Notes on Algebraic Topology

A.3 Multilinear algebra

Given a R-vector space V, let us consider the dual space V* = Homy(V,R), and costruct
the tensor algebra @*V* on V* as follows. Set @°V* = R and, for m € N, consider

@V =V* @y V* Q- @ V*

(with m factors): then ®™V* is naturally identified with the space of multilinear (i.e.,
linear in all variables) functions of V™ with real values, or m-forms on V. Given a
basis {¢; : i € J} of V*, then {¢;, ® -+ @ ¢;,, : (i1,...,im) € J™}, where (¢, ®--- ®
Giny ) (V1) = Giy (V1) -+ - Bi,, (U), will be a basis of @ V*. In particular, if dimV =n
one has dim @™ V* = n™. The tensor product

®: @"V*x PV — &PV
(@B, ..o,V Umg s« -+ s Umnpp) = (U, o, 0) B(Vmnt1s - - o s Ump) s

is associative and distributive with respect to the addition but not commutative, and gives
to the tensor algebra @*V* = @1 (2™V*) the structure of graded R-algebra(11?) (the
algebra of forms on V). To a morphism f : V — W is associated the morphism (pull-
back) of algebras f* : @*W* — @*V*: given @ € "W™*, one defines f*a € "V* by
(ffa)(viy...,om) = a(f(v1),..., f(vm)); if g : W — W’ is another morphism, it holds
(go f)* = f*og*. We then get a contravariant functor from 9t0d(R) (the category of
R-vector spaces) to Algge,(R) (the category of graded R-algebras).

We denote by A™V* the subspace of " V* formed by the alternating m-forms, i.e. those
forms which are sensitive to permutations of the arguments: it is the exterior algebra on
V*. Given a € @"V* and 0 € Gy, let a(v1,...,0m) = a(Vs(1),- -, Vs(m)) (nOte that
(a®)" = al?°7)): then a € A™V* if and only if o = sign(o)a for any o € &,,. This
suggests the surjective linear application

1
Alt: @MV* — ATV, Alt(a) = ) Z sign(o)a’
fo€6,

which expresses A"'V* also as quotient of @"V*. (Note that Alt(a) = « for any a €
A™V*.) The tensor product induces an external product

A ATVE  ANPVF 5 NPT anB=Alt(a®p)

which is easily verified to be associative (since (aAB) Ay = Alt(a®F®7)) and distributive
with respect to addition. Given I = (i1,...,4,) € J™, thanks to the associativity of A it
makes sense to set

b1 = by N N @y, = Alt(di, @ @ By, ).

Therefore, since Alt is surjective, the elements {¢; : I € J™} generate A"™V*. On the other
hand, if a;, 5 € V* then one has the anticommutativity a A8 = %(a RLB-LRa)=—-FAa.

(119) A R-algebra A is graded if is a graded R-vector space @ > A, such that A,.A, C Amin.

n=0
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Assuming to have a total order < on J, this shows that (1) the elements {¢; : I =
(i1, .o yim) € J™, 41 < -+ < iy} generate A"'V*, and since they are linearly indipendent
(exercise), they form a basis for A™V™*; (2) one has also the general anticommutativity

BAa=(=1)"PaAp, ae N"VF, B e NPV,

which gives also to the exterior algebra A*V* = @1 (A™V*) the structure of graded
R-algebra on V. Note that, if dim V' = n, one has A™V* =0 for m > n, dim A™V* = (::L)
and hence dim A®V* =377 (") = 2™

m=0

Example. In the case of V = R", consider the canonical basis {e1,...,e,} and let {u1,...,un} be the
dual basis of (R™)* (the u; : R®™ — R, given by u;(e;) = d;,;, are the coordinate functions). An alternating

m-form a € A™(R")" can be uniquely written as v = 3} _,, arur, where ur = wi; A A,

If f:V — W is a morphism, the pull-back f*: @*W* — ®&*V* induces f* : A*W* —
A*V*, and one has another contravariant functor from 9100 (R) to Alge, (R). In particular,
let dimV =n, f € End(V) and consider f* : A"V* — A"V*: since this is a linear map
between spaces of dimension 1, it must be indeed the multiplication by a constant, which
is precisely det(f). In particular, one obtains

(A7) JXO1L NN [y =det(f) g1 A+ A .

