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Abstract

We present an algorithm for Tchakaloff-like compression of quasi-
Monte Carlo (QMC) volume and surface integration on arbitrary union
of balls, via Non-Negative Least Squares (NNLS). We also provide the
corresponding Matlab codes together with several numerical tests.
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1 Introduction

Numerical modelling by finite collections of disks, balls and spheres is relevant
within different application fields. Problems involving intersection, union and
difference of such geometrical objects arise for example in molecular modelling,
computational geometry, computational optics, wireless network analysis; cf.,
e.g., [2, B, [ [16] 23] 26 29, [32] with the references therein. A basic problem is
the computation of areas and volumes of such sets, followed by the more difficult
task of computing volume and surface integrals there by suitable quadrature
formulas.

The numerical quadrature problem on intersection and union of planar disks
has been recently treated in [36] [38], providing low-cardinality algebraic formulas
with positive weights and interior nodes. On the other hand, numerical volume
and surface integration on the union of balls has been studied in the molecular
modelling field, where one of the main difficulties concerns efficient and accurate
tracking of the complicated resulting surface geometry; cf. e.g. [2, 20, B2] with
the references therein.

In this paper, we contribute to this field by providing compressed quasi-
Monte Carlo (QMC) formulas for volume and surface integration on the union
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of balls, along the lines of [I7]. Such formulas preserve the approzimation power
of @QMC up to the best uniform polynomial approximation error of a given degree
to the integrand, but using a much lower number of sampling points; see Figure
[[] for two examples with QMC sampling compression. The key tools are a dated
but overlooked result by Davis and Wilhelmsen on the so-called “Tchakaloff
sets” for positive linear functionals and the Lawson-Hanson algorithm for NNLS
(Non-Negative Least Squares), which allows to extract a set of “equivalent” re-
weighted nodes from a huge low-discrepancy sequence. We term the method
“TDW” (Tchakaloff-Davis-Wilhelmsen), due to its theoretical background.

We stress that differently from [I7], the present approach is able to com-
press not only QMC volume integration, but also QMC integration on compact
subsets of algebraic surfaces (in particular, the surface of a union of balls which
is a subset of a union of spheres). Notice that one of the main difficulties in
surface instances consists in adapting the compression algorithm to work on
spaces of polynomials restricted to an algebraic variety, and finding an appro-
priate polynomial basis. Indeed, to our knowledge the present work is the first
attempt in this direction within the QMC framework. It is also worth stressing
that the method could be easily adapted to models involving arbitrary unions
of ellipsoids instead of balls, or unions of polyhedra, or even a combination of
such objects, in all cases with the advantage of avoiding difficult trackings of
the complicated resulting surface geometry.

The paper is organized as follows. In Section 2, we discuss theoretical and
computational issues of QMC compression for volume and surface integration in
R3. In Section 3 we describe our implementation, presenting several numerical
tests, including an example illustrating the potential applicability to biomolecu-
lar modelling (computation of Generalized Born Radii). The open-source codes
are freely available at [18].

2 Tchakaloff-like QMC compression

Compression of QMC formulas is nothing but a special instance of discrete
measure compression, a topic which has received an increasing attention in the
literature of the last decade, in both the probabilistic and the deterministic
setting. Indeed, several papers and some software have been devoted to the
extraction of a smaller set of re-weighted mass points from the support of a high-
cardinality discrete measure, with the constraint of preserving its moments up
to a given polynomial degree; cf., e.g., [21], 22], 27 [30] (35, [41] with the references
therein.

From the quadrature point of view, this topic has a strong connection with
the famous Tchakaloft’s theorem [40] on the existence of low-cardinality for-
mulas with positive weights. On the other hand, Tchakaloff’s theorem itself is
contained in a somewhat deeper but overlooked result by Wilhelmsen [42] on
the discrete representation of positive linear functionals on finite-dimensional
function spaces (which generalizes a previous result by Davis [8]). Indeed, only
quite recently this theorem has been rediscovered as a basic tool for positive
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Figure 1: Compressed QMC points (red) extracted from low-discrepancy points (grey) on the
surface of two ball unions at polynomial exactness degree n = 9. (a): 200 points extracted from
about 8200 (3 balls), compression ratio 43; (b): 220 points extracted from about 69000 (100 balls),
compression ratio over 300.



cubature via adaptive NNLS moment-matching, cf. [17} 25| 37, 39].

