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Abstract In [2] we gave a simple, geometric and explicit construction
of bivariate polynomial interpolation at certain points in the square, ex-
perimentally introduced and termed “Padua points” in [5]. Then, we
showed that the associated Lebesgue constant has minimal order of
growth O(log2 n); see also [4] for an algebraic setting and solution of the
interpolation problem. Here we present an accurate and efficient imple-
mentation of the interpolation formula, based on the reproducing-kernel
algorithm in [6], accompanied by several numerical tests. We also ex-
tend the method to polynomial-based interpolation on bivariate compact
domains with various geometries, via composition with suitable smooth
transformations, and we present an application to surface compression.

1 The Padua points and their properties
For n positive even integer, the Padua points is the set Ξn of points on the
square Ω = [−1, 1]2, defined by

Ξn = {ξ = (zm, ηk), 1 ≤ m ≤ n+ 1; 1 ≤ k ≤ n/2 + 1}

where
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• The cardinality of Ξn is N = (n + 1)(n + 2)/2 = dim
(

Pn(R2)
)

and
they form an unisolvent set for polynomial interpolation in Ω .

• There exists a cubature formula of degree 2n − 1 based on Ξn

for the product Chebyshev measure on [−1, 1]2: weight function
w(x1, x2) = 1/

(

π2
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1

√
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2

)

.

• The Padua points lye on the generating parametric curve in [−1, 1]2

γn(t) = [− cos((n+ 1)t),− cos(nt)], t ∈ [0, π] .

They are the self-intersections and the boundary contact points of
the curve and they coincide (also for n odd) with the the set of
equally spaced points

{

γn

(

kπ

n(n+ 1)

)

, k = 0, . . . , n(n+ 1)

}

.

FIGURE 1. The distribution of N = 153 (n = 16, left) and N = 171 (n = 17, right)
Padua points and their generating curves.
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• There are other three families of points generated by the curves
γn(t) = [− cos(nt),− cos((n + 1)t)], γn(t) = [cos((n + 1)t), cos(nt)],
γn(t) = [cos(nt), cos((n + 1)t)], corresponding to successive 90 de-
grees clockwise rotations of the square.

2 The Lebesgue constant of the Padua points
It has been rigorously proved in [2] that the Lebesgue constant of the
Padua points grows like log2 n, i.e. there is C > 0 such that

Λn ≤ C log2 n, n ≥ 2 .

FIGURE 3. The experimental behaviour of the Lebesgue constant of Ξn, n ≤ 60 in comparison
with the ones of Morrow-Patterson (MP) and Extended MP’s points [5].
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This behaviour is also shared by interpolation of degree n at Xu points (in
an intermediate space between Pn−1(R

2) and Pn(R2)), cf. [9, 3].

3 The interpolant
Let ξ = (ξ1, ξ2) ∈ Ξn and x = (x1, x2) ∈ Ω.

THEOREM 1 The compact interpolation formula (cf. [2]). The Lagrange polyno-
mial at ξ is

Lξ(x) := wξ[Kn(x, ξ)−Tn(x1)Tn(ξ1)] .

Kn(· , ·) is the reproducing kernel w.r.t. the inner product associated with the
product Chebyshev measure. The interpolant is then

LPd

n
f(x) =

∑

ξ∈Ξn

wξ [Kn(x, ξ)−Tn(x1)Tn(ξ1)] f(ξ) .

3.1 Matrix formulation
D(Ξn, f) = diag ([wξf(ξ), ξ = (ξ1, ξ2) ∈ Ξn]) ∈ R
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T̂j(ξi) =
√

2Tj(ξi), j ≥ 1, (bi,j) = B(Ξn, f) = T (1)(Ξn)D(Ξn, f)
“

T (2)(Ξn)
”
′

Given a set X ⊂ Ω of target points, then
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n f(X) =
ˆ
· · · Lnf(x) · · ·

˜
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x∈X

= diag
““

T (1)(X)
”
′

B0(Ξn, f) T (2)(X)
”′

.

A Matlab R© code (Hyperint2d) for interpolation at Padua points (and
hyperinterpolation at Xu points) is available (cf. [6, 7]).

4 Beyond the square: extensions
Consider a surjective map σ : Ω→ K, t = (t1, t2) 7→ x = (x1, x2), with “in-
verse” σ−1 : K → Ω, σ−1(x) = t(x) ∈ ←−σ (x), where t(x) denotes a point
selected from the inverse image ←−σ (x). By interpolating the g = f ◦ σ at
the Padua points in Ω, we get a (in general) non-polynomial interpolation

LPd

n
f(x) = LPd

n
g(σ−1(x)), g = f ◦ σ, x ∈ K .

Thus, f will be sampled at the Padua-like points K 3 x = σ(ξ).
Key feature: smoothness of the transformation σ (cf. [1]).