There is a similar costruction for @™ V*, the subspace of &V* formed by the symmetric
forms, i.e. those forms which keep the sign unchanged for any permutation of variables
(the symmetric algebra on V*). Given o € V™, one has « € @"V* if and only if a7 = «
for any o € G,,, and this gives the surjective linear application

1
Sym : @"V* — @MV, Sym(a) = - Z a’
oc€Gm
which expresses ©@""V* also as quotient of @™V *. The tensor product induces a symmetric

product
O : OMV* x PV* — @MTPY*, a®f =Sym(a®pj)

which is associative, distributive with respect to the addition and commutative and gives
also to @°V* = @2 (@™V*) the structure of graded R-algebra. A basis for ©™V*

is given by {¢;;, © -+ © ¢, : i1 < -+ < ip}; in particular, if dimV = n one has
dim @"V* = ("+$71).
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A.4 Sheaves

We present some sketch of sheaf theory, referring for example to Kashiwara-Schapira [10]
for a more complete exposition.

Presheaves and sheaves. Given a topological space X, consider the category Tx defined
by the open subsets of X ordered by inclusion (i.e., Hom (U, V) = {pt} if U C V and
@ otherwise). Fix a unitary ring A and the category 9od(A) of left A-modules. A
presheaf of A-modules on X is a contravariant functor F : Tx — 90d(A). In other words,
to any open subset U C X is associated a A-module F(U) (denoted also by I'(U; F')),
and whenever U C V there is a “restriction” morphism pyy @ F(V) — F(U) —often
denoted by -|;;, without mentioning V— such that pyy = id F(U) and pyy o pwy = pwuy if
UcCV CcW. AseF(U) is called a section on U of the presheaf F. One defines the zero
presheaf and the direct sum of presheaves in a natural way. A morphism of presheaves
¢ : F — G is a family ¢y € Hom ,(F(U),G(U)) compatible with the restrictions, i.e.
such that pyyg o v = ¢u o pyur (where U C V). A morphism ¢ : F — G defines in
a natural way other presheaves on X by means if the associations U — (Pker(p))(U) =
ker(prr) (kernel presheaf of ¢), and similarly for the presheaves cokernel P coker(y), image
Pim(yp) and coimage P coim(y) of ¢. We shall denote by with P9tod(Ax) the category of
presheaves (of left A-modules) on X; hence for any open subset U C X, one has a functor
(U, -) : P9od(Ax) — Mod(A).

If U C X is open, the restriction F|; of a presheaf I to U is the presheaf on U given
by I'(V; F|;) = I'(V; F) for any open V' C U. The fiber of a presheaf F'in x € X is the
A-module F, = hﬂF(U) = || F(U)/ ~, where (s € F(U)) ~ (t € F(V)) if s and ¢
Usx Usx

coincide in some neighborhood of z, i.e. there exists W C U NV such that s|,, = t|y.
Therefore, if x € U there is a morphism F(U) — F, in 9Mod(A) sending a section s into its
“germ” [s],. (In particular, note that [s], = 0 if and only if s|;;, = 0 for some W C U.) If
¢ : F — G is a morphism of presheaves and x € X, one defines a morphism of A-modules
oz : Fr — G, by setting, for s € T'(U, F) with U > z, v.([s]z) = [¢v(s)]s (exercise). In
this way one obtains a functor (- )z : P9od(Ax) — Mod(A) which commutes with kernel
and cokernel: for example, (Pker(y)), = ker(pz).

A sheaf on X is a presheaf F' such that, if U is open and U =
of U, the following local conditions hold:

ser Ui 1s any open cover

(F1) (Local vanishing) Any section s € F(U) such that s|; = 0 for any i € I is itself
Zero.

(F2) (Gluing) Given a family of sections s; € F'(U;) such that si]UmUj = sj\UmUj for any
i,j € I, there exists a section s € F(U) such that s[; =s; for any i € I.

One verifies that (F1)+(F2) is equivalent to the fact that for any open cover U = | J;c; Us

stable by finite intersections, the natural morphism F(U) — lim £ (U;) is an isomorphism.
i€l

The support supp(F) of a sheaf F is the closed subset complementary of the largest
open U C X such that F|; = 0. Given a section s € F(U), the support of s is the
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complementary (in U) of the largest open V' C U such that s|,, = 0. We shall denote by
I'.(U; F) the submodule of I'(U; F') of sections with compact support.

