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Summary. We give an asymptotic expansion in powers:of- of the re-
mainderZ?’;n /377, when the sequencg, has a similar expansion. Con-
trary to previous results, explicit formulas for the computation of the co-
efficients are presented. In the case of numerical seties (1), rigor-

ous error estimates for the asymptotic approximations are also provided.
We apply our results to the evaluation 8tz; jo, v, a,b,p) = Z;‘;jo 2

(7 + b)~(j + a)~P, which generalizes various summation problems ap-
peared in the recent literature on convergence acceleration of numerical and

power series.

Mathematics Subject Classification (199&5B10, 65D20; 33E20, 41A60

1. Asymptotic summation formulas

Asymptotic integration, i.e., the procedure of integrating term by term a

given asymptotic expansion, is a basic and powerful tool of asymptotic

analysis (cf., eg., [15, Chap. 1]). The need for a discrete version of this

procedure, which can be termed “asymptotic summation”, became of interest
in connection with the convergence acceleration of power series (cf. [16]

and references therein). Consider a power series

@) S(2) =Y 17,
j=1
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62 S. Dassi et al.

where the sequengk possesses an asymptotic expansion in powejs'of
@ fi~aj " Hayy 4., oo, 0<pr<pa<---.

This clearly entails convergence of the series (1) f0r< 1, z # 1, while
convergence at = 1 is guaranteed ip; > 1 (which then also ensures
absolute convergence for| < 1).

In [16] Sidi proved that the remainder of (1), under assumption (2) with
pr+1 — Px = 1, has an asymptotic expansion

3
R, (2) := Z fiz? ~ 2" by (2)n - ba(2)n 2+ -}, n— oo,

Jj=n

whereg = p; —1if z # 1andg = p; —2if z = 1, and used this expansionin
connection with Levin’s T-transformations. The coefficignts: ), however,
were not given in terms of computable formulas.

In Theorem 1.1, which together with Theorem 1.2 represents the main
result of this paper, we provide such formulas under the slightly weaker
assumptiorp1 — pr € N, which are explicit for = 1, and involve
auxiliary recurrence formulas for #+ 1. They are based essentially on
known asymptotic expansions for the remainder of the power series defining
the Riemanm-function and the generalized polylogarithm, respectively (cf.
[15, Chap. 8]). The present results were partially developed inz[5} (1)
and in [6].

Theorem 1.1 Consider the power seri€$), where the sequende satisfies
(2) with py 1 — pi. € N for everyk > 1, andp; > 1 whenz = 1. Then the
remainderR,,(z) possesses the asymptotic expang&)nwhere

p—1if 2£1
(4) q_{pl—Qifz—l.

The coefficients (2), k = ps—p1+1, ..., ps+1—p1, s = 1,2, ..., are given
by

=D 11 @ Vktpy—py—1(—D2, 2) if 2z#1,
(5) bi(z) =
1 —py .
G <’f +pe—p1— 1) Betppet 1 2=1,

where theB; are the Bernoulli numbers, and thig are recursively defined
by
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Asymptotic summation of power series 63

i—1
© wla =3 (10, )ulr—itan), =12

r=0

whereq is an arbitrary negative number.

Proof. Let us rewrite the asymptotic expansion (2) as

@) =3 ad ™ +0G), pli) =0, v=1.2 ..,
s=1

and letkK,, ., be an estimate of the constant implied by haymbol above,
valid for j > ng > 1. In view of (7), for each fixed' the remainder in (3)
can be expressed as

(8) YNoHF =Y asY i Y pulh)d
j=n s=1 j=n j=n

First, we observe that for > ng the second term on the right-hand side of
(8) can be estimated by

oo fe'e) oo
DINICIEIES S EIEE Y Sy
j=n j=n j=n

(9) = [e["O(n' P

cf. [15, Chap. 8, Example 3.2], where the fact that< 1 has been used.

