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1. Introduction

In order to develop constructive mathematics we can choose among different frameworks
available in the literature, all sharing intuitionistic logic as the underlying logical rea-
soning. We can choose among theories formulated in the style of axiomatic set theory
ZFC, such as the predicative Aczel-Myhill CZF (Aczel and Rathjen 2001) or the im-
predicative IZF (Scedrov 1985); or we can choose among theories formulated as a type
theory where sets are considered as data types, such as the predicative Constructive
Type Theory (Martin-Lo6f 1975; Martin-Lof 1998; Nordstrom et al. 1990) by Martin-Lof
or the impredicative Calculus of Constructions (Coquand and Huet 1988) by Coquand;
or we can develop mathematics inside a categorical universe such as a pretopos (whose
underlying logic is predicative) or a topos (whose underlying logic is impredicative).
Topoi or pretopoi can be thought as universes where to develop mathematics because
they provide models for certain kinds of set theory. The concept of elementary topos
was introduced by Lawvere and Tierney to provide an axiomatization of a Grothendieck
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topos free of set-theoretic assumptions. Then, it was shown that suitable topoi model
fragments of classical set theory, like bounded Zermelo set theory (Cole 1973; Mitchell
1972; Mac Lane and Moerdijk 1992). Later Joyal and Moerdijk in (Joyal and Moerdijk
1995) proved that suitable pretopoi, namely Heyting pretopoi with a natural numbers
object, are enough to provide a setting where to model the full Zermelo-Fraenkel set
theory. More recently, in (Moerdijk and Palmgren 2000; Moerdijk and Palmgren 2002)
Moerdijk and Palmgren studied the categorical correspondence of suitable type-theoretic
constructions to be able to provide categorical models of Aczel-Myhill CZF (Aczel and
Rathjen 2001) within a locally cartesian closed pretopos.

Suitable pretopoi, called arithmetic universes, were also used to give a categorical
proof of Godel incompleteness theorems by Andre Joyal, already in the seventies (Wraith
1985). Andre Joyal built arithmetic universes in three stages, from a cartesian category
with a parameterized natural numbers object, through a regular category, to a pretopos
with parameterized list objects. In (Maietti 2003) we argued that a general definition
of arithmetic universes can be taken to be a pretopos with parameterized list objects
after showing that an initial arithmetic universe is equivalent to an initial pretopos with
parameterized list objects.

What makes more evident that all these categorical universes are suitable frameworks
where to develop mathematics is that they can be viewed directly as universe of sets by
means of their internal language.

The concept of internal language was first used to view a generic elementary topos as
a universe of sets with the so called Mitchell-Benabou language (see (Lambek and Scott
1986),(Bell 1988)) formulated in terms of a many-sorted logic.

In this paper we can see that not only topoi but also pretopoi and many other categor-
ical structures enjoy internal languages formulated in terms of a dependent type theory
in the style of Martin-L6f’s extensional type theory in (Martin-Lof 1984).

In the literature connections between categorical universes and logic was explored also
for other categories than topoi, but always in terms of a many-sorted logic. Makkai and
Reyes found that pretopoi provide a sort of completeness, called “conceptual complete-
ness”, with respect to many-sorted coherent logic (Makkai and Reyes 1977; Johnstone
2002). But, as far as we know, no explicit internal calculus for pretopoi has been proposed
before ours.

Internal languages formulated as a dependent type theory differ from those formulated
as a many-sorted logic mainly because the first include only types (possibly dependent)
with their terms and equalities, while the latter includes two syntactic entities: sorts (or
simple types) with their terms and formulas depending on sorts.

For example, the many-sorted Mitchell-Benabou internal language is formulated in
such a way that categorical objects correspond to types, morphisms to typed terms and
subobjects to many-sorted formulas, which are terms of the subobject classifier (Mac
Lane and Moerdijk 1992; Lambek and Scott 1986). There is no constructor turning
formulas into types, namely no isomorphism of the sort “proposition as types” is visible:
propositions are not equipped with proof-terms.

Instead, in the internal language a la Martin-Lof we provide here for topoi, all the
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categorical structure is described by means of dependent types, since simple types, like
those used in the Mitchell-Benabou language, do not suffice.

As a consequence with a dependent type theory we can build a syntactic category
by taking closed types as objects and terms as morphisms. In contrast, with a many
sorted logic, for example with the Mitchell-Benabou language, a syntactic topos is built
by taking formulas as objects, and functional relations as morphisms.

The interpretation of a dependent type theory in a fixed category C is more complex
than that of a many sorted logic, or obviously that of a simple typed calculus where types
are interpreted as objects of C and terms as morphisms of C. The idea is to interpret
a dependent type under a context as a sequence of morphisms of C and a dependent
term as a morphism of a suitable slice category of C. The notion of model we adopt
combines the categorical semantics based on display maps (Seely 1984; Hyland and Pitts
1989) together with the tools provided by contextual categories to interpret substitution
correctly (Cartmell 1986) by making use of the codomain fibration. Here, we require that
the category must be at least lex since we want to interpret substitution via pullback.
Then, to overcome the well known coherence problems due to the lack of a general
functorial choice of pullbacks, we use the split fibration associated to the codomain
fibration of the category (Benabou 1985; Hofmann 1995; Blackwell et al. 1989; Power
1989).

Actually, also the interpretation of formulas in an internal many-sorted logic, like that
of topoi, can be equivalently given by making use of a fibration, namely the subobject
fibration associated to the category. We can then conclude that describing the internal
dependent type theory of a category means to capture the type-theoretic properties of
the codomain fibration while describing the internal many-sorted logic of a category -
considering the sorts as types - means to capture the properties of the subobject fibration
together with the one dimensional structure of the category under consideration.

Having in mind the above categorical semantics we can recognize how a dependent
type theory a la Martin-Lof can describe the structure of subobjects avoiding the use of
formulas and sequents. Indeed, it turns out that a mono type, which is defined as a type
with at most one proof, i.e. formally a type B(z) [T'] for which we can derive

y=2z€ B(z) [T,y € B(z),z € B(z)]

gets interpreted by a sequence of morphisms the last one of which (interpreting the type
itself, whilst the rest interprets the context) is monic. Hence, mono types correspond to
monomorphisms as one can see by looking at the syntactic category built out from a
dependent type theory. This is crucial to capture the subobject classifier of a topos or
the quotients restricted to monic equivalence relations of a pretopos, or in other terms
to capture the structure of the subobject fibration only speaking about types. Therefore,
we deduce that interpreting formulas as subobjects yields the isomorphism propositions
as mono types, i.e. types with at most one proof or more generally formulas as mono
dependent types. As a consequence of these isomorphisms in the internal dependent type
theories propositions, or more generally formulas, become proof-relevant, whilst with a
unique proof-term. This is in contrast with many-sorted logic, where we are interested
only in the provability of a formula and not in the shape of its proofs.
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In extracting internal languages of categorical structures in terms of type theories a
la Martin-Lof we are facilitated by the fact that the correspondence between dependent
type theories and the categories considered is modular in the sense that we can single
out a precise correspondence between universal categorical properties and type-theoretic
constructors.

Hence, it is possible to get internal languages of various categories, from lex to regular
categories, pretopoi, arithmetic universes, topoi and variations of them.

In more detail, universal categorical properties correspond to already known type con-
structors of Martin-Lof’s extensional type theory or new ones as follows:

- Finite limits correspond to the terminal type, indexed sum types, extensional equality
types in (Martin-Lof 1984). These types describing the type theory of lex categories
form the basic module of an extensional dependent type theory internal to a category,
since this category must be at least lex.

- The right adjoint to the pullback functor between slice categories corresponds to the
dependent product type in (Martin-Lof 1984; Nordstrom et al. 1990).

- The left adjoint to the pullback functor between subobjects (or stable images) corre-
sponds to the indexed sum type made mono and restricted to mono types.

- Stable quotients of monic equivalence relations correspond to extensional quotient
types based only on mono equivalence relations with the addition of an axiom ex-
pressing effectiveness.

- The stable initial object corresponds to the false type in (Martin-Lof 1984; Nordstrom
et al. 1990).

- Stable binary disjoint coproducts correspond to the disjoint sum types in (Martin-Lof
1984; Nordstrom et al. 1990) with the addition of an axiom expressing disjointness.

- The parameterized natural numbers object corresponds to the natural numbers type
in (Martin-Lof 1984; Nordstrom et al. 1990) and parameterized list objects to list
types in (Martin-Lof 1984; Nordstrom et al. 1990).

- Finally, the subobject classifier corresponds to an extensional universe type encoding
mono types up to equiprovability.

The established link between dependent type theories and categories is stronger than
the link established by a soundness and completeness theorem between a calculus and
its models. Indeed, for any dependent typed calculus corresponding to a certain class
of categorical structures we can prove not only soundness and completeness but also a
sort of equivalence between the category of theories of the calculus and the category of
categorical structures. It is this sort of equivalence that lets us conclude that the typed
calculus provides the internal language of the corresponding categorical structures. And
this sort of equivalence does not generally hold for any class of complete models of the
given typed calculus.

Knowing internal languages a la Martin-Lof allows us to compare the considered cat-
egorical universes with Martin-Lof’s type theory from a type theoretic point of view. Of
course, we could also compare Martin-Lof’s type theory with the categorical universes by
looking at the categorical semantics of Martin-Lof’s type theory. But we do not have yet
a complete categorical semantics for the intensional version of Martin-Lof’s type theory
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in (Martin-Lof 1975; Martin-Lof 1998; Nordstrom et al. 1990). We do have it only for its
extensional version in (Martin-Lof 1984). For sake of clearness, we must say that only the
intensional version in (Nordstrém et al. 1990; Martin-Lof 1975) is nowadays considered
the correct type theory. The reason is that only the intensional version can be really
thought of a functional programming language because it is strongly normalizing and its
definitional equality between terms is decidable. Instead, the extensional version can not
be considered a functional programming language since it does not enjoy such properties
as its definitional equality between terms is undecidable and it is also inconsistent with
the formal Church Thesis (see (Hofmann 1997; Maietti and Sambin 2005) for more on
the topic intensionality versus extensionality). Then, the intensional version of type the-
ory, not even enjoying extensionality of functions, is not suitable to develop mathematics
as it is. The actual development of mathematics in type theory is instead done inside
an intermediate theory of extensional concepts, as that in (Sambin and Valentini 1998).
This is a many sorted logic built upon the intensional type theory and equipped with
set-theoretic notations as those commonly used in every day mathematics, and hence
with proof-irrelevant propositions. Similarly, we can view the many-sorted logic internal
to a category as obtained by abstraction from the internal dependent type theory in the
same spirit of how the many-sorted logic in (Sambin and Valentini 1998) is built over
Martin-Lo6f’s type theory.

If we compare the internal type theory of a topos with Martin-Lof’s one only from the
“type perspective”, one of the main differences is that all the internal dependent type
theories of the categories considered so far are extensional according to the extensional
version of Martin-Léf’s type theory in (Martin-Lof 1984). These internal languages are
necessarily extensional if we interpret the definitional equality as equality of morphisms
in the category and the propositional equality as an equalizer. According to this type
perspective the internal dependent type theory of a topos includes the fragment without
universes of the type theory in (Martin-Lof 1984) as a subsystem and hence it is an
extension of first order Martin-Lof’s extensional type theory.

If we want to compare Martin-Lof’s type theory with the internal type theory of
a topos from the “proposition perspective” things go very differently. First of all in
Martin-Lof’s type theory propositions are built by interpreting them as types (where
here with “type” we mean what nowadays is called set in (Nordstrom et al. 1990))
according to the isomorphism proposition as types. Instead, in the categorical universes
considered, like topoi, propositions as mono types holds, as observed. One big consequence
is immediately visible: Martin-Lof thinking of propositions as types conceives a strong
existential quantifier that yields the validity of the propositional axiom of choice, since
this turns out to correspond to a distributivity property between the dependent product
type and the indexed sum type. Instead, topoi, being governed by propositions as mono
types, admits only the usual existential quantifier of intuitionistic logic with no internal
existence property, and hence no propositional axiom of choice. However, in topoi we can
derive the axiom of unique choice and by our internal dependent language we can see
why: in this case the existential quantifier becomes equivalent to the strong one.

Moreover, there are also constructions that in the presence of proposition as mono types
do preserve constructivity and that do not in general with propositions as types and that
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make Martin-Lof’s type theory and the internal theory of a generic topos constructively
incompatible. For example, extensional powersets, or effective quotients can not be added
to Martin-Lof’s type theory in the presence of the uniqueness of identity proofs (see
(Maietti and Valentini 1999; Maietti 1998b; Maietti 1999)) if we follow propositions as
types, since they are not constructively compatible with the axiom of choice. Indeed, by
mimicking the well-known Diaconescu’s argument (Diaconescu 1975) we can prove that
even in the intensional type theory the choice function does not preserve constructively
the extensionality reproduced in type theory by allowing the above constructions.

In conclusion from the proposition perspective it is no longer true that the internal
theory of a generic topos is an extension of first order Martin-Lof’s type theory.

A careful analysis of pros and cons of the two frameworks could also reveal some com-
promises to weaken a topos to be constructively compatible with the axiom of choice (for
example by allowing some intensional impredicative universe with no effective quotients)
or to extend Martin-Lof’s Constructive Type Theory with stronger constructors closer
to those of a topos as much as possible. In (Maietti and Sambin 2005) we singled out a
type theoretic kernel common to both frameworks in terms of a predicative calculus of
constructions.

So far we have discussed how the internal languages a la Martin-Lof prepare the
grounds for a type-theoretic comparison between categories and type theories. We also
recall that an obvious use of the internal type theory of a category is to perform categori-
cal proofs in a logical way and to transfer techniques from type theory to category theory
and the other way around. For example, in (Maietti 2003; Maietti 2005) we performed
constructions inside an arithmetic universe by employing the internal type theory of an
arithmetic universe. Having the internal type theory available allowed an extensive use
of proofs by induction. And this is a clear advantage since it would have been much more
difficult to perform such proofs with categorical diagram chasing.

Another application of the internal language of an arithmetic universe could be to
provide a type-theoretic version of the proof of Gédel’s incompleteness done categorically
by André Joyal within an initial arithmetic universe.

Finally, having dependent typed calculi available as internal languages of categorical
universes lets us analyze their computational contents, for example by investigating the
validity of canonical normal form theorems.

The work reported here is mostly based on the PhD-thesis (Maietti 1998b). The inter-
nal language of Heyting pretopoi also appeared in (Maietti 1998a).

2. Categorical structures

We proceed by recalling the definitions of the categorical structures we consider, starting
with lex categories to end with topoi.

Def. 2.1. A lex category is a category with finite limits (or finitely complete category),
i.e. with a terminal object, binary products and equalizers (Mac Lane 1971).

We recall that for a category having a terminal object and pullbacks is equivalent to being
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finitely complete, and that having finite products is equivalent to having a terminal object
and binary products.

Def. 2.2. A lex category is said to be arithmetic if it has a parameterized natural
numbers object.

where

Def. 2.3. A parameterized natural numbers object in a category with finite prod-
ucts is an object N together with morphisms 0 : 1 — N and s : N — N such that
for everyb: B —Y and g : Y — Y there is an unique rec(b, g) making the following
diagrams commute

(id,0-15) idxs
B BxN BxN
\ \Lrec(b,g) \Lrec(b,g)
Y <———""Y
g

with g : B — 1 the unique map towards the terminal object.

It is worth to recall here that in presence of function spaces (or exponentials), like in a
cartesian closed category (see (Mac Lane and Moerdijk 1992; Lambek and Scott 1986)
for a definition), this parameterized version of natural numbers object is equivalent to
the usual natural numbers object.

Def. 2.4. A regular category is a finitely complete category with stable images (Jacobs
1999; Taylor 1997).

Def. 2.5. A lextensive category is a finitely complete category with stable finite
disjoint coproducts (Carboni et al. 1993). T.

