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1. Introduction

Constructive mathematics is distinguished from ordinary classical mathematics for developing proofs governed by a constructive
way of reasoning which confers them an algorithmic nature. In the literature there are foundations for constructive mathematics that
are suitable to make this visible by allowing to view constructive proofs as programs. Examples of these foundations can be found
in type theory and they include Martin-Lof’s intensional dependent type theory [29] and Coquand-Huet’s Calculus of Constructions
[4]. However, there is no standard foundation for constructive mathematics, but a plurality of different approaches.

In 2005 in [27] Maietti and Sambin embarked on the project of building a Minimalist Foundation, called MF, to serve as a
common core among the most relevant foundations for constructive mathematics in type theory, category theory and axiomatic
set theory. Indeed, MF is intended to be “minimalist in set existence assumptions” but “maximalist in conceptual distinctions and
compatibility with other foundations”.

To meet this purpose, MF was conceived as a two-level theory consisting of an extensional level, called emTT, formulated in a
language close to that of everyday mathematical practice and interpreted via a quotient model in a further intensional level, called
mTT, designed as a type-theoretic base for a proof-assistant. The key idea is that the two-level structure should allow the extraction
of intensional computational contents from constructive mathematical proofs involving extensional constructions typical of usual
mathematical practice.

A complete two-level formal system for MF was finally designed in 2009 in [14]. There, some of the most relevant constructive
and classical foundations have been related to MF by choosing the appropriate level of MF to be translated into it in a compatible
way, namely by preserving the meaning of logical and set-theoretical constructors so that proofs of mathematical theorems in one
theory are understood as proofs of mathematical theorems in the target theory with the same meaning.

Moreover, computational models for MF and its extensions with inductive and coinductive topological definitions have been
presented in [19], [11], [21] and [20] in the form of Kleene realizability interpretations which validate the Formal Church’s Thesis
stating that all the number-theoretic functions are computable.

In 2013 the book [37] presented a completely new foundation for constructive mathematics, called Homotopy Type Theory, for
short HOTT, as an example of Voevodsky’s Univalent Foundations, for short UFs. Voevodsky introduced UFs with the aim of better
formalizing his mathematical work on abstract homotopy theory and higher category theory and at the same time fully checking the
correctness of his proofs on a modern proof-assistant.

More precisely, HoTT is an intensional type theory extending Martin-Lof’s theory as presented in [29] with the so-called Uni-
valence Axiom proposed by Voevodsky to guarantee that “isomorphic” structures can be treated as equal besides deriving some
other extensional principles. Another remarkable property of HoTT is that it can be equipped with primitive higher inductive types,
including set quotients (see [37]).

The computational contents of HoTT-proofs as programs have been recently explored with the introduction of cubical type
theories in [3,6] and a normalization procedure for a variant of them has been given in [33].

So far no level of MF has been proved to be compatible with Univalent Foundations. Here we show that both levels of MF are
compatible with HoTT. This result is made possible thanks to the peculiarities of HoTT which combines intensional features of
type theory with extensional ones by assuming Voevodsky’s Univalence Axiom and higher inductive quotient types. In particular,
we will crucially use the Univalence Axiom instantiated for homotopy propositions and function extensionality. The fact that we can
interpret both levels of MF into a single framework is a remarkable property of HoTT, which is not shared by any other foundation
for mathematics to our knowledge.

In more detail, we interpret MF-types as homotopy sets and MF-propositions as h-propositions and both the mTT-collection of
small propositions and the emTT-power collection of subsets as the homotopy set of h-propositions in the first universe of HoTT.

This should be contrasted with the relationship between MF and the intensional version of Martin-L6f Type Theory, for short
MLTT, shown in [14]: in MLTT we can interpret only the intensional level of MF by identifying propositions with sets.

The main difficulty encountered in this work concerns the interpretation of the extensional level emTT of MF. Indeed, the
interpretation of mTT into HoTT just required a careful handling of proof terms witnessing the fact that certain HoTT-types are
h-propositions and h-sets. Instead, there is no straightforward way of interpreting emTT into HoTT, because emTT includes Martin-
Lof’s extensional propositional equality in the style of [16].

We managed to solve this issue by employing a technique already used in [14] to interpret emTT over the intensional level of
MF: emTT-types and terms are interpreted as HoTT-types and terms up to a special class of isomorphisms, called canonical as in
[14], by providing a kind of realizability interpretation in the spirit of the interpretation of true judgements in Martin-Lof’s type theory
described in [16,17]. We introduce the category Set,, 1=, of the h-sets contained in the non-univalent universe Set,, (which is an
inductive universe of h-sets in the univalent universe U,) equated under canonical isomorphisms and then we define an interpretation
of emTT-judgements into it. In particular emTT-type and term judgements are interpreted as HoTT-type and term judgements up to
canonical isomorphisms. Furthermore, the emTT-definitional equality A = B type [I'] of two emTT-types A type [I'] and B type [I']
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is interpreted as the existence of a canonical isomorphism that connects the HoTT-type representatives interpreting the emTT-types
A type [I'] and B type [I'], which turn out to be propositionally equal in HoTT thanks to Univalence. In turn, this interpretation is
based on another auxiliary partial (multi-functional) interpretation of emTT-raw syntax into HoTT-raw syntax, which makes use of
canonical isomorphisms.

It must be stressed that the resulting interpretation of emTT into HoTT is simpler than that of emTT within mTT in [14], since
we can avoid any quotient model construction thanks to (effective) set-quotients and Univalence. This interpretation turns out to
be very similar to that presented in [30,38] which makes effective the interpretation of extensional aspects of type theory into
an intensional base theory originally presented in [9]. However, in [30,38] there is a use of an heterogenous equality instead of
canonical isomorphisms as in [9]. Moreover, the interpretation of emTT into mTT does not show the compatibility of emTT with
mTT exactly because of the lack of Univalence and effective quotients in mTT.

Observe that it does not appear possible to identify “compatible” subsystems of HoTT corresponding to each level of MF: in HOTT
the interpretation of the existential quantifier allows to derive both the axiom of unique choice and the rule of unique choice as it
happens in the internal logic of a topos like that described in [13], while in each level of MF these principles are not generally valid
[15,26,24], since the existential quantifier in MF is defined in a primitive way.

As a relevant consequence of the results presented here, both levels of MF inherit new computable models, where constructive
functions are seen as computable, as those in [33] and in [36]. We leave to future work to relate them with those available for MF
and in particular with the predicative variant of Hyland’s Effective Topos in [19].

2. Preliminaries about MF and HoTT

In this section we recall some basic facts about MF and HoTT that will turn out to be useful later. We will refer mainly to [14]
for MF and to [37] for HOTT.

2.1. The two levels of MF

MF is a two-level foundation for constructive mathematics, which was first conceived in [27] and then fully developed in [14].
It consists of an intensional level, called mTT, and an extensional one, called emTT, together with an interpretation of the latter
in the first. Both levels of MF extend a version of Martin-Lof’s type theory with a primitive notion of proposition: mTT extends the
intensional type theory in [29], while emTT extends the extensional version presented in [16].

The resulting two-level theory is strictly predicative in the sense of Feferman as first shown in [19].

A peculiarity of MF with respect to Martin-Lof’s type theories is that types at each level of MF are built by using four basic distinct
sorts: small propositions, propositions, sets and collections. The relations between these sorts are shown on the following diagram
where the inclusion mimics a subtyping relation:

small prorositions C  >se

propositions = collections

In particular, the distinction between sets and collections is meant to recall that between sets and classes in axiomatic set theory,
while the word “small” attached to propositions is taken from algebraic set theory [12]. Indeed, small propositions are defined as
those propositions that are closed under intuitionistic connectives and quantifiers and whose equalities are restricted to sets.

More formally, the basic forms of judgement in MF include

A set [I'] B coll [T'] ¢ prop [I'] y propg [I']

to which we add the meta-judgement

A type [T']

where ‘type’ is to be interpreted as a meta-variable ranging over the four basic sorts.

We warn the reader that the type constructors of both levels of mTT and emTT are respectively defined in an inductive way
mutually involving all the four sorts, i.e. we can not give a definition of collections independently from that of sets or propositions
or small propositions and the same holds for the definition of each of these sorts.

The set-constructors of mTT and emTT include those of first order Martin-L6f’s type theory, respectively as presented in [29] and
[16], together with list types. We just recall their notation: N, stands for the empty set, N; for the singleton set, List(A) for the set
of lists over the set A, X, .4 B(x) and II, ., B(x) stand respectively for the indexed sum and the dependent product of the family of
sets B(x) set [x € A] indexed on the set A, A + B for the disjoint sum of the set A with the set B.

Moreover, sets of emTT are distinguished from those of mTT, because they are closed under effective quotients A/R on a set A,
provided that R is a small equivalence relation R(x, y) prop, [x € A,y € A].

In addition, both the sets of mTT and those of emTT include also their small propositions ¢ prop, thought as sets of their proofs.

Moving now to describe collections of mTT and emTT, we recall that they both include their sets and the indexed sum X, . , B(x)
of the family of collections B(x) coll [x € A] indexed on a collection A. But, whilst mTT-collections include the proper collection
of small propositions prop, and the collection of small propositional functions A — prop, over a set A (which are definitely not sets
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predicatively when A is not empty!), the collections of emTT include the power-collection of the singleton P(1), that is the quotient
of the collection of small propositions under the relation of equiprovability, and the power-collection A — P(1) of a set A, that can
be written simply as P(A).

In addition, both collections of mTT and those of emTT include propositions ¢ prop viewed as collections of their proofs.

Both propositions of mTT and of emTT include propositional connectives and quantifiers according to the following grammar: for
¢ and y generic propositions, ¢ Ay denotes the conjunction, ¢ V y the disjunction, ¢) - y the implication, Vx € A.¢ the universal
quantification and 3x € A.¢ the existential quantification, for any collection A. Finally, mTT-propositions include a propositional
equality type between terms of a type A, called “intensional propositional equality”, that is denoted with the type

Id(A, a, b)

since it has the same rules as Martin-Lof’s intensional identity type in [29] except that its elimination rule is restricted to act towards
propositions only (see [14]). Instead, emTT-propositions include an extensional propositional equality between terms of a type A
that is denoted with the type

Eq(A,a,b)

since it has the same rules as the propositional equality type in [16] and thus its elimination rule is given by the so-called reflection
rule.

Furthermore, propositions of emTT are assumed to be proof-irrelevant by imposing that if a proof of a proposition exists, this is
unique and equal to a canonical proof term called true. These facts are represented by the following rules

prop-mono) ¢ppropI'l  peP[I'l] qge¢[I'] prop-true) ¢ prop pPEP

p=q€¢ [T true € ¢
In this sense, emTT extends the logic of true judgements as presented in [16,17], since we replace the judgement A true [I'] with the
judgement true € A [I'], where A is a proposition.
Finally, both in mTT and in emTT small propositions are defined as those propositions closed under propositional connectives,
quantifications over sets and propositional equality over a set. For example, in mTT (resp. in emTT) the propositional equality
Id(A, a, b) (resp. Eq(A, a,b)) and the quantifications Vx € A.¢p or Ix € A.¢ are all small propositions if A is a set and ¢ is a small
proposition, too.

Remark 2.1. It is important to stress that elimination of propositions in mTT as well as in emTT acts only toward propositions and
not toward proper sets and collections. In this way, mTT and emTT do not generally validate choice principles, including unique
choice, thanks to the results in [15,26,24], and similarly to what happens in the Calculus of Constructions, as first shown in [35].

