y%, U;al [Oply (). 7))@y, iy == bl
(44)
Op* (;)(0) := @, withfixed 1<k<C.

To prove (44), compute the semiclassical Wick symbols on both sides by the use of semiclassical
version of coherent states and of the Wick-x product. The result is again the equation (43).

(if) IfU; = 0V 1 < j < L then the equation (38) becomes the Heisenberg equation with the quadratic
operator Hs. This is not unexpected, indeed the classical flow solves the equation with the Poisson
bracket that equals in this case the Wick bracket. On the other hand, it is remarkable that Op'l, (u;)
solves an equation which is a linear deformation of Heisenberg.

(iii) The problem to quantize an Hamiltonian flow, namely to associate a well posed operator, is a
nontrivial task and requires a lot of work in terms of estimates and analytical properties of the flow.
See for example Lemma 3.1 and Remark 1.6 in [13] and Lemma 2.3 in [7]. In our paper, we avoid
these difficulties since we deal with the polynomial Hamiltonian function H in (2), a suitable class
of Wick operators and passing through other kind of arguments (we start our approach with an
evolution equation whose solution is a ‘candidate’ to be the quantization of the flow).

3.3. Our class of semipositive operators

We first introduce the general class of the anti-Wick operators on i € F5(CY) by

PW) () = /O'AW(I‘A’)(G), w) Y () e POz gy A d. (45)

The anti-Wick symbols o 4y can be taken (for example) in the class of bounded measurable functions or
polynomial functions. For a wider discussion about the anti-Wick operators and the well posedness of
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the setting (45) we address the reader to Section 2.7 in [17]. In particular, we have

~

aaw((be)* (b)*) (@, w) = |axl*. (46)

Moreover, if e! = N + 1 then (see Lemma 4.1)

aaw(e™) (@, w) = (N +1)¢ e NI, 47)
Here need to focus our attention to the following class of operators

Definition 3.5. Let us consider the semipositive operators Pon Fy(CY) in the class of anti-Wick opera-
tors given by P := f(N) where f € C*°(R), f(0) = 0and f(x) = CoxVx = 1 for some Cy > 0.

Thanks to Proposition 4.3 we prove that e =¥ is an anti-Wick operator, whose symbol is a continuous
bounded function.

Remark 3.6. In this family one has for example P = N* with N := Zi:l i)\,r;l;k, a>land Cy = 1. As
a consequence of this setting, it follows [P, N| = 0 and for the ground state of the harmonic oscillator
wo(z) = 1 we have Py = 0.

3.4. A spectral lowerbound

Any operator P as in Definition 3.5 is selfadjoint on the Hilbert space F(C?), and [P, N] = 0 implies
the existence of a complete orthonormal set providing both eigenfunctions of P than N. In particular,
since P = f(N) we have the common eigenfunctions by ¢,(Z) := z*/+/a! in multi-index notation & €
N’ and normalized with respect to scalar product (24); whereas the eigenvalues are given by E, = f(|a|)
where |a| == a1 + ... + a;.

Since f(x) > Cp x Vx > 1, it follows the lowerbound

E, > Colal, Va € N (48)

The inequality (48) will be useful to connect the Trace formula related to (negative) exponentials of N
and P. We now recall that [H N] = 0 and that the eigenspaces of N are degenerate. Thus, to get the
spectral lowerbound in this case, we denote by ®, with n € N (notice we use now the 1-dim index)
the common base of eigenfunctions for H and N. Denote also by EX the related eigenvalues of H. Now
compute

= (®,, HD,) = (D, Hy®,) + (D,,, Hy®,,) (49)

where Hoy := Zlgj,kngkji’itZ’j and H, = ﬁZKKf Ujbjb]b b with U; > 0 and the matrix 7

positive definite. It is easy to see that the quartic term is semipositive deﬁnlte Wthh gives
"> (0, Hy®,). (50)

Also the quartic term I/‘jg is semipositive definite, since it can be rewritten as ﬁg = Z1<ig + Tii ETE,

where the matrix 7 is diagonal and T; > 0 are the eigenvalues of the matrix 7; whereas Ei =
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12 L. Zanelli / Mean field asymptotics and invariant measures for dNLS

ZKK[R,(,I; are defined with the unitary matrix R such that R*”tR = T. Now define 7, :=
minjg;<¢ T;; namely as the lowest elgenvalue of 7. Hence the matrix T := 7 — 7, 1d is semipositive
definite and the operator Hg — TmmN is a semipositive operator. This gives Vn € N

Eyl;[ — <®m (H2 - Tmin]/\})q)n> + Tmin<(I)n’ N(I)n> Tmm<(1)n’ N(I)n> (51)
3.5. The Trace Formula

We recall the Trace formula involving Wick and anti-Wick operators defined on the Bargmann space
Fg(C") as shown in sect. 5.3 of [11] (see also sect. 7.6.1 in [15]),

Tr (Opw(gl) OpAW(g2)> = /gl(a), w) g2(w, w) dw N dw (52)

where w := x + i&, d A dw = n~‘dxdé. The general assumptions to make on g1, g2 are the ones that
ensures the well posedness (see Sections 3.1 - 3.3) of the corresponding operators Op oy (g2), Opw (&1)-
In our paper we apply this formula for P as in Definition 3.5,

—AP
e
Tr (
Ca

The normalization constant ¢, := Tr(e”*") = >~ e £ > ( is convergent since E, > Co &, = Cole/|
as seen in (48). ~

In Proposition 4.3 we prove the existence of O'AW(e*/”D ) and an L™ - estimate. In view of (53) we define
the normalized measure

Op()) = - [ 2@ 0) aawle)(0.0) do 1 do (53)

1 ~
dmy(@,w) = — oaw(e ) (@, w) do A dw. (54)
Ca
We underline that when P = N := S, bl by and we set e! = N + 1 then we have o4y (e —N (@, w) =

(N+1)fe=Mel” and ¢y = Tr(e V) = ((N+1)/N)". In our general setting, dm, is a normalized measure
since

e = Tr(eP) = / (e ) (@,0) do A do. (55)

Notice also that the spectral lower bound in the previous section gives
~ ) -
1< Tr(e—/lP) — Z e—/lEa < Z e—/lCO‘(l| — Tr(e_ACON). (56)
a€eN’ aeN’

If  is the ground state of the harmonic oscillator ¢ (z) = 1 (in the Bargmann representation), then our
assumption Py = 0 implies that Ey = 0 in the above sum.
In particular, if @ = N + 1 then we have the same formula as above, namely the trace reads