Let F and G be sheaves on X. A morphism ¢ : F — G is a morphism as presheaves. One
proves that (exercise) ¢ : F — G is a monomorphism (resp. isomorphism) if and only if
¢z : Fy — G4 is a monomorphism (resp. isomorphism) for any = € X.

Let MMod(Ax ) be the category of sheaves (of left A-modules) on X. Since not all presheaves
are sheaves, Mod(Ax) embeds as a full subcategory into P9Mod(Ax). Actually, to any
presheaf F one can canonically associate a sheaf F'*, whose fibers coincide with those of
F (and which, obviously, is isomorphic to F' if F' is already a sheaf) and a morphism of
presheaves 6 : F' — FT such that any morphism of presheaves ¢ : F' — G, where G is a
sheaf, can be uniquely factorized through 6, i.e. there exists a unique morphism of sheaves
eT : FT — G such that ¢ = ¢t 06. The pair (F'T,6) is unique up to isomorphisms.
Moreover, for any z € X, 0, : F, — F,/ is a isomorphism. The sheaf FT is costructed
by considering, as sections on an open subset U C X, the functions of U with values in
||,crr Fr locally induced as germs of a single section ¢:

FrU) = {s:U— |_| F, : s(x) € Fy, for any € U exists an open z € V C U
zelU
and a section t € F(V) with [t], = s(y) forany y € V' };

the morphism 6 is defined by setting s € F(U) — (z +— [s],) € FT(U) (complete the
verifications as an exercise).

Remark A.4.1. Passing to the category of sheaves fixes some strange situations: for
example, it could happen (see the Examples below) that a presheaf F' is nonzero even if
F, =0 for any = € X. In such a case, the associated sheaf is zero (namely in a sheaf, but
not in a presheaf, to be zero is a local matter).

Let ¢ : F' — G be a morphism of sheaves: it is easy to see that the presheaf P ker(y) is a
sheaf, that we denote by ker(¢). On the other hand, in general the presheaf P coker(yp) is
not a sheaf, hence we shall set coker(y) = (P coker(y))™. In any case it holds (ker(y)), =
ker(y;) and (coker(y)), = coker(p,). One shows that 9MMod(Ax) is an abelian category.

Examples. (0) One has P9od(A(pey) = Mod(Agpey) = Mod(A4). (1) Let M € 9Mod(A): the constant
presheaf with fiber M is defined by setting always U — M. In general this is not a a sheaf (namely (F1)
is verified, but not (F2): if Uy and U are disjoint open subset of X, consider s; = m; € F(U;) with
m1 # mg). The associated sheaf, called constant sheaf of fiber M, is denoted by Mx and its sections on
the open subset U C X are the locally constant functions of U with values in M: note that (Mx). = M
for any x € X. (2) More generally, it is very important to consider the locally constant sheaves of fiber
M, i.e. the sheaves F' € Mod(Ax) for which there exists an open cover {U; : i € I} of X such that F|,
is a constant sheaf on U;. For example, let 7 : Y — X be a real vector bundle on a topological space
X: the presheaf Fr on X given by I'(U; Fr) = {s : U - Y : mos = idy} (the sections of w on U) is a
locally constant sheaf of R-vector spaces. (3) The most direct examples of (pre)sheaves are provided by
the functional spaces: the presheaf U +— C% (U) (real, or complex, continuous functions ) is a sheaf of C-
or C-vector spaces, denoted by C%; if X is a real analytic manifold one has the sheaves Ax, C¥, Dbx
and Bx (analytic functions, smooth functions, distributions and hyperfunctions) or, more generally, the

sheaves QP (Ax) of differential p-forms with coefficients in Ax etc.; if X is a complex analytic manifold, one
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has the sheaf Ox of holomorphic functions or, more generally, the sheaf QP (Ox) of holomorphic p-forms.
(4) If X is a topological space endowed with a measure, the presheaf U — L°°(U) satisfies (F1) but not
(F2) (boundedness is not a local property), the same for the presheaf U ~— L'(U) (the associated sheaf
is Li,.). (5) Consider the morphism of sheaves = : Oc — O, and the presheaf F' = P coker(0/9z), i.e.
FU) = (’)C(U)/%OC(U): then F' has fiber zero, because if U is an open disc the equation %f =gis
solvable in U (any holomorphic function on a simply connected set admits a primitive there), but F # 0
since F(C\ {0}) ~ C (namely, I is holomorphic on C\ {0} but it has no primitives defined on all of C\ {0}:
the branches of the complex logarithm are defined on angular wedges strictly smaller than 27). Hence F

is not a sheaf because (F1) is not valid, and the associated sheaf (coker(9/0z)) is zero.