Observe that in mTT term congruence rules are replaced by an explicit substitution rule for terms:

c(xy,...,x,) EC(xy,...,x,) [x; €A, ..., x, €A, (xq,...,x,_1)]
ay=b €Ay ... a,=b,€A,ay,...,a,_)
clay,...,a,)=c(by,....b,)€Clay,...,a,)
As a consequence, the é-rule for dependent products is no more available. This modification is crucial in order to obtain a sound
Kleene-realizability interpretation for mTT as required in [27] and shown in [1 1,21,20].1

Finally, in order to make the interpretation of mTT into HOTT smoother, differently from the version of mTT presented in [14],
we encode small propositions into the collection of small propositions via an operator as follows:

repl)

P Epropg g€ propg Pry) P € propg q € propg
3

Pry) Ile propg Pr,) — —
PV q € propg P —q € prop

D € prop; q € prop,
~ Prs) —
PAg € propg (Vx € A) p € prop,
Aset a€A beA
ﬂj(A,a, b) € propg

Therefore, elements of the collection of small propositions can be decoded as small propositions by means of a decoding operator
as follows

€ prop; [x € A A set Eprop, [x€ A A set
Pr) p E prop; [ ] Pr6)p prop; [ 1

(E!TG\A) P € propg

Pr;)

p € propy
-Pr) ———=
7(p) prop;

and this operator satisfies the following definitional equalities:

1 The issue of the relation between the £-rule and Kleene-style realizability was first spotted in [18] and is also discussed in [11].
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T € pro € pro|
eq-Pr;) (1) =Ll prop, eq-Pr,) { Props g € props
w(pV q)=(p) V 7(q) prop;
€pro € pro € pro € pro
eq—Pr3) P € propg q € propg eq—Pr4) P € propg q € propg

7(p S q) = 7(p) = 7(q) prop, ©(pAq)=17(p) A(q) prop,
p Eprop, [x € A] A set p € prop [x € A] A set

eq-Prs) — eq-Prg) —
7((Vx € A) p) = (Vx € A) (p) prop; 7((3x € A)p) = (Ix € A) =(p) prop,
eq-Pry) Aset a€A beEA

(1d(A, a,b)) = 1d(A, a, b) prop,

A link between mTT and emTT is shown in [14] by interpreting emTT within a quotient model over mTT. Such a quotient
model was related to a free quotient completion construction in [24]. Roughly speaking, thanks to the interpretation in [14], emTT
types are seen as quotients of the corresponding intensional mTT-types and thus emTT can be regarded as a fragment of a quotient
completion of the intensional level.

More specifically, the interpretation of emTT in mTT relies upon the definition of a particular class of isomorphisms called
canonical isomorphisms, between dependent quotient types over mTT, similar to so called dependent setoids. It must be observed that
the idea of using canonical isomorphisms to interpret extensional aspects of type theory into intensional type theory in [14] was
predated by M. Hofmann’s work in [9] with the main difference that the target theory in [9] is not a pure intensional type theory as
in [14] where a setoid model is used. Moreover, Hofmann’s interpretation is not effective because of the use of the axiom of choice
in the meta-theory. The interpretation in [14] is closer to the effective translation presented in [30,38] which refined Hofmann’s one
by employing a notion of heterogeneous equality.

Through this class of isomorphisms it is possible to define a category of quotients over mTT up to canonical isomorphisms within
which to interpret emTT correctly.

We underline that the interpretation of emTT within mTT for some relevant constructors has been implemented and verified in
[8l.

Our main task in this paper is to show the compatibility of each level of MF with Homotopy Type Theory in [37]. For this purpose
we make explicit the notion of compatibility between theories implicit in [27] by stating that a theory T is said to be compatible with
another theory T, if and only if there exists a translation from T; to T, preserving the meaning of logical and set-theoretical constructors
so that proofs of mathematical theorems in one theory are understood as proofs of mathematical theorems in the target theory with
the same meaning.

2.2. Useful properties of HoTT

In 2013, with the appearance of the book [37], a completely new foundation for constructive mathematics showed up under
the name of Homotopy Type Theory, for short HoTT. It was introduced as an example of Voevodsky’s Univalent Foundation with
the remarkable property of combining intensional features of type theory with extensional ones. Indeed, it extends Martin-Lof’s
intensional type theory, for short MLTT, in [29] with Voevodsky’s Univalence Axiom and higher inductive types, including quotients
of homotopy sets and propositional truncation.

As a consequence, the first order types of HOTT are the same as those of MLTT and therefore of the intensional level mTT of MF.
For the sake of clarity, we denote these types in HoTT following [37]: the empty type is denoted with 0, the unit type with 1, the
list type constructor with List, the dependent product type constructor with I1, the dependent sum constructor with £ and the sum
type constructor with +. Further, we recall the notation of the following higher inductive types: propositional truncation is denoted
with ||A|| for any type A and quotients with A/R for any homotopy set A and an equivalence relation R. As usual, the special cases
of the type constructors I1 and X, when B does not depend on A, are respectively denoted by — and X.

Voevodsky’s Univalence Axiom states that

(UA) the map idtoeqv : (A =y, B) — (A ~ B) is an equivalence

where ‘=’ denotes the type of equivalences and idtoeqyv is the function which from a proof of equality of two types in the same universe
U,, for some index i, produces an equivalence, all as defined in [37].
This in turn implies

(A=y B)~(A~B)

We recall from [37] the following notations and definitions which characterize h-sets and h-propositions by singling out some
proof-terms (it does not matter which they are, it only matters that we can single out some of them!) proving the statements which
will be used in the next sections:

isSet(A) =11, ,. 4 IT

paix=py P=1d, 4 isProp(A) := I yax=4y

Definition 2.2. A type A is an h-proposition if isProp(A) is provable in HOTT.
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Definition 2.3. A type A is an h-set if isSet(A) is provable in HoTT.

Lemma 2.4. If A is an h-set, then Id 4 is an h-proposition, i.e. there exists a proof-term
Pra Wy, Tiissercay Hap: 4 isProp(ld 4(a, b))
Since h-levels are cumulative (see Thm 7.1.7 [37]), in particular the following holds:

Lemma 2.5. Every h-proposition is an h-set: i.e. there exists a proof-term

300 - HA:U,- isProp(A) — isSet(A).

coe

Now we recall the notion of isomorphism between two h-sets:

Definition 2.6 (Isomorphism between h-sets). Given two h-sets A and B, a function f : A — B in HOTT is an isomorphism if there
exists g : B — A such that we can prove

. 4 1d4(8(f(x)), %) % I, g Idp(f(g()). )

We also recall the rules of the propositional truncation ||A|| of a type A given in [34]: ||A|| is a higher inductive type generated
from the following two introductory constants

[=1:A—[lA]l sqa S IL popan X =4 Y
by means of the elimination constructor:

C : U, type e: ||A]l c:C[x: A] siIly .o x=cy

E-
Il ind 4y (e, c,s) T ||Al| = C

satisfying the definitional equality rule

2 U; type a:A c:C[x:A] st y.cx=cy

C
G ind 41 /(lal,c,8)=c(a) : C
I1All 2Ee )= :

The presence of propositional truncation makes possible to represent logical notions in a way alternative to the propositions-as-
types paradigm by using h-propositions in a way similar to what happens in the internal dependent type theory of a topos or of a
regular theory as described in [13].

In more detail, in HOoTT the constant falsum L is identified with 0, the propositional conjunction symbol A with X, the universal
quantifier symbol V with I, thanks to the following lemma derived from [37]:

Lemma 2.7. The empty type 0 and the unit type 1 are h-propositions. Further, h-propositions are closed under X and I1 (and thus also —),
i.e. there exists the following proof-terms

p; : isProp(1) Po - isProp(0)

P I—[A,B:U,- 1_[q:isProp(B) isProp(A — B)

px : HA,B:Ui l_[p:isProp(A),q:isPchp(B) isProp(A X B)

P gy, Mg asy, Hpin, isProp(B(xyiSProp(ly; 4 B(x))
JTRTI HA:U‘isProp(llAll)

Proof. See Chapter Il in [37]. [

Thanks to the notation introduced above we can define

P i= AAsq(A)

Moreover, since h-propositions are not closed under X and + (e.g. 1+ 1 is not a h-proposition), we need to apply propositional
truncation to define disjunction and existential quantification exactly as it happens in the internal dependent type theory of a topos
[13]: PV Q is identified with || P + Q]| and 3, P(x) with [|Z,., P(x)||.

We recall introduction and elimination rules of disjunction and existential quantifiers as defined in HoTT to fix the notation and
recall some properties:
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Definition 2.8. The disjunction of h-propositions P and Q is defined as

PvQO :=||P+0|

Its canonical introductory constructors are defined as follows: for p : P and ¢ : Q

inl,(p) :=|inl(p)| : PVO inry(q) := linr(q)| : PV O
and its eliminator constructor is defined as follows: for any C such that s : isProp(C), any e : PV Q and any /;(x) : C [x : P] and
L(y:Cly: 0]

ind, (e, x.[;(x), y.I(),s ) :=ind| (e, z.ind (2, x.I;(x), y.I3(y) ),s) : C
The disjunction as defined above satisfies the usual f-definitional equalities:

Lemma 2.9. The disjunction defined in Definition 2.8 satisfies the following f§ definitional equalities: for any C such that s : isProp(C), any
p:Pandqg:Q,andanyl(x): C [x: Pland l,(y) : C [y : Q] it holds in HoTT

ind, (inl, (p), x.[{(x), y.L,(y),s) =1, (p) : C ind, (inry (q), x.1; (x),y.l,(»),8) = l,(q) : C

Definition 2.10. For any h-set A and any predicate or family of h-propositions P(x) [x : A], the existential quantification is defined
as

Jpia P(xX) 1= 1244 PO

Its canonical introductory constructor is defined as follows: for a : A and p : P(a)

(a.3p) :=1(a,p)l : 3.4 P(x)

and its elimination constructor in turn as follows: for any C such that s : isProp(C), any e : 3,., P(x) and any
I(x,y) :Cl[x:A,y: PXx)]

ind3(e, x.y.I(x,y),s ) 1= indH e, z.indy(z, x.y.l(x,y)),s ) : C
The existential quantification as defined above satisfies the usual f-definitional equality:

Lemma 2.11. The existential quantifier defined in Definition 2.10 satisfies the following [ definitional equality: for any C such that s :
isProp(C), anya: Aand p : P(a)and any q : Q and I(x,y) : C [x : A,y : P(x)] it holds in HoTT

ind3((a,3 p), x.y.I(x,y),s )=l(a,p) : C

We also encode the fact that the disjunction Vv and the existential quantifier 3 are h-propositions by means of the following
proof-terms:

Py
P!

AA,B. p) |(A+ B) : Tl p.y, isProp(AV B)
AA,B. p)| |(E. 4 B(X)) : HA:U‘_ HB:A—»U,- isProp(3,.. 4 B(x))

It is worth to recall from [37] that the notion of type equivalence of h-propositions coincides with that of logical equivalence:

Lemma 2.12. Two h-propositions P and Q are equivalent as types, namely P ~ Q holds, if and only if they are logically equivalent, namely
P < Q, and by Univalence, also P =y, O holds for P,Q in U;.

Further, we can state the following basic lemma:

Lemma 2.13.If P : U; and s : isProp(P), then | — | : P — || P|| is an isomorphism, i.e. there is an inverse | — =Y 2 |P]] = P which
satisfies | — |o| — |~ =|ipy idp and | — |~o| — | =p idp. Therefore P=Ui [|P]| holds.
Proof. We can simply define |z|™! := ind} (2, (x).x,s) since P is a h-proposition. Note that for any z : ||P|| it is validated

[(1z]=Y) =)|p| 2 only propositionally while |(| pD)|~'=p: P holds for any p : P. The rest follows by Univalence and because P is an
h-proposition. []
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Remark 2.14. Lemma 2.13 is crucial to provide a “canonical presentation” of all h-propositions up to propositional equality in terms
of ||A]| for some type A thanks to the fact that the operator || — || is extensionally idempotent as follows from Proposition 2.13.
Therefore we could interpret also the conjunction, implication and universal quantifiers as follows

PAQ = ||Px0ll
P-0 = [P — Ol
Viia P(x) = |4 PO

Accordingly, the following proof-terms witness that they are h-propositions:

Piii ‘= AAB Py (AXB) 111y .y, isProp(]| A x BID)
P = AA,B.p)(A— B) 11 g.y,isProp(||A — Bl])
Py 1= AAB.py (L 4 B(x)) 1 Ty, 11 g 4y, isProp(| 1L, 4 B(x)|])

Definition 2.15. Givena : Aand b: Band c : ||AX B|| and s : isProp(A) and ¢ : isProp(B) we define

(a’/\b) = |(a’b)| : ”AXB“ prl/\(c) .
pr2/\(c) .

indH ”(c,x‘prl(x),s)
indH ||(c,x.pr2(x),t)

Definition 2.16. Givena : Aand b: B[x: Aland ¢ : ||A — B|| and s : isProp(B) we define

A_x.b = |Ax.b| : ||A— B|| c_(a) := ind) (e, x.x(a),s)

Definition 2.17. Givena : Aand b : B(x) [x : A]land ¢ : ||II,.4 B(x)|| and s : isProp(B(a)) we define

Ayx.b 1= |Ax.b| |11 4 B(x)|] cy(a) 1= indjj (¢, x.x(a),s)

Lemma 2.18. The usual p-definitional equalities for the projections of conjunctions in Definition 2.15
prir((a, b)) = a pro((a,nb)) = b

for functions of implications in Definition 2.16 and universal quantifiers in Definition 2.17
(Ax.b)_(a) = bla/x] (Ayx.b)y(a) = bla/x]

according to the notion of substitution in the appendix of [37], all hold in HoTT.