Tr(e_ﬂc()ﬁ) = ((N + 1)/N)*. Thanks to the assumption £/N < D it follows

Tr(e C0N) < P. (57)
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Since the selfadjoint Hasin (3) fulfills I-Algbo = 0, pick (¥, ),en as an orthonormal base of eigenfunctions
of H with U = i and (necessarily real) eigenvalues E. Then, we have the lowerbound

—/1H Ee Ef _1+Ze AEH > 1. (58)

Remark 3.7. The Hilbert-Schmidt norm ||B|lus := (Tr(ETg))% for any operator of kind B =
(cIle*ﬂP)%g, where A is a linear operator on F(CY), ¢, := Tr(e~P), fulfills
1 5 5 1 —P
[ (er'e™)3 A s = —Tr((em37A) e 57A) = —Tr(Ale3Pe™574) = T “—AAT).
Ca Ca C,

4. Main Results

To begin, we show the gaussian form of the anti-Wick symbol of the operator e~ N , which turns out to
be very useful in the proof of Theorem 1.1.

Lemma 4.1. Let N := Zi:l l;,tl;k and e* = N + 1. Then,

caw(e ™) (@, w) = (N + 1)fe NP, (59)

Moreover, ¢, := Tr(e_m) = ((N +1)/N)¢ and thus

1 ~
dmy (v, w) = o aaw(e”™) (@, w) do N dw = Nee ™Ml 4@ A dew. (60)

Proof. The Wick symbol of e~V reads

owle ™) (@,w) = el =1, (61)

Thus,

Tr(e™ ") = /O'W(e_’lﬁ)(d), w)dw A do = u~". (62)

Formula (2.38) in [11] shows a link between Wick and anti-Wick symbols

el — Aoy (e W) = /e_(z_‘“)(z_“’) oaw(z,2) dz N\ dz, (63)

2 . . R N .
where Ag, = Zi:l (3,@278%. Remind that Wick and anti-Wick symbols of e~V are unique. Our target
is to prove

el — gBau <aN,L efN|w\2>, (64)
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namely
otlol® — aN’[/e—(z—w)(z—w) e N gz A dz (65)

. _L|w‘2 —(N+1)|2|2 - anye —L|w|2
—ayg e W e~ N+l dz/\dz—me N lel”, (66)

Since u = (¢! — 1)/e* = N/(N + 1), we recover ay, = (N + 1), O
Remark 4.2. In view of the Lemma 4.1, we now denote by
duy(w, @) := N* e Mol gy A do, (67)

which is the measure dm, in (9) when ¢“°* = N + 1 and P = Coﬁ. In this way, we underline the
dependence from N, and thus the L? - estimates are explicitly depending from the number of particles.

We now show a result on the existence and representation of the anti-Wick symbol for the operator
e~*F when P belongs to our class of semipositive definite operators introduced in Section 3.3.

Proposition 4.3. Let P = f(N) : F5(C') — Fy(Ct) be as in Def. 3.5. Then, for ¢t = N + 1 the

—AP

exponential e~ is an anti-Wick operator whose symbol is a bounded continuous function and fulfills

0< O'Aw(e*ﬂﬁ)(a), w) e VgVl (68)

N

The measure O'Aw(e_/lﬁ )dw A d@ is invariant under the dANLS flow.

Proof. Let us define

0, 0=0,
. 1
g(0) =< ~VEGn@) g g, (69)
0, 6>1.

Easily check that g; € C°([0, T]; R), for an arbitrary fixed 7 > 1, since we recall that f € C*®(R),
f(0) =0and f(x) > Cpx, Vx > 1, for some Cy > 0. Furthermore, g,(6) < V0 <6 < 1and V1> 0.
Now observe that the family of values e~4C0lel > ¢~ with @ € N, E, = f(|a|) are the (strictly

positive) eigenvalues of the operators e 1" and e~** related to the common base of eigenfunctions ¢,
with & € N’. Furthermore,
g/l(e*’lco“’l) — e*/l.f(\‘YD_ (70)

Since the spectrum of these operators is discrete (and in particular all the eigenspaces are finite dimen-
sional), it follows directly that

g,l(e*’lcoﬁ) — P, (71)
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Now apply the Weierstrass Approximation Theorem, so that for any £(n) := 1/n with n € N there exists
a polynomial p.(6) := Zf:o cx 0" (depending from n and ) such that

gi(0) = D cd +r0) (72)

0<k<K

and r; € C°([0,T];R,) with ||r1]lco < &(n). Notice that we can choose this approximation in such a
way that r, > 0. As a consequence,

—ACoNy _ 1: —ACoN\k
ga(e )= lim Z cx (e ) (73)
n—-+o00 0<k<K

in operator norm, since ||(e ~1€¥)||3 < ||ra]lco — 0. Recall that €€ = N+1 and the anti-Wick symbol
reads

Taw(e N (@, w) = (N + 1)fe ™Mo = 1y(@, w). (74)

As a consequence, for Ny := M0 — 1,

Z Ck e N — Z ck Opaw (o) = OpAW( Z Ck TNk)‘ (75)

0<k<K 0<k<K 0<k<K

Since ¢! = N + 1 and this gives the link Ny + 1 = (N + 1) = S ()N =1+ kN + 35, () N°.

N

Thus, N, = kN + 21;22 (';) N°®. We are now in the position to study the finite sum of anti-Wick symbols

Y arn(@w) < Y a((N+ 1)k e NPy, (76)

0<k<K 0<k<K

Now fix T := (N + 1) so that the approximation scheme (72) can be applied for § = (N + 1) eV ol
which gives in C° - norm

Tim Y e ()" = galtw). (77)
0<k<K

In particular, notice the inequalities ) , cx Tn, < >, ck (7n)* < ga(tn). Thanks to the setting of g,, we
have
(L N2
gr(tv(w,w)) =e A (=t gallel®) (78)
Now define, in view of (77), the finite value R := ||g1(7n)|co < +o0. In view of (76), we have

> o<k<k Sk TN, € Br(0) C CY(C?; R, ). Now apply the Banach-Alaoglu Theorem, so that for a suitable
subsequence &(n(m)) — 0 as m — oo we have the existence of the limit

mglfoo Z CkTN, = aaw(e™) >0 (79)
0<k<K

O 0 J o U w N

BB BB R DR W WWWWwWw W W NDNDNDNDNDDNDNDNDNDNND R R R R R R R R
o U w DR O VW 0o U WD O vV oY UWw D RO VW Yy W NP O



O 0 J o U w N

B s D D D W W W W W W W W W W NDNNNNNNNN R R R R R R e e e
o s W NP O WV ®Jd oS W R O WO Jd o0 W N P O W ®doUs W N R O

16 L. Zanelli / Mean field asymptotics and invariant measures for dNLS

with respect to the weak-x convergence in Cy(C?*;R_). Notice also that i, == Y, cx Ty, dw A d
is a sequence of flow invariant measures, u,, = (®;)«u,. Thus, the weak-*x convergence of measures