From the well-known asymptotic expansion for the remainder of the
series defining th&®iemann(-function truncated ap,,1 — ps — 1, one
obtains

(10)

nlfps

(S) Pr+1—ps—1 1— ‘

e I QM LT
X s

Jj=n

=0

and analogously, for thgeneralized polylogarithrz #+ 1), we get
(11)

0o Pr+1—Ps—2
D = —n{ 2 wx—ps,z)n-l+0<nl+ps-pv+1>} ,
j=n 1=0

fors =1,...,v (cf.[15, Chap. 8]). Substituting (10) and (11) into the double
sumin (8), and summing up the coefficients corresponding to the same power
of n, we easily recover the representation (5).
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Hence, from (8)-(11) we obtain

Prv4+1—P1

(12) Zf] =n 1 Z br(1)n~F + O(nt Pty |

and
(13)
00 ' Pr1—p1—1
> fid =2" {nq > bk(z)nh 4 O(nlp”“)} Lz
j=n k=1
Finally, setting form = 1,2,.., v(m) = min{r € N : p,;
> g+ m+ 2}, we get from (12) and (13)
oo m pu(m)+1_q_2
(14) Z fizd =2"{n1 Z br(z)n~F + Z br(z)n "
j=n k=1 k=m+1

_|_ O(nl_pu(m)+1+q)} ,
which, since the last two terms aggn (1)) is the asymptotic expansion
3).0

In the case ohumerical seriegz = 1), the remainder of the asymptotic
expansion ofR,, can be rigorously estimated as in the following theorem.

Theorem 1.2 Let K,, 11 be an estimate of the constant implied by the
symbol in(7), for j > ng > 1. Then

Z f] Z bk (q+k

(15) < Cm+1(no)n_(q+m+1) ,n>ng, m=12..,
where
(16) Cht1(no)

2Dy (m 1 1 P _
_ ng+m+ Pu(m)+1 {Ku(m)+1 <p +Zng + v(m)+1 ng 2)
v(m)

v —1 2 12
V(m) 1 pu(7rL)+1_(Q+m+2)
—Puv(m —1
+ Z |as|Hym),s ¢ + 1 o Z |bm+i(1)’né ‘Y
s=1 i=1
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with v(m) := min{v € N:p,41 > ¢+m+2} and(ps — 1)H, s an es-

timate of the constant implied by tiiesymbol in(10) for n > ny, i.e.[15,
Chap. 8,Example 3.2]

Ho=—|(P"1)B
v,s ps _ 1 O-V,S Ou,s

Pv — 1
( 0'1/,11 ) BUVYV

, s=1,...,v—1;

1

if pV+l_pV>1>

pu_l
(17) Hu,u =
+11)2n0 if poy1—p=1,
where
(18) Ov,s = Pv+1 — Ps +1- ((py+1 — Ps — 1) mod 2) .

Proof.Observe that, for = 1, theO-symbolin (14) is obtained via the con-
tribution of (9) forv = v(m), and (10) fors = 1, ..., v(m). By resorting to a
classical estimate concerning the asymptotic expansion (10) for the remain-
der of the series defining the Riemagxfunction [15, Chap. 8,Example 3.2],

we get forn > ng

nl=Pv+1 1—
Zj IR I {|BOI+‘< ]I_)V—H)Bl

Prv+1 — 1
n2} ,

1- v
(5

and hence (9) can be rewritten as

20) > pu(h)
j=n

1 1 Pvil o) 1-
< KV P — Prv+1 , > .
>~ +1 (p,/+1 1 + 9 0 + 12 0 n n = no

As for the sum of the)-symbols in (10) fors = 1, ...,v(m), the estimate
guoted above leads to

n—l

(19) +

v(m)
a
(21) > 0P )
-1 bs —
v(m)
< pl=Pu(my+1 Z |as| Hymys » 7> o
s=1
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having used the fact that the coefficients with odd index in the expansion
(10) vanish. We remark that when ., — p, = 1, the estimate in [15,
Example 3.2,Chap. 8] cannot be used directly, since the asymptotic expan-
sion has to be truncated at the first term. Nevertheless, the second row in
(17) is easily recovered by adding and subtracting the second term, i.e.,
1- bv
1
from (14), (20) and (21) the estimate (15)—(16), valid/#or ng. 0