Proof. They follow by elimination of the truncation and usual f-definitional equalities for the corresponding types under trunca-
tion. []

We will crucially use the fact that h-sets are closed under the following type constructors:

Lemma 2.19. H-sets are closed under I1 (and hence —), X (and hence X), and + and List. Furthermore, for any h-set A and any equivalence
relation R defined as an h-proposition, then the higher quotient type A/ R is an h-set. Therefore, the following proof-terms exist:

3, :isSet(1) 3 : isSet(0) 8y  isSet(N)

8 .y, Hppoy, Wi, issetxyisSetdLy; 4 B(x))

8y : HA:U, HB:A—»U, I isset(a) Hr:l’[x:AisSet(B(x))isset(zx:AB(x))

8, 1 Hy gy, Us:issercay Mrisset(n) isSet(A + B)

SList * Iy, 1L jeser(a) isSet(List(A))

gQ : l_IA:U,» HR:A—»A—»Ui Hs:isSet(A) 1_Ip:isProp(R) 1_Ir:equiv(R) isSet(A/R)

where equiv(R) is an abbreviation for the fact that R is an equivalence relation.

For any natural number index i, the type of h-sets within ; is defined as follows

Sety, 1= X(x.y,) IsSet(X)

Remark 2.20. The Lemma 2.19 follows from [32] where more abstractly it is shown that the category of h-sets and functions within
HoOTT equated under propositional equality, is a locally cartesian closed pretopos with well-founded trees, or W-types, as defined in
[22]. In particular note that set-quotients satisfy effectiveness in the sense that, given the quotient function q : A - A/R sending an
element a of A to its equivalence class q(a) : A/R, for any a,b : A it follows q(a) =4/rA(0) < R(a, b) (see 10.1.3 in [37]).

8
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Another key property of HOTT, missing in MLTT, which we will crucially employ to interpret mTT-collections of small propo-
sitions and emTT-power-collections of subsets of a set, is that h-sets are closed under a sub-universe classifier Propy, of those
h-propositions living in the universe U,

Propy, :=Zx:y,) isProp(X)

Indeed, from section 2 of [32] it follows:
Lemma 2.21. Propy;, is an h-set.
The proof-term inhabiting isSet(Propy; ) is denoted by 8p, .

Remark 2.22. However, PropUO is not ‘small’, since it is not a type in U,,, but it lives in a higher universe (see section 10.1 in [37]).
This is compulsory to keep HOTT predicative.

Further, we can assume that if A : U; and R(x,y) : U; [x : A,y : A], then A/R : U; motivated by the cubical interpretation of
higher inductive types given in [5].

Moreover, h-sets within a universe U; of HOTT can be organized into a category Sety;, as defined in [37].

It is known that the principle of indiscernibility of identicals can be derived in type theory from the elimination rule for propo-
sitional equality. Such principle is called transport in [37] and says that, given a type family P over A and a proof p : x =, y, there
exists a map trp(p, —) : P(x) — P(). In particular, the following property holds for transport, that will turn out to be useful later:

Lemma 2.23. Suppose f : I . 4y B(x). Then there exists a map
apd; : Il o ) (Arp(p, £ () =p(y) S ()
Proof. The proof is a simple application of the elimination rule for propositional equality. []

Finally, we recall two principles of HoTT that we will crucially use to meet our goals. One is the propositional extensionality
principle which is an instance of the Univalence Axiom applied to h-propositions in the first universe Uj:

propext : HP’Q:PrOPUO (P Q)—(P=y, O).

The other is the principle of function extensionality for h-sets:

funext : (I, 4(f (%) =gy 8C)) = f=n_. B &

More precisely, we will use function extensionality applied to h-sets up to those within the second universe U;. The reason is
that, while sets of both mTT and emTT will be interpreted as h-sets in the first universe U, collections of both mTT and emTT will
be interpreted as h-sets at most in the second universe Uj.

3. The compatibility of mTT with HoTT

The main aim of the present section is to show that the intensional level mTT of MF is compatible with HoTT, according to the
definition of compatibility given in section 2. In order to achieve this result, we need to make use of many new tools introduced in
the context of HOTT and not available in MLTT.

Indeed, the resulting interpretation must be contrasted with the interpretation of mTT in MLTT outlined in [14]: there the notion
of proposition is identified with the notion of set, while here we are going to interpret mTT-propositions as h-propositions.

It is well known that the interpretation of dependent type theories a la Martin-L6f must be done by induction on the raw syntax
of mTT-judgements since types and terms are recursively defined in a mutual way together with their definitional equalities.

Then, we can define a partial interpretation (J)" by induction on the associated raw syntax of mTT-types and terms in the raw
syntax of types and terms of HoOTT as follows: we interpret all types of mTT including proper mTT-collections as h-sets, where the
“smallness” character of mTT-sets is captured by h-sets living in the first universe U,. Hence, mTT-sets and mTT-small proposi-
tions are interpreted as h-sets and h-propositions in U. On the other hand, mTT-collections and mTT-propositions are interpreted,
respectively, as h-sets and h-propositions in U,.

Definition 3.1 (Interpretation of mTT-syntax). We define this interpretation as an instantiation of a partial interpretation of the raw
syntax of types and terms of mTT in those of HoTT

(=)" : Raw-syntax (mTT) — Raw-syntax (HoTT)

assuming to have defined two auxiliary partial functions: one meant to associate to some type symbols of HoTT a proof-term
expressing that they are h-propositions
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prp(—) : Raw-syntax (HoTT) — Raw-syntax (HoTT)

and another meant to associate to some type symbols of HoTT a proof-term expressing that they are h-sets

prg(—) : Raw-syntax (HoTT) — Raw-syntax (HoTT)

by relying on proofs given in Lemmas 2.7 and 2.19 taken from [37] and [32].

We then extend (—)" to contexts of mTT in those of HOTT as follows: ([ ])" is defined as the empty context - in HoTT and (I', x : A)"
is defined as I'",x : A". Also the assumption of variables is interpreted as the assumption of variables in HOTT: (x € A [I'])" is
interpreted as x : A" [['"], provided that x : A" isin I'".

Then, the mTT-judgements are interpreted as follows:

(A set [T'D" is defined as A" : U, [I""] such that prg(A®) : isSet(A") is derivable
(A col [T])" is defined as A" : U; [I'"] such that prg(A®) : isSet(A") is derivable
(P prop, [I'])" is defined as  P" : U, [I"] such that prp(P") : isProp(P") is derivable
(P prop [TH" is defined as  P" : U; [I""] such that prp(P*") : isProp(P") is derivable

(A= B set [I'])" is defined as  (A",prg(A")) =(B",prs(B")) : Sety, [I'"]
(A=Bcol [T])" is defined as  (A",prg(A")) = (B",prs(B")) : SetU] [re]
(P=0Qprop, [I')" isdefinedas (P",prp(P"))=(Q",prp(Q")) : Proon [r+]
(P=Q prop [T'])" is defined as  (P",prp(P")) = (Q",prp(0")) : PropU1 [r+]
(ae A D" is defined as  a" : A" [I'"]

(a=be A" is defined as  a" =b" : A" [I'"]

The interpretation of the raw types and terms of mTT as raw types and terms of HoTT is spelled out in the Appendix A.

The following substitution lemmas state that substitution on types and terms in mTT corresponds to substitution on types and
terms in HoTT:

Lemma 3.2. If A is a raw-type in mTT, b is a mTT raw-term and x is a variable occurring free in A, then

(Alb/x])" = A"[b*/x"].

If a and b are mTT raw-terms and x is a variable occurring free in a, then
(a[b/xD" := a"[b"/x"].

Theorem 3.3 (Validity). If J is a derivable judgement in mTT, then the interpretation of J holds in HoTT. Moreover, if P prop [I'] and
P prop, [I'] are derivable judgements in mTT, then prg(P") : isSet(P") [I"*] is derivable in HOTT and prg(P*) := 8.,.((P)",prp(P")).

Proof. The proof is by induction over the derivation of J.

The validity of judgements forming mTT-sets follows from the definitions given above, the Lemmas 2.7, 2.19 and the closure of
the first universe U, under set-theoretic constructors as in [29].

The subtyping rules

P prop; [T'] . P prop [I']
P ser (1] ProPsntoset P col [T

are interpreted as follows: by induction hypothesis, P* : U [I'"] and prp(P") : isProp(P") [I""]; furthermore, we also have
prs(P") : isSet(P") [I'"], which is given by 8,,,(P",prp(P")), and thus the conclusion follows. The other subtyping rule is validated
by a similar argument.

The rules prop-into-prop and set-into-col are trivially validated by cumulativity of universes and by definition of the interpre-
tation.

The definition of the interpretation for judgemental equalities trivially validates the conversion rules of mTT. In particular, those
for mTT-disjunction and existential quantifier follow from Lemmas 2.9 and 2.11.

The collection of small proposition prop, is interpreted as Propy, : U; with 8, o - isSet(Propy ).

Note that the validity of the encoding of mTT-small propositions satisfies the usual compatibility rules like

prop-into-col

pr=py€props [l g, =4, €prop; ]
P1LAG =Py Agy € propg [T]
since the interpretation of the encoding of small propositions into Prop; is carried out by using the partial function prp(—) associating
to the HoTT-type pr(p®) X pri(¢") the proof-term p, (pri(p®), pri(g™), pry(p®), pra(g®)) : isProp(pry(p®) X pri(g®)).
In this sense the interpretation (—)" depends on the chosen proof-terms of lemmas 2.4, 2.5, 2.7, 2.19, 2.21 and definitions 2.8, 2.10.

10



M. Contente and M.E. Maietti Theoretical Computer Science 991 (2024) 114421

Moreover, the rule for the decoding operator =
p € prop; [I']
—— —1-Pr
7(p) prop; [I']
is validated by our interpretation, since the premise is interpreted as p* : PropU0 [['"] and thus it follows that pr (p") : U, [[™] and
pro(p*) : isProp(pr; (p")) [I'"], which is the interpretation of the conclusion by our definition.
Then, observe that the encoding rules are validated by construction. We just spell out the validity of the rule
peprops [I'1 g€ prop; [I']
= Pry
PpAg € prop; [T]
We know that (p € prop, [[')* := p® : Propy, [I™] and that (q € prop, [I')* := ¢" : Propy, [I'*] by inductive hypothesis. Hence,
pri(p") : Uy [I'™] and pri(g") : Uy [I'"] with pry(p®) : isProp(pr;(p")) [I'™] and pr,(g") : isProp(pr;(p")) [I'"], from which we can
derive pri(p®) X pri(g®) : Uy [I'"] with p,(pr;(p®),pri(g"),pra(p"), pro(g")) : isProp(pr;(p®) X pri(¢*)) [I'*]. This lets us conclude that
(pAq € prop, [I']) is well defined.
Finally, the conversion rules associated to the decoding operator are all easily validated by construction as well. We just spell out
the validity of the rule
peprops [I'1 g€ prop; [I'] .
t(pAq) = 7(p) A 7(q) prop; [T]

-Pry

Indeed, let us assume the premises as valid. Since (z(pAg)[I'])" := pr]((qu)') 1 Uy [I'"] with pr2((p7\q)‘) : isProp(prl((qu)' ),
but pry((pAg)") = (pri(p*) X pry(q*)) : Uy [T™] and, on the other hand, (z(p) A 7(g) [TD" := (pri(p*) X pry(¢™) : Uy [T™] with
pro((z(p) A t(q) [T'D") : isProp(pr; (p*) X pri(¢")), then the validity of the definitional equality (pAg) = 7(p) A 7(q) prop [I'] trivially
follows. []

Remark 3.4. The interpretation of two definitionally equal mTT-types results in definitionally equal pairs in HoTT- that is, not only
the corresponding types in HOTT are definitionally equal, but also the associated proof-terms witnessing that such types are h-sets
or h-propositions. The fact that the interpretation depends on chosen proof-terms as observed above is fundamental to achieve this
result. Also the validity of the coercion of propositions into sets relies on this fact.

Remark 3.5 (Alternative interpretation of mTT in HoTT). Observe that it is possible to define an alternative interpretation of mTT
in HoTT which also implies the compatibility of the first with the latter. In this interpretation, we take the truncated version of all
h-propositions as interpretations of mTT-propositions. This choice will be compulsory later when we will define the interpretation
for emTT, since there we shall take into account canonical isomorphisms between h-propositions. We refer to the Appendix B for the
definition of this alternative interpretation.

