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Abstract

In this paper we deal with Radon transforms for generalized flag manifolds in the frame-
work of quasi-equivariant D-modules. We shall follow the method employed by Baston-
Eastwood and analyze the Radon transform using the Bernstein-Gelfand-Gelfand resolution
and the Borel-Weil-Bott theorem. We shall determine the transform completely on the level
of the Grothendieck groups. Moreover, we point out a vanishing criterion and give a suffi-
cient condition in order that a D-module associated to an equivariant locally free O-module
is transformed into an object of the same type. The case of maximal parabolic subgroups is
studied in detail.
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Introduction

Let G be a reductive algebraic group over C, P and ) two parabolic subgroups containing
the same Borel subgroup of G. Let X = G/P, Y = G/Q, and let S be the unique closed
G-orbit in X x Y for the diagonal action. Then we can identify S with G/P N Q. The natural
correspondence

X L5 -2y,

where f and g are the restriction to S of the projections of X x Y on X and Y, induces an
integral transform from X to Y which generalizes the classical Radon-Penrose transform. This
subject has been investigated intensively both in the complex and real domains (see e.g. Baston-
Eastwood [1], D’Agnolo-Schapira [5], Kakehi [6], Marastoni [10], Oshima [12], Sekiguchi [14],
Tanisaki [15]).

Our aim is to study the above transform in the framework of quasi-G-equivariant D-modules
(see Kashiwara [7]), i.e. the functor

R:D¢(Dx) - Dg(Dy),  RM)=g f'M, (0.1)
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where Db( ) denotes the derived category of quasi-G-equivariant D-modules with bounded
cohomologies, and g_ and f are the operations of direct image (integration) and inverse image
(pull-back) for D- modules More precisely, we consider a Dx-module of type M = DL =
Dx Do L, where £ is an irreducible G-equivariant locally free Ox-module. In this case it is
easily seen that

HP(R(DL)) =0 for any p <0 (0.2)

(see Lemma 1.4 below). Note that the Grothendieck group of the category of quasi-G-equivariant
Dx-modules of finite length is spanned by elements corresponding to the objects of the form
DL.

As in Baston-Eastwood [1] our analysis relies on the Bernstein-Gelfand-Gelfand resolu-
tion and the Borel-Weil-Bott theorem. Using the Bernstein-Gelfand-Gelfand resolution in the
parabolic setting (see Bernstein-Gelfand-Gelfand [2], Lepowsky [9], Rocha-Caridi [13]) we obtain
a resolution of the quasi-G-equivariant Dg-module f “H(DL) of the form:

Tn 0
0~ DLy~ — P DLo — fHDL) — 0, (0.3)

k=1 k=1

where L;;, are irreducible G-equivariant locally free Og-modules (see § 2.2 for the explicit de-
scription of L;). Then we have

9,(DLix) = Dy ®p, Rg«(Lik Rog Q)

by the definition of g_, where {2y denotes the sheaf of relative differential forms with maximal
degree along the ﬁbers of g. Moreover the Borel-Weil-Bott theorem tells us the structure of
Rg.(Lix o S ¢)- In particular, we have either Rg. (L o S g) = 0 or there exist a non-negative
integer m;; and an irreducible G-equivariant Oy-module E;k such that Rg.(Lir ®p B Qy) =
L [—m]. Thus setting

7= {(i,k); 0<1<n,1<k< Ti,Rg*([,ik ®OS Qg) 7&0},

we have
g.(DLy) = { DLulmma Egik

) €
k) &
(see §2.2 below for concrete descriptions of Z and L, mlk for (i,k) € ).
Then we can study the structure of R(DL) =g_f~ YDL) using (0.2), (0.3) and (0.4). For
example we have the following result.

I)?

7 (0.4)

Theorem 0.1. Let the notation be as above.

(i) We have
Y (CLHP(R(DL)) = Y (1) [DLy]

P (4,k)eT

in the Grothendieck group of the category of quasi-G-equivariant Dy -modules.

(i) IfZ =0, then R(DL) = 0.
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(i) IfZ consists of a single element (i,k), then R(DL) = DL, [i — my).
(iv) Ifi > myy for any (i,k) € Z, then HP(R(DL)) = 0 unless p = 0.

(v)  Ifi > mg for any (i,k) € Z with i > 0 and if mo1 = 0, then there exists an epimorphism
Dy L), — H(R(DL)) (note that ro =1).

Assume that £ is invertible and that there exists a G-equivariant invertible Oy-module £’
satisfying f *E@OS Qg = g*L'. We call such a pair (£, £') an extremal case for the correspondence
(if P U Q generates the group G and if G is semisimple, then there exists a unique extremal
case). In this case there exists a natural nontrivial Dy-linear morphism

®: DL — HY(R(DL)). (0.5)
Theorem 0.2. Let (L, L") be an extremal case.
(i)  We have HP(R(DL)) = 0 for any p # 0 if and only if i > mgy for any (i, k) € Z.

(ii)  Assume that HP(R(DL)) = 0 for any p # 0. Then ® is an epimorphism if and only if
i > myy for any (i,k) € T with i > 0.

(ili)  Assume that HP(R(DL)) =0 for any p # 0. Then ® is an isomorphism if and only if T
consists of a single element (0,1).

We do not know an example of an extremal case (£, L') such that HP(R(DL)) # 0 for
some p # 0. Anyway, we have checked that HP(R(DL)) = 0 for any p # 0 by a case-by-case
analysis in several situations, e.g. when G is of classical type and P and () are maximal parabolic
subgroups, or when the rank of G is < 6. In general the morphism @ for an extremal case (£, L)
is not necessarily an epimorphism nor a monomorphism. It would be an interesting problem to
determine the kernel and the cokernel of ®.

The transform of a D-module, a problem of analytic nature, is not sufficient to cover the
general problem of integral geometry. In order to do this, one should couple the transforms in
the frameworks of D-modules and sheaves. This is better described in the adjunction formulas
(see D’Agnolo-Schapira [5]), and we shall briefly discuss this point with an example in the case
of G=S5L,+1(C).

1 Preliminaries on D-modules

1.1 Functors for D-modules

Let Z be an algebraic manifold (smooth algebraic variety) over C. We denote by Oz the
structure sheaf, by Q5 the invertible Oz-module of differential forms of maximal degree, and by
Dy the sheaf of differential operators. In this paper an Oz-module means a quasi-coherent O4-
module and a Dz-module means a left Dz-module which is quasi-coherent over Oz. We denote
by Mod(Dyz) the category of Dz-modules and by DP(Dy) the derived category of Mod(Dy)
whose objects have bounded cohomology.

If f:Z — Z'is a morphism, we set

81
Qf = QZ/Z’ =Qy ®f—1oz/ 7 Qg
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and, for an Oz-module £', we set
L =070, =i, L =0y ®f*1021 =i
We denote by f and f ~1 the direct and inverse image for left D-modules:

[, :D*Dz) > D°(Dz/), [ M=Rf.(Dzz®; M),

[71:D"(Dz) = D"(Dz), [T'M' =Dzp @, M,
. — Z/

where a (Dz, f1Dz)-bimodule Dz_.z and an (f 1Dz, Dy)-bimodule Dy » are defined by
_ -1
Dzwz =0z @50, [ Dy, Dziz =02 ®p, Dz—2' @0, | ', .

Note that for a Dz-module M we have i_l/\/l ~ Lf*M as a complex of Oz-modules. Note
also that we have canonical morphisms Oz — Dz_,z and Qf — Dz z of Oz-modules.
The following result is well-known and easy to prove.

Lemma 1.1. Let f1 : Z — X1 and fo : Z — X9 be morphisms of algebraic manifolds.
(i)  We have

Dx,z ®£Z Dz_x, =fi 'Qx, ®fl‘10x1 (Dxyx X2z ®£Z Oz).

(ii)  Assume that Z — X1 X X3 is an embedding. Then we have
Dx,—z ®F , Pz—x1 = Dxy 7 @p, Dz-x1,
and the canonical morphism of (fy 'Ox,, f{ ' Ox,)-bimodules
Qf, = Dxyz ®p, Dzx,

is a monomorphism.

For a locally free Oz-module L, we set
DL == DZ ®OZ L,

and for a closed submanifold Z of an algebraic manifold X we define a Dx-module By x sup-
ported on Z by
Byix = H{y(0x) = 1,0z,

where d = codimyx Z and ¢ : Z — X denotes the embedding.
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1.2 Radon transforms

Let X and Y be algebraic manifolds over C, and denote by ¢; and g2 the projections of X x Y
onto X and Y respectively. Let S be a locally closed submanifold of X xY and leti: S — X xY
be the embedding. The geometric correspondence

XL g9y (1.1)

where f and g are the restrictions of ¢; and ¢o, induces a functor

R:D"(Dy) —~DP(Dy),  R(M)=g [ (M), (1.2)
called the Radon transform.
Lemma 1.2. Let M be a Dx-module.

(i)  We have
R(M) = Rg.((Dy—s ®p, Ds—x) @ 1p f~'M)
= Ro.(f71(Qx ®p M) @f 1 (Dxxye—s @pg Os)).