Bin~!. Finally, recalling that; + m + 2 — Pu(m)+1 < 0, we get

Remark 1.3Formulas (5)-(6) for the computation of the coefficiebiéz)
whenz # 1 appear quite involved and difficult to handle. On the other
hand,in the case whep;; — pr = 1, which was that considered by Sidi

in [16] to prove existence of the asymptotic expansion (and turns out to be
the most common in the applications), the representation of coefficients is
substantially simplified. Indeed, far+ 1 formulas (5)-(6) become, after a
little algebra,

k—1
(22) bi(z) = — Zak—i pi(k,2) ,
1=0
where thep; are recursively defined by
1
QDU(/{?,Z) = -1

1—z2 1—r
r=0

i—1 .
23) @ik, z) = — Z(”l_’“_pl)%(k,z), i=1,2,..

In the case: = 1, (5) can be slightly simplified as
u ay 2—p 14
24 ()= —= (7" ,.
(24) k(1) £§_1p1—|—£—2( .y > k—t

We finally remark that, whepy; — pr = 1, we haver(m) = m and
Cm+1(ng) in (16) becomes

(25) Cerl (’I’Lg)

1 1 _ p1+m  _ "
=t (g 0t + P ") + D el
s=1
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Remark 1.41t is worth observing that the coefficientg(z) are discon-
tinuous atz = 1. In fact, it can be easily proved by induction érhat
i(—pe, 2) ~ const/(z — 1)"1 asz — 1. Then it follows thath,(z) ~
const/(z — 1)¥*2, asz — 1, and hence also that every remainder of the
asymptotic expansion (2) tends to infinite as—» 1. From the computa-
tional point of view, this means that the asymptotic summation formulas
are difficult to use in the neighborhood ef= 1 (while they work quite
satisfactorily at: = 1), as it will be shown in the numerical examples.

Remark 1.5Bounds similar to those in Theorem 1.2 could be derived also in
the caser + 1, provided that the constant implied by thesymbol in (11)

can be estimated. Unfortunately, this does not seem an easy task within the
approach followed in [15, Chap. 8] to construct the asymptotic expansion.

2. Numerical examples

Itis well known that convergence of the series (1) can be very slow (when
is “small”) for z on (or close to) the boundary of the unit circle: in these cases,
suitable acceleration techniques must be applied in order to evaluate the sum
numerically. In this respect, existence of an asymptotic expansion like (3)
is already extremely useful. In fact, it entails that fore= 1 the sequence
of partial sums of (1) belongs to the classlogarithmically convergent
sequences, while for # 1 it belongs to the class dinearly convergent
sequences. For such sequences vartmrssformationand extrapolation
method$ave been studied; see the monograph [4] for a detailed analysis and
an extensive bibliography, and [17, 18] for some of the recent developments.
These algorithms require, at most, a knowledge of the sequence of exponents
in (2), pr, Whereas neither the coefficieritg in (3) nor thea, in (2) are
needed.

In the present paper we explore a different approach, namelgljrenzt
use of theasymptotic expansio8) for the numerical evaluation of the sum
of the series, in cases where the sequences explicitly known, so that
the coefficientd, can be computed by means of (5), (6). We stress that,
as already remarked in Sect. 1, our main improvement with respect to [16]
consists exactly in the derivation of theseplicitandcomputable formulas
In particular, we show that our approach can be used to compute the sum

[0.9]