Wy — * UAW(e_Aﬁ)dw A di =: u implies the flow invariance for p.
It remains to prove that we have in fact recovered the anti-Wick symbol of e~*F, namely that V €
Fp(CY) the following representation holds true

e ) (z) = / aaw(e ™) (@, ) ¥(@) e P 7 do A dw. (80)

In order to do this, remind the operator equality (73) which gives in F(C")

e Py=lim Y o (e Ny, (81)

n——+00
0<k<K

Now recall (75), so that (81) reads

e Py(z) = lim / E CkTNk> @, ) Y(@) e P du A da. (82)

n—-+o00o
0<k<K

Here easily observe that ®(@, w) := y(@) e~ 1“I’T“7 is a continous function such that | [ ®pdwndo| <
R||®||.1 V ¢ € Br(0) C CY(C?;R.). Thus, the weak-* convergence shown in (79) ensures the equality
(80).

The anti-Wick symbol is necessarily unique since it is bounded and thanks to Lemma 2.95 in [17]. To
conclude, the (77) - (78) imply that V¢ € C)(C?;R)

/O'Aw(e_ﬂﬁ)(w, w)(w,w) do N do < /e A=t oMol )¢( w) dw N dw (83)

AP\~ —Af(—t+ == N|wo |? . . .
If we assume that oay (e =P) (@0, wg) > ¢ (=0 2aNleol™) then (since they are continuous functions)

there is an open neighborhood €2y of wg on which the same inequality holds true. Now pick ¢ > 0
compactly supported inside €2y and get a contradiction. [J

Remark 4.4. In view of the Proposition 4.3, we recall that g,(6) < 6 and thus

Taw(e ™) < ga(aaw(e M) < oraw (e V), (84)

Thus, for c) := Tr(e‘”g) and b, := Tr(e_/lCOﬁ),for any continuous f,
ACoN

12 e gy i < [ e
A

b —ACoN —ACoN
< 1/\f|2 de/\dd) < eD/|f|2 Taw(e” ™) 1A do
C) b/l b/l

dw N\ do (85)
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In short notation, for e¢“°* = N + 1 we can write

/|f|2dm/1 geD/|f|2dﬂN. (86)

This upper bound allows to make computations with the gaussian measure duy and then get immediately
the estimate with respect to the whole class of measures dm,.

We now show the link between the weighted Hilbert-Schmidt operator norm and L? - estimates with
respect to the measures dm,. Before to do this, we introduce the next

Definition 4.5. Given the projector ﬁ(g w) as in Def. 3.3, consider the class of semiclassical Wick oper-
ators (35) exhibiting the growth condition

I (<) OPY () s < C1h™2,  h:=1/N, (87)
for C1 > 0 and Q € N. We will show that (87) is fulfilled by Op{‘N (px — ux) used in Thm. 1.1, which are

unbounded operators. Any polynomial function of creation and annihilation operators belongs to this
class, as well as all bounded (uniformly on h) operators.

Proposition 4.6. Let dm; be as in (9) with €°* = N + 1. Let Op’, (o) be a semiclassical Wick operator

as in (87) such that o € L*(m,), and ﬁ(gN) given in Def. 3.3. Then,
(e Tew) O (o) s < 2 [ o dm -+ 2ePe % €3 720 (88)

provided 26¢/N < 1
Proof. In view of Remark 3.7,
_ 1
I(cx e ") H<<N) Opyy ()|l = (89)
~ n T

—Tr ( i<w) Opiy (o ) (H(gN)OPw(U')> )

! A I
= aTr (e AP i<y Op}\ﬁv((r) Op{,v(a)T H(gN))-

Let g := oaw(e )/, > 0 and define X (@,w) = x(|lw|?) with y € C=[0,+2], 0 < x(8) < 1,
supp(x) C [0, 1]. We decompose the above term as the sum of two parts

= Tr ( Op4 (8) Tl <) OPl (@) Oply (o) T ) (90)
+ Tr (O, (g(1 = ) Tli<w) OPly(@) OPl (@) Ty )- O

Notice that both Op,y, (gX’) and Op,,,(g(1 — X)) are semipositive (the anti-Wick symbol is nonnega-
tive), whence selfadjoint. Use the property [Op,y(8), [l(<y)] = 0 (see Lemma 4.15) to rewrite (90)
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as
Tr ( Thi<) Op. (8) OPly(0) Oply (@) Tl ). 92)

In this form, it is easy to see that this is an increasing function of positive terms as N increases. Hence
(90) has the upper bound

< T (Opay (6) OBl () Opl ()1 ) = [ 0w 7 8 do . o ©3)

Notice that the integral is computed in the region |w|? < 1. The Wick symbol of the composition reads

0o o

2

*wi 94

7 WCkO- |O-| +Z .l lzl 1 BwilawiQ...awir 6@i10@i2...6@,~r ( )
1,02,0r=

and we look for the estimate

¢

‘ Z oo oo ‘ oo oo
= Ow;, 0wy, ... Ow;, 0w, 0w;,... 0W;, Ow;, 0w, ... 0w, | | 8wy, divy,... 0y, |
01,i2,..[r= i1,i2,...Ir=1
Moreover, (g;",)* = g:_ff and hence ]z;‘ﬂ ()w” Now apply the inequality (see Lemma 4.14)
o' 2
< ——= 4" V1! ||Opt ()b || - 95
| < Ur ¥V Ioph @6 ©95)
Thus,
¢ _ ¢ _
o dox o' 12 2r+1
< <o " 24 96
Y Gl S X |5l <clod@sl %6)
i1,i9,..ir=1 i1,i2,...Ir=1
We get
5 W 42r+1
o *wick 0 < |02 + || Op (7)) Z e (97)
4 & r
2 B~ 2 2
_ 0 22 (h4 {’) .
o™ + 10pw (@)™ Zl

Set ¢ := h4?¢ and require ¢ < 1, so that & *wi & < |o|? + %(1311) #(7)$w||*. In particular, when

g < 1/4 it follows

B 4
T H*wick & < |o]* + fHOp%«(a)%Hzgq- (98)
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This condition can be rewritten as 26¢/N < 1. Notice also that ||Op%, (77) ¢, |2 = (¢, Opl (o) Opl (o)1 d,,).