(il) If S is closed in X XY, then we have
RM) =g (@ '"M 5 Bsjxxy)-
Proof. (i) follows from the definition and Lemma 1.1, and (ii) is a consequence of the projection
formula for D-modules. O

Let us consider the special case where M = DL = Dx ®,, L. By Lemma 1.2 we have the
following.

Lemma 1.3. Let £ be a locally free Ox-module.
(i)  We have
R(DL) = Rg.((Dy-s ®p, Ds-x) &5 10, f L)
= Rg.(f '(Qx Roy £) @10, (Pxxy—s @p, Og)).
(ii) If S is closed in X x'Y, then we have

R(DL) = Raa: (g7 (2x o, £) ® =10, Bsjxxy)-

An immediate consequence of Lemma 1.3(i) is:
Lemma 1.4. For any locally free Ox-module L we have HP(R(DL)) =0 for any p <0 .

Definition 1.5. Let £ (resp. £') be a locally free Ox- (resp. Oy-)module. We say that the pair
(L, L") is an extremal case for the correspondence (1.1) if there is an Og-linear isomorphism

Qg ®f—1ox f71£ ~ g*ﬁ,
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Proposition 1.6. Let (£,L') be an extremal case for (1.1). Then there exists a natural non-
trivial Dy -linear morphism
DL — H°(R(DL)). (1.3)

Proof. The canonical morphism Q,; — Dy _g ®Op, Ds_,x induces a monomorphism
g*ﬁl = Qg ®f‘10x f_lﬁ — Dyg ®Ds Ds—.x ®f_1(9x f_lﬁ
of g7'Oy-modules. Applying g, we obtain a sequence of morphisms

L' — L'y, 9:0s5 = g.(g°L')
— g.(Dy—s®p, Dsx @10, [ 'L) = H(R(DL))

of Oy-modules. The morphism £ — £’ ®o, 9xOs is nontrivial by the definition, and the mor-
phism ¢.(¢*L") — g.(Dy—s ®@py Ds—x @10, f~1L£) is a monomorphism by the left exactness
of g.. Thus the composition £ — H°(R(DL)) is nontrivial. Hence it induces a canonical
nontrivial morphism DL' — H°(R(DL)) of Dy-modules. O

1.3 Adjunction formulas

In this subsection we consider topological problems, and hence we work in the analytic category
rather than the algebraic category.

For a complex manifold Z we denote by Oz the sheaf of holomorphic functions on Z and
by Dz the sheaf of holomorphic differential operators. For an algebraic manifold Z over C we
denote the corresponding complex manifold by Z,,, and for a morphism f : Z — Z’ of algebraic
manifolds we denote the corresponding holomorphic map by fan : Zan — Z,,,. For an algebraic
manifold Z and an Oz-module F we set Fan = Oz,, ®p v

In the correspondence (1.1), let us consider also a functor in the derived category DP(C.) of
sheaves of C-vector spaces, going in the opposite direction:

r:D"(Cy,,) = D*(Cx,,),  7(F) = Rgan.for (F)-

For example, let D be a Zariski locally closed subset of Y,, and take F' = Cp (the constant
sheaf with fiber C on D and zero on Y,y \ D): then, for any x € X one has

r(Cp)e =~ RT(Sp 4 CSD’x), Spz={y € D:(z,y) €S} (1.4)
One has the following “adjunction formulas” (see [5]).

Proposition 1.7. Let £ be a locally free Ox-module and F € DP(Cy,,). Then, setting | =
dimY —dim S and m =dim S + dimY — 2dim X, we have

RI'(Xan;r(F) ® £3,,) ~ RHomp (R(DL)an, F' @ Oy, )], (1.5)
RHom (r(F), £3,) =~ RHomp (R(DL)an, RHom (F,Oy,,))lm]. (1.6)

i

Once the calculation of R(DL) has been performed, these formulas will give different appli-
cations by computing r(F') for different choices of the sheaf F' (a problem of geometric nature).
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1.4 Quasi-equivariant D-modules

Let us recall the definition of (quasi-)equivariant D-modules (we refer to Kashiwara [7]).

Let G be an algebraic group over C, and let g be its Lie algebra. We denote the enveloping
algebra of g by U(g). Let Z be a G-manifold, i.e. an algebraic manifold endowed with an action
of G. Let us denote by pu : G x Z — Z the action u(g,z) = gz and by p : G X Z — Z the
projection p(g,z) = z. Moreover, define the morphisms ¢; : G x G x Z - G x Z (j = 1,2,3)
by q1(g1,92,2) = (91,922), q2(91, 92, 2) = (9192, 2) and q3(g1,92,2) = (g2,2), and observe that
HoqL=poq, pog=pogsand poqs=poq.

A G-equivariant Oz-module is an Oz-module M endowed with a Ogx z-linear isomorphism
8 p*M — p* M such that the following diagram commutes:

*x %k q*ﬂ %,k
@ M & 32 p*M

0t 1M g M = g3t M g M,

For a G-equivariant Oz-module M we have a canonical Lie algebra homomorphism prq : g —
Endg(M).

Let Og X D, denote the subalgebra Ogxz ®p-10, p~ Dy of Dayy. A Dz-module M is
called G-equivariant (resp. quasi-G-equivariant) if it is endowed with a G-equivariant O z-module
structure such that the isomorphism (3 : p*M — p*M is Dgy z-linear (resp. Og X Dyz-linear).
Note that for a morphism f : Z — Z’ of algebraic manifolds and a Dyz-module M the Dz-
module H°(f~'M) is naturally isomorphic to f*M as an Oz-module.

For exan?ple for a G-equivariant Oz-module F the Dz-module Dy R0, F is endowed with
a natural quasi-G-equivariant Dz-module structure.

We denote by Modg(Dy) the category of quasi-G-equivariant Dz-modules, and by D%(DZ)
the derived category of Dz-modules with bounded quasi-G-equivariant cohomology (see Kashi-
wara-Schmid [8]).

Let M be a quasi-G-equivariant Dz-module. The canonical Lie algebra homomorphism
g — Dy induces a Lie algebra homomorphism k¢ : g — Endc(M). Set yar = pam — km-

Proposition 1.8 (Kashiwara [7]). We have yar(a) € Endp, (M) for any a € g. Moreover,
the linear map yam @ @ — Endp, (M) is a Lie algebra homomorphism such that yaq = 0 if and
only if M is G-equivariant.

We also denote by
Ym :U(g) — Endp, (M) (1.7)

the corresponding algebra homomorphism.
Fix x € Z and set H = {g € G : gz = x}. For a G-equivariant Oz-module M, the fiber

M(ZL‘) =C ®Oz,x M:p

of M at x is endowed with a natural H-module structure. If M is a quasi-G-equivariant Dy-
module, then M(x) is also endowed with a g-module structure induced from the Ogz-linear
action Y. For M = M(x) we have the following.

C. Marastoni and T. Tanisaki 7
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(a) the action of the Lie algebra of H on M given by differentiating the H-module structure
coincides with the restriction of the action of g,

(b)  hum = (Ad(h)u)hm for any h € H, u € g, m € M.

Here Ad denotes the adjoint action. A vector space M equipped with structures of an H-modules
and a g-module is called a (g, H)-module if it satisfies the conditions (a) and (b) above.
The following result plays a crucial role in the rest of this paper.

Proposition 1.9. Assume that Z = G/H, where H is a closed subgroup of G, and set x =
el e Z.

(i)  The category of G-equivariant O z-modules is equivalent to the category of H-modules via
the correspondence M +— M(zx).

(ii) The category of quasi-G-equivariant Dz-modules is equivalent to the category of (g, H)-
modules via the correspondence M — M(x).

The statement (i) is well-known (see [11]), and (ii) is due to Kashiwara [7].

2 Radon transforms for generalized flag manifolds

2.1 Quasi-equivariant D-modules on generalized flag manifolds

Let G be a connected reductive algebraic group over C, and g the Lie algebra of G. The group
G acts on g by the adjoint action Ad. Let h be a Cartan subalgebra of g, A the root system
in b, {a; : i € Iy} a set of simple roots, AT the set of positive roots, A~ the set of negative
roots, b = Hom (H,C*) C h* the weight lattice, and W the Weyl group. For a € A we denote
by g, the corresponding root space and by o € b the corresponding coroot. For i € Iy we
denote by s; € W the reflection corresponding to i. For w € W we set £(w) = f(wA~ NAT).
Set p = %Z%Nr a, and define a (shifted) affine action of W on h* by

woA=w(A+p)—p. (2.1)
For I C Iy, we set
A = ANY Za;,  Af=ANAY, Wi=(siziel)CW
i€l

[I - h @ <@OLEAI ga) ’ "= @QEAJr\AI gcw pl - [I enr,
(hz)r = {Aeby:Aa))>0foranyic I},
(h2)] = {rebhz:A(a))=0foranyieI}C (hy)r,

o= (Y a2

aEAT\A;

We denote by wy the longest element of Wy. It is an element of Wr characterized by wr(A}) =
A}*‘. Let Ly, N; and P be the subgroups of G corresponding to [7, n; and p;.