Theorem 1. (Davis, 1967 - Wilhelmsen, 1976) Let U be the linear span of
continuous, real-valued, linearly independent functions {¢;};=1,.. N defined on
a compact set Q C R%. Assume that U satisfies the Krein condition (i.e. there
is at least one f € U which does not vanish on ) and that L is a positive linear
functional on U, i.e. L(f) > 0 for every f € U, f > 0 not vanishing everywhere
in Q.

If {P;}32, is an everywhere dense subset of 2, then for sufficiently large s,
the set Xy = {P;}i=1,....s is a Tchakaloff set, i.e. there exist weights wy > 0,
k=1,...,v, and nodes {Ty}r=1,.., C Xs C Q, with v = card({Tx}) < N, such
that

L(f) =Y wif(Ta), Vf €W, (1)
k=1

As an immediate consequence, we may state the following

Corollary 1. Let A\ be a positive measure on §Q, such that supp(A) is determin-
ing for P4(Q), the space of total-degree polynomials of degree not exceeding n,
restricted to Q (i.e., a polynomial in P4 () vanishing there vanishes everywhere
on Q). Then the thesis of Theorem 1 holds for L(f) = [, f dX.

Indeed, the integral of a nonnegative and not everywhere vanishing poly-
nomial f € PZ(Q) must be positive (otherwise f would vanish on supp())).
Observe that the classical version of Tchakaloff’s theorem corresponds to

L(f) = I(f) = / f(PydP |

with ¥ = P4(Q) and
N = N? = dim(P4(Q)) . (2)

From now on we shall concentrate on the 3-dimensional case (d = 3),
though most considerations could be extended to general dimension. Notice
that the formulation of the Davis-Wilhelmsen theorem is sufficiently general
to include volume integrals, i.e. € is the closure of a bounded open set and
N = dim(P5(R%) = ("1%) = (n+ 1)(n + 2)(n + 3)/6, as well as surface in-
tegrals on compact subsets of an algebraic variety (in this case dP = do for
the surface measure). In the latter case the dimension of the polynomial space
could collapse, for example with Q = §2 C R? we have N = (n+1)% < (";3) =
(n+1)(n+2)(n+3)/6.

On the other hand, the Davis-Wilhelmsen theorem can also be applied to a
discrete functional like a QMC formula applied to f € C(Q2)

M
L(f):Q(f):WZf(Pi)%I(f)a (3)

where
Xu ={Pi}i=1,.m, M >N,



is a low-discrepancy sequence on €, and p(€2) can be either a volume or a surface
area. Typically one generates a low-discrepancy sequence of cardinality say M
on a bounding box or bounding surface B O €2, from which the low-discrepancy
sequence on ) is extracted by a suitable in-domain algorithm. We observe that
if 1(€2) is unknown or difficult to compute (as in the case of the union of balls),
it can be approximated as pu(Q) ~ p(B)M /M.

Positivity of the functional for f € ¥ = P3(Q) is ensured whenever the set
X is P2 (Q)-determining, i.e. a polynomial vanishing there vanishes everywhere
on , or equivalently dim(P3 (X)) = N = dim(P3(Q)), or even

rank(Var) = N, (4)

where
Vi = V(X)) = [¢(P)] € RM*N (5)

is the corresponding rectangular Vandermonde-like matrix. Notice that, X,
being a sequence, for every s < M we have that

Vo= V(X)) =[(Vm)y], 1<i<s, 1<j<N. (6)

The full rank requirement for Vj; is not restrictive, in practice. In the
case of volume integrals, i.e. when Q is a three-dimensional domain (a union
of balls in the present context), the probability that the N x N submatrix
determinant det(Vy) vanishes dealing with uniformly distributed points is zero,
as recently proved in [9]. The same holds true for integration on smooth surfaces
admitting an analytic parametrization, cf. [I9]. Though the present surface
context corresponds to a more complicated instance, since the surface of a union
of balls has singularities, we have still numerical evidence that the full rank
requirement is always satisfied, working with uniformly distributed points with
respect to the surface measure (see §2.2 about the sampling procedure).