S(z;jo,vya,b,p) = > (G +b) i +a)P,

J=Jjo

(26) ‘Z|§17 0<V§1> aabec\{_j(]a_j(]_17_j0_27"'}7
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wherel +p—v > 0if z # 1andl +p—v > 1if z = 1, which
generalizes various summation problems appeared in the recent literature
on convergence acceleration of numerical and power series. Observe that
(26) falls into the class characterized by (2), since we have

o

@7 L=+ )T~ Y a0,
k=1

with

(28)

k
— P v—1\ i1k _ B B
ak_z<i_1><k_i>a V' o pk=p+k—v, k=1,2,....

i=1

Indeed, there is a renewed interest in the literature of the last decade
for developing specialized summation methods, alternative to the general-
purpose accelerationtechniques recalled above, for various series of the form
(26); cf., e.g.,[1-3,7,8,10-14], and [9, Sect .3] for references and sources of
the summation problems. Most of these papers deal with the case of numer-
ical series, i.e.5(+1;jo,v,a,b,p) = Y52, (F1)7(j + )" (j +a)7?,
and follow, essentially, two different approaches: Gaussian quadrature with
respect to nonclassical weights [7, 8, 10,13, 14], reducing the problem to the
evaluation of a suitable integral df, +o0) (e.g., by Laplace transform),
and of some special functions involved; a clever use oEiller-MacLaurin
summation formulaassociated with the evaluation of Gauss hypergeomet-
ric function [11] or with computer algebra [12]. Observe, incidentally, that
our derivation of the asymptotic expansion (3) for= 1 is intimately re-
lated to the Euler-MacLaurin formula, cf. [15, Sect. 3]. In contrast, —1
(oscillatory case) is treated within the cdse= 1, z # 1, the core of the
procedure being, essentialsymmation by partfl5, Sect. 5]. This differ-
ence between the procedures for 1 andz #+ 1 explains the appearance
of a discontinuity of the;(z) atz = 1 (cf. Remark 1.4).

We recall that evaluation of (+1; jo, v, a,b,p), p € N, has been rec-
ognized in the literature as a basic tool for summation of series of the form
> oisio (D) (5 4 )" "7 (4), wherer(5) is arational functionof j, by re-
sorting to partial fraction decomposition [7]. The same argument clearly
applies to the role of (z; jo, v, a, b, p) in connection with power series like
525 2+ B I().

As for power series, the methods proposed are closely tied to specific
values of the parameters in (26), the aim being, essentially, to compute
Y5002t (2j +1)7P, for p = 2 (cf. [3,8]), orp = 3 (cf. [8]), or more
generallyp € N, p > 2 (cf. [2]). It is worth noting that this last series,
which arises for example in plate contact problems, can be rewritten in
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terms of the well-knowrerch ¢-function &(z,p,a) = S(z;0,1,a,0,p),
asy o2 2% (27 +1)77 = (2/27)S(2%;0,1,1/2,0, p). Evaluation of the
Riemann(-function and of the Lerclg-function is accomplished in [1] by
means of the trapezoidal method on suitable integral representations in the
complex plane, together with Euler Mac-Laurin summation.

Our method for thevaluationof S(z; jo, v, a, b, p) via asymptotic sum-
mationrests on the representation

n—1
S:Sn+Rn: Ezjfj+gn,m+5n,mv

Jj=Jjo

(29) On,m = M4 Zbk(z)n_k , Enym = 70 (n—(m+q+1)) ’
k=1

cf. Theorem 1.1, where for brevity the dependence on the paramejgrs,

a, b, p, has not been displayed. In this case the coefficigits) are given

by the simplified formulas (23)-(24), singg; — px, = 1 (cf. (28)). The
goal clearly should be to find a way to choesandm, such that the relative
error|ey, /S| is below a prescribed tolerance, minimizing at the same time
the computational effort. This is not simple, however, especially fgr1,
where explicit bounds for the asymptotic error term are not available (cf.
Remark 1.5).