Def. 2.6. A locos is a lextensive category with parameterized list objects (Cockett
1990).

where parameterized list objects are defined as follows:

Def. 2.7. A finitely complete category C has parameterized list objects if for any
object A € ObC, there is an object List(A) equipped with morphisms 72 : 1 — List(A)
and r{* : List(A) x A — List(A) such that for every b: B —Y and g: Y x A — Y there
is an unique rec;(b, g) making the following diagrams commute

(id,r2 1 B) idxr
B ——— % BxList(A) <—————— Bx(List(A)x A)
) iﬂfcl(b,g) l(recl(b,g)xidf;)-a
Y YxA

t In previous versions of this paper or in (Maietti 2001) we used the term “distributive” as in (Cockett
1990) for what most of the authors call “lextensive” to reserve the word “distributive” for a more
general concept (see (Carboni et al. 1993)).
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where o : B x (List(A) x A) — (B x List(A)) x A is the associative isomorphism

((my, 71 - T2), T - T2).

In (Cockett 1990) there is an equivalent definition of finitely complete categories with
list objects (also called list-arithmetic lex categories) in terms of recursive objects and
preservation of recursive objects by the pullback functor !%, : C — C/D sending an object
Btom :DxB— D.

Finally, we recall the categorical definition of pretopos, locally cartesian closed cate-
gory, topos and variations of them:

Def. 2.8. A pretopos is a category equipped with finite limits, stable finite disjoint
sums and stable effective quotients of monic equivalence relations (Makkai and Reyes
1977; Joyal and Moerdijk 1995).

Def. 2.9. An Heyting pretopos is a pretopos where the pullback functor on subobjects
has a right adjoint (Joyal and Moerdijk 1995).

Def. 2.10. An arithmetic universe is a pretopos with parameterized list objects (see
(Maietti 2003) for a justification of such a definition).

Def. 2.11. A locally cartesian closed category is a category equipped with finite
limits and right adjoints to pullback functors (Jacobs 1999; Taylor 1997).

Def. 2.12. A topos is a category equipped with finite limits, exponentials and a sub-
object classifier (Makkai and Reyes 1977; Mac Lane and Moerdijk 1992).

Since the aim of this paper is to describe internal dependent type theories of the categories
mentioned so far, we list necessary conditions that a category C has to satisfy in order
to enjoy a dependent typed internal language:

1 C has to be finitely complete. This is because we want to interpret substitution of
terms by means of pullbacks.

2 The structure of C necessary to interpret the type constructors on closed types has
to be local, i.e. for every object A € ObC the slice category C/A (see (Mac Lane
1971) for its definition) must enjoy the same structure of C (for example, if C is a
topos then C/A should be a topos for every A € ObC). This is because a dependent
type is interpreted in a suitable slice category and hence any slice category has to
be equipped with all the structure to interpret the type constructors under a certain
dependency.

3 The structure of C has to be preserved by the pullback functor f* : C/A — C/B
for every morphism f : B — A of C. This is because, if we interpret substitution
via pullback, then the structure needs to be preserved under pullbacks to make the
interpretation of a type constructor closed under substitution.

The categories mentioned so far satisfy the necessary conditions to enjoy an internal
dependent type theory:

Proposition 2.13. Lex, arithmetic lex, regular, lextensive categories, locoi, pretopoi,
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arithmetic universes, Heyting pretopoi, locally cartesian closed categories and topoi are
local and their structures are preserved by pullbacks in the above sense.

Proof. The proof of this statement is modular on the universal categorical properties
such categories enjoy. The local property of a finitely complete category follows from the
fact that in C/A the identity on A is a terminal object and that the forgetful functor
U :C/A — C creates pullbacks.

To show that regular categories and pretopoi are local is enough to note that the
above forgetful functor U creates colimits and that given in C/D an equivalence relation

R—2"> AxpA then (m1-p,m2-p) : R — Ax Ais also an equivalence relation in C, where

r\ D /a-7r1
mi: AXxp A— Afori: 1,2 are the projections of the pullback of a : A — D along itself
in C.

The proof that the natural numbers object is local follows easily: for every object
A of a category C with products, a parameterized natural numbers object in C/A is
71 : A X N — A, where NV is a natural numbers object of C.

An Heyting pretopos P is local because the subobjects in the slice category correspond
to subobjects in P. Then, to check that right adjoints are stable under pullbacks means
that Beck-Chevalley conditions are satisfied, which also follows.

The proof that list objects are local is more delicate. We can prove locality of list objects
in a locos (the locality of a locos is also stated in (Cockett 1990)) as follows. First, we
assume to know the internal dependent type theory of a lextensive category. Then, we get
the internal type theory of a locos by simply adding list types restricted to closed types,
which are interpreted as parameterized list objects. By means of this internal language
we can show how to build list types on arbitrary dependent types, corresponding to
list-objects in a slice category, and that in the suitable slice syntactic category they are
stable under pullbacks.

A locally cartesian closed category C can be easily proved to be local considering its
equivalent characterization (for example in (Seely 1984)) saying that for every object B
the slice category C/B is cartesian closed, and knowing that for every f: B — A in C
the slice category (C/A)/f is equivalent to C/B.

Finally, the proof that a topos is local can be found in (Mac Lane and Moerdijk 1992)
or (Johnstone 1977). U

We anticipate here that, in order to interpret a typed calculus in the corresponding
categorical structure, a given choice of the categorical structure needs to be made given
that the categorical structure is usually defined up to isomorphism. However, this is not
enough to make the interpretation. Indeed, to interpret substitution we need to find
a canonical choice of pullbacks that is functorial, and that is strictly preserved by the
categorical structure. But even in the category Set of ZFC sets and functions we do not
know any canonical functorial choice of pullbacks. To overcome this difficulty we will
make use of the machinery of fibred functors (Jacobs 1999; Hofmann 1997).
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3. Extensional dependent type theories

For each categorical structure described in the previous section we give here the descrip-
tion of the corresponding typed calculus meant to provide its internal language in the
style of Martin-Lof’s extensional dependent type theory (Martin-Lof 1984).

Any typed system is equipped with types, which should be thought of as sets or data
types, and with typed terms which represent proofs (or elements) of the types to which
they belong. In order to describe them in the style of Martin-Lof’s type theory, we have
four kinds of judgements (Nordstréom et al. 1990):

Atype Il A=B[I] a€All a=beA[l

that is the judgements about type formation and their terms, the equality between types
and the equality between terms of the same type (called definitional equality of terms in
contrast to the propositional equality of terms that is a type).

The contexts of these judgements are telescopic (de Bruijn 1991), since types are
allowed to depend on variables of other types. The contexts are generated by the following
rules

1e) I' cont A type [[]
O cont Ixe A cont

2¢) (xe€A¢gT)

plus the rules of equality between contexts (Streicher 1991), (Pitts 2000). Then, we need
to add all the inference rules that express reflexivity, symmetry and transitivity of the
equality between types and terms together with the type equality rules conv) and conv-eq)
and the assumption of variables

ac€ Al A=B]]
a € B[l

a=beA[l] A=BI
a=be B[

I'ee A,A cont
e ALz e A A

conv) conv-eq) var)

The structural rules of weakening, substitution and of a suitable exchange are not added
since they are derivable.

We also adopt the usual definitions of bound and free occurrences of variables and
we identify two terms under a-conversion. Moreover, we use the expression (z)b(z) to
mean the equivalence class of b(x) € B(z) [x € A] under renaming of variables, and we
also write b for (x)b(z). Actually, such expressions belong to the type theory with higher
ariety in (Nordstrom et al. 1990), with the warning that what is called a type here is
called a set in (Nordstrom et al. 1990). Indeed, by adding the so called function type,
from b(x) € B(z) [z € A] we can form the abstraction, that is (z)b(x) € (z € A)B(x),
and the corresponding application that satisfy 8 and 7 conversions.

Now, we give the formation rule for types specific to the various calculi with the intro-
duction, elimination and conversion rules of their terms. Beside them we should add the
corresponding formation equality rules for types with the introduction and elimination
equality rules for their terms as in (Martin-Lo6f 1984), but to be short we omit them. Note
that the piece of context common to all judgements involved in a rule will be omitted.
The typed variables appearing in a context are meant to be added to the implicit context
as the last one.
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For example, we simply write

C(x) type [z € B]

instead of

Y2esC(z) type

C(x) type [I',z € B

Y2esC(z) type [

The calculus for lex categories 7j.,

T type Tr

Terminal type

te T
*ETI_Tr t:*ETC_Tr

Indexed Sum type

C(z) type [z € B
Y2esC(z) type

beB ceC(b) YzeBC(z) type
(b,c) € LpepCl(x)

M (z) type [z € LoepC(x)]

de EzGBC(w)

m(z,y) € M((z,y)) [z € B,y € C()]

Els(d,m) € M(d) E-2
M(z) type [z € LoepC(x)]
beB  ccCl)  mny) e M(ey) e ByeC)
-3
Els((b,c),m) = m(b,c) € M((b,c))
Extensional Equality type
Ctype ceC deC ceC LE
Eq(C, ¢, d) type eqc(c) € Eq(C, ¢, c) 4
€ Eq(C,c,d € Eq(C,c,d
p € Eq(C,c,d) F-Eq p € Eq( ) C-Eq
c=deC p =-eqc(c) € Eq(C, ¢, d)

11
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The calculus of regular categories Treg

Lex calculus +
Mono Existential type

C(z) type [z € B
y=z€C(z) [zr € B,y € C(x),z € C(x)] . beB ceC(b) J.eC(x) type
HzGBC(x) type (bv C) € EIar:EBC’(x)

JzeC(x) type
beB ceC(b) deB teC(d)

(b1 C) = (dvt) € HIGBC(QT)

eq-3

M(z) type [z € FpepC(x)] y=2€ M(w) [w € IzepC(z),y € M(w),z € M(w)]
d € 3pepC(x) m(z,y) € M((z,y)) [z € B,y € C(z)]
Ex(d, m) € M(d)

E-3

The calculus of arithmetic lex categories Tgcs

Lex calculus +
Natural Numbers type

¢ — Lnat SN nat
Nitygpe " 0enN T smyenN ?

L(z) type [z € N]
ne€N ac€ L(0) l(z,y) € L(s(z)) [z € N,y € L(x)]

Eln(a,l,n) € L(n) E-nat
L(z) type [z € N]
a € L(0) I(z,y) € L(s(z)) [z € N,y € L(z)] oot
Eln(a,1,0) = a € L(0) e
L(z) type [z € N]
neN ae€ L(0) l(z,y) € L(s(x)) [x € N,y € L(x)] o .
2-na

Eln(a,l,s(n)) = l(n, Elxy(a,l,n)) € L(s(n))
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The calculus of lextensive categories Tezt

Lex calculus

_+_

Disjoint Sum type

C type D type ceC C + D type de D C + D type

C + D type inl(c) e C+ D

A(z) type [z € C + D]
peC+D ac(z) € A(inl(z)) [z € C]

Iq- Io-
-t inr(d) e C+ D >t

ap(y) € Alinr(y)) [y € D]

Ely(p,ac,ap) €

A(z) type [z € C + D]
ceC ac(z) € A(inl(z)) [z € C]

A(p)

ap(y) € A(inr(y)) [y € D]

Bl (inl(c), ac, ap) = ac(e) € A(inl(c)) o
A(z) type [z € C + D]
de D ac(z) € A(inl(z)) [z € C]  ap(y) € A(inr(y)) [y € D] N
5-

Ely (inr(d),ac,ap) = ap(d) € A(inr(d))

False type
a€ L A type
L type Fs ri(a) e A

E-Fs

Disjointness
ceC deD inl(c)=inr(d) e C+D

dsj(e,d) € L

13
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The calculus of locoi 7T,

Lextensive calculus +
List type
C type List(C) type . s € List(C) ceC .
——— lis — I;-list - Io-list
List(C) type € € List(C) cons(s, c) € List(C)

L(z) type [z € List(C)]
s € List(C) a € L(e) l(z,y,2) € L(cons(z,y)) [x € List(C),y € C,z € L(z)]

Bl ei(a:1,5) € L(s) B
L(z) type [z € List(C)]
a € L(e) l(z,y,2) € L(cons(z,y)) [x € List(C),y € C,z € L(x)] o
Elpist(a,l,e) = a € L(e) st
L(z) type [z € List(C)]
s € List(C) ceC a€ L(e) l(z,y,2) € L(cons(z,y)) [z € List(C),y € C,z € L(z)] ol
o-list

Elpist(a,l,cons(s,c)) = (s, c, Elp;st(a,l, s)) € L(cons(s,c))
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The calculus of pretopoi Tptop

Lextensive calculus +
Extensional Quotient type

R(z,y) type [t € A,y € A]  z=w € R(z,y) [t € A,y € A,z € R(z,y),w € R(z,y)]

c1 € R(z,z) [x € A] c2 € R(y,z) [zx€ A,y € A,z € R(z,y))
c3 € R(z,2) [t € A,y € A,z € A,w € R(z,y),w € R(y, 2)] Q
A/R type
a€A A/R type a€A beA de R(a,b) A/R type Q
- eq-
[a] € A/R [a] = [b] € A/R type E

L(z) type [z € A/R]
p€ A/R l(z) € L([z]) [x € A] Uz) =1l(y) € L([z]) [x € A,y € A,d € R(z,y)] BQ
Elq(L,p) € L(p) )

L(z) type [z € A/R]
a€ A I(z) € L([z]) [z € A] I(z) =1(y) € L([z]) [x € A,y € A,d € R(z,y)] cQ
Elg(l,[a]) = l(a) € L([a])

Effectiveness

a€A beA [a=[b]€A/R
eff(a,b) € R(a,b)

The calculus of Heyting pretopoi Tppt0p

Pretopos calculus +
Forall type

C(z) type [z € B] y=z€C(z) [r € B,y € C(x),z € C(z)] .
VeepC(z) type

c€ C(z) [z € B y=z€C(z) [z € B,y € C(x),z € C()]
XzB.c eV epClz)

beB f€EViepC(a)
Ap(f,b) € C(b)
f S VzEBC’(x)
XzB.Ap(f,z) = f € Ve sC()

E-V

nC-Y (z not freein f)
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The calculus of arithmetic universes 7g,

Pretopos calculus +

List types

The calculus of locally cartesian closed categories 7j..

The first order fragment of Martin-L6f’s extensional type theory

Lex calculus +
Extensional Dependent Product type

C(x) type [z € B]

MoepClo) type |
c€ C(x) [z € B LI beB fellzepC(z) BT
AP o € e pCl(a) AB(f,5) € Cb)
beB ceC(z) [z € B so.IT f el epCl(x)
Ap(\zB.c,b) = c(b) € C(b)

AzB Ap(f,z) = f € lzepC(x) G-Il (@ not free in f)

The calculus of topoi Tiop

Locally cartesian closed calculus +

Omega type

Btype y=z€ B [y€ B,z € B|
Q 1O
Q type {B} eQ

B type y=z€B[ye€ B,z € B

C type y=z2€ClyeC,z€C|

feB-C Q

eq-
{By={C}eQ :

(B} ={T}eQ

BC-Q (ASAL
ch(B) € B

(Ea@a (T =gca "

where B« C =B —~C x C —» B
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From now on we shall often omit the word type in the type judgements.

In the dependent typed calculi presented so far, the types and corresponding terms
coming from extensional Martin-Lof’s type theory (Martin-Lof 1984) are those in the
calculus for locally cartesian closed categories together with the disjoint sum types (but
without the disjointness axiom). The extensional quotient types on any (equivalence)
relation - hence not restricted to mono equivalence relations as presented here - and
without the effectiveness axiom, appeared in Nuprl (Constable 1986).

Why categories correspond to extensional type theories.

We recall that the extensional type theory is characterized by the presence of the ex-
tensional equality type. Instead, the intensional type theory (Nordstrom et al. 1990) is
characterized by the fact that all the type constructors have only S-conversions and the
equality type is intensional:

Intensional Equality type

Atype a€ A be A a€ A
Id V- — [-1d

Id(A,a,b) type id(a) € 1d(4, a,a)
Clz,y,2) [we Ay € A,z €ld(A, z,y)]
d €1d(A,a,b) c(z) € C(z,z,id(x))) [z: A]

idpeel(d, ) € C(a, b, d) E-1d
Clz,y,2) [we Ay € A,z €ld(A, z,y)]
acA c(z) € C(z,z,id(z)) [z : A]
C-1d

idpeel(id(a), c) = c(a) € C(a,a,id(a))

A big difference between intensional and extensional versions of type theory is that in
the intensional version the definitional equality a = b € A is decidable, while this is no
longer true for the extensional version (see for example (Hofmann 1997) for discussions
about this).