C. Marastoni and T. Tanisaki 8
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For A € (h7)s let Vi(A\) be the irreducible L;-module with highest weight \. We regard
Vi(\) as a Pr-module with the trivial action of Ny, and define the generalized Verma module
with highest weight A by

Mr(3) = U(D) @y, ViN). (22
Let L(A) be the unique irreducible quotient of Mj(\) (note that L(A) does not depend on the
choice of I such that A € (h7);). Then any irreducible P;-module is isomorphic to V() for
some A € (h7)r, and we have dim V7(\) = 1 if and only if X € (hz)%. Moreover, any irreducible
(g, Pr)-module is isomorphic to L(\) for some X € (hz);.
Let
X;=G/P;

be the generalized flag manifold associated to I.

By the category equivalence given in Proposition 1.9 isomorphism classes of G-equivariant
Ox,-modules (resp. quasi-G-equivariant Dx,-modules) are in one-to-one correspondence with
isomorphism classes of Pr-modules (resp. (g, Pr)-modules). For A € (h7); we denote by Ox,()\)
the G-equivariant Oy, -module corresponding to the irreducible Pr-module V;(A). We see easily
the following.

Lemma 2.1. Let A € (hz);. The quasi-G-equivariant Dx,-module corresponding to the (g, Pr)-
module Mp(\) is isomorphic to

DOXI ()‘) =Dx, ®OXI OXI (A)
We need the following relative version of the Borel-Weil-Bott theorem later (see Bott [3]).

Proposition 2.2. Let I C J C Iy and let 7 : X; — Xy be the canonical projection. For
X € (hg)r we have the following.

(i)  If there exists some o € A satisfying (A+p—2py)(a) = 0, then we have Rm.(Ox,()\)) =
0.

(i)  Assume that (A +p—2p7)(aY) # 0 for any a € Ay. Take w € Wy satisfying (w(\+ p —
2p1))(a) > 0 for any a € A Then we have

R7.(Ox,;(N) = Ox, (w(A 4 p — 2p1) — (p — 2p.)) [~ (U(wsw) — £(wr))].

Let I,J C Iy with I # J. The diagonal action of G on X x X has a finite number of orbits,
and the only closed one G(ePy,ePy) is identified with X;n; = G/(P; N Py). In the rest of this
paper we shall consider the correspondence (1.1) for X = X7, Y = Xy and S = Xjn;:

X; L Xiny X, (2.3)

and the Radon transform R(DOx,(\)) for A € (hz);. Since f and g are morphisms of G-
manifolds, the functor (1.2) induces a functor

R:DY(Dx,) — D& (Dx,). (2.4)

Note that we have
Q= Oxp,(v1g)  for yrg =2 entia, @ (2.5)

C. Marastoni and T. Tanisaki 9
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2.2 Radon transforms of quasi-equivariant D-modules

Let X € (hz);. We describe our method to analyze R(DOx, (\)) = g*i_l(DOXI (N). By
(/71 (DOx, () (e(Pr N Py)) = DOx, (A)(ePr) = Mi(N)

the quasi-G-equivariant Dy, ,-module i_l(D(’)X,(}\)) corresponds to the (g, Pr N Py)-module
Mr(\) =U(g) Ru(p,) V1(A) under the category equivalence given in Proposition 1.9.
Set

I' = {xz € Wy : zis the shortest element of Wjnjz}, (2.6)
I'y = {xel : lz)=EFk}. (2.7)

It is well-known that an element x € Wi belongs to I' if and only if x_IA}'—m g C A?. This
condition is also equivalent to

(z(A+p))(a¥) >0 for any a € A} ;. (2.8)

In particular, we have z o X € (hy)n for z € T.
By Lepowsky [9] and Rocha-Caridi [13] we have the following resolution of the finite dimen-
sional [;-module Vi(\):

0—N,—Ny1—--—N —Ny—Vi(\)—0 (2.9)

with n = dim [;/[; Np; and

Ny = EB U(ly) @i{([mpﬂ Vins(z o A).

zel'y

By the Poincaré-Birkhoff-Witt theorem we have the isomorphism

U(lr) NP Ving(z o A) = U(p;) Qu(p,e ) Vins(xz o)

of U(l;)-modules, where njn; acts trivially on Vins(z o A). Moreover, the action of n; on
Up;) Rip, ) Ving(z o A) is trivial. Indeed, by [p;,n7] C n; we have njU(p;) = U(p;)ns, and
hence

nrUPr) S,y Vina(@o X)) C Ulp)nr @ Ving(zoA)
C Ulp)@nVing(xod) =0

by n; C nyny. Thus we obtain the following resolution of the finite dimensional p;-module V7 ()
(with trivial action of ny):

0— N, - N, _;—-— N — Njy— Vi(\) =0 (2.10)
with
Ni = D Upr) Gy, Vins (o).

zely
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By tensoring U(g) to (2.10) over U (p;) we obtain the following resolution of the (g, Prns)-module
Mi(\): . ) . .
0—N,— Nypg—-— N — Ny— Mr(\) —0 (2.11)
with B
Nk = @ M]m]([L‘ o) )\)
zely

Since the quasi-equivariant Dy, -module corresponding to the (g, Prns)-module Mnj(z o A)
is DOx,,,,(x o X), we have obtained the following resolution of the quasi-G-equivariant Dx,, ;-
module f~1(DOx,(N)):

0= Ny =Nyt — - = N = Ny — fHDOx,(N) — 0 (2.12)
with
Ne = P DOk, (o N). (2.13)
zel'y

Our next task is to investigate on g _(DOx,,,(z o A)) for z € I'. We first remark that
Q*(DOXmJ(w © )‘)) = DXJ ®(’)XJ Rg*(OXmJ(‘T oA+ VI,J))' (2'14)

Indeed, by (2.5) we have

g*(’DOXmJ(xO)‘)) = Rg*(DXJ‘—XIﬁJ ®L

Dxyn

; Dx;ny ®(15 Ox;ny (x © A))

X1nJg

= Rg.(Dx,—x;n, ®éme Ox;, (T 0 N))

= Rg*(gilfDXJ ®g_1OXJ Qg ®OX1rw OXIHJ(x © A))
= DXJ ®OXJ Rg*(Qg ®OXImJ OXImJ(‘r o A))

= Dx, ®OXJ Rg*(OXImJ(‘T oA +71,J))'

Lemma 2.3. Let A € (hz); and z € T.
(i) If (x(A+ p))(a¥) =0 for some a € Ay, then we have Rg.(Ox,.,(xoX+77.5)) = 0.

(i)  Assume that (x(A + p))(a¥) # 0 for any o € Ay. Take y € Wy satisfying (yz(\ +
p))(a¥) >0 for any o € AT, Then we have

Rg(Ox, (w0 A +1,7)) = Ox, ((yz) 0 M) [=(U(wsy) — £(wins))]-

Proof. Since AT\ Ay is stable under the action of W, we have yp; = py for any y € W;. In
particular,

ps = salps) = ps — ps(a’)a

for any o € Ay, and hence py(a¥) =0 for any o € A.
By the definition we have

roX+rg+p—2p1ns=2A+p) +71,0—2p1ns = (A +p) — 2py,
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and
y@A+p) = 2ps) = (p = 2ps) = yx(A+p) =205 — (p = 2ps) = (yz) 0 A
for any y € W;. Hence the assertion follows from Proposition 2.2. O
Set
F'A) = {ze€l: (@(XA+p)(a")#0 for any o € Ay}, (2.15)
Lr(N) = {xel' (N : lz) =k} (2.16)

and for z € T'(\) denote by y, the element of W satisfying (y,z(A+p))(a") > 0 for any o € AT
Set

m(x) = l(wys) — L(wrng) for x € T'(A). (2.17)

Lemma 2.4. For ) € (hy); and x € T'(\) we have
() = HaeAF\A; : (#(A+p)(aY) <0}, (2.18)
m(z) = #Hae AT\ A : (z(A+p))(a’) > 0}. (2.19)

Proof. We have
lx) = ﬁ(x_lAI_ N A}')
= t{ae A7 : (z(A+p))(a”) <0}
= tlae AT\ Ay : (z(A +p))(a”) <0},

and
m(z) = Lwy)—yz) — Lwrng)
= H(AT\ A7) —t(y, AT NAT)
= #A7\ A7) —t{a e AT : (z(A+p))(a”) < 0}
= HAT\A) —t{ae AT\ Ar : (z(A +p))(a”) <0}
= tH{ac AT\ Ar: (z(A+p))(a”) > 0}
by (2.8). O

Proposition 2.5. For any A € (h3); there exists a family {M(k)*}r>o0 of objects of D2(Dx,)
satisfying the following conditions.

(i)  M(0)* = R(DOx;(A))-
(i) M(k)* =0 for k >dim(;/l[;Np;.
(iii) We have a distinguished triangle
Clk)® = M(k)* > M(k +1)* 5

where

Ck)* = P DOx,((ys) o N)[l(x) — m(x)].