What we said for the complexes of A-modules and their cohomology extends naturally
to the categories of presheaves and of sheaves, but paying attention to the fact that
images and cokernels of morphisms in P9Mtod(Ax) are not the same than in Mod(Ax). In
particular, a complex of sheaves which is an exact sequence in P9Mod(Ax) (i.e., on any
open subset) is the same also in 9MMod(Ax) (i.e., on any fiber), but the converse is not
true: namely, the functor I'(U, -) is obviously exact on P9od(Ax ), but only left exact on

0/0
Mod(Ax) (exercise). An example is the one provided above, i.e. O¢ /—f Oc¢ — 0: this is
an exact sequence in Mod(Ax) (namely coker(9d/0z) = 0) but, by applying I'(C\ {0}, -),
as we saw one obtains a complex which is not exact in 9tod(A).

Operations. Let f : X — Y be a continuous function. If F' is a sheaf on X, the
presheaf f.F on Y defined by f.F(V) = F(f~%(V)) is a sheaf (exercise), called the
direct image of F'; it has has a subsheaf fiF' (the proper direct image of F') defined by
AF(V) ={s€ F(f~*(V)) : f is proper on supp(s)}(12%). One then obtains two functors
Jas fr: Mod(Ax) — Mod(Ay), with (go f)x =g« o fu and (go f)1 = g o fi. If G is a sheaf
on Y, the presheaf Pf~1G on X defined by Pf~1G(U) = lim  G(V) in general is
VDO f(U),open
not a sheaf: the associated sheaf f~1G = (PfflG)Jr is called the inverse image of G.
One obtains a functor f=! : Mod(Ay) — Mod(Ax) with (go )=t = f~Log™!. Note that
(f7'G)e = Gy for any z € X.

Examples. (1) Let F € Mod(Ax) and M € 9Mod(A). Denoted by ax : X — {pt} the constant map,
one has ax.F = I'(X; F), ax\F = T'c(X;F) and a)_(lM =Mx. 2)If ZC X and ¢: Z — X is the
canonical inclusion, the sheaf :~'F on Z is denoted by F|, (the restriction of F' to Z). For example, if
Z is open one recovers the restriction previously defined; if Z = {z} one has . 'F = F,; if Z is a real
analytic manifold and X is a complexification —just think to Z = R"™ C X = C", one has Az = Ox]|,.

(3) There is a natural morphism Cy — f.C% of sheaves on Y (exercise).

Remark A.4.2. In general, given a topological space X and a subset S C X, if F' is a
sheaf on X one defines I'(S; F') := I'(S; F|g). One proves that, if X is Hausdorff and S is
compact, or if X is paracompact®?1) and § closed, then I'(S; F) = ligUDSF(U; F), ie.

(120) A continuous function is said proper if the inverse image of any compact subset is compact.

(121 A topological space is said paracompact if for any open cover U = {Ux : A € A} of X there exists an
open cover ¥V = {V,, : p € M} finer than U (i.e. for any A € A there exists p € M such that V,, C U,)
and locally finite (i.e., for any compact subset K C X the set {u € M : V, N K # @} is finite). Locally
compact spaces which are countable at infinity (i.e. countable union of compact subsets: for example, the
manifolds) and metric spaces are paracompact; closed subspaces of paracompact spaces are paracompact.
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“the sections of F' on S are the restrictions to S of sections of F' on some open neighborhood
U of 57.