We can now estimate the trace
Tr (O, () Oply (o) Oply ()" )
< 24 1 (o X)) Opty, (o) Opty (o) 99
< [ lol” dmy + 73" Paw(8X) Opyy (o) Opy (o) 99)
and since 4¢g < 1, we have that

4
(1 - 37>Tf (OpAw(gX) Opy (o) OPQV(G)T) < / 0|2 dm, (100)

namely

3r
e (OpAW(gX) oply (o) op':,v(a)T) < / 0|2 dm, < 2/|(r|2 dm, .

To conclude, we need to handle the remainder in (91). Simply observe that we have the composition of
a semipositive operator with a positive one. Thus the trace can be estimated by the product of two traces

< Tr (Opy(8(1 = X)) Tr ( Ty OPly() Oply () i)
= Tr (Op,y (g(1 — X)) || Tl <) Opty (o) [liss - (101)
The first trace can be estimated by recalling that g := O'AW(e_/“B )/ca = 0 and, in view of Remark 4.4,

—ﬂCQN\)

Tr (Op,y (g(1 — X)) = /g(l — X) do AN dw < eD/ Taw(e dw A dé

lw|>1 b,

which reads (recall that w := x + i¢ and dw A dw = n~‘dxd¢) in spherical coordinates

NN\E [
=P Nee ™Mol gy A dao = eD(—) / e N 201y §2=1)
1

|w[>1 T

Recall that §2¢~1(1) = 2x/T'(€) = 2a%/(€ — 1)!, and observe (by v/Nr = x)

o (e.) oo

/ e N2l = 16/ e 21 gy < 1[6;1\]/ e 3 201 gy
1 N Jyw N VN
o
< = e_éN/ e 3 2y — = e_%NT}_l(f —1)! (102)
N¢
0

so that

Tr (Op,y(g(1 — X))) < 2ePe™ 3Nl = 9P iN a1

41
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Now we require —N/4 + (£ — 1)In(2) < 0, namely (¢ — 1)/N < 1/(41n(2)). This condition is

directly fulfilled thanks to the above setting £/N < 279, since we have that £ — 1 < ¢ and moreover
276 < 1/(41n (2)). We are in the position to conclude that

Tr (Opy(g(1 — X)) < 26 1. (103)
0

Next result shows and upper bound for the Hilbert-Schmidt norm involving the operator e~ This
result, applied together with Prop. 4.6, makes the proof of Theorem 1.2 as a direct consequence of
Theorem 1.1. We then apply the result for Opy/(g) = ﬁ(gN)Op(‘V(a') since ﬁ(éN) is bounded and
whence the composition with Op’, (o) is also a Wick operator.

Proposition 4.7. Let H be as in (3) and Opw (g) a Wick operator as in (28). Then, ¥ A > 0

1 i\ L
HOpw(g> (cyle )2

1 ey Ny L
< e ||Opy (g) (b7 e )

(104)

HS HS

with ¢, := Tr(e_/lﬁ) and by := Tr(e_/”min’v).

Proof. We begin by

1 a1 1 b
0Py (8) (c7"e™™)2 s = Tr(Opy (&) Op (g) 7' ™7). (105)
We recall the spectral bound (see Section 3.4)

E" > 1,,(®,,N®,), n>0, (106)

n

for a (common) orthonormal set (®,,),ecn. The above trace reads

o —H —AEH

3 (@, Opy () Opy(g) @) = > (@, Opy(g)' Opyy(g) &

C C
n=0 4 n 1

(I)n>7

for which we have the upper bound

i e—/le[,,<¢‘y,,ﬁ<I>,,>
(®,,0py(g)" Opy(g) ————@,). (107)

Ca

M8

<

I
o

n

Since % <e

D (see Section 3.4) it follows the upper bound

e_/l‘rmin (CD)hﬁ(bn)

b,

P> (4. Opy(2)T Opy (g)

M8

<e

®n>

I
o

n

—/le,'nI/V\

b,

2

¢ —1 ,—ATmin 1
) = |Opule) (b7 e~ el

= ¢ Tr(Opw(2)' Opw (&)
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O
Now we show a formula for the time evolved operator G(s) := UT(s)GU(s) where U(s) = e~ s and
G = Opy, (g) are Wick operators (see Sect. 3). This result will be applied within the proof of Theorem
1.1 for operators of type G = (&,t&k + %)2 with rescaled creation and annihilation operators. This
tool allows to overcome here the well known the problem of Ehrenfest time, as well as to avoid the
application of Gronwall Lemma (and thus exponential in time upper bounds) used in many papers on
mean field estimates for NLS.

Proposition 4.8. Let G = Opy,(g) be a Wick operator on Fz(Ct) such that g € L' (uy). Let G(s) :=

Ut (s)GU(s) where U(s) = e~ with H as in (3). Define g(s, @, w) := (¢o, G(5)do). Then, Vs >0
[ #(5.0.0) dun(@.0) = [ 8(@.0) dur(.0). (108)

Proof. We apply Trace formula

_ Bﬁ

/g(w, ) dyy (@, @) = Tr (eyﬁOpW(g)>, (109)

and recall that the trace is invariant by unitary conjugations of operators, so that

Tr (e;ZﬁOpw(gD =Tr (UT(S) e;jv

Opy (8)U(s) ). (110)

Now we recall that [N, H] = 0 and whence [N, U*(s)] = 0, which gives

e PN

Vs

—BN

Opy()U(5)) =Tr (= —U'(5)0pw (&) U(s)) i

Tr (UT(S)

and applying again Trace formula for G(s) := U'(s)Opy(g)U(s) and, in view of Remark 4.9, we
conclude

BN
Tr (e—G(s)> = /g(s, ®, w) duy(©, w). (112)
VB

O

Remark 4.9. The operator H is selfadjoint on the Hilbert space Fg(CY) and thus, by the Stone Theorem,
the U(s) := e~ 15 is a one parameter group of unitary operators. Hence, U(s) is bounded on Fg(C’)
and this implies it is a Wick operator itself (see Sect. 3). It follows that G(s) := U'(s)Opy(g)U(s)
equals a composition of Wick operators. Since the set of Wick operators is closed under composition, we
deduce that @(s) is still a Wick operator, and whence we denote its symbol by g(s, @, w).
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Remark 4.10. Prop. 4.8 works also with g(s, VN, \/]Vw) and g(\/ﬁd), \/]T/w) Indeed,
/g(s, VN, VNw) duy (@, w) = /g(s, v,v)duy (v, v)
= /g(v, v)dui(v,v) = /g(\FNa), VNw) duy (@, w). (113)

We now get an estimate for |o;(f, @, w) — ui(t, )| for any fixed w € C’.