.’EGFk()\)
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Proof. For 0 < k < dim[;/[; Np,; define an object N'(k)* of D%(Dx,.,) by
where N has degree —j (see (2.12) and (2.13) for the notation). For k > dim[;/[; Np; we
set N(k)® = 0. By N(0)* ~ f(DOx, () we have g N(0)* ~ R(DOx,(})). Set M(k)* =

g N (k)*. Then the statements (i) and (ii) are obvious. Let us show (iii). Applying g, to the
distinguished triangle

Nilk] = N(B)* = Nk +1)* 25
we obtain a distinguished triangle
g Ni[k] = M(k)* — Mk +1)* 5.

By (2.13), (2.14) and Lemma 2.3 we have

g Ne= P DOx,((yaz) o N)[-m(z)].

CEEFk()\)
The statement (iii) is proved. O
Theorem 2.6. Let A € (hz);.
(i)  We have
Y (CPHP(R(DOx, W) = Y (1) ODOy, (ya) 0 V)]
p xel'(\)

in the Grothendieck group of the category of quasi-G-equivariant Dx ,-modules.
(ii) IfT(A\) =0, then R(DOx,()\)) = 0.
(ili) IfT'(X\) consists of a single element x, then

R(DOx;(A) = POx, ((yz) 0 A)[e(x) — m()].

(iv)  IfL(z) > m(z) for any x € T'(N\), then we have HP(R(DOx,(\))) = 0 unless p = 0.
(v) If (A +p)(aY) <0 for any o € AT\ Ay, then there exists a canonical morphism
@ : DOx, (wjwing) o A) — HY(R(DOx,(N))).
Moreover, ® is an epimorphism if £(x) > m(x) for any x € T'(\) \ {e}.

Proof. The statements (i), (ii), (iii) are obvious from Proposition 2.5. The statement (iv) follows
from Proposition 2.5 and Lemma 1.4. Assume that A satisfies the assumption in (v). Then we
have e € I'(\) and y. = wjwrny. Hence (v) follows from Proposition 2.5. O

Lemma 2.7. (i) The map Wy xT' = W;W; ((y,x) — yzx) is bijective.
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(i)  For A € (hz)r we have
{yer = 2 € TN} = {w € WyWr = (w(X+ p))(a¥) > 0 for any a € AT}
and we have
() —m(x) = yo) + Ux) = 4AT \ Ap) = yex) — 8(AT \ Ay).

Proof. (i) is a consequence of the definition of I', and the first statement in (ii) follows from (i)
and the definition of y,. By

() = m(z) = U(z) — (L(wy) = Uyz) = Lwing)) = Lz) + Lys) = 4A] \ Ap)
we have only to show ¢(y,x) = l(x) + £(y,) for x € T'(\). We have
sATNAT =2ATNAT CAT\ Ay CAT\Ay
by x € Wi and x_lA;rmJ C A}r. Since w € Wy, we obtain y,(zAT N A™) C A~. Hence

é(y"cx) = ﬁ(%ﬁzA* N AJr)

f(ye (@A NAT)NAT) + (g (zA” NAT)NAT)

= Hy(zA” NAT)NAT) + (A NAT) —f(y(zAT NAT)NAT)
() + (yz)-

For X € (b)) we set
EN) ={w e W;W; : (w(A+p))(a") >0 for any a € AT} (2.20)
Using Lemma 2.7 above we can reformulate Theorem 2.6 as follows.

Theorem 2.8. Let A € (hz);.

(i)  We have
S (—LPHP(R(DOX, (V)] = (~1)FANAD ST (1) [DOx, (wo N)]
p weE(A)

in the Grothendieck group of the category of quasi-G-equivariant Dx ,-modules.
(i) IfZ(\) =0, then R(DOx,(\)) = 0.
(ili)  If Z2(N) consists of a single element w, then

R(DOx,(\)) = DOx, (w o N)[l(w) — (A7 \ Ap)].

(iv)  Iff(w) > 8(AT\ Ap) for any w € E(N), then HP(R(DOx,(\))) = 0 unless p = 0.
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(v) If (A +p)(aY) <0 for any o € AT\ Ay, then there exists a canonical morphism
® : DOx, ((wywiny) o A) — HY(R(DOx,(}))).
Moreover, ® is an epimorphism if {(w) > 4(AT\ A;) for any w € E(\) \ {wyjwin,}.

Remark 2.9. The following result which is a little weaker than Theorem 2.8(ii) can be obtained
by observing that an integral transform for D-modules with equivariant kernel preserves the
infinitesimal character of a quasi-equivariant D-module (see e.g. [8]):

If(Wold)N (h*z)J = (), then R(DOXI () =0. (2.21)

An advantage of the argument using the infinitesimal character is that it also works for a broader
class of integral transforms in equivariant contexts.

Let us briefly recall this argument (suggested to us by M. Kashiwara). Let Z be a G-manifold,
denote by 3(g) the center of U(g) and set n* =1y = P cat 0o 0 = Dpen- Jo- One says that
a quasi-G-equivariant Dz-module M has infinitesimal character x (for some x € Hom (3(g), C))
if ya1(a) is the multiplication by x(a) for any a € 3(g). Define a linear map o : 3(g) — U(h) ~
S(h) as the composition of the embedding 3(g) — U(g) and the projection U(g) — U(h) with
respect to the direct sum decomposition U(g) = U(h)®(n~U(g)+U(g)n). Then o is an injective
homomorphism of C-algebras. For A € h* define an algebra homomorphism x, : 3(g) — C by
xx(a) = (o(a),\). By a result of Harish-Chandra, any algebra homomorphism from 3(g) to C
coincides with x for some A € b, and for A, u € h* one has x) = x,, if and only if 4 € Wo\. By
the category equivalence of Proposition 1.9, the infinitesimal characters of quasi-G-equivariant
Dx,-modules are of the form x, for A € (h);. Therefore, recalling Harish-Chandra’s result, if
(WolX)N(bz)s =0, then R(DOx,(\)) = 0.

2.3 Extremal cases

We characterize the extremal cases (see Definition 1.5) in the correspondence (2.3). We shall
only deal with the invertible O-modules. Given A € (h7)? and u € (bz)Y, we write for short
(A, ) instead of (Ox,(N), Ox, (1))

Proposition 2.10. The pair (A, p) is an extremal case if and only if p = A+~ y. This condition
is also equivalent to the following system

AE%V;ZM( () —)0 o Eie]r\m])%

May) =0, p(e (e iel\.J),

Nay) = =rg(0), plaf) =0 (i€ J\ D), (2.22)
p(ey) = M) = ’YIJ( i) (iely\(TUJ)).

Proof. The first statement is obvious by (2.5). Since AT\ A; and A are stable under the
action of W and W respectively, we have w(vs,j) = 77,y for any w € Winy = WynW;. In
particular, we have

Y10 = si(v,0) = V1.0 — v1,0( )y
for any i € I N J. Hence we obtain

’Y[,J(Oél\/) =0 foranyielINnd.
Therefore, the relation @ = A 4 ~7,5 is equivalent to the system (2.22). O
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By (2.22) we have the following

Corollary 2.11. If g is semisimple and I U J = Iy, there exists a unique extremal case for

Proposition 2.12. Let (A, i) be an extremal case.

(i) We have
v <0 for anyozEAj\AI,
()\+p)(oz){>0 for any o € AT,

and (wjwrng) o X = p. In particular, e € T'(X) and £(e) = m(e) = 0.
(i) Let
I:IO\{plv"')plvtla'”vtn}v J:IO\{qla"'anvtla”'atn}

(wherel > 1, m > 1, n >0 and all p;’s, g5’s and t;’s are different from each other), and let
A= Zi’:l Tiwp, + Z’;Zl riwt;. Then v = Zi:l koo, + Z;‘L:I Kt satisfies the property

(v+p)(a’) <0 for any a € AT\ Af (2.23)
(cf. Theorem 2.6(v)) if and only if k; <r; for anyi=1,... 1.

Proof. (i) Since p and 7 ; are fixed by the action of W; and Wi~  respectively, We have

(wjwrng) o A = wywrng( — 1,70 +p) —p = p—wi(V1,7 — Wingp +wyp).

By
wingp —wyp = (p—wsp) — (p — wrinsp) = Z o — Z o =r1J

+ +
a€A7 a€ATL

we obtain (wjwrns) o A = p. Hence by wamJ(A}r \ A7) C A7 and p € (h7)Y, we have

A+ p)(a”) = (wingws(p+ p))(a”) = (u+ p)(wswinsa’) <0

for any o € A1\ Ar. Moreover, we have (A + p)(a¥) > 0 for any A} by (2.22).