4. Canonical isomorphisms and the category Set,, ; /=,

In this section, we inductively define a set of canonical isomorphisms over HoTT in order to be able to define a category, called
Set,, s J2 of h-sets and functions up to canonical isomorphisms. This category could be formalized within HoTT as a H-category in
the sense of [31] provided that we extend HoTT with the inductive type of canonical isomorphisms, or, alternatively, it could be
simply defined in the meta-theory as done in [14]. The category Set,, /=, will be used to interpret the extensional level of emTT in
HOTT: its role will be the same as that of the category Q(mTT)/ = built over mTT in [14] to interpret emTT within mTT.

Definition 4.1. An indexed isomorphism yf : A > B [I'] is an isomorphism from the h-set A to the h-set B under the context I" with
an inverse (u5)~! : B — A [I'] which satisfies

T 1 AC ()™ g (0) %) X Ty g T (g ()™ (9)). %)
Definition 4.2. Given a dependent type B [I'] let us define the notion of transport by induction on the number of assumptions in I':

1. If ' is empty, there are no transports;
2. IfT" :=A,x: Eand B := C(x) then a transport operation it is simply

trpl(p,—) C(x) »C(X)[A,x:E,x' :E,p: X=f x']

where trp!(p, =) :=trp(p,—) and trp(p, —) is the usual transport map as given in Section 2.
3. T :=A,x: E,y;:Dy,...y,: D,withn>1and B := C(x,y,...,¥,) then a transport operation it is simply

trp™ 1 (p. ) : C(x. ¥y, ,) = C L tep!(p.y)). ... trp"(p.y,)
[A,x:E,y,:Dy,...y,: D,,x' 1 E,p: x=px']

where trp"1(p,—) := ind 14(P, x.(Aw.w)) is defined by eliminating toward

11
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1
Cx,y155¥) = Ctrpl(p ), -, trp" (9, ,))

To avoid an heavy notation in the following we simply write trp(p, —) instead of trp"(p, —) when it is clear from the context which
is the transport map.

Remark 4.3. Since we are concerned with h-sets A : U; [I'], the transport operations trp(p, —) do not depend on the proof-term p.

Lemma 4.4. If Ilf :A-> B[ and vf : A = B [I'] are indexed isomorphisms, and for any x : A, y/‘:(x) =p vf(x), then yf =48 vf
holds.

Proof. The statement follows immediately from function extensionality. []

In the following we give a definition of canonical isomorphisms between dependent h-sets. This definition is meant to generalize
the notion of transport between dependent types on equal elements, by enlarging the notion of equality to include that among
arbitrary truncated h-propositions which are equivalent.

Remark 4.5. It must be stressed that canonical isomorphisms do not coincide with all the isomorphisms, because they need to
preserve their canonical elements. On the other hand, assuming that for any type in the universe U;, and U, the associated identity
map is a canonical isomorphism yields a contradiction in presence of the Univalence Axiom. We thank one of the anonymous referee
for this last observation.

To this purpose we first introduce an inductive universe of h-sets (within U,) equipped with an inductive elimination, formally
given as an inductive-recursive definition added to HoTT, but it would be enough to define it in the meta-theory.? This universe will
be used to interpret sets of emTT:

Definition 4.6. Let Set,, be the type inductively generated from the following inductive clauses:

-IfA = PropUO, orA := 0,orA := 1,orA := Nthen A: Set,,,; [I'] for any context I'.

- |IBI| : Set,, [I'] for any type B : U [I'].

- 2y.g C(x) : Set,, [I'] for any B : Set,, [I'] and C(x) : Set,,; [I',x : B].

- .5 C(x) : Set,, [I'] for any B : Set,,, [I'] and C(x) : Set,,s [I',x : B].

- B+C: Set,, ¢ [['] for any B : Set,,; [ and C : Set,,,¢ [rl.

- List(B) : Set,,, [I'] for any B : Set,, [T].

- B/R: Set,,r [I'] for any h-set B : U, [I'] and an equivalence relation R : PropUO [[,x : B,y : B] such that B : Set,, [I'] and
R(x,y) : Set, [I',x : B,y : B].

Then, we are ready to define by recursion on Set,,, the type Ciso(A, B) of canonical isomorphisms between h-sets A and B in Set,,,,
as a subtype of A — B. Formally, it is given again as an inductive-recursive definition, where each Ciso(A, B) is thought as a set of
codes, together with a decoding function from Ciso(A, B) to A — B.

Definition 4.7. The type of indexed canonical isomorphisms ﬂjf 1 A; — A, [I'] is the type inductively generated from the following
inductive clauses:

-IfA = Proon, orA := 0,or A := 1,or A := N, then the identity morphism idﬁ = Ax.x: A - A[I]is a canonical
-1
isomorphism, which is trivially an isomorphism whose inverse ;4::'2 is the identity.
-If Ay := ||Byl| : U; and A, := |[|B,]| : U;, then any isomorphism (with a chosen inverse) ;4”11:?” Bl = 1Byl (I is

. . . A1
canonical and we denote the chosen inverse with u A2
1

ol ()

- IfA; 1= X5 C(x)[TTand 4; = Xy, C,(x) [I'] and yﬁf : B, = B, [I'] and He, )

are canonical isomorphisms, then any function

LC1(x) = Cyuy () [Nx 2 By

.8 CZ(X/)
ﬂEx:BIZCI(X) : z:"331 C(x) - Zx’:Bz Cz(xl) (']l
such that

This approach is taken because U, lacks an inductive elimination which would be contradictory with the Univalence Axiom.

12
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By
.8 CZ(X’) B Cz(ﬂB (pri(2))
”EXZBIZCI(X) (2) = (MBf(prl(Z))’”Cl(prll(z)) (pra(2)))

forany z : X,.p C;(x), is a canonical isomorphism with inverse

By, By~l
A1 B, —1 Colug (g (pri(@)__ ~
e AzCugt eri@), w0 )~ otrp(p, ™!, )(pra(z)))

-1
Ciluy’ Gri(2)

Coliy () -1

-1
where p, : yﬁf(ugf (pri(2)) =g, pri(z) and provided that ”ﬁf and He o come equipped with inverses yglz and

By, Il

Colup () ivel
He, respectively.

Coluy ()

- IfA; = Tl,.p C(x)[Nand Ay := Iy.p C(x") [[]and ”gf : B; — B, [I'l and He, )

are canonical isomorphisms, then any function

CO(x) — CZ(M’;f(x)) [T,x : B]

nx’:Bz CZ(X’) . ,
P e Ci(x) > 1Ly, g, () [T

such that

B—I
M5, Co(x') , Colig Guy? (<)) B
ety () = ax By (up(p, s op )Gy )
- Cilug? )

B*l
is a canonical isomorphism, for any f : Il,. C(x) and for any p,, : ,ug? (u B? CHE B x' where the body after the lambda is
the arrow

—1
B B
ol Gt <)
H -1

BZ ’
Cilugy &) trp(py—)

1 —1
Cily’ () ol () (')

B—l
applied to the value f(u Bf (x")). The associated inverse is given by

G )
(uj}f)—l = Af'ax: B (ucf fj' )7 f’(ﬂﬁf(x» )

-1
-1 Coliy ()

Caliy? () . o 5, .
come equipped with inverses y g anduc respectively.

Ci(x)

-IfA = B;+C;and A, := B, +C, and ;41;? B, — B, [I'] and ugf : C} = G, [I'] are canonical isomorphisms, then any

provided that ;4512 and u

function

By+C,

pac i BI+CI = B+ G T

such that
By+C, . . B e
My (2) = ind, (2, Zg il (), 2y inr(HE2 (2,)
for any z : B; + Cy, is a canonical isomorphism with inverse

-1 -1 -1
yj? =ﬁz.ind+(z,zo.inl(/4§]2 (zo)),zl,inr(ygf (z)))

-1 -1
provided that ;4;2 and ;4212 come equipped with inverses ,uglz and ygf

If A, := List(B;) and A, := List(B,) and ;4;2 . B| = B, [I'] is a canonical isomorphism, then any function

List(B,) .

List(B)) - List(B;) — List(B,) [I']

such that

List(B: - B
i) () = indiig (2, €, (x, 3, 2).00n8(Z, 1 (1)

for any z : List(B)), is a canonical isomorphism with inverse

13
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Ay -1 . 32—1
Hyy = Azindig(z.€,(x, y, 2).cons(z, pup " (1))

-1
provided that ygf comes equipped with inverse ygf
- IfA; := B;/R,and A, := B,/R,, for R, R, equivalence relations, and /4;2 : By = B, [I'] is a canonical isomorphism and
Ri(x,y) < Rz(ygf(x),ﬂglz(y)) [[,x : By,y : B;] holds, then any function

By/Ry

Wy, * Bi/Ri = By/Ry [T

such that

Wy (2) = ind(z, X ()

for any z : B, /R, is a canonical isomorphism with inverse

A1 . By~
”A? = Az.mdQ(z,x.MBf (%))

provided that Mg? comes equipped with an inverse Mg?

Lemma 4.8. Canonical isomorphisms are closed under substitution: if yﬁ : A - B [I'] is a canonical isomorphism and
I' := A,x:E,y; : Cy,....,y, : C, then the result

Mf[e/x][yl"/yi]i:l,u.,n: A[e/‘x][y;/yi]izl,“.,n - B[e/x][y:«/J’i]i:l,...,n
[A,yll (Cile/x), ...,y Cn[e/x][y;/yi]i=|,...,n—|]

of the substitution in yﬁ of the variable x with e : E [A] is a canonical isomorphism.
Proof. The proof is by structural induction over the definition of canonical isomorphism. []
Lemma 4.9. Any h-set A [I'] of HOTT in Set,,, has canonical transport operations.

Proof. By induction on the formation of the type. Here, we just show that the transport operations of the form trp! (p, —) are canonical
for some type constructors since the canonicity of those of the form trp”(p, —) follows analogously for all the types.

- Non dependent ground types have just the identities as transport operations and these are canonical by Definition 4.7.

-IfA := ||B|]|and " := A,x : E, then transport operations are canonical by Definition 4.7, since they are isomorphisms.
-IfA = Z,.5CH» andI” := A,x: E, then
trp(p, z) : A— A[x'/x][A,x : E, X' : E,p: X=g x']
satisfies

trp(p, z) = (trp(p, pry(2)) , trp(p,pry(2)) )

which follows by Id-elimination and is canonical by Definition 4.7, since by inductive hypothesis the transport operations of B
and C(y) are canonical.
-IfA =11, C(y)and " := A,x: E then

trp(p,—) : A - A[x'/x] [A,x:E,x :E,p: X=g x']
for any f : I1,. g C(y) satisfies

trp(p, f) = Az. trpS (p, f(trpP(p™",2))))

where p~! is the reverse path in [37].
This is canonical by Definition 4.7, since the transport operations of B and C(y) along p and p~' are all canonical by inductive
hypothesis.
-IfA := B+CandI' := A,x: E, then

trp(p,z) : A— A[x'/x] [A,x: E, X' : E,p: X=g x']

satisfies

trp(p, z) = ind, (z, z| .inl(trp(p, 1)) , Z,.inr(trp(p, z;)))

which is canonical since the transport operations of B and C are canonical by inductive hypothesis.

14
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-IfA := B/RandI' := A,x: E, then
trp(p,z) : A— A[X'/x][A,x: E,X' : E,p:x=gx]

satisfies

trp(p, z) = indp (z, w.[trp(p, w)])

which is canonical by Definition 4.7 since the transport operations of B are canonical by inductive hypothesis.
- If A := List(B), then it follows in a similar manner that it has canonical transport operations. []

Corollary 4.10. For any transport operation its inverse is a canonical isomorphism as well.
Proof. Note that trp’(p~!, —) is the inverse of trp/(p, —) as shown in Example 2.4.9 [37]. []
Canonical isomorphisms are unique, are closed under composition and they have canonical inverses:

Proposition 4.11. The following properties of canonical isomorphisms hold:

- identities are canonical: For any h-set A : U| [I'] in Set,,;, the map id4 : A — A [I'] is a canonical isomorphism;
- uniqueness of canonical isomorphisms: For any h-sets A, A, : U, [I'] in Set,,, if M:? 1A - A, [T] and vflz TA; > Ay [T] are
o . A A
canonical isomorphisms, then uAf(z) =4, vAlz(z) [T,z : Al
- closure under composition: For any h-sets A, A, : U, [I'] in Set,, if ;4/‘:]2 1A > A, [T] and ;42; 1 Ay — A5 [T'] are canonical
isomorphisms, then ;42; ou?f 1 A| = Aj; [I'] is a canonical isomorphism.
- closure under canonical inverse: For any h-sets A;, A, : U, [I'] in Set,,;, each canonical isomorphism
4z .
Hy t A — Ay [T

is an isomorphism in the sense of Definition 4.1 with a canonical inverse.