If F,G € Mov(Ax), the presheaf U — Hom , (F|;, G|y) is a sheaf on X (exercise),
denoted by Hom 4 (F,G): one obtains a functor (covariant in both variables)

Hom 4 (-, ) : Mod(Ax)P x Mod(Ax) — Mod(Bx)

(where B is a subring contained in the center of A). One verifies that Hom ay(Ax, F) = F,
which implies Hom , (Ax, F) = T(X; F). If H € Mod(AY), the presheaf U — H(U) ®,
F(U) in general is not a sheaf on X; the associated sheaf is denoted by H ® ax F (tensor
product), and one obtains a functor (covariant in both variables)

. ®AX . ZWOD(A)() X WOO(A)() — WUD(B)().

One verifies that Ax ®,, F~F, H®, Ax ~ H and (H @4,y F)g ~ Hy ®, F, for any
r e X.

Example. Let P = (a;,;) be a matrix (m x n) with coefficients in A, and consider the associated
morphism of sheaves of left A-modules A% P, A% (multiplication on the right by P of row vectors).
Setting Mp = coker(-P), one has the exact sequence of sheaves A% Ly A% — Mp — 0. Now let
N € MMod(Ax), and apply the functor Hom , (-, N): recalling that the functor Hom, and hence Hom,
is left exact, one gets the exact sequence of sheaves of B-modules 0 — Hom , (Mp,N) — N" Ly Nm
(namely Hom 4 (A%, N) ~ N? and the morphism Hom , (-P, N) is the multiplication on the left by P
of column vectors). Finally, given an open subset U C X, one can apply the left exact functor T'(U, -)
obtaining a functorial isomorphism Hom , (Mp|;, N|;) = ker[['(U; N") N I'(U; N™)]. Hence the
sheaf Hom , (Mp, N) represents on any open subset the solutions of the linear system Pz = 0 in the
unknown z € N": all informations relative to the homogeneous problems associated to the linear system
P are contained in the sheaf Mp. (Actually, one proves that also the informations relatives to the non-
homogeneous problems are contained in Mp, but this requires a deeper knowledge of homological algebra

than the one provided in these brief notes.)
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A.5 Manifolds

Let X be a countable Hausdorff topological space. In what follows, by C* we mean
k € NU{0, 00,w}, where C* denotes analytic regularity.

Definition A.5.1. A local chart of dimension n is a pair (U, ¢) formed by an open subset
U C X and a homeomorphism ¢ : U = R". Two local charts (Uy, 1) and (Uz,p2) of
dimension n are k-compatible if (a) Uy N Uy = @ or (b) Uy N Uy # @ and the transition
function p19 = 9 0 cpl_l s o1(Ur NUz) — @o(Uy NUy) is a diffeomorphism C* between
open subsets of R™. A CF differential atlas of dimension n is a family {(Uy, @) : A € A}
of k-compatible local charts of dimension n, where the Uy’s form an open cover of X.

Note that two local charts of dimension n are always 0-compatible.

Definition A.5.2. X is a (real) C¥ manifold of dimension n if it is endowed with an
atlas C* {(Uy, y) : A € A} of dimension n, assumed to be maximal with respect to the
inclusion. Denoting by u; : R" — R the ith coordinate function (i.e. u;(a) = a;), setting
xx; =ujopy : Uy = Rit holds ¢\ = (zr1,...,2r,): the n-tuple of functions (zy;)i=1,..n
is called a system of local coordinates on U.

The local coordinates allow one to operate in Uy as in R™. Note that a manifold is always
locally simply connected.

Example. The sphere S” = {x € R™™ : |z| = 1} is a C> manifold of dimension n. An atlas is given by
{(UE,¢F)i=1,...,n+ 1} with UF = {z € S" : z; = 0} and pF = ¢ o g+;, where &F : U;+ = Bn is
given by ¢ (x) = (T1,.. ., Ti—1,Tit1,- -, Tnt1), and P : B =5 R™ (the inverse is ()~ = (§F) L oyp™!,
with (&F) " (u) = (u1,...wi—1,1/1 — [u[?, ui,...,un). Another atlas is provided by the stereographic
projections {(S™" \ {N}, ¢n), (S \ {S}, ¢s)}, where N = e,,_1 = —S and for example, given z € S™ \ {N},

one has @y (z) = (—22L 2t

oy 17%71) (intersection of the half line coming from N and passing through

2
x with the plane {x € R""" : x,,41 = —1} = TsS™ ~ R™), and hence @' (u) = (\u4|;1+47 ey ‘5‘1;14, mz;i)

Finally, another atlas is given by the polar coordinates on S™: one of these charts is ¥ o o™, where
9:U =]0,2x[x(]0,7)"" R and a: U =5 S™\ {& € S" : 1 > 0,22 = 0} is defined by

al@,é1,...,¢0n—1) = (cosOsing;---sineg,_1,sinfsing; ---sin d,_1,

cos @1 singy - sing,_1, ..., COS Pp_osin g, _1,cos d,_1).