(ii) We may assume that n = 0. Let U = {(ky,...,k) € Z! : v = 22:1 ki, satisfies (2.23)} C
(Zo)'. Since (r1,...,m) € U by (i), then U # ), and hence U = [ Z o for some r; < E) <0
(it =1,...,1). Take any 1 < i < [, and let § = wing(ap.): then B € A}r \ Az, and from
A+ p = wingws(p + p) we get (A + @y + p)(BY) = p(wsay) + @p.(BY) = @wp,(8Y) — 1 > 0
hence r; = k:g. O

By Proposition 1.6, if the pair (A, p) is an extremal case we get a nontrivial Dx -linear
morphism

®: DOy, () — H(R(DOx,(\))). (2.24)
Theorem 2.13. Let (A, ) be an extremal case.
(i)  We have HP(R(DOx,(\))) = 0 for any p # 0 if and only if {(x) > m(x) for any x € T'(N).
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(ii) Assume that HP(R(DOx,(\))) = 0 for any p # 0. Then ® is an epimorphism if and
only if £(x) > m(z) for any x € T(\) \ {e}.

(ii)  Assume that HP(R(DOx,()\))) = 0 for any p # 0. Then ® is an isomorphism if and
only if T'(A) = {e}.

We need the following result in order to prove Theorem 2.13.

Lemma 2.14. Let (A, 1) be an extremal case, and let x1,x2 € I'(X). Set yp = yy, fork =1,2. If
L((y11)o\) appears as a subquotient of M j((y2x2)oN), then we have £(x2)—{(y2) < £(xz1)—L(y1).

Proof. For ¢ € by we set
Af(E) ={ae AT : (E+p)(a’) =0}, Wo() ={weW :wog=¢}

Take v € W o X such that (v + p)(«¥) > 0 for any a € AT, and let w € W such that A = wov.
We can assume that ¢(w) < ¢(z) for any € W satisfying A = z o v. Then w is the (unique)
element of wWy(v) with minimal length.

Let us first show:

yrrpw is the element of yrxiwWp(v) with minimal length. (2.25)

It is sufficient to show yrzpwAf (v) C AT, Since w is the element of wWy(v) with minimal
length, we have wA{ (v) C A, and therefore wA{ (v) = Af(\). By Proposition 2.12 we have
AF(N) € AT\ Ay Hence by Wi (AT\A;) = AT\ A; we have zxAf(\) € AT, Thus 2, A (\) =
Ad (z 0 A). By zp € T(\) we have Af (zg 0 A) C AT\ Ay, and hence yAd (z, 0 A) C AT, The
statement (2.25) is proved.
We next show

Uyrrrw) = L(w) + () — L(yr)- (2.26)

For any o € A;r we have
(v +p)(w™a’) = (A +p)(a’) >0,

and hence uﬁlA}r C AT by the choice of v. Thus we have

w (P ATNAT) =w a2 P AT NAY) cw AT C A
Hence {(zw) = ¢(w) + £(x). Here, we have used the well-known fact that for u,v € W we have
l(uv) = £(u) + £(v) if and only if u(vAT N A~) C A~. Similarly, we have

1

v+ p)w™ ey V) = (mae(A + p)) (@) > 0

for any o € AJJF by the definition of y; and hence w_lxgly,;lAJj C AT. Thus we have
w ey AT N AT) = w ety N AT N AT cwT ety TAT C AT

Hence ((xpw) = L(yrxrw) + £(yr). The statement (2.26) is proved.

Note that L((y121)o\) = L((y1z1w)ov) and that M ;((yaxe)oA) is a quotient of the ordinary
Verma module M ((yaxow) o v) = My((yaz2w) o v). Hence by our assumption and by (2.25) we
obtain yjx1w > yoxow with respect to the standard partial order on W by a result of Bernstein-
Gelfand-Gelfand [2] concerning the composition factors of Verma modules. In particular, we
have ¢(y1z1w) > ¢(y2x2w). Hence we obtain the desired result by (2.26). O
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Proof of Theorem 2.13. We shall use the notation in Proposition 2.5.
We first show the following.

If H"(M(k)*) =0 for any k > £, then H"(C(k)®) =0 for any k > /. (2.27)

Assume that there exists some k > ¢ such that H"(C(k)®) # 0. Let ko be the largest such k.
Then we have exact sequences

H Y (M(ko +1)*) — H"(C(ko)®*) — 0, (2.28)
HYC(k)®) — H ' (M(K)®) = H*( Mk +1)*) =0 (k> ko). (2.29)

By H"(C(ko)®) # 0 there exists some z; € I'(\) such that ¢(z1) — m(x1) = —r, £(z1) = ko
and DOx, ((yz,x1) o A) is a direct summand of H"(C(ko)®). On the other hand, any irreducible
subquotient of H"(C(ko)®) is isomorphic to an irreducible subquotient of H"~*(C(k)*®) for some
k > ko + 1 by (2.28) and (2.29). Moreover, H"~(C(k)®) is isomorphic to the direct sum of
DOx, ((yz,x2) 0 A) for zo € I'(X) such that l(z2) — m(z2) = —(r — 1), £(x2) = k. By the
category equivalence given in Proposition 1.9 we see that there exists some x5 € I'(\) such that
l(xg2) —m(x2) = —(r—1), l(x2) > ko+1, and that L((yz,x1) o A) is isomorphic to an irreducible
subquotient of Mj((ygz,22) o A). Then by Lemma 2.14 we have

U(w2) = £(Yey) < (1) = U(Yar)- (2.30)

On the other hand we have
Ux2) + €(Yay) = (1) + £(Yzy) + 1. (2.31)

by Lemma 2.7. Hence we have 2¢(x2) < 2¢(x1)+1. Since £(z1) and ¢(x2) are integers, we obtain
l(x2) < l(xy). This is a contradiction. The statement (2.27) is proved.

Let us show (i). By Theorem 2.6(iv) we have HP(R(DOx,(\))) = 0 for any p # 0 if
l(x) > m(z) for any x € T'(\). Assume HP(R(DOx,(\))) = 0 for any p > 0 and 4(z) < m(z)
for some x € T'(\). Then we have HP(M(0)*) = 0 for any p > 0 and HP(C(k)®) # 0 for some
p > 0 and some k > 0. Let r be the largest positive integer such that H"(C(k)®) # 0 for some
k > 0. Then we have an exact sequence

H'(M(K)*) — H'(M(k+1)*) =0 (k> 0).

Since H"(M(0)®) = 0, we see by induction on k that H"(M(k)®) = 0 for any k& > 0. Hence
by (2.27) we have HT(C(/{)°) = 0 for any k£ > 0. This is a contradiction. The statement (i) is
proved.

Let us show (ii). By (i) and the assumption we have ¢(z) > m(z) for any = € T'(\);
in other words HP(C(k)®) = 0 for any p > 0 and any & > 0. By Theorem 2.6(v) ® is an
epimorphism if ¢(x) > m(x) for any = € I'(\) \ {e}. Assume that ® is an epimorphism. Since
®: HY(C(0)*) — H°(M(0)®) is an epimorphism, we have H°(M(k)®) = 0 for any k£ > 0 by the
exact sequences

H(C(0)*) — HO(M(0)*) — H*(M(1)*) — 0,
HO'(M(k)®) — H'M(E+1)*) =0
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Hence by (2.27) we have H°(C(k)®) = 0 for any k& > 0. It implies that £(z) > m(z) for any
x € T'(N\) \ {e}. The statement (ii) is proved.

Let us finally show (iii). By (i) and the assumption we have HP(C(k)®) = 0 for any p > 0
and any k > 0. By Theorem 2.6(v) @ is an isomorphism if I'(\) = {e}. Hence it is sufficient to
show that H P(C(k)®) = 0 for any £ > 0 and any p > 0 if ® is an isomorphism. Let us show
it by induction on p. If p = 0, then we have H°(C(k)®*) = 0 for any k > 0 by the proof of (ii).
Assume that the statement is proved up to p. Consider the exact sequence

H= D (M(0)*) — H- D (M(1)*) — H(C(0)*) — H(M(0)°),

We have H7P(C(0)*) = 0 for p > 0, and ® : H7P(C(0)*) — H P(M(0)®) is an isomor-
phism for p = 0. Moreover, we have H~®*D(M(0)*) = 0 by Lemma 1.4. Hence we have
H~P+D(M(1)®) = 0. Thus we obtain H~®+D(M(k)*) = 0 for any k > 0 by the exact sequence

H- "D (M(k)*) — H- P (M(k +1)°) — HP(C(k)*)

and the hypothesis of induction. Hence we have H~®*1(C(k)®) = 0 for any k > 0 by (2.27).
The statement (iii) is proved. O

Remark 2.15. Let (), u) be an extremal case. For x € I' and o € AT \ Ay we have

(@A +p)(a’) = (A +2p)(a’) = (1 =10 +2p)(”) = (wp — Y1,0)(”),

and hence we have HP(R(DOx,()))) = 0 for any p > 0 if and only if

{ for x € I satisfying (zp — v1,7)(a") # 0 for any « € A}r \ A; we have (2.32)

8S(z) < l(z), where S(z) = {a € AT\ Ar & (zp —v1.5) (") > 0} .