It is worth recalling that the series (3) is asymptotic; thus its remainder
€n,m tends ta) asn — oo, but is not infinitesimal (in general) as — oo,
exhibiting a minimum inn for each fixed value af (clearly this minimum s
infinitesimal as: — o). According to this typical behavior, confirmed also
by our numerical experiments, we first tried the following approach. Given a
tolerance says, and arincreasing sequena# indexes{n;},s =0, 1,2, ...,
obtained, for example, by doubling iteratively a starting inagx or by
adding iteratively a fixed integer stemjnimize(heuristically) with respect
to m the error termg,,_ ,,, that is, obtaining a sequenge,} such that
bma—1lns "7 > (b, Ing™s and fby, 0™ < (b, a|ns " for
everys. The iteration is stopped at the first valuesafuch that

Eng,ms

S

(30)

<e

‘ Sne = Snay + Ongms = Ong_yma s
)

Sns + O-ns,ms

cf. (29). This procedure, however, turned out to be very costly, since, asitcan
be easily seen from (22)-(24) and (29), the leading term irctimeplexityof

the computation o, ,,, (measured in terms of basic arithmetic operations,
multiplications and additions) increasgsadratically(z = 1) or cubically

(z # 1) with m.
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This last observation suggests to adopt a different strategy, namely,
of trying to balancethe computational cost of the sum, ,, with that
of S,, in (29), at least in order of magnitude. By observing that, in gen-
eral, the sequencg; = (j + b)""'(j + a)~? in (26) is computed as
exp[(v —1)In(j+b) —pln(j + a)], we can accomplish this simply by
estimating the average cost of the numerical computation of the functions
exp (+) andln (+) in the ranges of interest (in terms of elementary arithmetic
operations), and then by counting the total number of operations involved
in the evaluation o#,, ,, and.S,,. The cost of function evaluations depends
on implementation, namely on the compiler and/or on the specific computer
used; we did the balancing on the assumption that the computatior-pf
in terms of machine time, correspondd th and the computation ekp (-)
to 20, elementary operations. These are the average values obtained on a
personal computer based on a 486 processor, with the Turbo Pascal compil-
ing system (in double-precision arithmetic). Other experiments with differ-
ent programming languages and different compilers on various computers
showed that the quoted numbers (namiklyand20) are quite reasonable,
giving an underestimation by a factor two or three at worst.

The resulting algorithm can then be briefly described as foll&@esn-
pute iterativelythe coefficientd,(z), s = 1,2, ..., by (22)-(24) and (28),
and correspondingly the suns$, ando,, ;, 1 < i < s (cf. (29)), where
ng is chosen in such a way as balancethe costs ofS,,, ando,,, s as just
describeduntil

5ns,i Sns - Sns—l + Uns’i B O-nsflvi
S Sns + Ons,i

for somei, 1 < i < s — 1. Observe that convergence of the scheme is
ensured since,;, — oo ass — oo. The algorithm has been tested on
various series of the form (26), choosingedative tolerances = 10~

in the test (31). The results are summarized in Tables 1-9 below, where
for some values of the parameters involved we repoftedn) = (ns, 1),

the first couple for which (31) is satisfied. In all of the examples the “true”
relative errors turned out to be below the prescribed tolerance, so they are
not reported in the tables. From this point of view the performance of the
algorithm is quite satisfactory, as it is also with respect to the complexity,
except for power series with close tol. The reader should concentrate

on the values ofi, sincen — 1 terms (whenj, = 1) are to be summed in

the original series to obtain a relative errorlof-'4, whenm terms of the
asymptotic expansion of the remainder are used. Consider, for example, the
effectiveness of asymptotic summation on the extremely slowly convergent
series in Table 5. In this case, prescribing a relative toleranee-ofl0—3

(for a = 1) we obtained the couple:, m) = (5, 2), while direct summation

of the series should require more the? terms to get the same accuracy.