Definition A.5.3. Let X (resp. Y) be a C¥ manifold of dimension n (resp. m), {(Ux, ©») :
A€ A} (resp. {(Vu,vy) : p € M}) a maximal differentiable atlas in X (resp. in Y'). Given
h < k, a continuous function f : X — Y is said to be (of class) C" if such are all the
functions ¢, o f o @;1.(122)

In particular, given an open subset U C X, a function f : U — R is C¥ if such are the
maps f oy 1 pA(UNUy) — R for any A € A such that U N Uy # @. The set C5%(U) of
C* functions on U has a natural structure of R-algebra.

For z € X, let C§(,x be the R-algebra of germs of C* functions in z, i.e.

Cé“(w = {(U, f) : U open neighborhood of z, f : U — R of class C¥}/ ~ |

-1
(122)More precisely, if such are e f|f*1(vu) o (‘/’)\|Uxmf*1(vu)) for any A € A and p € M such that

UnN f7H (V) # 92).
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where (U, f) ~ (V,g) if there exists a open neighborhood W C U NV of x such that
flw = gly- In the terminology of sheaves, C%(U) are the sections I'(U;C%) of the sheaf
Ck on U, and Cé“(’x = hgﬂCé“((U) is the fiber of C% in z.

Uszx

From now on we shall assume that & > 1.

Let X be a C¥ manifold of dimension n, and {(Uy,¢,) : A € A} be a maximal C* atlas.
On U, it is defined the operator of ith partial derivative: if 1 < h < k is a integer,

af A(f oyt

0 G(e) = LB ).

al',\ﬂ‘

1 Ch(Uy) — C (),

Proposition A.5.4. If U\NU, # @, it holds

) " Oz O

Orpj = Orp; 0y

Proof. Just use the chain rule for maps between open subsets of affine spaces. Namely let f € C;L((U ANUL):
it holds

8if,j R a(fgiu‘f;)(wu(x)) _ 6((][090; )a(;j(‘PA oY ) (0u(z))
= 3 ) (o o g ool L 22 ) ()

i=1

D N e IO RSP O

=1

In other words, denoted by J, , = (gﬁ’;’ ) the jacobian transition matrix, and by %
" l’-y

and % the coordinate vectors, one has
I

0

(A.8) 9y (I

0
oz
For any = € U, it is naturally induced a operator %(m) : C?{,z‘ — C;L{;.
Definition A.5.5. The tangent space in z, denoted by T,.X, is the real vector space of
dimension n generated by the operators ag -(x) (i =1,...,n). The tangent bundle to X
is defined as TX = {(z,v) : z € X, v € T, X}. We denote by 7 : TX — X the natural

projection on X.

Note that the definition of T, X is well-posed thanks to (A.8).

Remark A.5.6. From the previous definitions we get the classical definition of embedded
differential manifold, and the other two equivalent to it. Let X € RN, andlet ¢ : X — RY
be the inclusion map. Then X is a C* manifold of dimension n if one of following equivalent
conditions holds:
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(1) for any x € X there exists an open V C R™, an open neighborhood U C R¥ of z
and a homeomorphism ¢ : V' = U N X (local parametrization at x, the inverse of a
local chart) such that the function co¢ : V — R¥ is of class C¥ with jacobian matrix
of rank n at any point;

(2) for any x € X there exist 1 < iy < --- <1, < N, an open neighborhood U’ C R" of
2’ (where z = (2/,2") € R* x RN"" ~ RY with 2/ = (z4,,...,%;,)) and a function
f: U — RN=" of class C* such that, denoted by ¢’ : RY — R” the projection
¢ (2, 2") =2’ one has X N¢ "1 (U'") = {x = (2/,2") e U' x RN=": f(a') = 2"};

(3) for any € X there exists an open neighborhood U C RY of z and a function
g: U — RN (defining function at x) of class C* and submersive (i.e., with jacobian
matrix of rank N — n) on g~*(0), such that X NU = g~*(0).