Proof. All the statements are proved simultaneously by structural induction over the definition of canonical isomorphisms. For each
point we just show some cases since the others follow analogously.

1. First point.
If A
If A

||C]|, then that id is a canonical isomorphism trivially follows, since the identity map is an isomorphism.
2. p C(x), then by induction hypothesis id and id,, are canonical isomorphisms, hence

Ve, yeeo(®) = (dg(pri(2).ide o E @ pra(z) = (pry(2).pra(2).

But we know that (pry(z), pry(z)) = z, hence vg  c((2) =ids _ ,c((2) which means that idy () is a canonical isomorphism
since by hypothesis its transports are canonical.

If A := B+ C with canonical transport operations, then by induction hypothesis idz and id. are canonical isomorphisms,
therefore
Vpyc(2) = ind (z, zy.inl(idg(z()), z;.inr(id-(21))) = ind_(z, zy.inl(z(), z;.inr(z1))

for any z : B+ C, but ind, (z, zy.inl(zy), z1.inr(z;)) = z and hence vp, (z) = idg,(2), which implies that the latter is a canonical
isomorphism.
The other cases are similar.
2. Second point.

For non-dependent ground types, the result is immediate since canonical isomorphisms are the identities.
1Bl [1Ba ]l

Suppose A; := ||B;|| and A, := ||B,]||. Then MI\Blll(x) =|B,| V||312\|(x) for any x : || B,||, since || B,|| is a h-proposition.
IfA; 1= Z,.p Ci(x)and A, := X,.p Cy(x) then both ,uﬁf and vﬁlz are defined componentwise as in Definition 4.7. Let

Coluy ()
()
Then, by inductive hypothesis

us assume that ﬂglz and u are the components of the first and vgf and v are those of the latter.

Wy (¥)=p, vy (0) [[x : By

and

15
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ol () O ) B, 5
trp(p, He (g D= ) Ve WIEx Byt Ci(x)ptpg (x)=p, v (x) ]
therefore
Z.p, O 2x/:B

ﬂEx B C1(x) (z)= TIyvip, CICORSW B, cl(x) (z) [,z : X5 Ci(¥)]

Zo.p, KD Tuip, GG

and, by Lemma 4.4, we conclude Hy aw =V C
x:Bl 1 x:Bl 1

IfA; = 1Il.p Ci(x) and A, := y.p C,(x"), let us consider any two canonical isomorphisms which we denote as
" Cou 3 ") B!
Wyl = afdz(plp, Don LT (! ()
Cilug )
and

Colv Bl(v 5! ")

Ay B!
1, = AfAz.(trp(p, ,—)ov WS vy (2))

1
< <vB2 ')

B;! B;!
where p,, : ygf(y B? (2)) =p, zand p, : vglz(v Blz (2)) =p, z. Now, since for any f : A; and any x : B, by inductive hypothesis

there exists a proof ¢ of type

B B
H (x) =V (x)
and the same holds for their inverses, which are canonical by inductive hypothesis.

-1 -1
Therefore there exists a proof ¢’ : /4;2 (z2)= vglz (z) for z : B, and by Lemma 2.23 we get a proof of the equality

trp(a S (@) =trp(d fly D))= ()

Moreover, we have also a proof

¢ B @)=k @)

being each member equal to z : Bz.
-1 -1
Furthermore, by uniqueness of canonical morphisms from C; (/4;2 (z)) to Cz(vﬁl2 (vgl2 (z))) which follows by inductive
hypothesis we have a proof of the following equality

vc2<v 2<vl ) 20‘3,% o)

otrp(q', ) =trp(q" . Dou !
cl(vBl (z)) Cl(“Bl (Z))

Czw Bz )

B B
Ciluy oy —a Cyluy? (g (21)
trp(q’,—) trp(q”,-)

aQop @) GO @)

cz(vB ()
C[(**)
and hence
Oy e , " 2(;431(;43 e
trp(py, =)oV otrp(q’, =) ) =trp(p,, —)oltrp(q", —)ou )
Cilvg, @) Cilug! ‘@)

Moreover, knowing that transports commute because they are uniquely determined up to propositional equality we get

16
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trp(p,., —)otrp(¢q”, —) = trp(p,,, —)

Clup @)

trp(py—)
trp(q” -) G(2)
trp(py,—)
By, By~1
Cz(vlgl(vlg1 (2))
and we conclude
-1
Colug @) G
PP, —lop =trp(p,, —)o( v
Cl(MBl (2)) Ci(v

BZ(

B,~!
PG

-1
20y @)

Theoretical Computer Science 991 (2024) 114421

—1 —1 -1
which applied to f (/4;2 (z)) and recalling that trp(q’, —)(f (Mﬁf @) =f (vgl2 (z)) immediately gives

By, By~!
Cz(ﬂBT(MBf (2)

B, 1

A
w2 (f.2)= (trp(p,.—)o u
A "
Cilug, ()

—1
e

trp(py, —)o(v ",
Cilvg ()

By Byl
G vg? @) p -l
trp(p,.—)ov 1 f(vBl2
Cilvg, @)

A
V(f.2)
and hence

Ay _ Ay
Hay =Va

) B!
) f(ug: (2))

B-1
otrp(q’, =) )(f (1 Bf (2))

IfA, := B;+C;and A, := B, + C, then both M:? and vj:lz are defined as in Definition 4.7: in particular, /4;2 and Mgf are

L . B
canonical isomorphisms as well as v,,> and v

(&)
B, [oh

Then, by inductive hypothesis
B B
ﬂBf(X) =3, vB]Z(x) [[,x: Byl

and

C C
HeE W =c, ve, W [Ty : €1
therefore it trivially follows that

Ci+Cyp \ _ C1+C,y .
Hp, +p,(®) =ci+C, Vi, 4p,(D) (T2 1 By + By

Ci+C, _  C1+G

and by Lemma 4.4 Hp v, = VB, 1B)"

IfA, := B;/R,and A, := B,/R, then /42]2 and v:f are defined as in Definition 4.7: hence we can assume that ygf and vgf

are canonical isomorphisms and that the following propositions R, (x,y) < Rz(yg]2 (x), ygf (») and R,(x,y) < Rz(vglz(x), vglz ()

hold.
Then, by inductive hypothesis

B B
ﬂBIZ(X) =3, va(x) [[,x : B]

and hence

Ry (¥), g () & Ry (0. v () [T 2 B,y : By .

17
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Therefore it trivially follows that

By/Ry /R
M) (D) =y, Vi) (D) T2 2 By /Ry

and by Lemma 4.4 yBZ/RZ =5/R

By /R, By /Ry’
3. Third point.
For non-dependent ground types, the composition is the identity and hence is canonical by definition.
For truncated types, since isomorphisms are closed under composition and any isomorphism between truncated types is
canonical by definition, then it immediately follows that the composition of canonical isomorphisms between truncated types is
canonical too.

IfA; = X, Ci(x)and Ay = Zy.p Co(x') and A3 1= E,. p C3(x"), then by definition of canonical isomorphisms
A oy (pr (2)
W2 = A2 Pri( b oy (PP
and
A cs<u33(pn<z)>>
Hy, = 4z, (#B (pry(2)), Mcz(prl(z)) (pry(2)))

Now the composition of y A; ou Alz applied to z : X,. 5 C(x) amounts to

L1, G0 T OK)

Ay
OﬂA (Z) Zx’:BZCZ(X’) 2x:Bl Cy(x) (Z

B
B W Er (@) Cou2(pry ()
B B 3\, g Pl 2\Hp 1
= (g (g2 (pri(2)), w2 H ' (pr2(2))))
BBy Calhy ri(2) Gieri()

2

Lo L . L. . B; B cG_ C
which is a canonical isomorphism by Definition 4.7 since u B3 ou 32 and u C3° He
b 7By 2 TG

are canonical isomorphisms by inductive hy-

pothesis.
IfA; = .5 C(x)and 4, := Ily.p C(x') and A3 := I, C3(x""), then, by definition of canonical isomorphisms
A Caluy 3 ") B!
Wyl = AL By (tp(p gy o LT (g D)
41 Cilug, ()
for any pMA2 2(;432 ") = =p, x" and
Al
A 3y (u 3 ") B.—1
Wy = Afax" Byt 4y on 2 (g )
Hay Colugy ()

By, Byl
for an (g () =x".
pr:Z Hg, (g, (X))
Hence, for any x : B; and f : I, g, C3(x"") their composition becomes

Ay Ay "o I 7 ‘B3 C3(x 1 e BZC2(X)
Hy oty (fox) = MH, 5, G llnt 5, C1(3) (f,x")

By
3(/43 ==) Coug (=) B~ B.-1
= DD, 13 0ohe, )R 1y ohe, Sy (g g )
A

By

7 3(;3(——)) Cz(u ( B!, B~ ,

= (trp(p AS")"”P(PM:Z NeCHe, 5 oK () (f(uB] (g, )
1

-1 -1
]JMAZ [ugf ° ;4[5;; (x'")/x']. In particular, the last equality follows by unique-

Bl
where p/ 4 S pqu [”BZ (x")/x'] and pqu
"Al Al Hay

33

ness of canonical isomorphisms from Cz(ﬂ;z(ﬂgl (M (z)))) to Cs(u 33 (/4 (z))) from this other equality

18
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trp(p’ 4 )
By, B,~l By=l “ai B~y
Cz(#BI(MBI (MB2 (C49)))) C2(”Bz (x"))
c3<u§; ) c3<u§§<——>)
Koy Hey—-)
By, B, Bl Byl By, Byl
Clug, (g (g (g, (X)) e, C3(ug, (up,  (x7))
#Al

Ay Ay . L . . . L . . . .
Hence, u A3 ou Af is a canonical isomorphism because consists of compositions of canonical isomorphisms by inductive hypothesis
beside the fact that transport operations compose.
If A, := B;+C;and A, := B,+C, and A; := Bj;+ C;, then by definition of canonical isomorphisms

/4::]2 Az.ind(z, zo.inl(ygf o), 2 .inr(ygf (z))

and

A . . . c
yA; = Az.lndJr(z,zo.lnl(yg;(zo)),zl.|nr(/4C;(z1)))

Let us consider the composition ﬂ::; 0”2,2 applied to z : B + C,, for which we get ;42 (/42]2 (2)), then

B3+C . .. By, B . G, C
/43?:6?(2) = ind, (z, zginl(u > (g (20))), Zy-inr(u e (e (1))
which amounts to ;42; (;4::12 (z)) and is a canonical isomorphism by Definition 4.7.
If Ay := B/R,and A, := B,/R, and A; := Bj/R;, then by inductive hypothesis

A : B
”A? = Azindy(z, x.ﬂBlz ()

and

Ay . B,
= Az.ind,(z, x. X

My, 0(z X-up (X))

are canonical isomorphisms. Then, let us consider the composition /4:; oyjf applied to z : B;/R;, so that we get u:z (u:f (2)),

then

B3/R . By, B
My () 1= indo(z, X g (Mg (X))
which amounts to yj; (/43]2 (z)) and is a canonical isomorphism by Definition 4.7.
4. Fourth point.
For non-dependent ground types the inverse is the identity which is canonical by definition.
Canonical isomorphisms between truncated types have canonical inverse by Definition 4.7.