2.1 The TDW algorithm

By Theorem 1, when M > N we can then try to find a Tchakaloff set X, with
N < s < M, such that a sparse nonnegative solution vector u exists to the
underdetermined moment-matching system

Viu=p=Vie, e=""(1,...,1). (7)

In practice, we solve @ via Lawson-Hanson active-set method [24] applied
to the NNLS problem
min [Viu —pl> (8)

accepting the solution when the residual size is small, say

IViu—pl2 <e (9)



where ¢ is a given tolerance. The nonzero components of u then determine the
nodes and weights of a compressed QMC formula extracted from X, that is
{wr} ={w;: u; >0} and {Tx} = {P; : u; > 0}, giving

Qu(f)=> wif(T), vEN<KM , (10)
k=1

where Q,,(f) = Q(f) for every f € P3(Q).
Notice that existence of a representation like for s = M is ensured

by Caratheodory’s theorem on finite-dimensional conic combinations, applied to
the columns of V7§, (cf. [30] for a full discussion on this point in the general
framework of discrete measure compression). In such a way, however, we would
have to work with a much larger matrix, that is we would have to solve directly

. t _
min [[Viu = pllz , (11)

a method developed in the last decade, that we term Caratheodory-Tchakaloff
subsampling, following [30].

On the contrary, solving on an increasing sequence of smaller problems
§:=81,82,83,... with s1 < s <s3<---< M,

min |[Viu—pla, j=1,2,3,..., 5 >N, (12)
u>0 J
corresponding to increasingly dense subsets X;, € X5, C -+ C Xp (say,

“bottom-up”), until the residual becomes sufficiently small, could substantially
lower the computational cost. Indeed, as shown in [I7] for volume integrals, with
a suitable choice of the sequence {s;} the residual becomes extremely small in
few iterations, with a final extraction cardinality much lower than M. In the
sequel, we shall term TDW (Tchakaloff-Davis- Wilhelmsen) the bottom-up ap-
proach , due to its theoretical background.

Concerning the approximation power of QMC compression, following [17] it
is easy to derive the following error estimate

Qn(f) = I(N] < ET(f) + 2 () En(f; X)

< E(f) + 2 1(Q) En(f;9) (13)

valid for every f € C(Q), where EY°(f) = |Q(f) — I(f)] and E,(f; K) =
infgeps (i) | f — ¢llx, with [lg||x denoting the sup-norm of a bounded function
on the discrete or continuous compact set K.

The meaning of is that the compressed QMC functional @, (f) retains
the approximation power of the original QMC formula, up to a quantity propor-
tional to the best polynomial approximation error to f in the uniform norm on
X (and hence by inclusion in the uniform norm on €2). We recall that the latter
can be estimated depending on the regularity of f by multivariate Jackson-like
theorems, cf. e.g. [3I] for volume integrals where € is the closure of a bounded
open set.



On the other hand, we do not deepen here the vast and well-studied topic of
QMC convergence and error estimates, recalling only that (roughly) the QMC
error E1¢( f) is close to O(1/M) for smooth functions, to be compared with the
O(1/v/M) error of MC. For basic concepts and results of QMC theory like dis-
crepancy, star-discrepancy, Hardy-Krause variation, Erdos-Turan-Koksma and
Koksma-Hlawka inequalities, on domains and manifolds, we refer the reader to
the relevant literature, like e.g. [0, [15] with the references therein.

2.2 Non-overlapping unions

The QMC compression algorithm can be easily extended to the case where (2
(either a volume or a surface) is the finite union of non-overlapping subsets,
say (1 = UKL:IQZ, such that sequences of low-discrepancy points are known on
bounding sets By D )y, and the indicator function of each €, is computable.
Non-overlapping means here that the possible nonempty intersection is at the
boundary and its measure is zero.