Moreover, given z, € X and denoted by ¢ : V.= U N X a local parametrization at x,
(with ¢(vg) = x,) and by g : U — R¥~" a defining function at x,, one has T, X =
im [dp(vg) : R" < RYN] =ker [dg(z,) : RY — RY¥""] c RV,

Proposition A.5.7. The tangent bundle TX is a vector bundle on X (see Definition
1.6.1) and has a structure of C* manifold of dimension 2n.

Proof. Fixed X € A, a trivialization of TX over Uy is the map Uy x R™ — 77 (Uy) associating to (x, a) the
pair (z, Y, ai%(m)). Hence TX is a vector bundle on X. An atlas of TX is given by {(771(U), ®,) :
A € A} with ®x(z,> 0, aiﬁ(:r)) = (¢a(z),a). For the transition function, if 7, a,\yi%x(x) =

> =1 au,j 52— (), from (A.8) one immediately gets that a, = Jx .(z) ax. O
M7
Definition A.5.8. A section on an open U C X of 7 is called a vector field on U.

Hence, a C* vector field on U C Uy can be uniquely written as A = S Ai%M with

A; € C;“((U); in general, a vector field on U C X is a family A = (A))xep where Ay =
Sy AM%M with Ay ; € C?(U N Uy) such that, whenever U N Uy NU, # &, one has

Ay = Iy, As.

Definition A.5.9. Let X and Y be two C*¥ manifolds of dimension resp. n and m, f : X —
Y a C" map (h > 1). The tangent map df : TX — TY is defined by df (z,v) = (f(x), df.v)
where df,v : Cgf(@ — C;‘,}%m) is given by dfzv([a]) = v([a o f]).

In local coordinates, meaning f : Uy — V), (withz € Uy and f(x) € V) and (21,...,2,) €
Uy and (y1,...,ym) € V,, setting y; = fj(x) (for j = 1,...,m) the chain rule is still valid:

df (z, 2) = (f(z), 0, 32 ()50-). 1Y =R, df, is the usual differential T,X — R.

Definition A.5.10. The cotangent bundle of X is defined as T*X = {(z,w) 1z € X, w €
Tr X}, where T X is the dual vector space of T, X. We denote by 7 : T*X — X the
natural projection on X.

Also the cotangent bundle 7% X is a vector bundle on X and has a structure of C* manifold
of dimension 2n. Fixed A € A, introduce for any = € U the dual basis

0

dey;(z) e T, X (i=1,...,n), <8:c
Ai

(x),da:x,j(a;)> =0 ;.
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Let (U, p,) with Uy N U, # @: the relation between the dxy ; and the dz, ; is given by

(A.9) dx, ;= :das)\i, ie. dx, = Jy,dry.

Hence, if 377 | ayidwyi(z) = D00 oy jday, j(x), from (A.9) one computes (and this pro-
vides the transition functions) that

ay, = tJ/\_llt(:c) Q.

Definition A.5.11. A section on an open U C X of 7 is called a linear differential form
on U.

Analogously to vector fields, a C* linear differential form one U C Uy can be uniquely
written as w = Y 1 | widry,; with w; € C%(U) and, in general, a linear differential form on
U C X is a family w = (wx)aea where wy = D1 | wy;dry i with wy; € C§((U NUy) and

_t7—1
wy = Jle)\.

This equality will be intrinsecally espressed by the equality of pull-back of linear differential
forms on Uy and U, with respect to the canonical inclusions of Uy N U, (see §2.2).

Example. A natural example of linear differential forms is the differential of a function: as we have seen,
if f: X =R, for any z € X is defined df. = df (z) € T, X, and hence df is a linear differential form.

Figure 18: A partition of unity by three functions.

Definition A.5.12. Let X be a C* manifold. A partition of unity is a family {py : A € A}
of non negative C* functions such that (a) {p) : A € A} is locally finite, i.e. for any z € X
there exists a neighborhood U C X of x such that py|,; # 0 only for a finite number of

AEA, (b) Xjearr=1.