Proposmon 4.11. Let A := {(w,0) | w € C} C C*, ¥, := (®,®,) : A C C* — C* the flow of
= i(0,H(y), —0zH(y)) with H as in (3). Let u = (u, ... u¢)(t, w) be the solution of (1), and

pi(t, @, w) == (b /5, @)D /5,,) (114)
(1, @,0) = (B /x> &l (D (1) /) (115)

MN

P(3,v) i= 3 [3N vl + 4v/Nlvsf? + V2,2, (116)

I}
—

J

Then, for0 < U; < U,

132
lok(t, @, w) — ui(t, w) / Pv,v) nk 5, V,v) + N) )t () ds. 117
Proof. The semigroup identity
1
e—iN(El—‘rEQ)t — e—iN£1t+/ e—iNL‘,l(t—s)(iiN)Lz e—iN(ﬁl—‘rEg)s ds (118)
0
applied to our case gives
1
pr(t, 0, w) — (1, w) = / (—iN)Lopi(s,v,v) ds, (119)
0 ()=9,_(0.0)

where the operators L1, Lo read

L=~ (a—pa—% - aﬂa—f) (120)

_szl ov;dv;  Ov; 0v;
¢
11 p PH  0*H 0%

Lop=-— (2L2 2 2 72°9P 121

#=3 2;<av§ e av§> (2

and thus
¢

. N 5 0%p _262

(—iN)Lap = (—1)2]\];:1 U](vj Ry ) (122)
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We now recall the setting
p(s,v,v) == (b /5, ak(5)$/7,)

_ 1 .
where ¢_,(2) = VM2 3N and notice that

Bm_ (*FZ/ 5 >¢\Fv( )s

6\/']'

6¢* N

W (2).
61/']‘ 2 Nv

Thanks to Lemma 4.13,

i _ (9w 0 00 /i
o= () ) + ) ()
we have
0 N - 7
(v 500, (05 (VS — 553} )
j

=—Nvi(¢ w,» a(8)d /5,) + \/N<¢¢ﬁv’&k(s)zj¢\/ﬁv>-
Notice that z;¢ /,(z) = VNa! 7(0)¢ /5, (2) and thus

9, .
= N e k()0 ) + N (D ()3 (0) ).
J

Applying twice this formula we get

0?
8[2( NS n(8)B ) — N*V1(0 ()] (0) )
J

— N%5,(b /7,0 ()1 0V ) + N3 0 ()@t (0)aH(0) sz, )

= N202(p i, ()b /) — 2N?T i s i (8)aH(0) 5,)
+ N2 s i (8)aH(0)al (00 /)

Applying the same computations for the derivatives on v; we get

9*
8P2k N2 o () m,) — 2NV {ab(0). /5, ax(5)e sz
J

+N2(ab(0)al(0)¢ 5, an(5)d /m,)-

23

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)
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The sum in (122) can now be rewritten as

¢

> 0,(4355 - 55)

j=1

S

= D U (Nl 0 (518 ) = 2NV 46 s () 00 )

j=1
+ NG ()3 (0)aH0), )
l
_ZUJ(N2|Vj|4<¢\/1VV’&k(S)¢\/NV> 2N?V|v,|*(a ( )b /5y ()b /5,)
j=1
+ N22(at(0)a! ()@, ()0 m>)’

which simplifies to
4
= Ui (= 2N vy ()8l 0)0, ) + N2 s an(5)a (0) (0)6, ) )
Jj=1
Z (2N 10320 0) s a0 ()8 ) — N7 0)(0)0 () ) ).

The sum exhibits the following upper bound (recall that 0 < U; < U)

£
<UD 2N viPllal(s)o m, 1a50)p z, | + N2{vil2llal(s)b sz, I 1 (0)at (0)e g,

j=1

4
+ U 2Ny P ab0)p gz la(s)b z, | + N2 {vi 2at0)at0)¢ m, llax()é

j=1

namely

M~

<UY (2N 1la )l + N2Ivsl? la 0)a! ) ) ) L ()8 |

1

J

Z (2970, 1 01, | + N2y, 2@ (0)a} (006, 1) e (5)6 x5, -

(131)

(132)
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We need to get an estimate for H&E(O)qﬁWVH and ||&j(0)&§(0)¢\/ﬁvH.

1
[a}(0)0 12 = (6 3, (0) )0 3} = By (a1(0)a;0) + 1 ) oy

. . 1
= (@ @ (0)a,(0)8 5,) + -

Since a;(0)¢ VA = V¢ /5, and recalling that ¢ /5, are normalized, it follows

. . . . . 1
1a5(0)0 w12 = (63,3500} (00 m,) = 6,0 (a(00,(0) + 5 )by

1

N . 1
= <¢\/NV’a;(0)aj(0)¢\mv> + N = ’Vj‘Q + N’

and thus

N 1\1 1
I ml = (Mif + )" <l + .

We now look at
1} (©)a}(0)8 i, I = (65 a(0)a,(0)a} (0)a ()8 3,)
= (9w (0) (a}(0)a(0) + 1 )l (09 5,)
= (9 4(0)a}(0)a, (0} (01 5,) + 114} (0)6. 5, I
= (9 um (@0)(0) + ) (a10),00) + 1 ), + 1109 5,1
I

. . 2 . . 1 1.
= a}(0)a;(0)¢ 5> + 30 5. @ (0,008 ) + 3 + 18] () 5,

By using again ;(0)¢_ 5, = v¢, /5, and (134), we have
|a}(0)} (0) I
1 1

1y |, 2 1
—_— .2 .2 JE— JE— .2 R — ,2 JE—
=il (i + ) + il + 5z + 5 (0 + )

4 2
= [v;[* + N|Vj\2 T

and hence

2 Ve

I} ()08l < Il + =il + 5

25

(133)

(134)

(135)

(136)

137)

(138)
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Inserting (135) - (138) into (133) we get

t 82 ) 62
‘Z;Uj<v?‘9§ _V?(”?)‘ (139)
=
¢ . , .

<U ,:Zl (2N2!vj| (!vj'\ + ﬁ> + N2y (Iv]'\2 + ﬁ\wl + \IC )) laf(s)é |
t

V2

b+ 7)) (5o .