By
Cougt (x))
IfA, := Zx:Bl Ci(x)[I'Nand A, := Zx’:Bz C,(x") [I'] and ”ﬁf : B, — B, [I'] and yCI(X)BI Ci(x) = Cz(yf:lz(x)) [I',x : B;]

L . . Ay . . L
are canonical isomorphisms, then the inverse of u AZ given as in Definition 4.7,
1

-1
Colig (a2 (ori(@)

) totrp(p,~!. —)(pry(2)))

Ay~ 1

B, -1
Az.( /4312 (pri(2)), (u B, -1
Cilug;  (pri(2)

is canonical by construction: it is composed of inverses of canonical isomorphisms, which are canonical by inductive hypothesis,
and transports, which are canonical by Lemma 4.9. It amounts to be an inverse since the following equality holds by uniqueness
of canonical isomorphisms
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trp(p, ~1-) B,, B!
Z Ol pr2))

Gy (pry(2)

Cr(=-)

trp(py,—) (MC](”))A

Colup ™ (pry(2)) Cilug” (pri(2))

Cr(—)
Mo
1(=-)

B
Calug: ()

B
IfA :=I.p Ci(x)[TNand A, := My.p, Co(x) [I'] and MB? : B; — B, [I'l and He, )

LC1(0) = Cyuy () [Tx 2 By

L . . A . . .
are canonical isomorphisms, then the inverse of u AZ given as in Definition 4.7
1

B
Calugy (x

)
W = AL A B TN e )

is a canonical since we can show that: for g, proof of (,uf;]z)*1 (ﬂglz(x)) =x and for any f : I1,,. B, C,y(x") and x : B,
B By~!
Col(ughreC up? =)
W N = (trp(g, =)o (2" T yotep(q,, =) ) (g2 ()
1 B 1
Ci (g )

where the right member is the application of a composition of isomorphisms which are canonical by inductive hypothesis, because
by uniqueness of canonical isomorphisms

By By~1 By
(2ol ug? ) ~ Clu ()
trp(qﬂ ,—)o( (u Bl_1 1 ) lotrp(q” l,—) )= (Mcl (x)l 1
Ci (g )
and diagrammatically
Czwgf(x» 1
p -
B € ()
Gy (x) : Ci(x)
trp(g, = -) trp(gy —)
B,, B,~l B 8- B
Colug: (ug:  (up!())) - Cilug,  (ug (x))
Colugl ougl N
(u i )
€1 gl D

The other canonical isomorphisms obtained by different clauses can be easily shown to be equipped with canonical inverses
by applying the inductive hypothesis to the canonical isomorphisms of lower type complexity. []

In [31] Palmgren discussed the issue of equality on objects in categories as formalized in type theory and he defined E-categories
and H-categories. In this approach a fundamental role is played by the notion of setoid and proof-irrelevant dependent setoid as
defined in [14].

Definition 4.12. An E-category consists of the following data: a type C of objects, a dependent setoid of morphisms Hom(a, b) for
any a,b : C and a composition operation o : Hom(b, ¢) X Hom(a, b) - Hom(a, b), that is an extensional function in the sense that it
preserves the relevant equivalence relations and that satisfy the usual associativity and identity conditions.

We can impose equality on objects in a E-category in a way compatible with composition. This leads to the following definition:

Definition 4.13. An H -category is an E-category where the type of objects C is equipped with an equivalence relation ~ and there
exists a family of isomorphisms z,, , , € Hom(a, b) for each p : a ~¢ b such that

Hl :7,,,=1,forany p:a~ca
H2 :7,,,=17,,forany p,q:a~cb;

a,
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H3 :7,,,07,,,=T,., foranyp:a~cbq:b~ccandr:a~cc.

Definition 4.14. Let Set,, /=
as follows: the objects of Set

be the category of h-sets in Set,,, up to canonical isomorphisms and functions as morphisms defined
mf s, AT€ equivalent classes of h-sets A : Set,,, equated under canonical isomorphisms, i.e. an object
=c
of Set, , _ is an equivalence class [A] of h-sets A in Set,, where two objects A and B of Set
=-c

1)
IES
implies that A =y B holds in HoTT as well.)

Morphisms of Set,, 1= from an object [A] to an object [B], indicated with Set,, £ ([A],[B]), are determined by functions

f : A - B’ between h-sets A’ and B’ such that [A4’] =Setyy s, [A] and [B'] ZSetys [B] and given two functions f : A’ - B’

mf s, aT€ declared equal, by writing

[B], if there exists a canonical isomorphism ‘rf : A — B. (Note that by Univalence, the equality [A] =setmf/~ [B]

and g : A” — B" with [A ]—setmf/EC [A”] and [B'] =Setyf . [B], we define f ZSet,,; . & when Mg,”of =g goyﬁj’ holds for

canonical isomorphisms ,u::,“ i A > A" and /437 : B’ — B". We denote such morphisms with [f] : [A] — [B] and when
there is no loss of generality we implicitly mean that f : A— B. (Note that the morphism equality [ f] = [g] for arrows f,g: A —> B
implies the propositional equality f =,_ 5 g.)

Composition of morphisms of [f] : [A] — [B] and [g] : [B] — [C] is defined as [gof] for representatives f : A’ — B’ and
g: B ->C.

The identity morphism from [A] to [A] is the equivalence class [id4] : [A] — [A] of the identity morphism in HoTT.

Remark 4.15. The category Set,, /= is a small H-category in the sense of Definition 4.13 by taking as objects of C the setoid

whose support is Set,, , and whose equality A’ =¢ B’ is defined as the truncation of the assumed inductive type ||Ciso(A’, B')|| and
the hom-set between two objects Hom(A’, B’) is the setoid having as support the set of arrows A’ — B’, and whose equality for
f.g: A" —» B'is the propositional equality f = g. Moreover, for any p : ||Ciso(4’, B)|| we define 7,/ , := ind} | (p,z.2), which
is well defined since any canonical isomorphism between two h-sets is unique up to propositional equality and satisfy the required
properties of an H-category as shown in Proposition 4.11.

5. The compatibility of emTT with HoTT

In this section, we show that also the extensional level emTT of MF is compatible with HOTT. We are going to define a direct
interpretation In;, : emTT — Set,, Ja that is based on a multi-functional partial interpretation from emTT raw-syntax to HoTT
raw-syntax. As in the case of Definition 3.1, we assume to have defined two auxiliary partial maps prp and prg, both from HoTT raw-
syntax to HoTT raw-syntax, where the first is meant to associate to a type symbol of HoTT a (chosen) proof that it is a h-proposition,
while the second associates to a type symbol of HOTT a (chosen) proof that it is a h-set.

We stress the fact that the interpretation crucially relies upon canonical isomorphisms as defined in Definition 4.7. Indeed, it is
only by means of canonical isomorphisms that we can interpret correctly the definitional equalities and the conversions of emTT.
This means that when we are defining the interpretation for a raw type or a raw term depending on some other raw terms, we assume
that the type of this term has been corrected by means of canonical isomorphisms.

In this sense, the interpretation bears some resemblance to the interpretation of emTT in mTT given in [14], but it has a more
direct flavor, since we can avoid any setoid model construction thanks to the availability of set quotients as higher inductive types
within HoTT.

Further, another important difference with the interpretation presented in [14] is due to the assumption of the Univalence Axiom.
Indeed, the axiom plays a fundamental role in showing the compatibility of emTT with HoTT since it allows to convert the canonical
isomorphism interpreting two definitionally equal emTT-types into propositional equal HoTT-types. The lack of a similar principle in
mTT prevents the interpretation in [14] from achieving a full compatibility result of emTT with mTT.

We will indicate the interpretation multi-function with (-)" and the case when canonical isomorphisms are required with (- »>.
The notation (=) is similar to that used in [14]. Given an expression a of emTT raw-syntax, we write a” instead of @Y. Moreover,
we introduce the following definitions:

Definition 5.1. Given A type [['] and B type [I'], the judgement A =, , B means that there exists a canonical isomorphism yf relating

ext

A and B.

Definition 5.2. If C type [I'] and D type [A], the judgement C [I'] =,,;, D [A] means the following: given I" := TA., Xyt A,
B B,_

and A := y, : B,....,y, : B,, we can derive A| =,,; Bj,..., A, =oxs Bn[ﬂA:(x])/yl,...,ﬂA:_Il(x,,_l)/yn_l] and also Cc=,,DIr],

where D := D[Mg: /1> ...,uf"(xn)/yn] for some canonical isomorphisms Mff fori=1,...,nand yg.

Definition 5.3. Given ¢ : C [I'] and D [A] such that C [I'] = D [A], where " := x; : A,....,x,: A,and A := y; : B|,...,y,:
B,, the judgement ¢ :,,, D [A] means that we can derive ¢ : D [I'], where ¢ := Mg(c(yf:(xl), ,yf"(x,,))) for some canonical

ext

isomorphisms MB fori=1,...,nand u2.
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Definition 5.4. The judgement a =,,, b A [I'] means that we can derive p : d=73 b.

ext ext

The definitions given above specify the meaning of the notation a@ for any raw-expression a of emTT and thus the notation )",
which we will adopt in the next definition.

Definition 5.5 (interpretation of emTT raw-syntax). We define a partial multifunctional interpretation of raw terms and types of emTT
into those of HoTT
(-)Y : Raw-syntax (emTT) — Raw-syntax (HoTT)

assuming to have defined two auxiliary partial functions

prp(—) : Raw-syntax (HoTT) — Raw-syntax (HoTT)

and

prs(—) : Rawsyntax (HoTT) — Rawsyntax (HoTT)

The definition of (—)Y for contexts of emTT is the following: ([ ])Y is defined as 1 and (I',x € A)Y is defined as I'Y,x : A".
Furthermore, (x € A [I'])Y is defined as x : AY [['Y], provided that x : AY isin I'7.
The interpretation of emTT-judgements is defined as follows:

(A set [I'])Y is defined as  AY : U [I'V] such that prg(AY) : isSet(AY) is derivable
(A col [T]Y is defined as  AY : U, [I'V] such that prg(AY) : isSet(AY) is derivable
(P prop, [T'DY is defined as || PY|| : U, [I'V] such that prp(||PY||) : isProp(||PY]|) is derivable
(P prop [T'])Y is defined as || PY|| : U, [I'V] such that prp(|| PY|]) : isProp(]| PY]|) is derivable

(A= B set [I'])Y is defined as  (AY,prg(AY)) =,,; (BY,prs(BY)) : Sety, Y]

(A= Bcol [T'])Y is defined as  (AY,prg(AY)) =, (BY,prs(BY)) : SetU1 Y]
(P=Qprop, [IDY isdefinedas ([|PV]],prp(||PYID) =cx; (IIQ7 1], prp(I1QY 1)) : Propy, [I'V]
(P=Qprop [IDY  isdefinedas  (||PY]],pre(IIPYID) =cx (IIQVII,pre(lIQTI1)) : Propy, [I'V]
(ae AI'DY is definedas a¥ :,, AY [I'V]

(a=be A[T)” is defined as  a¥ =,,, b¥ : AY [T7]

The interpretation of emTT-constructors is defined as follows:

(Z4eaB@) MDY 1=, 4v BT (1]

{a,b))Y = (a%,b") N ~

(Elg(d,c))Y := inds(dY,x.y.c(x,y)Y)

prs((Z,esB(x))Y) = 85(AY,Ax : AV.B(x)Y,prg(AY), Ax : AY.prg(B(x)Y))

(M4 B(x) [T)Y := M. ;v B(x)" [T'"] (Axb(x)7 = Ax.b(x)T

prs((Il,ey B(x))Y) = 3p(AY,Ax : AY.B(x)Y,Ax : AV.prs(B(x)Y)) (Ap(f,a)Y = fY(a")

(N [TDY := O[]  (empy(c))” := indy(c¥)
prs((Np)Y) = 3,

(N, [TD)Y := 1[I7] ()7 := % o
prs(N)Y) := 8, (Ely, (t,0))" := ind,(t7.c)

(A+B[)Y := AV+B" [I'"]

(inl@)" := inl@)  Gnr®)Y = inr(bY)

(Bl (c,dy,dg)) = ind,(c¥,x.d, (x)7, y.dg(»)¥)
prs((A+ B)Y) := 8,(AY,BY,prg(AY),prs(BY))

(List(A) [['DY := List(AY) [I'V] ©Y := nil (cons(Z,a))Y = cons(zf’;,a;)
prs((List(A)Y) := 8 (A%,prs(AV) (Bl i (c,d, ) := indyg(c¥,d¥,x.y.2.U(x,y,2))

(A/R[T]Y := AV/R[I7] ([a))” := q@") o
prs((A/R)Y) := 80(AY, R, prg(AY),prp(RY),rY) for some term r  (Ely(p,c))Y := indQ(p',c')
(true € R(a,b) [T')Y := p: R(a,b)Y [I'V] for some term p
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(P() [T := Propy, [I]

[TAD” = (IA7I],pra(Il A7 1)

prs(P(1)) = Spropy

(true€ A< B[T)Y := p: ||47]] < ||BY|| [[] for some term p

(A - PHIDY := AY > Propy, Y] (Ax.b(x)Y = Ax.b(x)¥
prs((A — P(1)7) :=8(A, A1 A.Propy ,8prep, ) (Ap(f,@)Y := f7(a%)
(LYY = ||0]] [TY] (trueeC [I'])Y := indlv(c;) : CY [I'V] for some term ¢
pre((L)Y) = p),(0) prs((L)Y) 1= 8., (L)Y, prp((LY)

(AVBI[T])Y := A"V B[]