We do not know an example of (G,I,.J) such that (2.32) is not satisfied. Anyway, we can
prove that condition (2.32) is satisfied in the following cases (where we say that A, B C I are
“contiguous” if there exists (i,5) € A x B such that o;(aj) # 0):

(1) G has rank < 6;

(2) G is of classical type, and I and J are maximal proper subsets of Ip;
(3) I\ J is not contiguous to J, or J \ I is not contiguous to I;

(4) I and J are contiguous disjoint irreducible subsystems of Ij.

(For (3) one easily sees that S(z) = @ for any x € I', while (1), (2) and (4) are obtained with a
case-by-case analysis; details are omitted.)

In the next section we shall give conditions in order that ® is an epimorphism and that & is
an isomorphism in the case where I and J are maximal proper subsets of Iy. In particular, ® is
not necessarily an epimorphism nor a monomorphism. It seems to be an interesting problem to
determine the kernel and the cokernel of ®.
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Remark 2.16. In §3 of Tanisaki [15] we investigated the morphism ® when n; is commutative
using a more geometric method. In particular, we proved that Ker® corresponds to the unique
maximal proper submodule of M;(u) under the category equivalence given in Proposition 1.9
of the present paper (see the proof of Theorem 3.4 of [15]). We also gave sufficient conditions in
order that the higher cohomology groups of R(DOx,(\)) vanish and that ® is an epimorphism
in terms of geometry of the moment map. These geometric conditions were checked in the case
g = sl,; however, they do not hold in general. This point is overcome using the representation
theoretic method employed in the present paper.

3 The maximal parabolic case

In this section we apply our results to the case where P; and P; are maximal parabolic sub-
groups, and obtain results for the Radon transform R(DOx,())) with respect to the geometric

COrreSpOndence
Xr X0 X,

for A € (h7)9. In this case we have

I=1Iy\{p} and J = I\ {¢} for some p # g, (3.1)

and (hz)} = {rw, : r € Z}, where wy, denotes the fundamental weight corresponding to k € Iy.
We keep the standard notations of Bourbaki [4]. In particular, if G is of rank n, then
IO = {1,2,...,77,}.

3.1 The case (A,)

In this subsection we consider the case where G = SL(V) for an n + 1-dimensional complex
vector space V. By the symmetry of the Dynkin diagram we may (and shall) assume that p > g.
We have the identifications:

X;r = {p-dimensional subspace of V'},
X; = {g-dimensional subspace of V},
Xing = {(U,Uz) € X1 x X :Up D Uz},

and f, g are natural projections. The invertible Ox,-module Ox,(w,) corresponds to the
tautological line bundle whose fiber at U € X; is AP U (a subbundle of the product bundle
X1 x APV), and we have Ox, (rwy) = Ox,(w,)*". Hence in the standard notation of algebraic
geometry we have Oy, (rw,) = Ox,(—r).

For k € Ip ={1,...,n} set

ki =n+1—k, ky=max{k, ki}, k_ =min{k,k.}.

We first give consequences of Theorem 2.6. A weight A = E?:Jrll Xiei (N € Z, E?;Lll Ai = 0)

belongs to (hz)s if and only if Ay > -+ > X\, and Ag41 > --+ > A\yq1. The Weyl group W
is identified with the symmetric group S,+1, and it acts on the weights by permutations of
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the components, i. e. oA = Z?:Jrll Ai€g(i) for any o € W. Then we have Wy = 5, x S}, and
Wi =58, xSq. We have

1
wp = oyl l=p)et ) —pleprnt+eni)l
= e+ -+¢ep+const(er+ - +eng1)
1
po= gt (=2er+- 4 (=n)en]
= —&9— -+ —nepq1 +const(er + -+ Eny1),

and therefore we get
ropt+p = rer+(=l+r)eat--+(=(p—1)+r)ep —pepy1 — -
- —nept1 +const(er + - 4 Epg1).

By the assumption g < p the set I'(rw,) consists of (o,7) € S, x S), satisfying

{o7 g+ 1),....;07 ) In{p+r+1,....n+r+1} =0,
and we have
U(oye) = H(ab):1<a<qq+1<b<p o (a)>a ()},
m((o,e)) = #{(bc) : q+1<b<p,p+1<c<n+1,0b) <r+c}
Hence by Theorem 2.6 we obtain the following results.
Proposition 3.1. (i) We have R(DOx,(—awp)) =0 if p_ > q and g < a < ¢x.
(i) We have R(DOx,(—awy)) = DOx,(—bwy)[—c] for (a,b,c) =
(qx, P+, 0) (p- > q),
(¢.p,(p—a)(p«—a)  (p->q),
(r,74,0), ¢<r<q  (p-=¢, i.e. p=gs).
(i)  We have H*(R(DOx,(—aw,))) = 0 for any k # 0 in the following cases:

a>1 (p-<aq),
a>q (pf:qa Zep:q>k)7
a>q  (p->4q).

Let us consider the extremal case. By

p n+1
Vi=pe Y, e—(P—q) Y &
i=q+1 1=p+1

and (2.22) the extremal case is given by (—g.wp, —pswy). By Theorem 2.13 we obtain the
following.
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Proposition 3.2. We have H*((R(DOx,(—q.wp))) = 0 for any k # 0, and there exists a
canonical nontrivial epimorphism

® : DOx, (—pswy) — H(R(DOx,(~quwp)))-
Moreover, ® is an isomorphism if and only if p_ > q.

Remark 3.3. In the situation of Proposition 3.2 it is proved in [15] that for p* < ¢ the kernel
of @ is the maximal proper G-stable submodule of DOx ,(—pswy).

In the rest of this subsection we assume that ¢ < p_ and give application to topological
problems. By Propositions 3.1 and 1.7 we have the following.

Proposition 3.4. For any F € Db(CXJ,Cm) and g +1<a < g, —1 we have

RF(XI,amr(F)®OXI(awp)an) = 0,
RHom(T(F)aoXl(awp)an) = 0,

and for (a,b, ¢, d) = (Gs, P+, (P— Q)P+, PP+ — @2+ — q(p—q)) or (a,b,c,d) = (¢,p,q(p—q), —a(p—q))
we have

12

RF(XI,am T(F) ® OXI (awp)an)
RHom (r(F'), Ox, (awp)an)

RI'(Xjan; F ® Ox, (bwg)an)[—¢],
RHom (F, Ox, (bwwg)an)[—d].

12

Let us treat some particular cases. In the following we set N = qq..

(1) Let yo € X, and set F = Cy,y. Since g~ (yo) — X1, is a closed embedding, one has
T(F) = CXI,yO,an’ (32)

where X7, = fg ' ({yo}) = {z € X1 : yo C 2} (identified with the Grassmannian of (p — q)-
subspaces of V/y,). By Proposition 3.4 and (3.2) we obtain the following.

Proposition 3.5. For any ¢+ 1 < a < ¢, — 1 we have
RF(XI,yman; OXI (awp)an) ~ 0, RFXJ,yO ,an (XI; OX[ (awp)an) ~ 0,

and for (a,c,d) = (g, (P — Q)P+ PP+ — 4G+ + Pxq) o7 (a,¢,d) = (¢,q(p — q), p+q) we have

H(X1,y, ,an; Ox, (awp)an) = C{z}, Hg(l,yman (X713 Ox, (awp )an) =~ BSTCN

where C{z} (resp. BglocN) is the ring of convergent power series in z = (z1,...,zy) € CN
(resp. the ring of hyperfunctions in CN along {0} of infinite order), and all other cohomology

groups vanish.

Namely, there are natural identifications RI'(X jan; Cy, ®Ox, (bwg)an) =~ RI'({0}; Ocn ) = C{z}
and RHom (Cy,; Ox, (bwg)an) ~ RT {031 (Ch; Ocn ) = Bion[—N].
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(2) Let 2, be a g-subspace of V, E., ={y € X;: yN 2z, =0} ~ CY and set F = Cp,_,,. One
has

r(F)~Cg  [=24(p—q), (3.3)
where E., = f9 N E:,) = {2z € X7 :dim(zNz) = p—q} (e the p-dimensional subspaces of V
in generic position w.r.t. z,). Namely, the map f = (f|;-1(g__))an : (7HE-))an — Esy an is a

complex vector bundle of rank g(p — q) (the fiber over z € E._ is Seeox={yeE, 1y Cua}~

Zo

C2(P=9)); hence there is a morphism of functors Rf,f[2¢(p — q)] — idDb(CE,\ y defining a
natural morphism r(F) = RfanC(y-1(£..)).. — Cp. . [—2¢(p — ¢)], which is an isomorphism
since, by (1.4), one has r(F), ~ C[-2¢(p — q)] (for z € E., an) and = 0 (otherwise).

By Proposition 3.4 and (3.3) we obtain the following.

Proposition 3.6. For any ¢+ 1 < a < q. — 1 we have
RFC(Ezo,an; OXI (awp)an) ~ 0, RF(EZO ,ans OXI (awp)an) ~ 0,

and for (a,c,d) = (g, p(p« — @) + @2, p+(p — q)) or (a,¢,d) = (¢, p«q,q(p — q)) we have

HCC(Ezo,an§ OXI (awp)an) ~ HCN(Ezo,aHS OEzo,an)7
Hd(E\Zo@n; OXI (awp)an) = F(EZO 731'1; OEzo ,an)
where HY (B, an; Op., un) =~ T(Ezy an; Q. ) (resp. T(E-, an; O, ..)) are Martineau’s ana-

lytic functionals (resp. the entire functions) in E,  an ~ CV, and all other cohomology groups
vanish.