(31)

=~ <e¢

)
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Tables 1-5 refer to certaghowly convergent numerical seriggequently
used as computational tests in previous papers on acceleration; see [7,11,13,
14]. The exact values have been taken from these papers, or computed with
Mathematica [19]. Note that convergence slows down as the parad(eter
«) increases: this phenomenon has been observed also with other methods
[7,14]. The method proposed in [11] for the special sefigls 1, v, a, b, p),
however, does not suffer from this disadvantage.

Tables 6-9refer, essentially, to three “slowly convergent” instances of the
power serieslefining the_erch{-function The exact sums were found inthe
literature [2, 8], or computed with Mathematica. Observe that convergence
is again quite satisfactory, alsozat 1 (w = 2in Tables 7 and 9), but slows
down asw decreases, especially in the immediate neighborhoad-of1
(cf. Remark 1.4). Note also that the behavior near 1 seems somewhat
better for real values of (compare Table 8 with Table 7).

Table 1. Computation ofS(1;1,1/2,a,0,1) = 322, 5~ /?(j + a) ™"

Lal 1 [2]4[8[16[32]64]
w |15 | 18 | 27 | 43 | 62 | 97 | 147
m |10 |11 | 14| 17 | 21 | 26 | 34

Table 2. Computation ofS(—1;1,1/2,a,0,1) = 22, (=17 /?(j + a) ™"

Lol 1 [2]4]8[]16]32]64]
n ][ 32 | 32 | 54 | 83 | 121 | 198 | 301
m |10 10| 11]13] 15 | 17 | 20

Table 3.Computation ofS(1;1,1/2,i0,0,1) = Y22, "/ (j +ia) "

Lol 1 [2]4[8[16[32]64]
m |20 | 23 | 30 | 41 | 64 | 92 | 148
m | 11|13 15|18 | 21 | 28 | 35

Table 4. Computation ofS(—1;1,1/2,i,0,1) = 3252, (—1)757Y2(j +ia)!

Jj=1
[oel 1 [2]4]8]16]32]6d]
39 | 49 | 62 | 76 | 112 | 182 | 277
m || 10 | 10 | 12 | 14 | 16 18 21

Table 5.Computation ofS(1;1,1,9/10,a,1/2,1) = 3252, (j + 1/2)" /" +a) ™"

[ e[ 1] 8] 64 [3/2+i]3/2+8i]3/2+64i |
n 1242143 ] 19 39 142
m || 9 | 17| 34 12 18 35
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72 S. Dassi et al.

Table 6. Computation of the Lerclj-function
S(20,1,1,0,1/2) = Y2 2/ (j+ 1) 2, z=e'wm/?

[wl2]1]08[]06]04]027]01]0.05][0.01]0.005

n || 36 | 60| 60 | 75 | 93 | 161 | 256 | 487 | 2056 | 3904
m || 10 | 11 | 12 | 12 | 14 15 19 20 31 22

Table 7.Computation of25(2%0,1,1/2,0,2) = 370 22712 +1)72, 2z = ' “™/2

j=

[Twl2]1]08]06]04]02]0.1]0.05]0.01]0.00L ]

15| 27 | 36 | 47 | 60 | 93 | 136 | 221 | 997 | 7984
m 9 9 | 10 9 10 | 12 15 18 17 20

3

Table 8. Computation of£ S(2%0,1,1/2,0,2) = 322 & *1(2j + 1), z € (0,1]

[« [05]06]07]08]097]095]0.99]0.995]0999 [ 1 ]

n 20 | 27 | 36 | 47 | 93 | 161 | 749 | 1406 | 6303 | 15
m 3 2 3 6 6 9 7 7 7 9

Table 9. Computation of2 S(2%0,1,1/2,0,3) = 352, 241 (2j + 1)7% , z =e'*™/?

[w] 2] 1]08[06]04]02]0.17]0.05][0.01]0.001 [

n || 16|27 | 36 | 36 | 47 | 75 | 113 | 190 | 826 | 5703
m 9 9 8 10 | 10 | 11 15 18 13 13
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