1
+ U (28 (Ivsl + == ) + N2y (Il +
i VN

Thus
14
%p %p
2 =2
> u(vigs 5] (140)
J
t
4 V2 . )
SUN?S (3l" + vl + 25 il )l ()9 )l + ()0 ).

We observe that

()6 |l = (6 s a1 (8)an ()b s,) 2 (141)
PR 1\3
< (@l as)om) +5) "
and
la] ()6 /| = (6 mys ax()al ()6 m)) 2 (142)
o 131
= (@l (S)an(s)oym) + 1)
AS a consequence
‘ Pp 0%
S u(i5E )] (143)
j=1 J J

¢ \[ 1\3
SIS o+ el ) (s )

J=1

Now can define P(v,v) := Z1<jgf(3N|Vj‘4 + 4v/NJv;> + v/2[v|?). To conclude, thanks to (119) -
(122) we directly obtain the statement (117). [J
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In view of previous propositions, we can now provide the proof of the first main result stated in the
Introduction.

Proof of Theorem 1.1
First Step. Here we prove the Mean Field estimate with respect to the gaussian measure duy defined in
(67). Recalling (117), we define the positive function

B B 1\3
v(s) = UP(v,v) (nk(s, B.v) + N) a1t (144)

and for the sake of simplicity we avoid to write the dependence from (@, w).
Thus, |ox — ux| < [y ¥(s)ds and

) (145)

L2 (uy)

t
ok — x|l 2 (uy) < H /0 Y(s)ds

More in details,

H /Ol%b(s)ds ;(#N) :/</0tw(s)ds)2dp1v. (146)

The Holder inequality || fg||;1 < || f|er]lglle with 1/g + 1/p = 1, gives

(/Ott//(s) ds)2 < t/ot W2 (s)ds (147)

and thus

/(/Otl//(s)ds)lelN < f/ot </¢2(s)d,u;v> ds. (148)

We now focus our attention to

/¢2(s) duy = / (UP(T/, v) (nk(s, 5,v) + ;])% w,_x(w,w))zd“N' (149)
The invariance of uy under the flow ¥,_; implies

[v = [ (UP@0) (mis.0.0) + )iy (150)
The Cauchy-Schwartz inequality gives

<( / U'P(@, w)‘*duN);( / (s (@l (s)anls) + ;,)mfduzv)é (151)

< ([ U'P@.w) duy) g [0 (oo + ) o5 ) (152)
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The last inequality is ensured by the fact that (¢ /,,, A¢ \/Na)>2 <A o A2¢ \/IVa)> for any selfadjoint A
Now apply Proposition 4.8 and Remark 4.10 and get

— ( / U*P(@, ) duy) : ( / (@ s (@] (0)a(0) + %)QMJ duN)%. (153)

Integrating the first term (see Lemma 4.12) we have

( / 7><c7»,w>4afuN)é < (53)2(§)2- (154)

Whereas a direct computation shows that

1 1
At 1\2 2 (1 4Nz 3
</<¢¢m (ak(O)ak(O)JrN) ¢\/ﬁw>dﬂN> = (—+W) <y (155)
Thus,
£\2 3
2 < U2 32(7 2
/ws)duN\U " (§) % (156)
We are now in the position to conclude
! {\22 {\23
2 2 (£3)2 _ 2772 (£3)2
o=l <1 [ 0GR () s = UG (5) § (157)
namely
¢ Ut
ok — il 2 gy < <1uv2st L =35 (158)

N\F NN

We now prove that pr, u; € L*(uy). Recall that u(r, w) = (I>,(k) (@, w) and that py is invariant under
U, = (¢, d,). Hence,

/ it ) Pl (@, ) = / Y@, ) 2djay (0, ) (159)
/\wk 1> (U, wduy (@, ) /|wk 2duy (@, w) < +oo (160)

where the last inequality is guaranteed since uy is a gaussian type measure and |w*|? is a polynomial
term. Inequality [|ox — ux||12(,,) < +0o0 implies also ||ox|| 2,y < +o0.

Second Step. We now prove the mean field estimate with respect to the (more general) measure dm,.
Recalling Remark 4.4, we have

ok = el 2y < €% Mok — well 2y (161)
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The previous part of the proof directly gives

¢ Ut
3 D/2
low = w2y < VB PG 0 (162

To conclude, we realize that both pg, u;, € L? (m,) thanks to (161) and previous step on the estimate with
the gaussian measure yy. [J

We give two technical Lemma that we have used above.

Lemma 4.12. Let P(w,w) be as in (116), then

([P@.oran) <6 (5) (163)

Proof. We first notice that for any fixed w € C’, P(@, w) is a sum of real non-negative numbers

¢
Plo,w) =Y f(@)w)) (164)
=1
where f(@;, w;) = 3N|w;|* + 4v/N|w;|® + v2|w;|?, so by using Holder inequality

¢

P, w) <> fl@)w) (165)

j=1

Since for any v € C, f(v/v/N,v/v/N) = N~ g(v,v) for g(v,v) = 3[|v|* + 4|v|> + V/2|v|?, integrating

with respect to gaussian measure and performing the change of variables a);- = vV Nw; we have

P, w) duy < €3 CN,f/ f@gwp) e ™ day A dow =
j o

ct
. (166)
A CN,e o2 -
:mz / (3l + 416 + V2l e df 1 ds
j:
For each j = 1,..., ¢ we factorize the integrals not containing w;, so introducing the variable v € C and
its corresponding measure dv A dv we have
B 2 o 4 e
oy /eivl dv A dv /(3]v!4+4\v|3+\/§!vl2) e dv A dv
N4 - C C
=1 (167)

54

4 3 v 3
N4/(3v\ PP V2?) e MR Ay < & (5)
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Lemma 4.13. Let Opy,(g) be a Wick operator, p(v,v) := (¢, /,, OPy (8)8./5,)- Then,

ap — agb:m" * 6¢Wv
Proof. We begin by
— |22 B
av] Bv] / ‘/’fv 7)Opy (8)¢ ., (2) e " dz N dz (169)
/ ¢\/ﬁv( 2) - Opy (8)¢ /3, (2) e P dz A dz

/¢\/Nv OPW( )¢ /w2 e 1Pz A dz.