Namely, one identifies RI'(X jan; CE,, ., ® Ox,(b@g)an) =~ HCN(Ezo,an;OEZO,an)[—N] and
RHom (Cg,, ,.; Ox, (bwg)an) ~ T'(E., an; OF., an)-

3.2 The case (By)

In this subsection we consider the case where G is (the universal covering group of) SO(V)
for an 2n + 1-dimensional complex vector space V' equipped with a non-degenerate symmetric
bilinear form (, ) : V x V — C. Then we have the identifications:

X7 = {p-dimensional subspace U of V such that (U,U) = 0},

X; = {g-dimensional subspace U of V such that (U,U) = 0},
X _ {(Ul,UQ)EX[XXJ:U1CU2} (p<q)

nd {(U1,Uy) € X1 x Xy :U; DUy} (p>q),

and f, g are natural projections. The invertible Ox,-module Ox,(w),) corresponds to the
tautological line bundle whose fiber at U € X is AP U.
By Theorem 2.6 we have the following.

Proposition 3.7. (i) We have R(DOx,(—awy)) = 0 in the following cases:

Zn—-p—-q<a<gq ifp<q<mn,
g<a<?2n—p—q ifq<p<n,
2g<a<2n-—q) ifp=n.
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(i) We have R(DOx,(—aw,)) = DOx ,(—bwy)[—c] for (a,b,c) =

@p,)@n p—q¢2n—p—qca) (p<qg<n,2n—-2p—q=<0),
@n p—%%/p—%m (g<p<mn,2n—2p—q>0),
(qp,CQ) (q<p<n72n_2p_q20)a
where
o= @=P)Bp+3q—4n—1) oo Pm@)ln+1-3p—3q)
1 2 5 2 2 .
By Theorem 2.13 we have the following.
Proposition 3.8. Let
(¢,p) ifl<p<qg<n-—1,
(r,5) = (2n—p—q,2n—p—q) ifl<gqg<p<n-1,
(2(n—q),n—q) ifp=n,1<qg<n-—1,
(n, 2p) f1<p<n-—1,q=n.

Then we have H*(R(DOx,(—rw,))) = 0 for any k # 0, and there exists a canonical nontrivial
morphism

®: DOy, (—sw,) — HY(R(DOx,(—rw,))).
Moreover, ® is an epimorphism if and only if we have either
() p<g<n,
(b) g<p<mnand2n—2p—q=>0,
and an isomorphism if and only if we have either
(a) p<q<mnand2n—2p—q<0,

(b) g<p<nand2n—2p—q>0.

3.3 The case (C,)

In this subsection we consider the case where G = Sp(V') for an 2n-dimensional complex vector
space V equipped with a non-degenerate anti-symmetric bilinear form (, ) : V x V' — C. Then
we have the identifications:

X7 = {p-dimensional subspace U of V such that (U,U) = 0},
X; = {g-dimensional subspace U of V such that (U,U) = 0},

X _ {(Ul,UQ)EX[XXJZU1CU2} (p<q)
mnJ {(Ul,U2> eXrxX;:U1 D UQ} (p > q),

and f, g are natural projections. The invertible Ox,-module Ox,(w),) corresponds to the
tautological line bundle whose fiber at U € Xy is AP U.
By Theorem 2.6 we have the following.
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Proposition 3.9. (i) We have R(DOx,(—awy)) = 0 in the following cases:

2n—p—q+1l<a<yq if p<aq,
g<a<2n—p—q+1 if q<p.

(ii) We have R(DOx,(—aw,)) = DOx,(—bwy)[—c] for (a,b,c) =
0, 0)

q
n—p—q+1.2n—p—q+1,c1)
2n—p—q+1,2n—p—q+1,0)

p<q<n,2n—-2p—q+1<0),
p<qg<n,2n—-2p—-q+1<0),
qg<p<n,2n—2p—q+12>0),
)

( (
( (
( (
( (

q,p; 2) g<p<n,2n-2p—q+1=0),
where
o~ @=P)Bp+3g—4n—1) o = (P=@)(4n+1—3p—3q)
1 5 ) 2 5 :
By Theorem 2.13 we have the following.
Proposition 3.10. Let

(r,s) = (¢,p) ifl1<p<qg<n,

’ 2n—p—q+1,2n—p—q+1) if1<g<p<n.

Then we have H*(R(DOx,(—rwy))) = 0 for any k # 0, and there evists a canonical nontrivial
morphism
®: DOy, (—sw,) — H(R(DOx,(—rwp))).

Moreover, ® is an epimorphism if and only if we have either
(a) p<g<mnandn—p—q>0,

(b) p<qg<nand2n—-2p—q+1<0,

(c) g<p<n,

and an isomorphism if and only if we have either

(a) p<gq<nand2n—-2p—q+1<0,

(b) g<p<nand2n—2p—q+12>0.

Remark 3.11. In the situation of Proposition 3.10 it is proved in [15] that Ker® is the maximal
proper G-stable submodule of DOx,(—sw,) if ¢ =n and 2p <n — 1.
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3.4 The case (Dy)

In this subsection we consider the case where G is (the universal covering group of) SO(V) for
an 2n-dimensional complex vector space V' equipped with a non-degenerate symmetric bilinear

form (,):V xV — C.
For 1 <k <n set

X (k) = {k-dimensional subspace U of V' such that (U,U) = 0}.

Then X (k) is connected for 1 < k <n—1, and X (n) has two connected components, say X;(n)

and Xo(n). Then we have the identification:

X(k) = Xlo\{k}
X(TL — ].) = X]O

(1<k<n-2),
\{n—1,n}>

X1(n) = X1\ (n}>
X2(n) = Xpp\(n-1}-

If {p,q} # {n —1,n}, then

X _ {(Ul,UQ)EX[XXJ:U1CU2}
mnJ {(Ul,UQ) eX;rxXy;:U;1 D UQ}

and if p = n — 1 and ¢ = n, then f (resp. g) assigns U € Xjny = X(n — 1) to the unique
U' € X1 = Xs(n) (resp. U € X; = Xi(n)) such that U C U’. The invertible Ox,-module
Ox;, (@) corresponds to the tautological line bundle whose fiber at U € X is A" U where k = p

for1<k<n-—2and k=nforpe {n—1,n}.
By Theorem 2.6 we have the following.

Proposition 3.12. (i)

n—p—q—1<a<gq
g<a<2n—p—q-—1
2¢<a<2n—q-1)
n—p—1<a<n
a=n-—1

We have R(DOx,(—aw,)) =0 in the following cases:

fp<qg<n-—2

ifg<p<n-—2

?;pr{TL—l,TL}, 1<g¢<n-2
ifl1<p<n-—-2,q€{n—1,n},

if {p,q} = {n —1,n} and n is even.

(i) We have R(DOx,(—aw,)) = DOx,(—bwy)[—c] for (a,b,c) =

(
(
(
(n7p7172(n7p71)a62)
(2n—p-q-12n—-p—q—1,0)
(qvp703)

(n,n —2,0)

(

(

(P<qg<n—2,2n-2p—q—1<0),
(p<qg<n-2,2n-2p—q—1<0),
(p<n—-2,ge{n—-1,n},n—2p—1<0),
p<n—-2,qge{n—1,n},n—2p—1<0),
(g<p<n—2,2n—2p—q—12>0),
(g<p<n—-22n-2p—-q—12>0),
({p,q} ={n—1,n}, n: odd),
{p,q} = {n—1,n}, n: odd),
({p,q}z{n—l,n},n:odd),
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where
_(¢g—p)Bp+3¢g—4n+1) _(n=p)Bp—n+1)
Cl — ) 02 - )
2 2
_(p—q)dn—3p—3¢—1)
Cc3 = 9 .

By Theorem 2.13 we have the following.

Proposition 3.13. Let (r,s) =

2n—p-—gq-12n—-p-—q-1) fl<g<p<n-—2,
(Q(n—q—l),n—q—l) ifpe{n—l,n},lgqgn—Z
(n, 2p) ifl<p<n-2,g€{n—1n},
(n,n —2) if {p,q} ={n—1,n}.

Then we have H*(R(DOx,(—rw,))) = 0 for any k # 0, and there exists a canonical nontrivial
epimorphism

®: DOy, (—sw,) — H(R(DOx,(—rwp))).
Moreover, ® is an isomorphism if and only if we have either

p<g<n—1and2n—2p—qg—1<0,

(a
(

)

b) g<p<n—1land2n—2p—q—12>0,
(c) p<n—-1,ge{n—1,n} andn—2p—1<0,
(d) A{p,q} ={n—1,n} and n is odd.

Remark 3.14. In the situation of Proposition 3.13 it is proved in [15] that Ker® is the maximal
proper G-stable submodule of DOx,(—swy) if g € {n —1,n},2p < n—-2andif g = 1,p €
{n—1,n}.