In our correspondence between categories and dependent typed languages the internal
dependent type theories are all extensional. The reason is that the propositional
equality must be extensional if we interpret the definitional equality between terms as
the equality between morphisms of the category and the propositional equality as an
equalizer.

Equivalent formulation for the indexed sum type.

Actually, from now on, we will refer to an equivalent formulation of the lex calculus where
the elimination and conversion rules for the indexed sum type are replaced by projections
satisfying 8 and 7 conversions. This formulation with projections is equivalent to that



M.E. Maiett: 18

of the indexed sum type given previously only thanks to the presence of the extensional
equality type (see (Martin-Lof 1984) for a proof of the equivalence), that is the equivalence
does not hold in the intensional version of Martin-Lof’s type theory in (Martin-Lof
1975; Martin-Lof 1998; Nordstrom et al. 1990) and this is why we add the adjective
“extensional” to this new formulation of indexed sum type.

The calculus for lex categories 7.,

Terminal type + Extensional Equality type

+

Extensional Indexed Sum type (with projections)

C(x) type [x € B] 5 beB ceC(b) YeeBC(x) type L
Y2eBC(x) type (b,¢c) € XzepC(x) ]
d € XeeC d € YeepC(x
- esC(2) Ey-% o esC(x) Ep-%
T (d) € B Ty (d) € C(mi(d))
beB ceC( beB cecC(b
c€0l) 4 ax ®)__ 4 cx

P ((b,c)) =be B 75 (b, ¢)) = c € C(b)

d S erBC(ZIJ)
(7B (d), 75 D)) = d € S,epC(a)

n C-2

The two existential quantifiers: strong and weak.

One of the main points of Martin-Lof’s type theory is the validity of the isomorphism
propositions as types. As a consequence the existential quantifier is put in correspondence
with the indexed sum type as presented in the lex calculus. This means that we can
define the two projections as just seen (and this holds in the intensional version, too %),
with the consequence of having the existence property internalized in the calculus. This
is stronger than the usual formalization of the intuitionistic existential quantifier, like
that present in a topos, which instead corresponds to Howard’s weak indexed sum type
according to the isomorphism propositions as types:

¥ In the intensional version of Martin-Lof’s type theory (Nordstrom et al. 1990) we can define pro-
jections that satisfy B conversions but n conversion only at the propositional level, i.e. in the form

ld(Seep C(2), (P (d), x5 ™ D) (@), ).
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Howard’s Weak Indexed Sum type

C(x) type [x € B] 5 beB ceC(b) YoepC(z) type 5
w w w -W
YrepC(z) type (b,c) € XZcpC(x)
M type

deXypC(x) m(z,y) € M [z € B,y € C(z)]
Flso(d,m) € M

E-wX

M type
beB ceC(b) m(z,y) € M [z € B,y € C(x)]
Els,({b,c),m) =m(b,c) € M
The main difference between the rules of the indexed sum and those of the weak one is
that in the elimination rule of the weak one the type M must not depend on XY 5C(x).
As a relevant consequence, in the presence of the product type while the indexed sum type

allows to derive a proof of the following type, read as the axiom of choice in (Martin-Lof
1984)

C-wx

(Il € A)(Xy € B) C(z,y) = (Ef € A— B)(Ilz € A) C(z, f(z))

the weak indexed sum does not (see (Swaen 1991; Swaen 1992)).

Mono types.
We call mono every type for which we can prove
B(z) type [r € A
y=z€ B(z) [xr € Ay € B(z),z € B(zx)]

also called proof-irrelevant, for example in (Hofmann 1997). These are dependent types
that can be inhabitated by at most one proof. This is the central concept to characterize
the structure of subobjects of a category, like stable images of a regular category captured
by the mono existential types, or the right adjoints restricted to subobjects of an Heyting
pretopos captured by the forall types, or the quotient of a monic equivalence relation in
a pretopos captured by the quotient type restricted to mono equivalence relations, or the
subobject classifier of a topos captured by the Omega type classifying only mono types.

Observe that we can prove that the mono existential type and the forall type are
mono respectively in Treq and in Thptop. Moreover, we did not add the 8 conversion rule
for the mono existential type and the forall type since they are derivable because they
are equalities between terms of a mono type.

Remark on how to weaken the elimination rules on dependent types.

In the presence of indexed sum types and extensional equality types, the usual dependent
elimination rule of a type A, which is toward types, like M(z) [z € A], depending on A
itself is equivalent to an elimination rule toward types not depending on A, provided that
we also add an extra 7 conversion rule stating uniqueness of the weakened elimination
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constructor. This added 7 conversion rule can be proved to be valid by turning it into a
propositional equality, which can be derived by using the dependent (!) elimination rule
on the type A. The weakened elimination constructor can be proved to be as much as
expressive as the starting one, by using it on the type X,caM(z) and then recovering
the original dependent elimination constructor by means of the second projection of the
indexed sum and the help of the added 7 conversion.

We pay attention to these weakened elimination rules since these are the rules that more
directly correspond to the universal properties of the categorical constructors interpreting
the corresponding type constructors. Instead, the dependent elimination rule corresponds
to a universal property of the categorical constructor which concerns various fibres.

Now, we make explicit the weakened elimination rules for the quotient type, the list
type and the disjoint sum type, by sketching the proof of the equivalence only for the

quotient type.
In Tpiop the elimination and conversion rules of the quotient type are equivalent to a
valid restricted elimination rule toward types not depending on A/R,

M type
de A/R m(z) e M [x € A] m(zx)=m(y) e M [z € A,y € A,d € R(x,y)]
Flg (m,d) € M

Es-Q

together with the following two conversion rules, also derivable in 7T,ip: one is the
[-conversion
M type
a€A m(z) e M [z € A] m(z)=m(y) e M [xr € A,y € A,d € R(z,y)]
Elg,(m,[a]) =m(a) € M

BsC-Q

and the other one is the 7 conversion stating the uniqueness of Elq_:
p€A/R t(z) € M [z € A/R]

Elq,((2)t([z]), p) = t(p) € M
Indeed, in order to derive the dependent elimination rule from the weakened one, given
l(z) € L([z]) [z € C] and I(z) =I(y) € L([z]) [z € A,y € A,d € R(x,y)], we use the E;-
Q rule on ([z],1(x)) € ¥.ca/r L(2) [x € A] and we define Elg(l,p) € L(p) forp € A/R as

the second projection of the indexed sum type applied to Elq ((z)([z],I(x)),p). It turns
out to be well defined since by s and 7, conversion rules we can prove that

™ (Bl ((z)([z],(x)),2)) = 2 € A/R [z € A/R]

nsC-Q

Analogously, in 7;,. the elimination and conversion rules of the list type can be proved
equivalent to the following:

L type
s € List(C) a€L l(z,z) € L [z € L,z € (]
ElLists(a7l75) eL

E;-list

L type
a€l l(z,z) € L [z € L,z € C|
ElLists (a7l70) =a€lL

BsC1-list
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L type
s € List(C) ceC a€Ll lzy)eL[z€L,yeC|

Elpist,(a,l,cons(s,c)) = U(Elpist, (a,l,8),¢c) € L

BsCa-list

Litype a€L I(z,y)€L[z€ L,yecC| t()EL[zeLzst( )]
s € List(C) tle)=a€l t(cons(z,y)) = l(t(x ) )€ L [z e List(C),y € C]
Ele‘st (a,l,s) = t( )

15 C-list

Similarly, in Tg;e» we can replace the elimination and the conversion rules of the natural
numbers type with the weakened elimination rule and corresponding conversions since
the natural numbers type can be represented as List(T).

Finally, also in 7.4 the elimination and conversion rules of the disjoint sum type can be
proved equivalent to the following

A type

pEC+D ag(@®)cAx€C] aply)€AlyeD]

Ely (p,ac,ap) € A

A type

ceC ac(z) € Az €C] ap(y) € Ay € D] G
Ely (inl(c),ac,ap) = ac(c) € A Ls=

A type

de D ac(z) € Az €C] ap(y) € Aly€ D] c
Ely (inr(d),ac,ap) =ap(d) € A 257t
peC+D t(z) € Az € C+ D]

n-+

Ely 4 (p, (%) t(inl(z)), (y)t(inr(x))) =t(p) € A

About the calculus of regular categories.

In order to interpret the rules of the mono existential type in 7.4 into a regular category
it is useful to note first that the mono existential type is actually mono, by using the elim-
ination rule on the mono type Eq(3,cpC(x), z,w) for z € A, pC(x) and w € e pC(x).
Then, to see that mono existential types correspond to stable images, i.e. to left ad-
joints of pullback functors on subobjects, it is convenient to prove that the rules of the
mono existential type as formulated in 7., are equivalent to the following ones where
we weaken the elimination rule to act on mono types not depending on the existential
type as explained in the previous paragraph. For the mono existential type we do not
need to add the 8 conversion since this is derivable, because it equates terms of a mono
type. Moreover, instead of adding an 7 conversion rule, we put the stronger condition
that 3,epC(z) is mono, otherwise this would not be derivable:

C(x) type [x € B] y=z€C(z) [x € B,y € C(z),z € C(z)]
J2eBC(x) type

m3

beB ceC(b) F2esC(x) type e € IeC(z) dE€ JpenC(x)
I-m3 eq-m3
(b,c) € FoepC(x) e=d € J,ecsC(x)
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M type y=z€ M [we€ FpepC(z),y € M,z € M]
d € 3,epC(x) m(z,y) € M [z € B,y € C(z)]
Exm(d,m) € M

E-m3

Of course, the above rules are valid for the formulation of the mono existential type in
Treg- To prove that from them we can derive the elimination rule on a mono dependent
type M(z) [z € J4eC(zx)] with m(z,y) € M((z,y)) [x € A,y € C(z)], as in the
previous paragraph, we apply the elimination rule E-m3 on X.c5, _,c(2)M(2), which is
mono since both 3,cpC(x) and M(z) are mono. Then, we use the second projection to
define Ex(z,m) € M (z). This is well defined as m1(Ex, (2, (z)(y){(z,vy), m(z,y)))) = =
for z € 3, pC(z) holds being 35 C(x) mono.

The equivalence in the definition of regular categories between stable images and sta-
ble quotients of kernel pairs suggests another equivalent internal language of regular
categories:

The calculus of regular categories Treg

Lex calculus +

Quotient types on the terminal type

A type

A/T type
a€ A ac€A beA
=L LQt 2L 052 eq-Qt
eaT T = peaT T

L(z) type [z € A/T]
peA/T  l(z) € L([x]) [x € A] I(z) =1(y) € L([z]) [x € A,y € A]
Elq(l,p) € L(p)

E-Qtr

L(z) type [z € A/T]
a€A  lz) € L(lz]) [z € A] Uz)=1Uy) € L([z]) [x € A,y € 4]
Elg(,[a]) = l(a) € L([

Indeed, we can prove that the quotient types on the terminal type are equivalent to the
mono existential types in the typed calculus for lex categories. For this purpose, first note
that from mono existential types we can derive the following stronger elimination rule
for general (not necessarily mono) types and corresponding S-conversion. They express
the fact that 3,cpC(x) is a quotient of ¥,cpC/(z) making all the proofs equal, that is
JpepCl(x) = XpepC(x)/T:

M(2) type [z € 3oenC(2)]  m(z,y) € M((x,9)) [z € B,y € C(x)]
d € 3zepC(x) m(z,y) =m(z,w) € M((z,y)) [xr € B,z € B,y € C(z),w € C(z)]
Exq(d,m) € M(d)

E-g3
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M(z) type [z € FoepC(z)]  m(z,y) € M((2,y)) [z € B,y € C(z)]
beB ceC(b) m(z,y) = m(z,w) € M((z,y)) [x € B,z € B,y € C(z),w € C(z)]
Exq((b,c),m) = m(b,c) € M((b,c))
To prove that the elimination rule E-g3 is valid, we apply the elimination rule E-3 of
Treg on the following mono type

C-gd

ZwGM(z) H:cEBayEC(ac) Eq(M(Z)7 w, m(m, y))

for z € 3,c5C(x). Then, we use the first projection of the indexed sum type to define
the elimination constructor.

Thanks to the validity of the rules E-g3 and C-g3 it is immediate to prove that by
means of the mono existential type we can define the quotient on the terminal type by
putting

A/T = E|$EA—|—

Viceversa, from the quotient type A/T we can define the existential type by putting
FoepC(2) = (Z0epC(2))/T

Finally, observe that in 7,¢4 the quotient of a kernel pair, which we would define as
the quotient type A/Eq(B, f(z), f(y)) for f(z) € B [z € A], can be defined as

A/Eq(B, f(x), f(y)) = Byen (JocaEa(B, f(z),y))

On the other hand, from the existence of the quotient type of a kernel pair we can
prove the existence of the mono existential type because, by what has just been said, its
existence follows from the existence of the quotient type on the terminal type, which is
a particular quotient on the kernel pair of the unique term of the terminal type.

In (Awodey and Bauer 2004) there is an equivalent formulation of the calculus for
regular categories with bracket types [A] for a type A corresponding to our quotients on
terminal type, i.e. [A] = A/T (or [A] = 344 T). There, the elimination rule for bracket
types, which acts on not dependent types, can be enforced to act on dependent types
and -once this has been done- the equality rule between terms of [A] can be weakened
to the equality rule only on introductory elements, as in our equivalent formulations of
the rules for 3,c4T.

About disjointness.

Observe that in the calculi for lextensive categories, locoi, pretopoi, Heyting pretopoi
and arithmetic universes, the disjointness axiom is not derivable from the other rules.
Indeed, for each calculus we can obtain a model that falsifies disjointness by using a
domain with only one element (see (Smith 1988)), where the quotient type A/R is
interpreted simply as A.

Comparison with the many-sorted language of topoi.
The many sorted internal language of topoi in (Lambek and Scott 1986) (also called
higher order logic) has two kinds of syntactic entities: sorts which are represented by



M.E. Maiett: 24

simple types with corresponding terms
A type a: Al

and formulas which are terms of the subobject classifier {2 not equipped with proof-terms
and depending on sorts

d(x) € Q [z € A

Instead, in our calculus T, for topoi there is only one kind of syntactic entities, namely
dependent types B(x1,...,x,) type [x1 € A1, ...,x, € A,] with corresponding terms and
equalities organized in the four kinds of judgements

Atype Il A=B[Il ac€A[ll a=beA[l

Categorically, the internal language as a many-sorted logic captures the one dimensional
properties of a topos in terms of a simple type theory and the properties of the subobject
fibration in terms of logical formulas (and hence two interpretations are necessary: one
for types and corresponding terms as objects and morphisms of the category, and the
other one for formulas as terms of the subobject classifier, or equivalently as subobjects).

Instead, as we will see in section 5, our internal dependent typed language of topoi
captures the properties of the codomain fibration by regaining the properties of the
subobject fibration via mono types, since these are interpreted by monomorphisms.

If we look at the typed calculus T, only from the type perspective, Tz, is an extension
of first order Martin-Lof’s extensional type theory in (Martin-Lof 1984), this being the
calculus Tj.. for locally cartesian closed categories.

But if we consider that in a topos propositions corresponds to subobjects, then in
Tiop We need to interpret the logic according to formulas as mono types. Following this
isomorphism, the universal quantification is represented by the forall type, like in the
calculus for Heyting pretopoi (we recall that a topos is an Heyting pretopos (Mac Lane
and Moerdijk 1992)!), which can be defined in Ty, as the dependent product type, since
the dependent product of a mono type remains mono. Analogously, the existential quan-
tifier corresponds to the mono existential type, as in the calculus for regular categories,
and it can be defined by means of the quantification on the Omega type as follows:

Jy € B C(y) =Tpea (Myen(Cly) = Ea(,{T},p))) — Eq(2,{T},p)

Hence, the existential quantifier does not coincide with the indexed sum type as in
Martin-Lof’s type theory. Indeed, as in 7,.q, we can prove that it is a quotient of the
indexed sum type over the terminal type:

JyeBCly)=(XyeBCOy)/T

where the quotient type on the terminal type can be defined as A/T =3r € A T.