In particular, the second term can be rewritten

/‘ﬁfv OpW( )b /52 e P dz A dz (170)

/ P w2 Opw( )8 /5 (2) e_|z|2dzAd2)

w=vy

- (o / 05,0 - Opy ()0, () ez naz)|
= (50 [ (onv@ioum) @ o m @ Faznae)
= ([ (onwteiom) @ s-euma(@ e az ne)

= / (OPW(g)T¢\/1VV)*(Z) : ng\/NV(Z) e 1P dz A dz,
J

w=y

w=y

and this last form equals (¢ /3., Opy(g) <%)> -

Proof of Theorem 1.2
In view of Proposition 4.6 and Remark 4.17 we have

S
(et e™)2 Ty Opyy (o — ) Iliis < 2llox — uell7(,,,y +4%(L + D)e (+20)¢=55 (171)

Moreover, thanks to Theorem 1.1 and the setting e*“© = N 4 1 we obtain

M\)—l

+4(1+ D)zextPe . (172)

~ p {
| (cyte™")2 Ty Oply (o1 — ue) [lus < V65° €2 N
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To prove the second estimate of the theorem, recall again Proposition 4.7 that ensures that for et =
N+1

=~ 1 ~ D 5.1 ~
| (b e™)2 Tl Oply (o — we)llns < e2 || (3 te™ )2 Iy OpYy (ox — ui)|luss- (173)

Now apply (171) with P = T,,,i,,ﬁ and get

143D

+4(1+D)2e 7 ¢ T, (174)

1 i\l o ¢ Ut
| (b e="")2 Ty Opgy (px — i) ||lus < V65 €” NUN

If we denote 4 = % then N = e™/T — 1 or equivalently T = 7,,;,/ In (N + 1). The estimate becomes

ﬁ Ut
N \/eTmin/T — 1

For the interval 0 < T < Tin/ In (N + 1) the term 1/+/e™in/T — 1 is a decreasing function as T — 0.
Thus, for this interval of temperatures we can write

< V653 P + O(h*™). (175)

<Voser LUL O(h™). (176)

Lemma 4.14. Let us denote Y = Opw(n). Then, for |w| < 1 and Vr > 0

9 _ 2 N
DR AR 177
Oy, O, ... Oy, (. @) N Vil | Vol a7

Proof. We notice that n = (¢,,, 5)\¢w> and ||¢,|| = 1 which gives || < HJ/J\@,H Moreover,

on ~ °n ~ o~ o

— = " 178
BCT)kl <¢w’ [bk7 y]¢w>, 8a)k186)k2 <¢w’ [bk19 [bkg’ y]]¢ > ( )
and iterating r-times the commutator [by, - |
an ~ o~ ~
= <¢w9[bk1’[bk2’ -'-[bkr’ y]¢w> (179)

a@kl 8@2 e C')(Dkr

Recalling that Ek@, = wyy, a simple estimate based on binomial formula and thanks to the assumption
lw| < 1 gives

5%
o,

~ il r ~ A~ ~.
<198l <S> 181, B, - B, gul - (180)
s=0

In particular,

61,5}, ... B G0 > = ($us i, biybiy L B} .. B b)) = o (b, --bio by b b ... b ) (@, w)
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and (see formula (2.38) in [11]) by setting B:= Eks...zkﬁkli)\,‘:ﬁ,t B Z,Z we have

-~

ow(B)(@,w) —/e_“’_zl oaw(B)(Z,2)dZ A dz. (181)

2 we have

Since o aw(B)(Z.2) = |2k, |2k, [ |24,

~.

ow(B) (@, w) :/ewz|2\zk1|22k2\2--- |2k, dz A dz

= /e_”|2 |wiy, — gy %o Joor, — g, |* dit A du

s / M (g | + oty )2 (leon, | + g, )? it A di

< /e_”|2(1 + gy )2 (1 + |ug, |)* du A du. (182)

We observe that each of the indexes (ki,ka, ... ks) can take a value between 1 and ¢. Thus, we can
have same values, for example, like k; = ko and so on. In view of this observation, and thanks to the
normalization | e dx Adx =1, the integral on the righthand side can be written as the product

H/e02(1 + 6% a6 A do, 6eC,

where g(1) + g(2) + ... ¢(J) = s for some 1 < J < s depending on the indexes (ki, k2, ... k).

1 [ 4
/ 19 (1 + 1)) 20 demze_/ e (14 ) dp
0

T
2q() L L [T 2400 L0200 4 Lo2e) [ =2 2000
2qj +7r/ 1+ p)2W) gp < 2q1+ qu/ e p20) gp
1 1
2¢( 00—22v 12(‘) OO—sz
2q(1+/ , <2‘H(1+/ g dp) (183)
1 Tt 0
It follows
> 2s +1 1 1
2
0% dp ( ) SP(s+1) = =5 184
| e o< 5r(F5=) < 5T 1) = 4o (184)

In view of (182) - (183) we have (for |w| < 1

N 1 1 1 1
0. w) < —41W)+a2)+..q() Zgl) = 248 =
ow(B)(w,w) < 7-(4 (1+ 2s) 71-4 <1+ 2s> (185)
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To conclude,

, 1
S | < ”W‘””Z ( ) Vhw (1 d) <1tz e (14 3) ase
o 4" 1 R 47
<IT0I 2 (14 5) <1l v -

Lemma 4.15. Let g := a’AW(e_Aﬁ)/cA > 0 with P as in Def. 3.5, and let X(&,w) = x(|w|?) with
x € C®[0,+2], 0 < x(6) < 1, supp(x) C [0, 1]. Let <y be as in (3.3). Then,

[Opaw (8%), (<)) = 0. (188)

O

Proof. For N := Z£=1 BZEk, we first prove that [Op,,, (§X ),]V] = 0. As a consequence of this prop-
erty, we have the existence of a common basis ¢,, v > 1, for Op,, (¢X) and N (both selfadjoint).
Since Ny, = |a|i, then for any @ € N with @] < N we can write ¢, = Zd(N (@y, Yq ), Where

d(N) := #{|a| < N}. Hence, H(< w) can be written as a finite sum of projectors associated to ¢, and this
gives the commutation (188).
In order to prove the first statement, we rewrite this equality for the Wick symbols, {*(gX), o0 bwick =
0 where 07o(@, w) = |w|?. In particular, thanks to the form of o, the Wick bracket becomes the (com-
plex) Poisson bracket. Thus, we need to prove that £ (e (gX)) := {e®(gX),00}p = 0, where £; =
wd,, — wd;. This is equivalent to prove the invariance under the linear flow ¥,(@, w) = (®;, ®,) (@, w)
of the Hamiltonian H( = |w|?. By the explicit form