3.5 The exceptional cases (G2), (F4), (Eg)

We write here the tables for the maximal parabolic cases in the exceptional algebras Ga, Fy, Eg.
We obtained them by a case-by-case analysis.

As above, here we define I = Iy \ {p} and J = Iy \ {¢}. In the first line we write the
a € Z such that R(DOx, (awp)) = 0 and the a € Z such that Hj(R(DOXIp(awp))) = 0 for
j # 0. In the second line, we write the [a, b, c] € Z> such that R(DOx, (awp)) = DOx, (1)[—(]
with p = be, or, sometimes, [a, (b1,...,by),c] € Z xZ" x Z and p =Y ;_; bjww; (here r is the
rank of the Lie algebra). In the third line we write the (by,...,b,) € Z" such that there exists
®:DOx, (1) — HO(R(DOXIP (awp))), with g = "7, bjw;, as well as some informations about
®. Finally, in the fourth line we write [a,b] € Z* such that (), u) = (awp, bww,) is the extremal
case, and some informations about ®.
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G2 q=p+1 (mod 2)
—sa< —1
b | 1 -2),0) (24,2, -3), 0
(—a—2, a+1),a<—2 epia < —4
[—2, — ], no cohom. > 0; no epi
—sa< —1
peo | [EL-2,00[-2,-3,0]
(B3a+3,—a—2), a < —2;epi
[—2, —3]; no cohom. > 0; iso
F4 q=p+ 1 (mod 4) g =p+ 2 (mod 4) q =p+ 3 (mod 4)
—s53a< —1 —3;a< —1 a=—4;a < —4
p=1 (—a—2,a+1,0,0), a < —2; epi (0, —a — 3,2a +4,0), a < —3; epi (—a—5,0,0,2a +5), a < —5; epi
[—2, —1]; no cohom. > 0; epi; no iso [—3, —2]; no cohom. > 0; epi; no iso [—5, —5]; no cohom. > 0; epi; no iso
—5a< —2 a=-3,-2;a< -2 a=-3,—2;a< -2
bo | 223,01 [-3,~4,0) (—1,-3,5], (-4, —8,0] (—1,-2,5], [-4, —6,0]
(—a —3,0,2a + 2,0), a < —3; epi (0, —a — 4,0,4a + 8), a < —4; epi (8a+6,—a —4,0,0), a < —4; epi
[—3, —4]; no cohom. > 0; iso [—4, —8]; no cohom. > 0; iso [—4, —6]; no cohom. > 0; iso
a=—5,—4,-3,—-2;a < —2 a=—-4,-3;a < -3 —3;a< -3
by | 1236 —9,0] _ [~1,(=8,0,1,0),5], [~2, 3,5, -5, 5, 0] —
(0,,0,—a —6,3a+9), a < —6; epi (2a 4+ 5,0, —a — 5,0), a < —5; epi (0,a+1,0,—a—3),a< —3;epia< -5
[—6, —9]; no cohom. > 0; iso [—5, —5]; no cohom. > 0; iso [—3, —2]; no cohom. > 0; no epi
—3;a< —6 —3a< —1 —3a< —1
p=4 (a+3,0,0,—a —6), a < —6; epi (0,a+2,—a—3,0),a< —3;epia< —4 (0,0,a+1,—a—2), a < —2; epi
[—6, —3]; no cohom. > 0; epi; no iso [—3, —1]; no cohom. > 0; no epi [—2, —1]; no cohom. > 0; epi; no iso
E6 q=p+ 1 (mod 6) q=p+ 2 (mod 6) q =p+ 3 (mod 6)
;a< —4 ;a< —1 ;a< —1
p=1 (0,a+3,0,0,0,—a — 6), a < —6; epi (—a—2,0,a+1,0,0,0), a < —2; epi (0,0, —a —3,a+2,0,0), a < —3; epi
[—6, —3]; no cohom. > 0; epi; no iso [—2, —1]; no cohom. > 0; epi; no iso [—3, —1]; no cohom. > 0; epi; no iso
—5a< —4 —5a< —1 —5a< —4
p=2 (0,0,a+2,0,0,—a —5), a < —5; epi (0,—a —2,0,a+1,0,0), a < —2; epi (—a —5,0,0,0,a+2,0), a < —5; epi
[—5, —3]; no cohom. > 0; epi; no iso [—2, —1]; no cohom. > 0; epi; no iso [—5, —3]; no cohom. > 0; epi; no iso
—5a< —2 —sa< —4 a=—-6,—5,—-4,-3;a< -3
o3| — [~4,-5,0], [-5, —4,0] [2,-5,9], [~7, —7,0]
(—a—3,0,0,a+1,0,0), a < —3; epi (0,0,0,—a — 5,2a + 6,0), a < —5; epi (0,0, —a —7,0,0,2a+7), a < —T; epi
[—3, —2]; no cohom. > 0; epi; no iso [—5, —4]; no cohom. > 0; iso [—7, —7]; no cohom. > 0; iso
a=—4,-3;a< -3 a=—-5,—-4,-3,-2;a< -2 a=—-5,—-4,-3,-2;a< -2
b | 2345 -5 6,0 (—1,-3,13], [-6, 9, 0] (—1,-3,13], [~6, -9, 0]
(0,0, —a — 5,0,2a + 4,0), a < —5; epi (0,0,0,—a —6,0,3a+9), a < —6; epi (3a+9,0,0,—a —6,0,0), a < —6; epi
[—5, —6]; no cohom. > 0; iso [—6, —9]; no cohom. > 0; iso [—6, —9]; no cohom. > 0; iso
a=—-7,—6,—-5,—4,-3,—-2;a < =2 a=—-6,—-5,—-4,-3;a< -3 a=—-5—4;a< —4
b5 | [1,-2,9) -8 ~10,0] A (~2,—5,9], [~7, —7,0] A (~3, —5,4], [~6, —6, 0] A
(0,—a — 8,0,0,0,2a 4+ 6), a < —8; epi (2a4+17,0,0,0,—a — 7,0), a < —7; epi (0,2a +6,—a —6,0,0,0), a < —6; epi
[—8, —10]; no cohom. > 0; iso [—=7, —=7]; no cohom. > 0; iso [—6, —6]; no cohom. > 0; iso
—3a< —4 —3a< —4 —s3a< —4
—6 [—a,a+12,0], -8 < a < —4 — —
P= (a+4,0,0,0,0,—a — 8), a < —8; epi (—a—6,a+3,0,0,0,0), a < —6; epi (0,—a — 5,a+3,0,0,0), a < —5; epi
[—8, —4]; no cohom. > 0; iso [—6, —3]; no cohom. > 0; epi; no iso [—5, —2]; no cohom. > 0; epi; no iso
E6 q=p+ 4 (mod 6) g =p+ 5 (mod 6)
—5a< —4 —sa< —4
1 — [—a,a+12,0], =8 < a < —4
p= (0,—a —5,0,0,a+3,0), a < —5; epi (—a—8,0,0,0,0,a+4), a < —8; epi
[—5, —2]; no cohom. > 0; epi; no iso [—8, —4]; no cohom. > 0; iso
a=—-7,—6,-5,—4;a< —4 a=—-7,—6,—-5,—4;a< —4
b_o | [3.-6.5] [-8,-6,0] [-3, =6, 5], [~8, —6, 0]
(0,0,0,0, —a — 8,2a + 10), a < —8; epi (2a + 10,0, —a — 8,0,0,0), a < —8; epi
[—8, —6]; no cohom. > 0; iso [—8, —6]; no cohom. > 0; iso
a=—-7,—6,—5,—4,-3,—-2;a < -2 a=—-5,—4;a< —4
by | [1-2.9.1-8-10,0 (=3, 5, 4], [~6, —6,0]
(2a +6,—a —8,0,0,0,0), a < —8; epi (0,2a +12,0,0, —a — 6,0), a < —6; epi
[—8, —10]; no cohom. > 0; iso [—6, —6]; no cohom. > 0; iso
a=—-5,—-4,-3,-2;a< -2 a=—4,—-3;a< -3
b4 | [FL-Z8L -6 -9.0] A (2, -3,4], {=5,-6,0) A
(3a+9,0,0,—a —6,0,0), a < —6; epi (0,0,2a +4,0,—a — 5,0), a < —5; epi
[—6, —9]; no cohom. > 0; iso [—5, —6]; no cohom. > 0; iso
—3a< —4 —sa< =2
bes | [4-5.0. [-5,-40 — A
(0,0,2a +6,—a —5,0,0), a < —5; epi (0,0,0,a+1,0,—a — 3), a < —3; epi
[—5, —4]; no cohom. > 0; iso [—3, —2]; no cohom. > 0; epi; no iso
—s3a< —1 —3a< —1
p=6 (0,0,0,a+2,—a —3,0), a < —3; epi (0,0,0,0,a+1, —a — 2), a < —2; epi
[—3, —1]; no cohom. > 0; epi; no iso [—2, —1]; no cohom. > 0; epi; no iso
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