As a consequence, for example, we can realize why in any topos only the axiom of
unique choice holds while the full one does not (see below). Hence, from the logic point
of view we can not think of 7, as an extension of Martin-Lof’s type theory.

Axiom of choice in the typed calculus for topoi.
In the calculus for locally cartesian closed categories 7Tj.., and hence in that for topoi,
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we can easily derive the distributivity property of the dependent product type with the
indexed sum type as in Martin-Lof’s extensional type theory (Martin-Lof 1984):

(Ilz € A)(Xy € B) C(z,y) = (Xf € A— B)(Ilz € A) C(z, f(x))

where we recall that A — B = (Ilz € A)B.

According to the isomorphism formulas as types by Martin-Lof the above distribu-
tivity property is recognized as the propositional axiom of choice. However, this is not
recognized as such if we follow formulas as mono types as in the logic of a topos. In
fact, in topoi or Heyting pretopoi, the propositional axiom of choice should be instead
expressed with the forall type and the mono existential type acting only on a mono type
C(z,y):

(Vz € A)(Fy € B) C(z,y) = 3f € A— B)(Vz € A) C(x, f(z))

Now, recalling that the mono existential type is a quotient of the indexed sum type, that
is Jy € B C(z,y) = (Xy € B C(x,y))/T, then the propositional axiom of choice can be
rewritten as

(Ve e A) (Xy € B C(x,y))/T = ((2f e A= B)(Vz € A) C(z, f(x)))/T

It is well known, as proved by Diaconescu (Diaconescu 1975) (see also (Lambek and
Scott 1986; Mac Lane and Moerdijk 1992)), that the above propositional axiom of choice
can not be generally derived in a topos because it makes the logic classical. From the
above formulation in the dependent typed calculus of topoi we can perceive why this is so:
indeed, to prove the axiom of choice we would need to access to a proof of Xy € B C(z,y)
from (Xy € B C(z,y))/T, but we can not unless we have a choice operator from the
quotient A/T to A.

Instead, in a topos (and also in a Heyting pretopos) we can derive the axiom of unique
choice written as

(Vxe A) (Bye BC(x,y))/T N Yye B Vze B C(z,y) N C(z,2) = Eq(B,y, 2)
— (Bf e A— B)Vx € A) C(x, f(x)))/T

where AANB = A x B with A, B mono types. Indeed, in this case Xy € B C(z,y) [z € 4]
is a mono type and becomes isomorphic to its quotient on the terminal type

Xy € BC(z,y))/T ~ Yy € B C(z,y)

Therefore, we can prove the axiom of unique choice as we prove the axiom of choice in
Martin-Lof’s type theory.

The Omega type seen as a quotient type.

The Omega type corresponds to the subobject classifier. Given that monomorphisms
correspond to mono types, then the Omega type encodes mono types, which represent
propositions, up to isomorphisms. Hence, the impredicativity of a topos is restricted to
mono types and the Omega type is not necessarily itself mono to avoid inconsistencies.
In the Omega type mono types are encoded up to equiprovability. Indeed, the Omega
type can be seen as the quotient of an intensional classifier of mono types over the
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equiprovability relation. But before showing this, we explain why in the formulation of
the Omega type an elimination rule is not present and where the 8 and 7 conversion
rules come from. For this purpose we consider the following alternative formulation of
the rules for the Omega type: recall that B<+C = B—-C x C — B

Alternative formulation of the Omega type

QtypeF
B type y=z€Blye€ B,z € B
C type y=z€e€ClyeC,ze (]
B type y:zeB[yeB,zeB]I feB&C .
{BteQ (Bt ={C}eq
g€ qgeEN ceT(q) deT(q)
Ty B eq-E
T(q) type c=deT(q)
Btype y=z€ By€ B,z¢€ B] ge N

B-C

(ro.15") € T((B}) © B T@y=qea ™°

In the above alternative formulation of the Omega type its elimination rule is explicit.
Now, if we add the above rules to 7., then for every ¢ € Q we can derive a proof term
of T(q) <+ Eq(€2,¢,{T}) because ¢ = {T} € 2 is provable if and only if T'(¢) is provable.
Hence, we can put

T(q) = Eq(,¢,{T})

Then, we can simply keep only the corresponding § and 7 conversion rules which are
equivalent to those in the original formulation of the Omega type. In particular, the
BC-0 rule follows from the $-C rule by putting ch(B) = rp(eq). Viceversa, the 8-C rule
follows from the SC- rule since for any mono type B we can derive

Az.ch(B) € Eq(Q,{B},{T}) = B

whose inverse is Az.eq € B — Eq(Q,{B},{T}).

Now, we show that the Omega type is a quotient of an intensional Omega type whose rules
are the intensional version of those in the above alternative formulation of the Omega
type. More precisely, we show that the rules of T;,, can be derived in an extension of
Tice with extensional effective quotients restricted to mono equivalence relations, as in
the type theory of pretopoi Tptop, and with an intensional Omega type encoding mono
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types as follows:

The intensional Omega type

QF type

Btype y=z€B|y€ B,z € B]
Citype y=z€ClyeC,z€C|

Bilype y=z2€Bly€ B,z ¢€ B . B=C w
c(B) € e(B) = ¢(C) €
pe peQ eeD(p) de D(p)
Do) tume. & eq-E
D(p) type c=de D(p)
B type =z€BlyeB,zeB ) peQ '
ype y ly D oo LS ———
D(c(B)) =B ce(D(p))=pe

In this extension we can show that the Omega type is the quotient of the intensional
Omega type Q2 under the relation of equiprovability between elements of Q¢:

Q=0

where for d; € Q% and dy € QF we define dy > dy = D(dy) + D(da).

Indeed, we can see that the equality rule of the Omega type corresponds to the usual
rule of equality for canonical terms of a quotient type and that the SC-€ rule is equivalent
to the following rule expressing effectiveness of the Omega type seen as a quotient:

{B} ={C}eQ
eff(B,C) e B+ C

Finally, the nC-2 rule can be proved by finding a proof of the corresponding propositional
equality by means of the elimination rule of the quotient type !/ <+ since we can derive
B+ Eq(Q, {B},{T}) for any mono type B (for more details see (Maietti 1998b)).

4. The modular correspondence categorical property/type constructor

Here, we describe the correspondence between universal categorical properties and type
constructors.

Observe that from the fact that such a correspondence is modular on lex categories,
beside the calculi presented previously, we can then deduce the dependent type theory
of other lex categories enjoying a combination of the categorical properties in the table
below by combining the corresponding type constructors. For example, the type theory
of locally cartesian closed pretopoi is the calculus of pretopoi with extensional dependent
product types, and the type theory of locally cartesian closed categories with stable finite
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coproducts is the calculus of locally cartesian closed categories with the false type and
disjoint sum types.

Categorical properties

Type-theoretic constructors

Finite limits

terminal type
extensional equality type
indexed sum types

stable coproducts
stable initial object
+ coproduct disjointness

disjoint sum types
false type
+ disjointness axiom

stable images

mono existential type

stable quotients of kernel pairs

extensional quotient types
on the terminal type

stable quotients
of monic equivalence relations
+ quotient effectiveness

extensional quotient types
on mono equivalence relations
+ effectiveness axiom

parameterized natural numbers object natural numbers type

parameterized list objects list types

extensional dependent

right adjoints to pullback functors product types

right adjoints to pullback functors

restricted to subobjects forall types

subobject classifier omega type

5. The categorical semantics

The seminal idea of the semantics goes back to (Seely 1984; Lawvere 1969; Lawvere
1970) and consists in interpreting a dependent typed calculus by means of the codomain
fibration (Jacobs 1999). There is a readable informal account of the interpretation of
the typed calculus for locally cartesian closed categories in (Johnstone 2002). A reader
acquainted with that treatment will more readily understand what we do here.

Making sound the interpretation for dependent type theories requires one to deal
with issues of coherence. In principle this can be dealt with using the general result
of Power (Power 1989) based on the setting of Blackwell-Kelly-Power (Blackwell et al.
1989). But that is indirect and uses very heavy machinery; it seems good to have a simple
direct treatment.
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Our notion of model for a dependent typed calculus, first presented in (Maietti 1998b),
combines the semantics based on display maps (Seely 1984; Hyland and Pitts 1989) to-
gether with the tools provided by contextual categories to interpret substitution correctly
(Cartmell 1986). In particular, our models can be organized into contextual categories by
means of the split fibration associated to the codomain fibration. As treated in (Hofmann
1995), the use of a split fibration is required to interpret substitution correctly, since the
natural use of the codomain fibration as in (Seely 1984) gives rise to coherence problems.

While the validity and completeness theorem is straightforward for contextual cate-
gories in general, the same theorem with respect to our particular contextual categories
requires more care. However, we want to point out that it holds, hence in order to prove
the validity and completeness theorem between a dependent type theory and correspond-
ing categories C it is sufficient to use models based on the split fibration of the codomain
fibration of a category C. Moreover, we will prove a stronger link than the validity and
completeness theorem, namely that the calculi considered in this paper provide internal
languages of the corresponding categorical structures they are supposed to describe. Fi-
nally, we can also build free categorical structures by means of their internal dependent
type theory.

5.1. The interpretation and the validity

Before defining the details of the interpretation of a typed calculus in the corresponding
category, that is supposed to model it, we explain the general idea of the interpretation
and the coherence problem encountered to interpret substitution.

Let us suppose that we want to interpret the dependent typed calculus Tje, in a lex
category C. The idea is to interpret the type judgement B [I'] as a suitable sequence of
morphisms of C to the terminal object 1 and the judgement b € B[] as a section of the
last morphism of the sequence interpreting the dependent type B under a context.

In particular, a closed type A [ ] will be interpreted as the unique morphism A/ =
oy from an object Ay of C (interpreting A only) toward the terminal object 1 of C
(interpreting the empty context):

e

1

Then, a dependent type B(x) [x € A] will be interpreted as the sequence of two arrows

Bx,

e

-
1 o Ax

while in general a term b € B(x1,...,2,) [ € A1,..,z, € A,] will be interpreted as a
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section of BY

b
Asnp 4>‘d Bs
%
N
1=<— As <—— Asn
AI I

1 n

provided that B(z1,...,x,) [z € A1, ..,x, € A,] is interpreted as

By,

/BI
1 eIAgl 'eIAEn

1 n

For example, supposing that b € B [z € A] and ¢ € B [z € A] are interpreted as

bI I
\lj / " \Zj / "
B! B!
It ST

the idea is to interpret the extensional equality type Eq(B,b,c) [z € A] as

Ex

‘/Eq(blvc’)

I%Az

where Eq(b!, c!) is the equalizer of b’ and c!.
To place the interpretation into a category we define the following category of path-
graphs of C:

Def. 5.1. Given a category C with terminal object 1, the objects of the category Pgr(C)
are finite sequences aq, as, ..., a,, of morphisms of C

1<TA1<7A2 <— A,

az An

and a morphism from a1, as, ..., a, to by, ba, ..., by, is a morphism b of C such that b,,-b = a,,

A, b B, providled n=mand a; =b; fori=1,....n — 1.

. \ e

Al an 1

Then, in order to interpret substitution we want to use pullbacks as follows. Given a
dependent type B(x1,x2) [x1 € A1, 29 € As] and a term a € As [x1 € A;] interpreted as

Bs Asy As2
1 e] Axi e[ Aso 1 % As

1 2
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then the idea is to interpret B(z1,x2)[x2/a] = B(x1,a) [x1 € A4] as

B(a)z
;/B(a)f
1l<———Ax
A{

where B(a)! is the first projection of the pullback

B(a)z; —> By,

|

Asi — > Ase
a

Analogously, given a term b(z1,22) € B(z1,x2) [x1 € A1, 22 € Ag] interpreted as

I
A):z > BE

id
1= Ast >;\A22/BI
1 2

the idea is to interpret b(z1,a) € B(z1,a) [x1 € A4] as

b(a)!
Aso %‘ B(a)z

id
A{\ /B(a)l

l]<— Ay,

where b(a)! is the unique morphism induced by id4,, and b’ - a! toward the vertex of
the pullback of B! along a’

ol
A ——————> Am»

~

b(a)!

However we can immediately realize a coherence problem: not for all choices of pullback
the pullback of B! with the identity has the identity as first projection. This property
is needed to validate B(z)[z/z] = B(z). Moreover, we need a functorial choice of pull-
back in order to validate (B(y)[y/a(x)])[xz/c]) = B(y)[y/a(c)] and hence to interpret the
substitution of a term both in types and in terms correctly.

Abstractly, the situation can be rephrased by saying that we wanted to interpret the
calculus by using the codomain fibration associated to the category C. But we encountered
the problem that the reindexing pullback pseudofunctor associated to the codomain
fibration - and used to interpret substitution of term into types (and terms) - is not a
functor. However, there is a way out (for a general solution to coherence problems see
(Power 1989)). One solution (following (Hofmann 1995)) is to use the reindexing functor
S : COP — Cat associated to the split fibration of the codomain fibration (for more
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details see (Benabou 1985; Jacobs 1999)). Since the fibres of S are equivalent to those
of the pullback pseudofunctor we can consider the functor S as the correction of the
pullback pseudofunctor into a functor! This reindexing functor associates to any object
A in C the category S(A) = Fib(C/A,C7) of fibred functors and natural transformations.

Before proceeding with the definition of the category of fibred functors, we first recall
the definition of the arrow category C™ of a given category C: the objects of C™ are the

C-morphisms x . A and the morphisms of C™ from x ¢ A to x ¥, A are pairs
of C-morphisms f: X — Y and u: A — B such that the following diagram commutes:

X Y
o v
A B

Then we give the definition of fibred functor indexed on an object in a lex category:

f

—

_
u

Def. 5.2. Given a lex category C, and an object A in C, a fibred functoro : C/A — C 7 isa
functor from the slice category C/A to the category C~ which sends cartesian morphisms
of the domain fibration dom¢ to cartesian morphisms of the codomain fibration codc,
(see (Jacobs 1999) for corresponding definitions), i.e. o associates to every commutative

. t . q(t,o(b))
triangle ¢ ————— B a pullback diagram ¢'———>B

b'\« % a(b-t)l ia(b)
A

C— 8B
t

Then, we define the category of fibred functors related to an object of a lex category C:

Def. 5.3. For every object A of a lex category C, we call Fib(C/A,C™) the category of
fibred functors o : C/A — C~ whose morphisms from o to 7 are natural transformations
p such that for every b : B — A the second member of p(b) is the identity (recall that

b
p(b) is a morphism of C7), that is the triangle AU commutes.

o) N X 7(0)

In the following when we speak of a fibred functor o in Fib(C/A,C7) we call i(o0) = A
the object indexing o.

Note that we can specify the definition of a fibred functor only on objects of C/A, since
its action on C/A-morphisms is determined by the pullback property, once we know that
the defined object part fits well into a pullback. Therefore, in the following to define a
fibred functor we will only specify its action on objects.

Moreover, observe also that any component p(b) of a morphism p of Fib(C/A,C™) is
determined by p(id4) thanks to naturality of p and the properties of pullbacks. Indeed,

if we consider B—"—> A, we get that p(b) from o(b) to 7(b) is equal to the unique
b id
A

morphism to the pullback of 7(id) along b, according to the functorial choice of pull-
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backs of 7, induced by o (b) and p(ida) - ¢(b, o(id)), which we indicate with the notation

(o(b),a plida)-q(b,o(id))). Therefore, in the following to define a natural transformation

between fibred functors indexed on A we will only specify its action on the identity of A.
Now, how can fibred functors help to interpret the calculus? To answer this question, we

show how the category of fibred functors Fib(C/A,C™) is equivalent to the slice category

C/A (that is the fibres of S are equivalent to the fibres of the pullback pseudofunctor).
The functor

—

(—=):CJ/A— Fib(C/A,C™)
establishes one side of the equivalence, by associating to an object b: B — A of C/A the
fibred functor b, defined as b(t) = ¢t*(b), namely the first projection of the pullback of b

b* (¢ —
along ¢ B, e B for every t : D — A. Then, (—) is extended to morphisms by the
wf )
D—>A

t
universal property of pullback. For every a: C — A and b: B — A, the morphism part

of (/*\) associates to every ¢ — % . B the natural transformation g:a— b defined
7
A

in this way: for every ¢t : D — A, we put g(t) = (a(t),a g - a*(t))) which is the unique
morphism to the pullback of b along ¢ induced by a(t) and g - a*(t).
The other side of the equivalence is established by the functor

(=)(id) : Fib(C/A,C™) — C/A

which is defined exactly as the evaluation of a fibred functor and of a natural transfor-
mation on the identity on A.