In the case k = oo, the following result is well-known (we refer e.g. to de Rham [11]).
Recall that the support of f: X — R is

supp(f) = {z € X : f(z) # 0}.
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Proposition A.5.13. Let X be a C* manifold, {Uy : A € A} a open cover of X. Then
there exists a partition of unity {px : X € A} “subordinate to {Uy : A € A}”, i.e. such that
supp(pa) C Uy for any A € A. Moreover there exist partitions of unity {p, : p € M} of
functions with compact support, and a function v : M — A, such that supp(p,) C Uy
for any pe M.

Let us conclude with the definition of manifold with boundary. Consider the half-space
H" = {u € R" : u,, > 0} and its boundary OH" = {u € R" : u,, = 0} ~ R"~ L.

Definition A.5.14. X is a C* manifold of dimension n with boundary if it is endowed
with an atlas (C* of dimension n) {(Uy, px) : A € A} where @) is a homeomorphism of Uy
on R™ or on H" such that ¢, o w;l coA(UxNU,) = ¢, (UxNU,) is a C* diffeomorphism.
The subset 0X = {x € X : 2 € Uy, @) : Uy — H", p\(z) € OH"} is called boundary of
X, and X = X \ X the manifold (without boundary) associated X.

Example. (1) Let g:R?* = R, g(z,9) = 2* —4(2® —¢?), and let X = g7 ' (R<o) (the “figure eight” filled
inside). X is not a manifold with boundary: namely, no neighborhood V' of (0,0) € X is homeomorphic to
H? (let ¢ : H* =5 V be a homeomorphism, uo,u; € H? with z(¢(uo)) < 0 and z(p(u1)) > 0, v : I — H?
with 4(0) = uo, ¥(1) = u1 and ¢~ *(0,0) ¢ v(I): then ¢ o~ joins @(uo) to p(u1) without passing through
(0,0), absurd). (2) Let g : R® = R, g(x,y) = y*> — 2° and let X = g7'(R<o) (the cusp): it is manifold
with boundary C° (the boundary is 9X = g~'(0)). (3) In general, let g : R*™ — R be a C* function

(with k& > 1) such that the system { 2?(;):700 has no solutions: then X = g~ (R<) is a manifold with

boundary X = g~ *(0), the hypersurface of R"*! defined by g.

One sees immediately that X is a C¥ manifold of dimension n (without boundary). Let
us show that also 0X is a manifold.

Lemma A.5.15. A C* autodiffeomorphism F : H* = H" (i.e., an autohomeomorphism
which extends to a C* diffeomorphism on some open neighborhood of H") induces a C* au-
todiffeomorphism f : OH™ = OH". Moreover, if F has Jacobian determinant everywhere
positive, this holds also for f.

Proof. As a consequence of the theorem of local inversion in R™ one obtains that F(O0H") = OH" (it must
be F~(H") C Hn, hence F(OH™) C OH"; then one can argue analogously with the inverse F~!) and the
first statement follows with f = F|,u.. Now we show the second statement for n = 2, (the general case
being similar). Let (y1,y2) (resp. (z1,z2)) be a coordinate system in the domain (resp. codomain), and

ea (y17 0) o (yh O)
let F = (F1,F»): then f(y1) = Fi(y1,0). By hypothesis it holds det g}élz (41,0) ggg (41,0) > 0 for
1, 1,

dy1 DYz
any yi1. Since F>(y1,0) = 0, one has g—%(yl, 0) = 0; moreover, since F(IHI") C H”, one has g—%(yh 0) > 0.
Hence %(yl) = g—ﬁ(yl,O) > 0. O

Proposition A.5.16. If X is a C* manifold with boundary and dimension n, its boundary
0X is a C* manifold without boundary of dimension n — 1.

Proof. Let x € 0X and let 2 € Uy with oy : Uy = H™ and @y (z) € OH™. It is enough to show that
3 '(OH™) = 90X N Uy, because then (p/\|6XmUA : 90X NUy — OH™ ~ R ! would be a local chart of

0X at the neighborhood of . The inclusion @XI(BH") C 90X NU, is true by definition. Conversely, let
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U C Uy and ¢ : U = H" be another local chart in U, compatible with (. Consider the diffeomorphism
oalyop ™ i H™ =5 pa(U) C H". Arguing as in the proof of Lemma A.5.15 one has (¢rop™")(0H") C OH",
ie. p 1(OH™) C ¢} ' (OH™), as desired. O
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