(truee AV B[I')Y := inlv(a;) : AV Vv BY [I'V] for some term a

(true€e AV B [I')Y := inrv(bv) : AY v BY [I'Y] for some term b

(true e C [T := indy(d¥,x.c;(x)7,y.c,(»)7) : C¥ [['7] for some terms ¢, cy,d
Pre((AV B)Y) = p(A".B")

prs((AV B)Y) := 8,,,(AV B)Y.prp((AV B)"))

(AABIDY = ||[AYXBY||[I'7]

(true€e AAB[T)Y := (a%,,b") : ||AY X BY|| [I'V] for some terms a, b

(truee A [I')Y := prl/\(c;) : AY [I'V] for some term ¢

(truee B [I')Y := przA(c;) : BY [I'Y] for some term ¢

Pro((AAB)Y) = Py (AY, BY)

prs((AAB)Y) := 8,,,((AA B)Y.prp((AA B)Y))

(A->B[I')Y = ||AY » B'||~[F']

(truee A—> B [T])Y := A_x.b" : ||AY - BY|| [I'7] for some term b

(true€ B [[])Y := f¥(a%): BY [['V] for some terms a, f

pre((A— B)Y) = pj (A7, B)

prs((A— B)Y) = 3,,(A— B)Y,prp((A— B)Y))

FeaB&) [TDY = F, .y B(gc)v [~Fv]

(true € 3, c4BXx) [TDY := (a¥,3bY) : 3. 4v B(x)Y [I'V] for some terms a, b
(true € C [T := ind3(d7,x.y.c(x,y)¥) : CV [I'] for some terms c,d
pre((3,eaB(x)Y) = p3(AY, Ax 1 AY.B(x)")

Prs(eea BG)Y) 1= 80e(3,ea B, prp((3es BE)))

(VyeaBX) [TDY =1L, 4v BV [I'V]

(true eV, c4B(x) DY := Avx.b(x); 2. g4v B(x)Y|| [T'V] for some term b

(true € B(a) TN := (f¥)y(@) : B(a)" [I'"] for some terms a,
pro((Voe s BX))Y) = pHHH(A',Ax : AV.B(x)Y)
Prs(Viea B))Y) 1= 8., (VY ca B(X)Y, pro((Vie s B(X)Y))

(Eq(A,a.b) [TDY := |ldv @ 6D 7]

(true € Eq(4,a,a) [T := |ref|az| :~||IdAv(a~',a~')|| [['Y] for some term a
pre((Eq(A,a,b)Y) := p | (AY,a",bY,1d v (a”,b"))

prs((Eq(A,a,b))7) = 8., (Eq(A,a,b))7, pre((Eq(A, a,b)7))

Remark 5.6. We could alternatively give a single clause for judgements with the proof-term ‘true’, namely (true)Y := p for some
proof-term p in HOTT. This would allow us to avoid to specify the interpretation of true for each term constructor, since all these
cases would be particular instances of this generic clause, but then we should make explicit how to recover them in the validity
theorem.

Definition 5.7. Let (—)® be a multifunctional interpretation from the raw-syntax of emTT-types and terms judgements to the raw-
syntax of HoTT-types and terms judgements defined as follows:

DY = ) ifJisa type judgement

J )’ = (J ); if J is a term judgement
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In order to define the interpretation of emTT-judgements into the category Set, we need to allow the possibility of regarding

mf/EL ’
dependent types as arrows into the category and the following definition is introduced for this purpose:

Definition 5.8. Let I' be a context in HoTT, then we define by induction over the length of I" the indexed closure Sig(I'), which
comes equipped with projections z}'(z) for z : Sig() and i=1,...,n

IfT := x: Athen Sig () := Aandz/(z) := z

Ifl' := A,x: Aoflength n+1,then Sig (I) = (X,.g;5a) A[n;’(z)/xl,...,nﬁ(z)/xn])

where ﬂ;‘+l(w) = zr,,”(nliw)) fori=1,...,nand ﬂ;'j:ll (W) = myw) for any w : ;. g0 a) AL (2) /X, ..., 71(2)/X,].
Moreover, we denote a the result of the substitution of the free variables x,,...,x, in a term a with zr["(z) fori=1,...,n and
z . Sig).

The definition of the multi-function interpretation (=)% from the raw-syntax of emTT to the raw-syntax of HoTT allows us to
define a direct interpretation Inp,: emTT — Set,, /= of emTT-judgements into the category Set,, s /= described in Definition 4.14.

Definition 5.9. The interpretation Inj: emTT — Set, is defined by using the partial multi-function (—)® in the following way:

mf/gc

- An emTT-type judgements is interpreted as a projection in Set,, ; /=

Inp (A type [T]) := [] : [SigT¥, A)] — [SigT¥)]
which amounts to derive A% r ’] in HoTT with canonical transports.
- An emTT-type equality judgement is interpreted as the equality of type interpretations in Set,, , /=

Inp (A= B type [I']) := Inp (A type [I']) =g¢ In;, (B type [I'])

mf [,
which amounts to derive A% [F’] =t B¢ [F’] and hence A% =y, B¢ [I“’].
- An emTT-term judgement is interpreted as a section of the interpretation of the corresponding type
I, (@€ AT := [(z,a%)] : [SigT®)] > [SigT¥, 4%)]

which amounts to derive a® : A% [['*] in HOTT with A% [['*] equipped with canonical transports.

- An emTT-term equality judgement is interpreted as the equality of term interpretations in Set,, ; /=
=c

In, (a=beA]) := Inp (@a€A[) =gy, . Inp(beAI)

mf /=,

which amounts to derive a® = 44 b [F‘], for some a® : A® [F’] and b® : A% [F‘].

In the following, given I’ := A’,x, : A,,A” with A” := x,,, : A,,,....X, ! A, then for every a : A, [A’] and for any type
B type [I'], we denote the substitution of x,, with a in B as

Bla/x,] type [A',A”]
instead of the extended form

B[a/xn][x,/‘/xi]i:n+l,4..,m type [A/’ AZ]

where
[/ ’ . i ! . !
Aa = Xt A’H_l,...,xm : Am
and
Py !
A = Aj[an/xn][xi/xi]i:n+2 ,,,,, m
if n+ 2 < m, otherwise A:l w1 = Ayyla,/x,]. Moreover, if A" is the empty context, then A” is the empty context as well. We use

similar abbreviations also for terms.

Lemma 5.10 (Substitution). For any emTT-judgement B type [I'] interpreted in Set,, ; P
(7] : [SigT¥.y : B)] > [SigT®)]
if " := Al,x, € A,,A", then for every enTT-judgement a € A, [A'] interpreted as [(z,E’)] : [Sig(A' )] - [Sig(A'®,x, € An’)],

Inp(Bla/x,] type [N, A]) =g, [m] : [Sig(a’$,a0 %,y € B¥a® /x,)] - [Siga ¥, AL )]

mf /=,
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Similarly, for any emTT-judgement b € B [I'], where B and I" are exactly as specified above, and which is interpreted as
(z.5%)1 - [Sig@®)] — [SigT¥.y : BY)]

Inp(bla/x,] € Bla/x,] [A',A!]) =Setyy 1o

[(z.b¥1a®/x,1) 1 : [Sig(a'®. A7 )] - [Siga/$.7 4.y € B[a¥ /x,)].

Proof. By induction over the interpretation of raw types and terms after noting that canonical isomorphisms are closed under
substitution. []

Theorem 5.11. If A type [I'] is derivable in emTT, then Inj, (A type [I']) is well-defined.
If a€ A [I'] is derivable in emTT, then Inj, (a € A [I']) is well-defined.
If A type [I'], B type [I'] and A = B [I'] are derivable in emTT, then Iny, (A = B [I']) is well-defined.
IfacAl', be A[l'land a=b € A [I'] are derivable in emTT, then Inp, (a =b € A [I']) is well-defined.
Therefore, emTT is valid with respect to the interpretation Inp,.

Proof. The proof is by induction over the derivation of judgements. Sets in Set,, ; form a II-pretopos, therefore they possess enough
structure to interpret emTT-type and term constructors. Note that conversion rules are interpreted correctly by canonical isomor-
phisms, since it is possible to coerce a term along a canonical isomorphism for the definitions given above. Indeed the rule

a€ Al A=Btype[I]
a€ B[]

conv

is interpreted as follows: by inductive hypothesis, Inp(a € A [I']) is well-defined and amounts to derive A [F’] for some a®
and some A type [F’] in HoTT; further, Inj, (A = B type [I']) is well-defined too and amounts to derive A =t B¢ [F‘] for some
canonical isomorphism u : A¢ > B¢ [F‘] and for some A type [F‘], B¢ type [’ ’] in HoTT and thus, by Univalence, it boils down
to A% =y, B¢ r ‘]. Therefore, Inp(a € B [I']) is well-defined, since u(a) : B¢ [ ’,a : A‘] is derivable and, moreover, such an
isomorphism is unique up to propositional equality.

The power collection of the singleton P(1) is interpreted as PropU0 : U, together with a proof prs((P(l)’)) : isSet((P(l)’)). The
introduction rule

A prop, [T'] :
[Ale P(D) [T]
is validated as follows: by induction hypothesis, Inp(A prop [I']) is well-defined and amounts to derive [|A%]] : U, ré] together
with prp(| |A%|]) : isProp(| | A®|)). Therefore the conclusion is immediately valid, since it boils down to derive the following judgement
(11A®11, pra(||A®#]])) : Propy, [T*].
Then there are the following two rules:

Al=[BleP() [T
true€ A< B [I] P) [A]=[B]leP() [ ]eff-P(l)
[A]=[B]leP() (I true€ Ao B[]

For the first: by induction hypothesis, In(true € A <> B [I']) is well-defined and hence there exists a proof-term p such that
p: ||A‘|| < ||B‘|| [F’] is derivable and (true)’ := p, but then by Propositional Extensionality we can infer ||A‘|| =y, ||B‘|| [r ’]
and then the conclusion is valid, because (| |A’||, pre(| |A‘||)) (||B‘||, pre(| |B’||)) holds. The latter instead trivially follows
by definition of (—)¥.

For emTT-quotients we have the effectiveness rule:

ae Al be A[I] [al=[bl€ A/R[I'] A/R set [I']
true € R(a, b) [T']

=PropU0

eff-Q

which is interpreted as follows: by induction hypothesis, In;, applied to the premises is well-defined and this amounts to derive that
there exist a®,b% in HOTT such that a® : A% [['#], b% : A% [T#], q(a®) = o Ire q(b®) [T'*] are derivable and A®/R® : U, [T'*]
together with a proof prs(A’ / R?) : isSet(A¢ /R¥) is derivable as well for some A% and R®. Since set quotients in HoTT are
effective (see Remark 2.20), then the interpretation of the conclusion is well-defined and the effectiveness rule is validated by our
interpretation. Indeed, for some HoTT-term p such that (true)’ := p, we can derive p : R(a, b)’ [F‘].

The reflection rule for extensional propositional equality

true € Eq(4, a,b) [T']
a=be Al

is trivially validated by our interpretation. Indeed, if we assume that In is well-defined for the premise, then this means that
p:Id A.(a’,b’) [F’] is derivable for some a‘,b‘ : A% and some proof-term p. But then the interpretation of the conclusion is

E-Eq

well-defined as well, since it amounts to derive p : Id A.(a‘, b‘) [T#] for some p.
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In general, the interpretation of the judgements with proof-term true works by restoring a corresponding proof-term in the
intensional setting: Inp(true € A [I']) amounts to derive that there exists a term p such that p : A® '] is derivable in HoTT and
where p corresponds to (true)®. By way of example, let us consider the following rule:

ac Al 1-Eq
true € Eq(A, a,a) [T']

By induction hypothesis, Inp(a € A [I']) is well-defined and hence we can derive a¥®: A¢ r ‘] for some term a® in HoTT; then
the interpretation of the conclusion is also well-defined, since |ref Ia.| D [I1d e (a’,a‘)” [I”] is derivable and (true)’ 1= refl ¢
Therefore, the rule I-Eq is validated by our interpretation.

Finally, note that the validity of f-rules also depends on the substitution Lemma 5.10. []

Remark 5.12. An important feature of the interpretation of emTT is that it can be regarded as an extension of Martin-Lo6f’s interpre-
tation of true judgements [16,17]. A judgement of the form A true must be read intuitionistically as ‘there exists a proof of A’. In emTT
we know that there exists a unique canonical inhabitant for propositions denoted by true and hence we have that A true := true € A.
By applying the interpretation defined above, we can recover a proof-term p such that p : A®. Such p could be considered as a typed
realizer. Indeed, as a result of the validity of the interpretation, true judgments are endowed with computational content. However,
this result was already achieved in the interpretation of emTT in mTT given in [14]. We just remark that this applies also to the
present interpretation.