The above equivalence suggests that instead of interpreting a type B(z) [x € A] directly
into the slice category C/As - supposing to simplify the interpretation of a closed type
A into an object Ayx, of C - we can preinterpret it into a fibred functor 8 : C/Ay, — C™.
The idea is that the evaluation of 8 on the identity, that is B(iday), represents its
interpretation with the advantage that the fibred functor provides also how to interpret
B(x) [z € A] after any possible substitution:

q(a’,B(id))
Bla)s(———— By,

B(a)lﬁ(a)l lBlﬁ(id)

Cy — > As
aI

More in general a type B(z1,...,2,) [x € Ay,..,2, € A,] will be preinterpreted in a
sequence of fibred functors

A1, A2y ...y Qg ﬂ
with 1 = i(a;) and Ag;—1 = i(ey) for i = 2,...,n and i(8) = As,, and then interpreted
as

1<—— A <~—— Ay, <— By,
az (id) anp(id) B(id)
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This idea suggests to define a category of path-graphs of fibred functors analogously
to Pgr(C) provided that their evaluation on the identity gives an object of Pgr(C):

Def. 5.4. Given a lex category C, the objects of the category Pg f(C) are finite sequences
01,02, ...,0, of fibred functors o; : ObFib(C/A;,C7) with 1 = i(o1) and A;—1 = i(0;)
for i = 2,...,n such that oq(idy),02(id4,),...,on(ida,_,) is an object of Pgr(C). The
morphisms of Pgf(C) from o1,09,...,0, t0 71,72, ..., Ty are defined only if n = m and
o, =1 fori = 1,..,n—1 and o,,7, € ObFib(C/A,—1,C7) and they are natural
transformations p from the fibred functor o, to 7,.

Then, we will use morphisms of Pgf(C) to preinterpret dependent terms. Before giving
the precise idea of the preinterpretation we define the fibred functor i4 : C/A — C™ on
the objects as follows: for any ¢t : D — A

iA (t) =1idp
A term b € B(wy,...,7y) [x € Ay, ..,x, € A,] will be preinterpreted as a natural trans-
formation b’ from 4, to 3, that is a morphism from from ai, as,..., ay, iay, tO
a1, g, ..., &y, B in Pgf(C), and hence interpreted as b (id), that is a section of 3(id)

b (id)
AE n —_—> BZ

X

1<;'A21 Asi an(zd) Asn
provided that the type judgement B(xi,..,z,) [[',] is interpreted as

1<— Agy <~— A5, =— Bs . Also for the terms, the idea is that the natural
o (id) ay (id) B(id)

transformation b! interprets the term under all the possible substitutions.

In practice we pass from the preinterpretation of a type or of a term in Pgf(C) to its
interpretation by the functor (—)(id) in Pgr(C).

For example, given b € B [z € A] and ¢ € B [z € A] preinterpreted by the natural
transformation a’ and b’ and interpreted as

bl (sd) I (id)
—_—> B A): > BZ

id id
1l<—"" Ag (ld 1 % Az]
AI(zd) Al (id)

the idea is to preinterpret the extensional equality type Eq(B,b, ¢) [z € A] as the sequence
AT Eq(bI Ty in Pgf(C) and to interpret it as

Ex

/Eq(bf,cf)(id)

l<— Asx
AI(zd)

where Eq(bf , ol ) : C/Ax — C is the fibred functor defined on objects as follows (recall
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that a fibred functor is determined by its action on objects): for any t : D — Ay,
Bq(', d")(t) = eq(c (1), d(1))

that is the chosen equalizer in C of ¢!(¢) and d”(t). This is a well defined fibred functor
since equalizers are stable under pullbacks.

__Moreover, to preinterpret basic types and their terms, we will make use of the functor
(—). For example, we will preinterpret the False type into the fibred functor (!y) where
lo : 0 — 1 is the unique morphism from the initial object 0 of C to the terminal object 1.

To preinterpret weakening and substitution we will make use of the morphism part
of the reindexing functor S : CYF — Cat, which is defined as follows: for a morphism
f: B — A of C, the functor S(f) : Fib(C/A,C) — Fib(C/B,C) associates to every
fibred functor o a fibred functor o[f] defined as o[f](t) = o(f - t) for every morphism ¢ :
C — B. And S(f) associates to any natural transformation p the natural transformation
S(f)(p) = plf] defined as p[f](t) = p(f - t) for every t : C' — B. Observe that S is the
reindexing functor with respect to the Grothendieck fibration p : Gr(S) — C, which is
the projection of the Grothendieck completion of the functor S (see (Jacobs 1999) for
definitions) and is equivalent to the codomain fibration.

In more detail, we define a preinterpretation i : T — Pgf(C) for each typed calculus
T presented in section 3 into the category Pgf(C), where C is a categorical structure that
the calculus is supposed to describe. For example for 7;,, we suppose that C is a topos.

Since the preinterpretation essentially says how to interpret a dependent type and a
typed term after any possible substitution, then, we define the interpretation of type and
term judgements as the evaluation of their preinterpretations on the identical substitution
by means of V : Pgf(C) — Pgr(C) defined in this manner:

V(ULUZ: ---,Un) = 01<id1)702(id1‘11)’ i) Un(idAnf1) V(f)) = p(idAn—1>
for every Pgf(C)-object 01,02, ...,0,, with 1 = i(o1) and A;_1 = i(0;) for i = 2,...,n and
for every Pgf(C)-morphism p from o1, 09, ..., 0 t0 71, T2, ..., 7. Hence, the interpretation
Ic : T — Pgr(C)

is defined as Zp =V - /I;

Zc
T

Pgr(C)

=

¢ Pgf(C

In defining the preinterpretation we need to overcome a difficulty, namely that we can

%
)

not define it by induction on the derivations of type formation and of term introduction
and elimination as we do with simple type theory. Indeed, in the presence of type depen-
dencies some typing rules require the validity of equality judgements, like for example the
type equality rule conv) or the elimination rule of the extensional propositional equality
type, or the formation rule of the forall type or the introduction rule of the Omega type.
We overcome this difficulty following the approach in (Streicher 1991) by defining an a
priori partial preinterpretation

¢ : pseudo(T) — Pgf(C)
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on the pseudo-judgements of a dependent typed calculus 7 - that are raw types, raw
equal types, raw terms and raw equal terms (under a context) obtained from the sig-
nature associated to each dependent typed calculus in section 3 - by induction on their
complexity (Pitts 2000; Streicher 1991). Only when we prove the validity theorem we
also prove that the preinterpretation is well defined on the type and term judgements
derivable in the theory (see (Maietti 1998b) for more details).

Def. 5.5 ((Pre)interpretation). A dependent type (pseudo)judgement
B(l‘l, ey I‘n) [(L’l € Al, Ty € An_l(xl, ...,JL‘n_l)]
is preinterpreted as an object of Pgf(C)

a1, Qg ey Qp , B

and then interpreted as 1 <— Ay, <~— Ay, =— By

a1 (id) aun (id) B(id)
The equality between types is preinterpreted as equality between objects of Pgf(C) and
hence interpreted as the equality between objects of Pgr(C).
A term (pseudo)judgement b € B(x1, ..., 2y) [['y] is preinterpreted as a natural transfor-
mation bl from o1 , a9 ,..., an , iAg, tO Q1 , Q2 ,..., an , B, and then interpreted as
bl (id), that is a section of S(id)

bl (id)
En —_— > BZ

X

1<— Axy Ax
lag, Santd) "

provided that the type judgement B(zy,..,z,) [I'n] is interpreted as

1<——Ax <— Axp <— By

a1 (id) an(id) " Blid)

The equality between terms is preinterpreted as equality between natural transformations
and hence interpreted as the equality between morphisms of Pgr(C).

In the following we give the interpretation of type and term (pseudo)judgements, speci-
fying only for types their preinterpretation as sequences of fibred functors. Indeed, recall-
ing that a natural transformation between fibred functors is determined by its evaluation
on the identity and being a term preinterpreted into a natural transformation and inter-
preted into its evaluation on the identity, we conclude that the interpretation of a term
determines its preinterpretation.

The partial (pre)interpretation of the various dependent typed calculi of section 3
follows the correspondence in the table of section 4 and hence, we assume that each
time we interpret a type constructor then the category C has the corresponding property
according to the table. In defining such a (pre)interpretation of type and term construc-
tors under a (pseudo)context, we assume that I' = a1 € Ay, ...,z, € Ap(z1, ..., Tp_1)
and &(id) = a1(id) , as(id) ,..., a,(id) and that dom(a,(id)) = Asy,.

Note also that, when we interpret a term constructor, like for example (b, c), we also
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assume to know the interpretation of the terms b and ¢, but we omit the corresponding
details for simplicity.
Assumption of variable:

Ie( x € B(xy, .oy zp) [T, ® € B(x1, ..., xn) ] )(id) = Apy

Ie(x € B(x,...,xn) [T, ¢ € B(z1, ..., xp), y € C(21, ..., T, )] ) (id) = y(id)* (A By)
where Ap,, is the diagonal with respect to 8(id) in C/Ay,, with By, = dom(8(id))
provided that Z¢( B(xy,...,zy) [I'] ) = d(id) , B(id)

and Z¢( C(x1, ooy, @) [T, € B(x1,...,zy,) ) = &(id) , B(id) , ~(id)

and that the interpretations Ze ( B(z1, ..., xn) [T, © € B(1,...;2n), y € C(21, ..., Tn, )] )
and Ze( B(zy,...,xn) [T, © € B(21,...,2,)] ) are defined by means of the semantic op-
eration of weakening according to lemma 5.6.

The assumption of variable when the context A is made of more than one typed
variable (see the rule in section 3) is interpreted by repeating the semantic operation of
weakening according to lemma 5.6.

Terminal type:

Te(T[]) = idi(idy)  and  Ze( T [[n]) = G(id) , idi(lay,)
where 1 is the terminal object in C and !4, is the unique morphism from Ay, to 1.

Ie(*x€T H ) = <id1 1 id1> and Ic( *x €T [Fn] ) = <Z'd,42n 1 !A2n>
which are the unique morphisms toward the pullback respectively of id; along id; and
of id; along !4y, .

False type:

Te(L[]) = loGid))  Ze(L[M]) = &(id), o(las,)
where 0 is the initial object in C.

Te(ri(a) € ATn]) = 74, - (al(id)) -
where ?4,, is the unique morphism from lo(la,, ) to «a(id) in C/As, provided that
TZe(AT,]) = d@id) , alid).

Indexed Sum type:

Ze( XyepCly) [Tn] ) = a(id) , Zp(7)(id)
where Xg(v)(t B(t) - v(q(t, B(id))) for t : D — Ay, provided that
pli

Te(B[Ta)) = d(id), Blid) and Te(C [T,z € Bl ) = (id) , fid) , A(id).

Te( (be) € SyepCly)) [Ta] ) = g (id),1(id)) - (¢! (id))



M.E. Maietti 38
Te(mi(d) € B [T,]) = ~(id) - (d(id))

Te( ma(d) € C(mi(d)) [Tn] ) = (idag, ,p, d'(id)) _
which is the unique morphism to the pullback of ~(id) along ~(id) - (d*(id)).

Extensional Propositional Equality type:

Te( Eq(Cye,d) [T,]) = (id) , Bq(c!, dT)(id) ~ _
where Eq(c!, d')(t) = eq(cl(t), d'(t)) which is the equalizer of ¢/ (¢) and d!(t) in C
fort: D — As,,.

Ze( eqe(c) € Eq(Che0) [Tn] ) = ¢ _ _
which is the unique morphism in C/As,, toward the equalizer eq( ¢’ (id), ¢’ (id) ) induced
by id 4y, (which equalizes ¢ (id) with itself!).

Disjoint Sum type:

Le(C+ D [Tn] ) = d(id), (v @ 0)(id)
where for ¢t : D — Ay, we put (y®9)(t) = ~(t) @ d(¢t) which is the coproduct in C/Ay,
provided that Z¢( C [T',] ) = &(id) , v(id) and Ze( D [T'y] ) = &(id) , 6(id).

Te(inl(c) e C+D [[,]) = ei(cl(id) and Ze(inr(d) € C+D [[,]) = ex(d(id))
where €1, €2 are the injections of the coproduct v(id) @ §(id) in C'/Axy,.

Ic( Ely(p,ac,ap) € A(p) [Tn]) = (idas, a5, (01 - ag(id)) @ g2 - ap(id)) - p' (id)) _
which is the unique morphism toward the pullback of «(id) along p’(id)
where ¢1 = q(e1,a(id)) and g2 = q(e2,a(id)) and (q1 - al(id)) @ g2 - al(id))
is the codiagonal morphism of ¢ - ag(id) and g2 - ag(id)) provided that
Ie( A(w) Th,we C+D]) = &, (y®I)(id), a(id).

Te(dsj(c,d) € L [[,]) = (cL(id) 5 d! (id))

which is the unique morphism to !o(!4y,) which is vertex of the pullback of €; along ey
in C/Ay,, by disjointness of v(id) ® §(id).

Mo(lag
by

The mono existential type: it is interpreted as (X,epC(x))/T and hence we refer to
the interpretation of quotient types and indexed sum types.

Forall type:

Ze(VyenCly) [Tn] ) = 5(id) , Y (id)
where Vg y(t) = Vg v(q(t, B(id))) for t : D — As,, and Vg is the right adjoint of the
pullback functor 3(¢)* on subobjects provided that Z¢( B [I',,] ) = &(id) , S(id) and
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Ie(C [Ty,z€ B)]) = &(id) , B(id) , v(id) with v(id) monomorphism.

Te( MyP.c €¥yepCly) [Ta] ) = b(e/(id))
where 1 : C/Bx(idpy, ,v(id)) — C/Asn(iday, , Vg@a)(y(id))) is the adjunction
bijection considering that 5(id)*(id 4y, ) is isomorphic to idp,,, .

Te( Ap(£.0) € C(O) [Tu]) = (iday, ,me ™ (f1(id)) - b (id))
which is the morphism toward the pullback of (id) along b’ (id) and 1! is the inverse
of 9.

Quotient type: (with weakened elimination rule)

Te( A/R[TW)) = &(id) , Q(a)(id)

which is defined in the following, provided that Z¢( A [I',,] ) = &(id) , «a(id) and

Te( Rie,y) type [z € Ay A] ) = (id) , alid) ala(id)](id) , plid)

with p(id) an equivalence relation on a(id) in C/As,. Hence, (m - p(id), w2 - p(id)) is an
equivalence relation in C where m1 = a(a(id)) and 7 = g(a(id), a(id)) are the kernel
pair of a(id); therefore we can take the quotient c(id) of the equivalence relation in C
and we define Q(«(id)) as the unique morphism such that a(id) = Q(«a(id)) - c(id) as
expressed in the following commutative diagram:

p(id) 4>7T1 '
As 4> A/Rsx,

m iy

Az:n
.

Then, for any ¢t : D — Ay, we define Q(a)(t) = Q(«(t)) as the unique morphism
such that a(t) = Q(a(t)) - c(t), where ¢(t) is the quotient map of the equivalence relation
obtained by pulling back the above diagram along ¢ by using the corresponding fibred
functors, (for example p(id) is pulled back to p(t3) where t3 = q(t2, m1) and to =
q(t, a(id)). _

Tc( [a) € A/R [Tn] ) = c(id) - (a' (id))

Ie( Elg,(m,p) € M [Iy] ) = ¢ p'(id)
where ¢ is the unique morphism such that ¢ - c¢(id) = q(a(id), (

id)) - m ( id) provided
that Ze( M [[,] ) = &(id) , p(id) and m!(id) - (71 - p(id)) = m! (i

d)
d) - (w3 - p(id)).