4.1 Generalized rectangles
K = {x = (x1, x2) : a ≤ x1 ≤ b , φ(x1) ≤ x2 ≤ ψ(x1)} ,

φ and ψ being suitable functions.
FIGURE 2. The distribution of N = 153 Padua-like points (n = 16) in two generalized sectors.
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TABLE 2. Padua-like interpolation errors (in max-norm) of f(x1, x2) = sin (x2
1 + x2

2) on the
generalized rectangles K1 (left) and K2 (right) of Fig. 2; n is the underlying polynomial degree,
N = (n + 1)(n + 2)/2 the corresponding number of Padua-like interpolation points.

n = 8 n = 16 n = 24 n = 32 n = 40
N = 45 N = 153 N = 325 N = 561 N = 861

K1 7E-3 1E-5 7E-9 2E-12 8E-14
K2 2E-2 2E-4 1E-6 3E-9 2E-11

4.2 Generalized sectors and starlike domains
Generalized sectors

K = {x = (ρ cos θ, ρ sin θ) : θ1 ≤ θ ≤ θ2 , ρ1(θ) ≤ ρ ≤ ρ2(θ)}

Starlike-polar domains

K = {x = (ρ cos θ, ρ sin θ) : 0 ≤ θ ≤ π , −r(θ + π) ≤ ρ ≤ r(θ)}

FIGURE 3. The distribution of N = 153 Padua-like points (n = 16) in polar coordinates in the
unit disk (top left) and starlike-polar in the disk (top right), a cardioid (bottom left) and a 4-leaf clover
(bottom right).

-1 -0,5 0 0,5 1
-1

-0,5

0

0,5

1

-1 -0,5 0 0,5 1
-1

-0,5

0

0,5

1

-1 -0,3 -0,4-0,65 0,05
-0,7

-0,35

0

0,35

0,7

-1 -0,5 0 0,5 1
-1

-0,5

0

0,5

1

TABLE 3. Padua-like interpolation errors (in max-norm) of f(x1, x2) = cos (x1 + x2) on the
unit disk in Cartesian, standard polar and starlike-polar coordinates.

n = 8 n = 16 n = 24 n = 32 n = 40
Cartesian 3E-2 2E-2 4E-3 2E-3 3E-3

polar 9E-2 2E-3 1E-5 7E-8 2E-10
starlike 6E-3 8E-6 1E-9 4E-13 8E-14

5 Surface compression from scattered data by
“interpolated interpolations”
We consider the problem of compressing a surface, given as a large scat-
tered data set. This problem can be addressed in several ways, for example
by multiresolution methods using splines or radial basis functions. Here
we adopted for sufficiently regular surfaces

• Padua-like interpolation of a cubic Shepard-like interpolant (cf. [8])

The compression ratio obtained is

compr. ratio = 3×
numb. of scatt. pts.

numb. of Padua nodes ≈ 6×
numb. of scatt. pts.

n2
,

where n is the underlying polynomial degree.

TABLE 4. Compression errors (in max-norm) for the Franke test function on [0, 1]2, sampled at
randomly generated point sets; last row and column: actual errors of the Padua and Shepard-like
interpolants on the test function.

random pts. n = 16 n = 24 n = 32 n = 40 n = 48 “true” Shep.
5000 2E-2 2E-3 1E-4 1E-4 1E-4 1E-4

10000 2E-2 2E-3 1E-4 3E-5 1E-4 2E-4
20000 2E-2 2E-3 1E-4 7E-6 5E-6 2E-5
40000 2E-2 2E-3 1E-4 3E-6 6E-7 1E-6

“true” Padua 2E-2 2E-3 1E-4 2E-6 3E-8

TABLE 5. The compression ratios corresponding to the example above.

random pts. n = 16 n = 24 n = 32 n = 40 n = 48
5000 104:1 48:1 28:1 18:1 13:1
10000 208:1 96:1 55:1 36:1 25:1
20000 416:1 192:1 110:1 71:1 50:1
40000 832:1 385:1 221:1 143:1 100:1

5.1 Compression of a Finite Element PDE solution
• Poisson equation with Dirichlet boundary conditions

{

∆f(x) = −10 x ∈ K

f(x) = 0 x ∈ ∂K

where K is the “lynx-eye” shaped domain in Fig. 5.

• Finite Element discretization on a Delaunay mesh with 81796 trian-
gles and 41402 nodes.

• Padua-like interpolation of the Finite Element solution.

FIGURE 5. Left: the distribution of N = 153 Padua-like points (n = 16) in the “lynx-eye”
shaped domain (generalized sector). Right: a detail of the Finite Element mesh in the domain, near the
internal boundary.
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TABLE 6. Compression errors (in the max-norm) for the Finite Element solution of the Poisson
equation above.

mesh size n = 8 n = 12 n = 16 n = 20 n = 24 n = 28 n = 32
41402 6E-2 3E-2 1E-2 5E-3 2E-3 9E-4 7E-4

FIGURE 6. Plot of the Padua-like interpolated solution (n = 24: compression ratio ≈ 400:1,
compression error ≈ 2 · 10−3).
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