(2 (gX)) (@, w) = / el g(5,0) X (8, v) dv A dv (189)
= /e""Qg(w — Y0 —y)X(@—y.w—y)dyAdy
_ /ey|2g(Q ~Y)X(Q - Y) dy Ady

where we have set 2 := (@,w) and Y := (y,y). Thus, the invariance of g, X, |w|? and linearity of ¥,
give

(2 (X)) T (00 ) = / ¢ DPg(W,(0) — V)X (W,(Q) — ¥) dy A dy
— / PP g(W,(Q — UL(Y))X(W,(Q — UH(Y))) dy A dy
= [ O g (@ - )XW - ) dy ndy

= /e—Wg(Q —Y)X(Q—Y)dyAdy = (e*(gX)) (@, w). (190)
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The invariance under ¥, now implies [Op,,,(gX), N] = 0. [

Lemma 4.16. The operators Op'y,(ox) and Op',(uy) satisfy the growth condition in Def. 4.5, with the

constants C1 := 2(1 + D)%e%(HD) and Q := (€ +2).

Proof. We begin by the identity Op’, (ox) = é(t) shown in Remark 3.1, and

~

T <m0 lfis = Tr(T <)@ (1) (<) @n(1)1) = Tr(T <)@ (1)an(0)").

Moreover, a(t) = eae™ ™" and [e*", I y)] = 0. Since the trace is invariant under unitary conju-

gations of operators, we get
~ . ~ o ~ 1 .
1T eman(dlis = Tr(emandy) = Tr(ll<n (1d + afa)).

In particular, in view of Definition 3.3,

n=0 |o|=n n=0 n=0
(€—1+N)! (€—1+N)
<l+N—r——=14+N—7——~
TV Ne— o T T Y N

Now apply the two estimates e(m/e)" < m! < e((m+1)/e)" ™!, m € N, to get

~ N (C+ NN N
Tr(H(gN))él—l- (f—l)' NN eerN
N CN\N {N\(N? N N¢
—1 7(1 7) (1 7)7<1 _ N g4y
toooiUty) Uty) @ st oDz

where we used the setting {/N < D of Thm. 1.1.

(1 + D)KN[—FI

T L+ D)\ et
Tr(fiem) < 1+ o, N

< (1
(1+ -1
Notice that

l
sup (1 n M) <14 (14 D)e1+D) < 2(1 + D)e1+D),
o (¢ — 1)

2

Moreover, 11 (<N

) = ﬁ(gN) and Tr(ﬁ(gN) fl}:&k) = Tr(ﬁ(g,v) &lakﬁ(gN)) Hence,

N N 2
~ N N a ~
Tr(IT <) a}:ak) = Z Z <:,b(,,a,iak:,ba) = Z Z ﬁk < NTr(I(<y)-

l’l=0 ‘(z|:n l’l=0 ‘a|:n

(191)

(192)

(193)

(194)
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Thus, Ve > 0
. X 1 . .
1T crnardliEs < (5 +N) Tr(flen) < 2NTr(Tcn) < 41+ D)el PN, (195)

We now focus the attention on Op’, (1), and for the sake of simplicity we consider it (¢) := Opy, (),
i.e. with h = 1. Then, we derive the general case as a consequence.
This operator is time dependent, but we show that the following quantity does not depend on time

T <oyt (1) s = Te(T < ite (D)if (1)) (196)
Define the following two selfadjoint operators vi(t) := (itk(t) I:t}:( 1))/2 and wyi (1) = —i(u(r) —
il ())/2. Then, a(t) = (%i(r) + ini(2)) and &l (1) = (%(£) — iwe(z)). Moreover, i (1)t} (1) = $2(1) +

WE(1) + i[wi (1), Di(2)].
Recall that 1 (7) solves the evolution equation (38); as a consequence easily check that v, (¢) and wy(r)
solve the same equation with initial data v;(0) := x; and wy(0) := py. Indeed,

i (1) = [in(r), Ho) + § 320, U b [ (1), 7] b
—i%al (1) = [Hy, ()] + 5 35, U; bl [y, il (1)] by,
implies
i49e(r) = [u(0), Ha) + 5 Y0, U;b} [i(e), ] b
Pn(1) = (1), Ho] + 3 X0, U, Y (1), )] b
Thus, we can treat the three contributions

T <yt (1) s = Tr(TLcpy 92 (8)) + Tr(Tapy Wi (1)) + iTe (T ) [r (£), 01 (1)]) (197

where the first two terms work in the same way, whereas the third one is zero since given by the trace of
a symmetric operator composed by an antisymmetric one.
In particular,

d ~ . .
ETI’(H( )\A/Ig(l)) = TI'(H(gN) f)k(t) \A/k(l) + H(gN) f)k(l) 9k<t)) (198)

that equals

= —iTr(ﬁ(gN) ([f;k(t),Hg] + % Ze: U; b [oe(t), ] B,-) M;))

N 1< . R
=i (T am i () ([0), Fo] + 5 30 UL ne). ] b)) (199)
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This can be rewritten in terms of commutators and anti-commutators
¢
N e O
- —lTr([vk(t), T icnyla [B1(2), HQ]) - zTr<5 S U; b [9u(0), 5] by [9e(0), HKN)]Q) . (200)
j=1

We deduce that the result is zero, since [i(r), Ho] and bl [0 (1), 7 j]b; are antisymmetric operators,

whereas [V (¢), Il <y)]a is symmetric. Recalling that i;(0) = by then

I <ryite () |3 = 1M ianyite(0)|Is = Tr(cpybib]) = NTe(I < pyanat}) -

About the semiclassical quantization of the flow, we remind that the time dependent Op’v’v(uk) solves the
equation (44) with initial data Opf, (u;)(0) := . Hence, the above arguments thus work also in this
setting, and

ITL <) OPly (k) | s = IITL <y Oy (k) (0) |[is = Tr(TL <ynct}).- (201)

To conclude, we notice that we have the same upper bound as in (195). [

Remark 4.17. Let C; := 2(1+D)2e20+D) and Q := L(€+2). Set the condition €+2 < N/(81n (N)).
Then, the remainder term in (13) for the operator Op}v’v (px — ug) reads

e P (2C1)*h™22 < e shew P 42(1 + D) P =+ < 42(1 + D)e(HQD)e*ﬁ.

This estimate is thus O(h*). Moreover, since we are interested to deal with the whole righthand side
of (13), we require the more restrictive condition 25¢ < N/(81n (N)), N > 2, that guarantees € + 2 <
N/(81n(N)) as well as that 25¢ < N.
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