Zc( eff(a,b) € R(a,b) [I] ) = (iday, ,axay t)

which is the unique morphism toward the pullback of p(id) along the pair morphism
(a’(id), b’ (id)) toward the product of a(id) with itself in C/Ax,, where ¢ is the
unique morphism in C such that (m; - p(id)) - t = al(id) and (72 - p(id)) - t = bl (id)
obtained by effectiveness of the equivalence relation (m; - p(id), 7o - p(id)), provided that
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c(id) - ol (id) = c(id) - b (id).

Natural Numbers type: it is interpreted as List(T).

List type: (with weakened elimination rule)

Ze( List(C) Ty] ) = &(id) , List(y)(id)
where List(y)(t) = List(y(t)) that is the list object on v(t) in C/D for t : D — Ax,
provided that Zo( C [T'y] ) = &(id) , ~v(id).

Ie( e € List(C) [Ty] ) = r2
that is the empty map for List(vy)(id) in C/Asy,.

Ze( cons(s,c) € List(C) [Ty]) = m"7 - (s (zd) (zd))
where 717 : List()(id) x y(id) — List(vy)(id) is the list-constructor map in C/Asx,, and
(s1(id), c! (id)) is the pair morphism toward List(v)(id) x y(id) in C/As,.

Ze( Blpist, (a,l,s) e L[Iy] ) = t-s (zd) ~ ~

where t is the unique morphism such that t - r,Y = af and (7 - 11(id)) -t x id = r - r,”
by the property of list object in C/As,, with 7& = q(&(id) - v(£(id)) , €(id) ) provided
that Ze( L [Ty] ) = &(id) , £(id).

Extensional dependent product type:

Ze( MyepCly) [Tn] ) = 6(id) , Mg~ (id)
where g y(t) = gy v(q(t, B(id))) for t: D — Asx, and Ilgq is the right adjoint of
B(t)* provided that Z¢( B [I'y] ) = &(id) , B(id) and that Ze( C [I'n,z € B]] ) =

a(id) , pid) , ~(id).

Corresponding abstraction and application are interpreted analogously to those of the
forall type.

Omega type:

Te( Q type [T'y] ) = d(id) , 79(1)( Asn)
where P(1) is the subobject classifier in C.

Ie({B} € @ [I'] ) = N(B(id))

that is the characteristic morphism in C/As, of pB(id) (thought of as a
morphism from [(id) to iday,) with respect to 'P(l)(Azn) provided that
Ze( B type [I'y] ) = &(id) , B(id) with S(id) a monomorphism in C.

Te(ch(B) € BTa]) = pny
where pp,, is the isomorphism in C/Asx,, from the identity on Ax, to S(id) that exists
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provided that Z¢( B type [I',] ) = &(id) , B(id) with (id) a monomorphism in C such
that R(B(id)) =Ze( {T} € Q [T's] ), which yields that 8(id) is isomorphic to iday, .

In the next lemma we use the abbreviation I';;1_y, = =11 € Aj41,...,7, € A, for a
given context I';, denoting with I', the empty context.

Lemma 5.6. The weakening of a variable in type and term judgements is interpreted
as follows:

if Ze( B(z1,...,xn) [Tn])
and Ze( b € B(x1, ..., xp) |
and Ic( D(xl,...,xj) [ j]

B(wy,...,xn) [[j,y € D,Tj11_y,] is interpreted as
al(Zd> 3ty O‘j(id)v 5(Zd)7 O‘j+1[tj](id> 3ty O‘n[tn—l](ld) ; B[tn](ld)

where  aq(id sy 0ui(id appears only if Iy is not empty and
J J
aji1[tj](id) ..., anlt,—1](id) appears only if I';,1_y, is not empty)

and b € B(xy,...,x,) [I'j,y € D,T'j11_y,] is interpreted as
b (tn)
where t; = 6(id) and t; = q(ti—1,;(id)) for i = j+1,...,n.

In the next lemma we use the abbreviation I', ., , = af,, € Aj,,....2;, € A; for a
given context I',, where if n > j+ 1 we define A;'+k = Ajqg [xj/as)|zi/c)imje,. j+k—1
for k=1,..n — j for a given a; € A; [I';_4].

Lemma 5.7. The substitution of variables in type and term judgements is interpreted
as follows:

if Ze( B(x1, .., zn) [Tn] ) = aa(id) , ao(id) , ..., an(id) , B(id) ~

and Z¢( a; € A; [Tj-q] ) = ajl.(id) and Z¢( b € B(x1,...,7,)[[n] ) = bl(id) where
n > j then

B(z1, .y i1, 05,254, ey T [Fj—l’F;‘H—)n] is interpreted as

O[l(’Ld) ,...ij_l(id) s CYj+1[(]j](’id) g seey an[qn_l](zd) y 6[(]”}(2(1)
(where oy (id) ,..cj-1(id) appears only if I',_; is mnot empty and
aji1lg;](id) 5 ..., anlgn-1](id) appears only if I'; 1 _y,, is not empty)

/ / / !
and b(z1, .., Tj-1,a5, 25, 2,) € B(@1, ., w1, 2,4, ., 2,) [[j-1,T

b (gn)

where ¢; = a?(id) and ¢; = q(gi—1,a;(id)) for i =j+1,...,n.

G+1ynl 8s

Now, we just state the validity and completeness for pretopoi with respect to Tpiop as a
paradigmatic example:
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Theorem 5.8 (Validity). If A type [[',,] is derivable in Ty, then Zp( A type [T')] ) is
well defined for any pretopos P.

If a € A [I'] is derivable in Tpi0p, then also Zp( a € A [T'),] ) is well defined for any
pretopos P.

Suppose that A type [[',,] and B type [I',] are derivable in T,0p. Then, if A = B [I',] is
derivable in Tpi0p, we have Zp( A type [I',] ) = Ip( B type [I'] ) for any pretopos P.
Suppose that a € A [I',,] and b € A [T',,] are derivable in Tpop. Then, if a =b€ A [[,] is
derivable in Tpiop, we have Zp(a € A [I',] ) =Zp( b e A [I',] ) for any pretopos P.

Proof. The proof proceeds by induction on the derivation of type and term judgements
by means of weakening and substitution lemmas.

We just underline that a mono type B(z) [z € A] turns out to be interpreted by a
sequence of morphisms whose last one 5(id) is a monomorphism, thanks to the fact that
the valid interpretation of the judgement

y=z€ B(z) [xr € A,y € B(z),z € B(z)]

says that the kernel pair of 5(id) is the identity relation. L]

5.2. The syntactic categories out of the type theories

Now we show that every typed calculus proposed so far gives rise to a syntactic category
with the categorical properties it intends to capture, modularly as in the table of section
4. Actually, this holds for any theory of a given typed calculus, where by a theory we
mean the following:

Def. 5.9. Given a typed calculus 7T, then a theory T of T is an extension of T with:

-new (w.r.t. T) type judgements A type [I],

-new (w.r.t. T) type equality judgements A = B [I'] provided that A type [I'] and
B type [I'] are derivable type judgements in T,

-new (w.r.t. 7) term judgements a € A [['], provided that A type [I'] is a derivable
type judgement in T,

-new (w.r.t. T) term equality judgements a = b € A [I'], provided that a € A [T'] and
b € A [I'] are derivable type judgements in 7.

(In other terms no inference rules are admitted to form new type or term judgements.)

From now on, we indicate with Tj., a theory of the calculus 7j., and we do the same
with the other calculi.

We start by showing how the syntactic category built out of a theory Tj., is a lex
category to end with the syntactic topos out of a theory of the calculus Tp. These
categories will be useful to prove a completeness theorem between each calculus presented
in section 3 and the class of categories we mean to describe with it.

It is worth recalling that contrary to the syntactic topos in (Lambek and Scott 1986),
using dependent types we build a proof-relevant topos. Indeed, here morphisms are terms
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instead of functional relations there. The same can be said for our syntactic lex and
regular categories with respect to those built out of a many-sorted logic in the literature.
From now on we refer to Cp as the syntactic category built from the dependent typed
calculus T" and defined as follows:

Def. 5.10. The objects of Cr are closed types A, B,C... of T (modulo their equality),
and the morphisms between two types, A and B, are expressions (z) b(z) (see (Nordstrom
et al. 1990)) corresponding to b(x) € B [x € A] where the type B does not depend on
A, modulo their definitional equality, that is we state that (z)b(xz) € Cr(A, B) and
()V(x) € Cr(A, B) are equal iff we can derive b(z) = b'(x) € B [x € A] in T. The
composition in Cr is defined by substitution, that is given (z)b(z) € Cr(A, B) and
(y)cly) € Cp( B, C') their composition is (z) ¢(b(x)). The identity is (z)x € Cr(A, A)
obtained from z € A [z € A].

In the following we often write a morphism ¢ in Cp(A,B) ast: A — B.
Proposition 5.11 (Finite limits). The category Cr,, . is finitely complete.

Proof. The terminal object is T and from any object A the morphism toward T is
(x)* € Cr,,, (A, T) which is unique by the conversion rule for T.
Given c€ Cpy,, (A, C) and d € Cp,, (B, C) the pullback is given by

ZmEA EyeB Eq(07 C(LL'), d(y))

where the first projection to A is (2) m{}(2) : Ypea Syen Eq(C, c(z),d(y)) — A and the
second projection to B is (2) 78 (74 (2)) : Luea Syen Eq(C, c(z),d(y)) — B. O

In the following, we will often write a =4 b to mean Eq(A,a,b) and eq., instead of
eqe(c).

Proposition 5.12 (Finite disjoint coproducts). Cr,_, has finite disjoint coproducts.

Proof. The initial object is the false type L. Given an object A, the morphism (z) 7 (x)
from | to A is unique because, given any other morphism ¢ :1— A, we can derive a
proof of r (z) =4 t(x) for z €L by the elimination of false type.

The coproduct of A and B is defined by A+ B, equipped with the injections (x) inl(z) :
A— A+B and (y)inr(y): B— A+B.Givenc: A — Candd: B — C the mediating
morphism ¢®d from A+ B to C is (w) El4(w, ¢,d). Coproducts are disjoint by the rule
of disjointness. ]

Moreover, finite coproducts are stable under pullbacks. The stability of the initial object
follows easily and to show stability of binary coproducts we first prove that

Lemma 5.13. A+ B is isomorphic in Cr,, to
SweatB (Beea inl(x) =4 w) + (Zyep inr(y) =p w)

and in particular (2)m1(2) @ Zweatn /~1~(w) + E(w)~—> A + B is equipped with an
inverse  : A+ B — Yyeatp A(w) + B(w) where A(w) = X,eq inl(z) =a4+p w and
B(w) = Xyep inr(y) =a+B w.
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Hence, we are ready to prove:
Proposition 5.14. In Cr,, coproducts are stable under pullbacks.

Proof. Given the following pullbacks

1 2 P

To o o
P —A P, —> B P—> A+B
ﬂ}\L l/a ﬂf\L i/b ﬂfl \La@b
m m m
D ——C D——C D—C

we have to show that 7} @7? ~ ¥ in Cr,,,/D. For this purpose we define v : P, +P, — P
as v = (w) Ely(w,dy,ds) where dy corresponds to

(mi(w1), (inl(m3(w1)),eq¢)) € P [wy € Py
and ds corresponds to
(mi(w2), (inr(73(w2)), eqc)) € P [wy € Py

We can notice that nf - v = 7} @ 72 and that 7£ - v = (inl - 73) @ (inr - 73).
Moreover, we want to define y~! : P — P; + P,. First of all, we consider that, given
w € P, we get m&' (w) € A+ B, hence, by § defined in the above lemma we deduce

mo(8(m3 (w))) € Ay (w)) + B(ry (w))

Now, we use the elimination rule with respect to A(7f (w)) + B(xL (w)) and we define
vt = (w) Bl (m(8(nf (w))), d), dy) where d} corresponds to

inl({(m (w), (m(z'),eq0))) € Py + Py [w e Pz’ € A(nk (w))]

Indeed, from w € P and #’ € A(f (w)) we get m(my(w)) = (a®b) (7L (w)) and 7L (w) =
inl(m1(2)) and hence m(m (w)) = a(mi(2’)). In an analogous way, we define d as

inr((my(w), (m1(y'),eqc))) € P+ P2 [w € Py’ € B(my (w))]

1

We can prove that v~ is the inverse morphism of v by the elimination rule of the disjoint

sum type. ]

Proposition 5.15 (The list object). The syntactic category Cry, . is equipped with
list-objects.

Proof. The empty map is (z)e: B — List(A) and the list-constructor map is cons =
(z) cons(m1(z),ma(2)) : List(A) x A — List(A). Then, given a closed type Y and the
morphisms f : B — Y and g : Y x A — Y we can prove that there exists a unique
morphism ¢ € Cpy, (B x List(A), Y ) such that the following diagram commutes in all
its parts:

idX ((x) €) id X cons
Bx List(A) <—  BXx(List(A)x A)

\ it \L(txid)ﬂ

Y Y xA
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Indeed, by the weakened elimination rule of the list type we can define t =
(2) Elpise, ( f(m1(2)), g, m2(2)) : B x List(A) — Y, with §(z,y) = g({x,y)), which is
the unique map making the diagrams commute by S, and ny C-list conversion rules. []

Note that the existence of a natural numbers object in Cr,,_,
the proof for list objects just seen to the list on the terminal object.

can be proved specializing

Proposition 5.16 (Images). Cr

reg

has images.
Proof. The image of a morphism f: A — B is
Im(f) = m :I(f) = B

where I(f) = YyepJzeca Eq(B, f(x),y).
Indeed, there exists a map ¢ such that f = Zm(f) - ¢ and defined as ¢(z) =

(f(2), (2,eq)) € I(f) [z € A].

Moreover, Zm/(f) satisfies the universal property of an image. Indeed, given another
factorization f = i -p with ¢ : D — B monic, we define by the elimination rule of the
mono existential type toward a general dependent type

t(z) = Exg(m(2), (2)(y)p(z)) € D

for z € I(f). This is well defined because, if f(z) = m1(2) = f(2'), then i(p(x)) = f(z) =
f(&") =i(p(x”)), and since 4 is monic we conclude p(xz) = p(x’). (Note that 4 is monic if
and only if 7 is injective on elements of A, that is from i(z) = i(2’) € B for 2,2’ € D we
conclude z = 2’ € D, since free variables correspond to projections.) Finally, we get that
i -t =m since for z € I(f) we can derive a proof of

(i(Exg(w, (2)(y)p(2))) =B m1(2)) X (m2(2) =5 w) [w € Ioea Eq(B, f(z), mi(2))]

by the elimination rule of the mono existential type, where J = 3,4 Eq(B, f(x), m1(2)).
U

Moreover, we can prove:

Proposition 5.17. In Cr,_, the image of any f : A — B is stable under pullbacks.

Proof. Given h : C' — B we need to show that the image of 7r1DXA is wij(f) in the
following pullback squares

aDxA ADXIH)
2
P—>A Q —— I(f)
wf“l if w1 | |zmen
D———>58 D B

h

with P = Yyep Yeea Ba(B, h(y), f(z)) and Q = Yyep Saer(s) Ea(B, Im(f)(z), h(y)).
It is sufficient to prove that there is an isomorphism between @ and I(7”*#) such that
Im(xP*4) is isomorphic to wlDXI(f) in Cr,,,/D.

We define 6(z) € Q [z € I(xP*4)] as

8(2) = (m(z), Exg(ma(2), (w)(w){(f(my " (w)), (73" (w),eq)), eq) ) )
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and we put 0~} (w) = (m(w), Exy(ma(my "V (), @)(y)((m(w), (z.eq)), eq)) )
for w € Q. We can prove that § and §~! are well defined and that they are inverse to
each other by the elimination rule of the mono existential type and the fact that the
existential type is mono. O

Proposition 5.18 (Quotients of equivalence relations). Cr,,,, has got effective
quotients of monic equivalence relations.