Remark 5.13. We could have interpreted emTT within HoTT in another way by employing as an intermediate step the interpretation
of emTT within the quotient model construction Q(mTT)/ = done in [14]. The reason is that this quotient model construction could
be functorially mapped into Set,, s /=, by employing set-quotients of HOTT and a variation of the interpretation (—)* of mTT within
HOTT where all emTT propositions are interpreted as truncated propositions (as in Remark 2.14) in order to guarantee that the
canonical isomorphisms defined in [14] between extensional dependent types, which are actually dependent setoids (the word
“setoid” was avoided in [14] because mTT-types are not all called sets!), are sent to canonical isomorphisms of HOTT as defined in
4.7.

The existence of such an alternative interpretation into Set, is also expected for categorical reasons. First, Q(mTT)/ = is an

mf |~
instance of a general categorical construction called elementary q/u(;tient completion in [25,23]. Second, such a completion satisfies a
universal property with respect to suitable Lawvere’s elementary doctrines closed under stable effective quotients including as an
example the elementary doctrine of h-propositions indexed over a suitable syntactic category of h-sets of HoTT thanks to the presence
of set-quotients in HoTT. However, it is not guaranteed that the resulting translation from emTT into HoTT shows that emTT is
compatible with HOTT by construction. We think that the best way to show this would be to check that this alternative interpretation
is “isomorphic” to the one described in this section according to a suitable notion of isomorphism between interpretations of emTT
which would be better described after shaping both interpretations in categorical terms as functors from a suitable syntactic category
of emTT into a category with families, in the sense of [7], built out of Set,, Ja The precise definition of this alternative compatible
translation of emTT within HoTT and the possible use of an heterogeneous equality as in [1,38] are left to future work.

Remark 5.14. Note that the interpretations of mTT and emTT within HoTT presented in the previous section, interpret both the
mTT-universe of small propositions Prop, and the emTT power-collection P(1) of the singleton set as the set Propy, of h-propositions
in the first universe up to propositional equality. Indeed, we could have interpreted the equality judgements of mTT concerning the
definitional equality of types and terms as done for emTT.

However, we have chosen to interpret the definitional equality of mTT-types and terms as definitional equality of types and terms
of HoTT to preserve not only the meaning of mTT-sets and propositions but also the type-theoretic distinction between definitional
and propositional equality which disappears in the extensional version of dependent type theories as emTT.

Remark 5.15 (Related Works). Of course, the already cited work by M. Hofmann in [9,10] is related to the one presented here, being
related to the interpretation of emTT into mTT in [14] as said in the Introduction. Hofmann aimed to show the conservativity of
extensional type theory over the intensional one extended with function extensionality and uniqueness of identity proofs axioms. His
approach is semantic since he employed a category with families quotiented under canonical isomorphisms. The drawback of using
such a semantic approach is that the whole development relies on the Axiom of Choice, which allows to pick out a representative
from each equivalence class involved in the construction.

Hofmann’s interpretation was made effective later in [30,38] by defining a syntactical translation which is closed to our inter-
pretation of emTT into HoTT. Both interpretations are actually multifunctional since they associate to any judgment in the source
extensional type theory a set of possible judgements in the target intensional type theory linked by means of an heterogenous equality
in [30,38] and by canonical isomorphisms in ours.

Note that our interpretation does not achieve any conservativity result over HoTT: first, emTT is not an extension of HoTT and
moreover the derivability of the axiom of unique choice in HoTT prevents any conservativity result because it is not valid in emTT
(see Remark 2.1).
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6. Conclusions

We have shown how to interpret both levels of MF within HoTT in a compatible way by preserving the meaning of logical
and set-theoretical constructors. Higher inductive set-quotients, Univalence for h-propositions in the first universe U, and function
extensionality for h-sets within the second universe U, are the additional principles on the top of Martin-Lof’s type theory which
are needed to interpret emTT within HoTT in a way that preserves compatibility. On the other hand, the interpretation also works
thanks to the possibility of defining canonical isomorphisms within HoTT. Further, the interpretation of emTT-propositions extends
the interpretation of true judgements in the sense of [16,17].

In the future we hope to investigate the alternative translation of emTT within HoTT mentioned in Remark 5.13. Moreover, we
would like to employ an extension of HoTT with Palmgren’s superuniverse to interpret both levels of MF extended with inductive
and coinductive definitions as in [20,28].

As a relevant consequence of the results shown here, both levels of MF inherit a computable model where proofs are seen as
programs in [33] and a model witnessing its consistency with Formal Church’s thesis in [36]. We leave to future work to relate them
with those already available for MF extended with Church’s thesis in [19], [11], [21], [20], and in particular with the predicative
variant of Hyland’s Effective Topos in [19]. It would also be very relevant from the computational point of view to relate MF and its
extensions in [20] with Berger and Tsuiki’s logic presented in [2] as a framework for program extraction from proofs.
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Appendix A. The translation of mTT-syntax in HoTT

Here we spell out the interpretation of the raw syntax of mTT-types and terms as raw types and terms of HoTT. First of all, all
variables in mTT are translated as variables of HoTT without changing the name

X =X

Then the interpretation of specific mTT-types and terms is defined in the following table:

(propy)® = Proon

prS((props).) = é”Propo

(z(p)*" = pri(p")

pre((z(p)®) 1= pra(p®)

prs((z(p)®) 1= 8,4 ((z(p)*, prp((z(P)*™))

D= 0.p) (D =@y

(V9" 1= (pri(pM) Vpri(a*) . Py (pri(p*).pri(a™))

(A" = (pri(p™) X pri(g®) » Px(pri(P™). pri(g™). pra(p*). pra(g™)))
@39)" 1= (ri(p") = pri(@") . P (Pri(pM).pri(a"). pra(p*). pra(g™))
Grea PG 1= Gpiar PR, P3(A%, Axpry(p(0)) )

(Veea PO 1= (M ae (O™ Pri(A”, 2x.pry(p(0)"). Ax.pry(p()")))
(Id(A,a,b)* = (Idg«(a®,b"), pr (A", prg(A®),a",b" ))

(A = propy)® := A*" — PropUO (Ax.b(x))"
Prs((A — prop,)*) := 8y(A™. Ax : A Propy, .8pep, ) (AP(f.a)" :

Ax.b(x)"
[ (@)
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(ZepB(x))" =2, 4u B(x)"

(a,b)" = (a",b")

(Elg(d,c))" := indg(d®, x.y.c(x,»)")

prs((Z4es B(x))") = 85(A", Ax 1 A".B(x)",prg(A®), Ax : A".prg(B(x)"))

Theoretical Computer Science 991 (2024) 114421

(IMyey B = Il 4= B(x)", (Ax.b(x))" = Ax.b(x)"
prs(Il ey B(x)") = 8p(A", Ax : A".B(x)", Ax : A".prg(B(x)")) (Ap(f,a)" := (a")
(Np)* =0 (empgy(c))® := indy(c®)

prs((Ng)®) = 3,

(Np® =1 (*)" = %

prs((ND®) = 3 (E1N1(I,c))' (= indy (1", c")

(A+B)" := A"+ B",

(inl(@))" := inl(a")

(inr(b))* := inr(b")

(Bl (c,dy,dp)" := ind (c®,x.d (x)",y.dp(y)")

prs((A+ B)*) := 8,(A", B",prg(A"),prs(B®))

(List(A))" := List(A"), ©)" := nil (cons(Z,a))* := cons(Z",a")
prg((List(A)") = 3 (A", prg(A®))  (El (c.d, )" = ind;u(c",d", x.y.z.1(x,y,2)")
@L" =0 (ro(e)™ := indy(c™)

pre((L)*) = po

prs((L)®) = 8., ((L)", pre((L)"))

(AvB)" .= A"V B"

(inly(@)" := inl,(a®) (inr, (b)) := inr,(b")

(El,(d,cy,.cp)t = ind, (d", x.c;(x)", y.co(1)")

prp((AV B)*) := p, (A", B")

prs((AV B)*) = 8., ((AV B)",prp((AV B)"))

(AAB)" := A" xB" {(a,,b)" = (a",b")

pre((AA B)®) 1= py (A", B, prp(A"),prp(B®))  (mi(c)" = pry(c®) (for i=(1,2))
prs((AAB)") = 38,,,(AAB)",pre((AAB)"))

(A—- B)" := A" - B" (A_x.b)* = Ax.b"

prp((A — B)*) = p_ (A", B",prp(A*®), prp(B*)) (Ap_(f,a)" = f"(a")

prs((A— B)*) = 8,,.((A— B)",prp((A = B)"))

(FieaB&)" = 3. 4a B(X)"

((a,gb))" = (a",3b%)

(Elg(d,c)" := ind3(d", x.y.c(x,»)")

pre((3yea BOX))®) = p3(A®, Ax : A".B(x)")

prs((Frea Bx))") 1= 8.5, ((Fxcsa BX))", prp((Gxe s BX)"))

VyeaBx)® =11,. 4a B(x)" (Agx.b(x)* = Ax.b(x)"
pre((Veea BOX))®) = pp(A®, Ax © A".B(x)", Ax : A".prp(B(x)"))  (Apy(f,a)" = f"(a")
Prs((Viea B(x))™) 1= 8.,0((Viea B(X)", prp((Vyeq B(X)"))

(Id(A, a,b)" := Id «(a",b")

(idp(a)" = refl,a

(Blig(p, )" = ind(@", x.c(x)*)

pre(dd(A,a,b))") = pr (A", prg(A"),a",b")

prs(dd(A,a,b)") = 8,,.(Id(A,a,b))", prp((d(A, a,b))"))
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Definition 6.1. We define a partial interpretation of the raw syntax of types and terms of mTT in the raw-syntax of HoTT

(=)" : Raw-syntax (mTT) — Raw-syntax (HoTT)

assuming to have defined two auxiliary partial functions:

prp(—) : Raw-syntax (HoTT) — Raw-syntax (HoTT)

and

prs(—) : Raw-syntax (HoTT) — Raw-syntax (HoTT)

(—)* is defined on contexts and judgements of mTT exactly as the interpretation in Definition 3.1.
In the case of mTT term and type constructors all clauses are defined as the corresponding ones in the previous table with the

exception of those which are listed below:

(propy)® 1= PropU0

Prs((propy)”) 1= Sprop,

(@) = lpri (")l

pre((z(p))") = pra(p’)

prs((z(p))") 1= 8.0 ((z(p))", Prp((z(p))*))

@y = dloll py @) (D = Al by @)
@Ve)y :=(pri(@) vV eri(a) , py(pri(@),pri(g))

®AQ® 2= (llpri(”) X pri(@)Il s Pyysqi(Prip™), pri(g™)))
(QQNI)' = lpri(”) = pri(@)ll s Py (pri*). pri(@)))
Greap())" 1= Fyiar PO P3(A7, Axpri(p(x)) )
(Y\xeA p()) 1= ([ 40 pG’IL S Py Ty a0 PPI(P(X)))
(d(A,a,b))" = (|Ildy (@, 07|, by | (1dy (@, b))

Ly := [lo]| (ro(0))’ 1= ind,.(c")
Pro((L)) 1= Py () prs((L)) 1= Beoe((L),prp((L)))

(AAB) := ||A°x B’||
pre((AA B)) 1= pj (A%, B)
prs((AA B)") 1= 8., ((AA B),prp((A A B)))

(a b)) = (@, 0)

(7 ()" = pr;,(c) (for i=(1,2))

(A— By := ||A" = B'|| (Jox.b) = A_x.b*
Pre((A — B)) = pj_ (A", B") (Ap_(f.@)) = f(a")

prs((A— B)*) = 8,,.((A— B)",prp((A = B)*))

VieaBX) 1= (1L 4 B(x)'||
Pro((Vyea B(X))") = pym (A%, 4x : A°.B(x)")

(Ayx.b(x))" = Ayx.b(x)
(Apy(f,a@)" = fy(a")

prs((Viea B(x)®) 1= 8.40((Vye s B(X))", prp((V ey B(x))"))
(Id(A,a,b))" := ||I1d4.(a", )|
(idp(a))” = |refl,.|

Elyp, o)) = ind” H(p',z.indld(z,x.c(x)'))
pre((1d(A, a,b))") = pj (A%, a",b",1d 4. (a",5") )
prs(d(A,a,b)") = 38,,.(Id(A,a,b)", prp((d(A, a,b))"))

It is possible to show a validity theorem for this interpretation by an argument quite similar to that in 3.3.
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