Proof. Given an equivalence relation R~ A x A we consider the following mono
type: R(z,2') = Zyer 9(y) =axa (z,2') [x € A 2’ € A]. It is easy to check that the
categorical definition of equivalence relation implies that R(z,z’) [z € A, 2’ € A] is an
equivalence relation from the type-theoretical point of view. Let A/R be the quotient
with respect to R(z,z’') [x € A,2’ € A]. We can prove that (z)[z] : A — A/R is the
coequalizer of 71 -g: R —+ Aand mp - g € Cr,,,, : R — A (also called the quotient of g)
by the elimination and conversion rules of the quotient type. The uniqueness property of
the coequalizer follows from the nsC-quotient rule.

In Cr,,,, any categorical equivalence relation is effective, that is 7 - g and w5 - g are
projections of the pullback of (2)[z] along itself (that is, its kernel pair). The existence
of a morphism toward the pullback vertex is guaranteed by the effectiveness axiom and
its uniqueness follows from the fact that equivalence relations are monic. ]

Moreover, we prove stability of quotients for equivalence relations.
Proposition 5.19. In Cr,,,, quotients of monic equivalence relations are stable.

Proof. In the following we write 7riAXD for the i’th projection from the vertex of the
pullback of suitable arrows A — - <— D. We will omit to label the projections when their
domains and codomains are clear from the context.

Given m € Cr,,, (D, A/R) let us consider the following pullbacks:

ptop

DXR
T

Q— >R

g 29

P—— A ﬂ_lf)XR A
W?XA\L i(z)[z] i(z)[z]
D—" > A/R D—" > AR

with P = Y,ep Epea Eq(A/R, m(w),[z]) and Q = Zyep Eyer Eq(A/R, m(w), [(71 - 9)(y)])-
Moreover, let us consider these two pullbacks:

DXR
TS T2
Q——>R Q—>R
(%DXA)*(frrg)l l”l'g (ﬂfXA)*(ﬂz-g)i i”?g
pPp— A pPp— A
DxA DxA

T o



N
\]
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where (3 4)*(m1 - g) = (w)(m(w), (m(g(my*(w))), eq)) and (73**)*(ms - g)
(w)(m1 (w) , (ma(g(ms*F(w))), eq)). We must show that in P/Cr,,, we get mf "
coeq((m3')*(m1 - g), (75)* (2 - g)). (We recall that the objects of the category P/Cr,,,,
are the morphisms b : P — B of C, and the morphisms of P/Cr,,,, from b: P — B to
b : P — B’ are the morphisms ¢ : B — B’ of C such that ¢ - b = b’.) We can observe

that the pullback given by effectiveness R—% 4 can be completed in a cube

ol e
(2)[2]
A—> A/R

o

(3 )" (2-9)

gl

of pullbacks and hence is a pullback.

Q P
<w5“>*(m~g>l lwi’“
P D

Therefore, (73 (m - g), m5(m2 - ¢g)) is an equivalence relation as kernel pair of 7
Then, consider the coequalizer of 75 (my - g) and 75 (7 - g) written [—]p : P — P/m*(R)
where P/m*(R) is the quotient of the equivalence relation (73 (7 - g), 75 (72 - g)).

DxA  px(my - g) = 7P*A 13 (my - g) there exists a map QF : P/m*(R) — D such
that Q7 - [~]p = Wf)XA. Now, we want to prove that Q¥ is an isomorphism in P/Cr,
In order to define the inverse of Q¥ we need the following lemma:

_ >
DxA
T

DxA
1 .
Since 7
top*

Lemma 5.20. In T, the quotient type A/R is isomorphic to

Y.ea/R (Zzea 7] =A/R z)/T

Proof.
We define the morphism ¢ : A/R — Y.ca/p (Zzealz] =a/r 2)/T as ¢(z) =
(z,Elg(z, (z)[(x,eq)])) for = € A/R and its inverse as ¢~ '(2') = m(2') for

2 €X.ca/r Boealr] =a/r 2)/T.
It is immediate to see ¢! - ¢ = id and ¢ - ¢~ = id follows from the fact that for every
fixed z € A/R then (¥yca[2z] =a/r 2)/T is a mono type. Ul

Now, we go back to prove that QF is an isomorphism by finding its inverse. By means
of ¢ defined in the above lemma we define: for d € D

QY N (d) = Elg(m(é(m(d)), (w)[(d, (mw, eq))])

where the elimination constant Elg is referred to the type (X.ca ([z] =a/r m(d)))/T.
This term is well typed by effectiveness. Then, by the elimination rule on the quotient
type P/m*(R) it is easy to prove that QP_l -QF = id. Moreover, note that we can prove
that QF ~ is monic by lemma 5.20 and by the elimination rule on the quotient type and
effectiveness. Hence QF - QF ~! — id also follows. This concludes the proof that m  is a
coequalizer of (m?)* (1 - g) and (ma)*(ma - g). Ul

[of prop. 5.19]
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In order to show that in Cr, ,,, each pullback functor on subobjects has a right ad-
joint, we first note that the pullback functor on subobjects is isomorphic to the functor
Prop(—) : C3¥ — Cat defined in the following.

Def. 5.21. For any object A € ObCr,,,,,, the objects of the category Prop(A) are the
equivalence classes of mono types depending on A, B(z) [r € A], under the relation
of equiprovability, and the morphisms are the terms f € B(x) — C(z) [z € A] where
B(r) = C(x) = VYp()(C(z)). The identity is \y.y € B(z) — B(z). The composition of
f € B(z) = C(x) and g € C’'(x) — D(x), supposing that C(z) is equivalent to C'(z) and
in particular that there exists s € C(z) — C’(x), is given by Ay.Ap(g, Ap(s,Ap(f,y))) €
B(z) = D(x).

Therefore, we can define the above functor Prop(—) : Cz/ oy —— Cat

Def. 5.22. For any object A € ObCr,,,,,, Prop(A) is the above defined category and
given a morphism m € Cr,,,,, (D, A) we define Prop(m) as the following functor: for
any B(z) [z € A]
Prop(m)(B(z) [ € A]) = B(m(z)) [z € D)

and for every ¢t € B(z) — C(x) [z € A], given z € D, we define

Prop(m)(t) = Aw € B(m(z)). Ap(tlx := m(2)],w)
which is a term of type B(m(z)) — C(m(z)).
We can easily check that Prop(—) is a well defined functor. Then, we recall that the
functor Sub(—) : Cz;  ~ — Clat is defined as follows: for every A € ObCr,,,,,, Sub(A) is

the poset category Sub(A) of subobjects of Cr,, ,,., and for every morphism ¢ : A — B,
Sub(t) is the restriction of the pullback functor on subobjects. Then, we can prove that

Proposition 5.23. The functor Sub(—) : C;fmop — Clat is naturally isomorphic to the
functor Prop(—):Cr, —~— Cat.

Proof. Any monomorphism ¢ : B >— A in Cr,,,,, gives rise to a mono type
Yyept(y) =a z [z € A
Conversely, any mono type B(z) [z € A] gives rise to a monomorphism
YieaB(x) > A. O

Proposition 5.24 (Right adjoints on subobjects). In Cr, ., for every morphism
m(y) € A [y € D] there exists the right adjoint of the pullback functor m*.

*

Sub(A) T Sub(D)
V'VYL

Proof. By the previous proposition, it is enough to show that Prop(m) has a right
adjoint. For every mono type B(y) [y € D] we put similarly to (Seely 1984; Lawvere
1969)

Vim(B(y) [y € D]) = Vyep (x =a m(y)) — B(y) [z € A]
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whose value at a mono type is indeed a mono type. Then we define a bijection (where
we omit the contexts of the type)

¥
Prop(D)(Prop(m)(C(x)), B(y)) - Prop(A)(C(z), Vm(B(y)))

as follows: for any t € C(m(y)) — B(y) [y € D] we put ¢1(t) = Az. Ay. \w.Ap(t, z) and
for any s € C(x) = Vi (B(y)) [z € A] and for any y € D we put

Ua(s) = Az.Ap(Ap(Ap(s[z := m(y)], 2), ), eq.)
It is easy to see that ¥; and 1) are inverse to each other and that they are natural on

the first variable. |

Proposition 5.25 (Right adjoints to pullback functors). In Cr,_ pullback functors
have right adjoints.

Proof. The right adjoint to a pullback functor is described as in (Seely 1984; Lawvere
1969): for every morphism m : D — A of Cr,__, for every object b: B — D of Cr,._ /D,
we put

IL,(b) = m :XeaCzx) — A
where C(z) = Hyep (x =4 m(y)) = X.epb(z) =p y for x € A. L]

Proposition 5.26 (Subobject classifier). In the syntactic category Cr,,, there is a
subobject classifier.

Proof. The subobject classifier is the type © and the true map is {T} € Q [z € T].
Moreover, given a monomorphism B=—'> A its characteristic map is
{Eyept(y) =az} € Q [z € A

since Xyep t(y) =a = [x € A] is a mono dependent type. Indeed, it is easy to prove that
the pullback of the characteristic map with the ¢rue map is isomorphic to ¢, i.e.

B—~—=>%,ca¥.eT({Zyent(y)=ax}=o{T})

PN

A

Then, the uniqueness of the characteristic map can be proved as follows. Given any
q(x) € Q [z € A] such that

B——~—>ZscaXe7(q(z)=0{T})
X\ /
A
we conclude ¢(z) = {Eq(Q, ¢(z), {T)})} = {Zyent(y) =a =} by n-C conversion rule
of Q and by the equality on . ]
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5.3. Completeness

We know that the completeness theorem with respect to general contextual categories
with attributes is quite straightforward (see, for example, (Pitts 2000), (Streicher 1991)).
Indeed, the interpretation in the syntactic contextual category is faithful, since it turns
out to correspond to an identity modulo provable equality between types and between
terms. But, since our models are particular contextual categories with attributes, and
the interpretation of the indexed sum type is the composition of fibred functors, by
taking as a paradigmatic example the calculus T,top, we have that the interpretation
ICTptﬂp
equality. Anyway, this interpretation is isomorphic to an interpretation into a canonical
comprehension structure that resembles the identity interpretation and hence will be
useful to prove completeness.

in the syntactic pretopos C7,,,, is no longer exactly an identity modulo provable

In more detail, given a pretopos P, we define the following category P~ fi» whose objects

are sequences Ao <;— A, <;— A <_— 4, of composable morphisms of P and whose
morphisms between a; , as ,..., a, and by , bs ,..., b, are sequences ¢y , @1 , ..., ¢p Of

morphisms of P such that all the following squares commute

¢’!‘L

An —> Bn

anj/ o \Lbn

Ap—1 —> Bp_1
anflj/ ¢bn,1

$2

Ay —> By

o RPN L

Ay —> B

alJ/ o \Lbl

Ag —> By

Then, we can prove that there is a kind of isomorphism between the interpretation Ichmp
and another interpretation He,., — of Tprop-judgements into Pgr(Cr,,,,) which is close to
an identity interpretation modulo the equality and is clearly faithful. The idea is to define
Her,,, on B(z) [z € A] as the projection 71 : ¥gea B(x) — A and b(z) € B(z) [z € A
as the section (z,b(x)) € Yyea B(z) [v € A] of 7y in C7,,,, all corrected to start from
the terminal type.

In more detail ’Hchwp is defined by induction on the number of assumptions in the
context in this manner:

Her,,, ( B type [v1 € Ay, tn € Ap(21, . n—1)] ) I8

B n 1
5 S i S A — o7
_ __

zn€An Zp_1€A,_1°™ z€TA1

where :47 = XY,eTA; and, for n > 2, ;1\; is the domain of the last morphism of
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”Hchtop (A, type [T'—1]) and for z, € Z;

B = Blry:=my 701 (z0)] o [tno1 = 7 (T (20))] [0 2= 75 (20)]
with 7' = Az.nl(x) for ¢ = 1,2, where n7'(z) and 75 (x) are the two projections of
Ezn_leX::fT” and 7P arfwf are the two projecti(ils of Zzne;gﬁ.
For i =1,...,n we define A; in the same manner as B.
If b€ B [I',] is a judgement of Tpp, we put

b= blr=mp a1l (zn)] [Tt = 718 @ ()] [0 = T (20)]
and we define

Hey, (bEB[D,]) = (2,b) € S, ex,B [ € A

In order to prove the completeness theorem, we prove a lemma by induction on the type
and term judgements:

Lemma 5.27. For every judgement B type [[',,] derivable in 7,0p, - which we suppose
to be interpreted as a1 (id) , as(id) ,..., a,(id) , B(id) - there is an isomorphism

¢A1 PRAE] ¢An ) (be
in C;DZO: between Ze, (B type [I'z] ) and He, (B type [I'z] ) such that for every
judgement b € B [I',)]
¢p - b1 (id) = (id,b) - da,
and such that it commutes with the interpretations of weakening and substitution: namely
about weakening, for every judgement M type [I';] with n > j -supposed to be interpreted
as ai(id) , a(id) , ..., a;(id) , p(id)-
¢ - q(tn, B(id)) = (pn X id) - drrxB

where ¢prxp : (M X B)Tﬂ Eweﬁﬁ and (M x B)T = dom(B(ty,)) and t; for ¢ = j,..n
is defined as in the weakening lemma 5.6 and p; = M and p; = p;_1 x id for
i=7+1,..,n.

and about substitution, for every a; € A; [I'j_1] with n > j

05+ 4(qn, B(id)) = (sn X id) - ¢p(ay)
where ¢B(aj) : (B(an))I - EzeA/zl/')B(aj) and (B(an))l = dom(B(qn)) and g; for

i = j,...n is defined as in the substitution lemma 5.7 and s; = (id,a@;) and s; = s;_1 xid
fori=j75+1,...n.

Hence, we are ready to prove

Theorem 5.28 (completeness). Suppose that A type [I',,] and B type [I',] are deriv-
able in Tpiop, if, for every pretopos P, we have Zp( A type [I',] ) = Zp( B type [I'y] ),
then A = B [I',,] is derivable in Tpt0p. Suppose that a € A [I',,] and b € A [I,,] are
derivable in Tpiop, if, for every pretopos P, Ip(a € A [I'] ) =Zp( b e A [I',] ), then
a="b¢e All,] is derivable in Tpiop.
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In conclusion the same validity and completeness theorems formulated as before hold

- for Tje, with respect to lex categories,

- for Tyiee with respect to arithmetic lex categories,

- for T,y with respect to regular categories,

- for T+ with respect to lextensive categories,

- for Tj,c with respect to locoi,

- for Tytop with respect to pretopoi,

- for Thptop With respect to Heyting pretopot,

- for T4, with respect to arithmetic universes,

- for Tj.. with respect to locally cartesian closed categories,
- for Tiop with respect to topoi.

More details on the proofs can be found in (Maietti 1998Db).

Comparison with contextual categories. Our notion of model for a dependent type
theory corresponds to particular contextual categories with attributes (Cartmell 1986;
Pitts 2000). Indeed, for each typed calculus presented in section 3 we can give a corre-
sponding notion of model in terms of a contextual category with attributes. Our notion
of model corresponds to the contextual category built out of the reindexing functor of
the split fibration equivalent to the codomain fibration based on a category C as follows.
We define Cont(C) as the category of contexts, where the objects of Cont(C) are finite
sequences ai, as, ..., a, of morphisms of C, also written 1 <A< A <o An

and a morphism in Cont(C) from aq,as, ..., a, to by, ba, ..., by, is simply a morphism b of
C such that (by - ba... - by) -b=aj - as... - ay.

Moreover, for each object of Cont(C) 1<.— A1 <— 4s <o An we define

Typecontc)(a1,az, ...,an) = Fib(C/A,,C™)

Therefore, in this case Cont(C) turns out to be equivalent to C and to Typecont(c)(1)-
Hence, the class of contextual categories with attributes for a dependent type theory
captured by our semantics is smaller than the corresponding class of contextual categories
with attributes, since it is not the case that for any contextual category we have that the
base category is equivalent to the fibre over 1.

5.4. Beyond soundness and completeness: dependent type theory as internal language.

The correspondence between typed calculi and categories described in section 3 satisfies
not only the validity and completeness theorem but also a stronger link namely that the
dependent type theories provide the internal languages of the corresponding categories
in which they are modelled. This is mathematically expressed by proving a sort of equiv-
alence between the category of theories (and translations) of a type calculus 7 and the
category of categorical structures that 7 is supposed to describe.

The reason why the internal language link between a calculus and some categorical
structures is stronger than validity and completeness is because validity and completeness
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do not guarantee that the category of theories of the calculus is in a sort of equivalence
with the category of the complete categorical structures. Indeed, for a calculus T the
category of categorical structures for which 7 provides an internal language is determined
up to equivalences by the category of theories of 7. Instead we may have not equivalent
categories of models both satisfying validity and completeness with respect to 7. (Think
of the calculus of predicative intuitionistic logic without proof-terms: it is sound and
complete both with respect to Lawvere’s hyperdoctrines and with respect to models
based on complete Heyting algebras. But these two kinds of models are not equivalent
if organized into categories with morphisms preserving the corresponding structure!).
Therefore, soundness and completeness alone do not suffice to prove that the considered
calculus provides an internal language of the complete models.

Now, we take as a paradigmatic example Tp:0p and we sketch the proof that it provides
an internal dependent type theory for pretopoi. The same can be done for the other calculi
in section 3.

To connect theories of Tptop With pretopoi we first define the following categories:

1 Th(Tptop) whose objects are theories of Tptp (called pretopos type theories) and whose
morphisms are translations: they send derivable types to derivable types, derivable
terms to derivable terms so as to preserve their types and all the type and term
equalities and in addition all the type and term constructors of Ty, (for example, a
quotient type is sent into a quotient type and an equivalence class into an equivalence
class etc.); we call Th(Tpop)™ the category whose objects are those of Th(Tpiop),
but whose morphisms are translations preserving type and term constructors up to
isomorphism;

2 Ptops: whose objects are pretopoi with a fixed choice of pretopos structure and whose
morphisms are strict logical functors, that is functors preserving the pretopos struc-
ture with respect to the fixed choices; we call Ptop the category whose objects are
those of Ptops; but whose morphisms are functors preserving the pretopos structure
up to isomorphism.

These two categories are related each other by two functors. One is the functor from
pretopoi to pretopos type theories

T : Ptopsy — Th(Tptop)

that associates to a pretopos P its internal type theory T(P) that is defined as an ex-
tension of the calculus Ty, With the specific type and term judgements of P and the
rules of substitution and weakening. As in the interpretation of a typed calculus in sec-
tion 5.1, the idea is that a type judgement corresponds to an object of Pgr(P) obtained
as the evaluation on the identical substitution of an object of Pgf(P), which repre-
sents a dependent type with all its possible substitutions. Analogously a term judgement
corresponds to a morphism of Pgr(P) obtained as the evaluation on the identical substi-
tution of a morphism of Pgf(P), which represents a dependent term with all its possible
substitutions.

In more detail, for any object 41| as, ..., a, , t of Pgr(P) we add to T(P) a new type
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judgement

t N (@, ) type [11 € Ay, oy € ay (21, 20)]
that names the evaluation on identical substitution of the following object of Pgf(P)
(and hence it is preinterpreted by it):

!A17 d\Q[pl]a a/'})[pQL "'aa;[pn—l]a f[pn]

where p; is the second projection of the pullback of a; and p;_; for i =2,... n:

t*(pn)
By —> B

W
Asy = A,

p;_l(an)¢/ ¢/an

p2
Asa —> Ay

PT(MW - WW

As1 = Ay
!A21¢/ idy ¢/!A1
1—1
Analogously, for any dependent type B(x1,..,2,) [t1 € A1,..,2, € A,] preinterpreted
by the sequence of fibred functors ay, as, ..., o, 8 of Pgf(P) and for every morphism of

Pgr(P) A, 4> B we introduce the new term judgement

\ / 26

leAl
c(x1,..cp) € B(xy,..,zp) |71 € A1, .., T € Ay

which is preinterpreted in the unique natural transformation ¢l such that ¢! (id) = ¢
Moreover, we add all the type equality judgements regarding types that have the same
preinterpretation in Pgf(P) and all the definitional term equality judgements about
terms that have the same preinterpretation in Pgf(P) together with all the substitution
and weakening rules. The functor 7" associates to every morphism F : P — D of Pretop,
the translation T'(F) : T(P) — T(D) defined by induction on the signature of T'(P) by
sending the type and term constructors of 7Tp.,p in T'(P) into the corresponding ones in
T(Q), that is for example T'(F)(XzcaB(x)) = Eserrya)T(F)(B(z)) , and each spe-
cific type arising from 141 as , ..., an, t is translated into the specific type of T(D) arising
from 174 F(ay), ..., F(a,), F(t), and each specific term arising from a morphism c is
translated into the term arising from F(c). Note that this translation preserves type and
term equalities because F' preserves the categorical structure strictly and because for any
type B preinterpreted into a fibred functor o we have that T'(F)(B) is preinterpreted
into a fibred functor of such that % (id) = F(o(id)) and the translation of a term
interpreted into a morphism b via T'(F) is a term interpreted into F(b).

Moreover, we can define a functor from pretopos type theories to pretopoi

P : Th/(,];)top) — Ptopst

that associates to every type theory Ty, the pretopos Cr,,,, defined in section 5.2 (with
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the same choice of its structure). The functor P is defined on morphisms L of Th(Tpiop)
as follows. For every closed type A, we put P(L)(A) = L(A), and for every morphism
b(xz) € Bz € A] of P(T) we put

P(L)(b(z) € Bz € A]) = L(b(z)) € L(B) [z € L(A)]

Since L is a translation, then P(L) is a functor preserving the pretopos structure strictly.

Note that in the next we will need to think of T}, as a category. A categorical structure
can be assigned to it by taking the dependent types of T}, as objects, and the context
morphisms as morphisms from the dependent type B [[] to B’ [x} € Al,...,al, € Al],
that is terms of Tptop

v € B'(a},...,a,) [T,y € B]

where a; € A} [I',y € B] and a; € Aj(a},...,a;_;) [[',y € B] for i = 1,...,n are derivable
terms (see also (Maietti 1998a)).

Therefore, we can consider equivalences of type theories and we are ready to state
the internal language theorem linking pretopoi and Tpiop (Where with ID we mean the
identical embedding functor):

Theorem 5.29. Let T : Ptopsy — Th(Tpiop) and P : Th(Tpiop) — Ptops: be the functors
defined above. There are two natural transformations: n from ID to T - P thought as
functors from Th(Tpiop) t0 Th(Tptop)™, and € from P - T to ID thought as functors from
Ptops: to Ptop such that for every pretopos type theory Ty, and for every pretopos P,
NTyiop * Tptop —+ T(C1,,,,) and ep : Cppy — P are equivalences.

This theorem says that Th(Tptep) and Ptops are in a sort of equivalence which is a
familiar feature of 2-dimensional algebra in the sense of Blackwell-Kelly-Power (Blackwell
et al. 1989). This appears to be the correct mathematical way to express - in the case
of dependent type theory$ - that Tptop Provides an internal dependent type theory for
pretopo.

Note that the usual definition of internal language just requires to check that the
syntactic category out of the internal language of a category P is equivalent to the
category P itself (see for example (Barr and Wells 1990; Pitts 2000)).

In conclusion, we can prove that

- Tiez provides an internal dependent type theory for lex categories,

- Taiex provides an internal dependent type theory for arithmetic lex categories,

- Treg Provides an internal dependent type theory for regular categories,

- Tewt provides an internal dependent type theory for lextensive categories,

- Tioc provides an internal dependent type theory for locoi,

- Tptop DProvides an internal dependent type theory for pretopot,

- Thptop Provides an internal dependent type theory for Heyting pretopot,

- Taw provides an internal dependent type theory for arithmetic universes,

- Tice provides an internal dependent type theory for locally cartesian closed categories,

§ In the case of not dependent type theories, like simply typed lambda calculus, it is possible to prove
a simple categorical equivalence. For general reasons this gives a standard 2-equivalence.
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- Ttop provides an internal dependent type theory for topoi.

Hence, we conclude that the table in section 4 establishes a correspondence “internal
type theory/category” between a calculus obtained as a combination of the type construc-
tors in the table with respect to the categories enjoying the corresponding combination of
categorical properties. Alternatively, the correspondence “internal type theory/category”
can be read as “type theory/category as model” linked by internal language (and not
only validity and completeness).

5.5. Free structures and initiality.

The typed calculi for the categorical structures considered in this paper also provide a
way to build the free constructions of such categorical structures generated from a given
category. We study only the case of pretopoi as a paradigmatic example.

The main idea is to generate a pretopos from a given category C by considering its
objects as closed types and its morphisms as terms with a free variable.

Def. 5.30. Given a category C, we consider the dependent type theory T(C) generated
by the inference rules as follows:

1 For every object A of ObC we introduce a new type A and we state the closed type
judgement A [ ].
Given A € ObC and B € ObC we state A = B [ ], if they are the same object in ObC.
2 For every morphism b : A — B in C, we introduce a new term b(x) and we state
b(x) € B [x € A], where A and B are closed types.
Givenb: A — B and d: A — B in C, we state b(x) = d(z) € B [x € A], provided
that b and d are equal morphisms in C.
Givenb: A— B and a: D — A in C, we state about composition b(x)[x := a(y)] =
(b-a)(y) € B [y € D].
3 Then, we add all the inference rules of the typed calculus Tpiop together with the
substitution and weakening rules.

Then, we prove that the category P(T(C)) classifies the functors from C to a pretopos
P, that is it classifies the models in P of 7pt.p augmented with new types and terms
naming objects and arrows of C, since such models are in correspondence with the above
functors. The classification on which we are interested is not that via strict structure
preserving functors but via the usual notion. Hence, we deal with free structures in the
up to isomorphism sense. (For the proper general context see (Blackwell et al. 1989)).

Theorem 5.31. (free pretopos) Let C be a category, P be a pretopos, Cat(C, P) be
the category having functors from C to P as objects (and natural transformations as
morphisms), Ptop(P(T(C)), P) be the category having functors from P(T(C)) to P pre-
serving the pretopos structure up to isomorphism as objects (and natural transformations
as morphisms), and P : Th(Tpiop) —> Ptop, be the functor described at the beginning
of the section.
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There exists an equivalence between the categories Cat(C,P) and
Piop(P(T(C)), P). ¥

Proof. We know that P(T(C)) is a pretopos from the definition of P. We can then
embed C into P(T'(C)) via a functor Y : C — P(T(C)) defined as follows: for every
object A € ObC we put Y(A) = A[] and for every morphism b : A — B we put
Y() = b(z) € B [z € A]. Now, the embedding ) induces a functor

Cat(Y,P) : Ptop(P(T(C)), P) — Cat(C, P)

associating the functor H - Y to a pretopos functor H and ay(_) to a natural transfor-
mation «. This functor establishes an equivalence of categories, whose inverse is

(=) : Cat(C, P) — Ptop(P(T(C)), P)
(:/) applied to a functor K : C — P is defined as follows: we first define an interpretation
IK . T(C) — PgrP of the calculus T(C) by extending the interpretation in section 5 on
a type arising from an C-object A as ZK(A[]) = !;E;) (¢d) and on a term arising from
a C-morphism b: A — BasZX(be B [xv € A]) = (idga),1 K(b)) which is the unique
morphism toward the pullback of ! (py along !x(4) induced by idg 4y and K (b).
Then, on generic objects and morphisms of P(T(C)) we put

R(A) = dom(ZX(A[]))
R(bz)e Blec A]) = ¢T¥(A[]), T(B[])) - I5(be B v € 4])

K turns out to be a ff\u/nctor preserving the pretopos structure up to isomorphisms.
The definition of (—) on a natural transformation ¢ : K = H is defined by induction
on the type and term judgements as the result of the following lemma:

Lemma 5.32. For every judgement B type [I',] derivable in T(C), there is a morphism
$ay s Ba,, O
in P~sin from IX (B [[',]) to ZH( B [I',]) such that for every judgement b € B [T',,]
o5 b5 =0T 44,

and such that it commutes with the interpretations of weakening and substitution:
namely about weakening, for every judgement M type [I';] with n > j -supposed
to be interpreted as af (id) , af(id) ,.., af(id) , p"(id) according to Z® and
of!(id) , odf(id) , ..., off(id) , p* (id) according to -

o5 - q(tl, B(id)) = q(tT, B(id)) - drrxs

where darxp : (M x BYX" = (M x BYX" and (M x B)T" = dom(B%" (t&)) and &
and tf for i = j,...,n are defined as in the weakening lemma 5.6 respectively according
to ZX and to TH,

9 The construction of free Heyting pretopos or topos in (Maietti 1998b; Maietti 1998a) works only up
to isomorphisms as presented here.
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and about substitution, for every a; € A; [I';_1] with n > j
o5 - q(ql, Bid)) = q(q?, B(id)) - Pp(ar)

where qEB(an) : (B(an))IK — (B(an))IH and (B(an))IK = dom(BIK (¢X)) and ¢ and
gl for i = j,...,n are defined as in the substitution lemma 5.7 respectively according to
Z% and to ZH.

Note that in the above lemma the morphism gZA on a type arising from a C-object A is
provided by ¢ 4. -

Then, the fact that Cat(C,Y) - (=) is naturally isomorphic to the identity follows
easily. -

Instead, to prove that (—)- Cat(), P) is naturally isomorphic to the identity we proceed
as follows. Given a pretopos functor G : P(T(C)) — P we define an interpretation

HE :T(C) — Pgr(PYT)

of the calculus T(C) into Pgr(P%(T)), where Pgr(P%(1) is defined exactly as Pgr(P)
except for the choice of G(T) for the terminal object, by applying G to an interpretation
of T'(C) into Pgr(P(T'(C))) defined analogously to Hc,., —in section 5. More precisely,
HE(B [x1 € Ay, ...,y € Ap(21, e, Ty—1)] ) is defined as

. GaP) G G
G(Zz”eAn ) ——> G( znflémA") e G(EeT7A) —> G(T)
and
HE(bEB[T]) = G((20,0) €S, 7B [z € Ay])

Then, we prove a lemma relating Z(4Y) with HE analogously to lemma 5.27 from which
we conclude that G - ) is naturally isomorphic to G. ]

Remark 5.33. To connect theorem 5.31 with the notion of a free structure, note that
this equivalence implies that given a functor K : C — P, from the category C to the
pretopos P, there exists a functor K : P(T(C)) — P in Ptop such that the diagram

P(T(C)) commutes up to a natural isomorphism.
AN e

Moreover, from this we derive in particular that

C

Corollary 5.34. The syntactic category C7,,,, in definition 5.10 is an initial up to
iso pretopos in the sense that for any pretopos P there is a functor from Cr,,, to P
preserving the pretopos structure up to isomorphism and which is unique up to a natural
isomorphism.

Proof. We define a pretopos functor Ip : Cr,,,, — P as follows:

Ip(A) = dom(Zp( A[]))
Ip(b@) e Ble € A]) = q(Zp( Al]). Tp(B[])) - Ip(be B v € A])

where Zp is the interpretation of Tpiop in Pgr(P) defined in section 5. To show that this
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is unique up to a natural isomorphism, we follow the technique used in theorem 5.31.
Indeed, given any functor G : C7,,,, — P we define an interpretation HE of Tpiep into
Pgr(P) as in theorem 5.31 and we prove a lemma relating the interpretation Zp with
HE analogously to lemma 5.27, from which we conclude that G is naturally isomorphic
to Ip. D

Analogously we can prove the existence of free structures and initial up to iso structures
for lex categories, arithmetic lex categories, reqular categories, lextensive categories, locoi,
Heyting pretopoi, arithmetic universes, locally cartesian closed categories and topoi.

6. Conclusions

The modular correspondence between categories and dependent type theories so far ob-
tained can be applied:

- to reason within a categorical structure by using logical or type-theoretic proofs;

- viceversa, to import in type theory categorical proofs;

- to study the computational contents of internal languages of categories by employing
type-theoretic methods;

- to relate the internal dependent type theories of categorical universes with other type
theories like Martin-Lo6f’s Constructive Type Theory.
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