In this case the overall QMC points are X = UeLzlYg, with Y, = {P&i}i]‘iﬁ and
M = card(X) = ZeL=1 My, where Yy are the low-discrepancy points of By lying
in Q,. We stress that the low-discrepancy points have to be chosen alternately
in order to produce an evenly distributed sequence X,; on the whole €2, picking
the first point in each €, then the second point in each £, and so on, i.e.
constructing the sequence {Pl,h 132717 . ,PLJ, PLQ, P272, ceay PL,Q, .. }

Moreover, by additivity of the integral the QMC functional becomes

Q(n =" S pp g ni = [ pPrap.i<e<n. ()
4 M, e 7 0, 3 >t > .

3 Implementation and numerical tests

In order to show the effectiveness of the TDW compression procedure described
in the previous section, we briefly sketch a possible implementation and we
present some numerical tests for both, volume and surface integration on arbi-
trary union of balls.

Indeed, we compare “Caratheodory-Tchakaloff” compression of multivariate
discrete measures as implemented in the general-purpose package dCATCH [14],
with the TDW approach. All the tests have been performed with a CPU AMD
Ryzen 5 3600 with 48 GB of RAM, running Matlab R2022a. The Matlab codes
and demos, collected in a package named Qbubble, are freely available at [18].
Below, we first give some highlights on the main features of the implemented
algorithm. These are essentially:



e for volume integrals we simply take Halton points of the smaller Cartesian
bounding box for the union of balls, say [a1,b1] X [az,b2] X [a3,bs], and
select those belonging to the union of balls; for surface integrals we follow
the procedure sketched in §2.2, taking on each sphere low-discrepancy
mapped Halton points by an area preserving transformation (see in
Section 3.2 below), and then selecting those belonging to the surface of
the union of balls;

e in view of extreme ill-conditioning of the standard monomial basis, we
start from the product Chebyshev total-degree basis of the smaller bound-
ing box for Q (for either volumes or surfaces), namely

pi(®,y,2) = Ta, (jy (01(2)) Tan ) (02(¥)) Tas() (03(2) , G=1,...,J,

where J = (n 4+ 1)(n + 2)(n +3)/6, 0,(t) = 2;-2=% i = 1,2,3, and

j — a(j) corresponds to the graded lexicographical ordering of the triples
a=(a1,0z,03), 0 <a; +as+as <n;

e for surface integrals we determine a suitable polynomial basis by comput-
ing the rank and then possibly performing a column selection by QR fac-
torization with column pivoting of the trivariate Chebyshev-Vandermonde
matrix;

e in order to cope with ill-conditioning of the Vandermonde-like matrices
Vs, (that increases with the degree), we perform a single QR factorization
with column pivoting Vs, = Qs, Rs, to construct an orthogonal polynomial
basis w.r.t. the discrete scalar product (f, 9)x., = S F(P)g(P;) and
substitute Vy, by Qs, in (12); consequently the QMC moments p in
have to be modified to (I, )ip (via Gaussian elimination);

e the (modified) TDW-NNLS problems are solved by the recent imple-
mentation of Lawson-Hanson active-set method named LHDM, based on
the concept of “Deviation Maximization” instead of “column pivoting” for
the underlying QR factorizations, since it gives experimentally a speed-
up of at least 2 and up to 4 times with respect to the standard Matlab
function lsqnonneg (cf. [10] [12] 13, [14]).

In the next subsections we present several numerical tests, to show the ef-
fectiveness of the TDW approach for volume and surface QMC compression on
the union of balls.

3.1 Volume integration on the union of balls
In this subsection we consider volume integration on the union of balls, namely

N
Q=] B(Cj,ry) (15)

j=1



where B(Cj,7;) C R? is the closed 3-dimensional ball with center C; and radius
r;j. Here we generate a sequence of Halton points in the smallest Cartesian
bounding box for €2 and, then, we select those belonging to the union, say
X = {P,}, simply by checking that ||P; — Cj||2 < r; for some j.

More precisely, we consider the following (see Figure 1)

e first example: union of the 3 balls with centers C; = (0,0,0), Cy =
(0,1.3,-0.2), C3 = (2.5,0,1) and radii r; = 1.4, 7o = 0.9, r3 = 1, respec-
tively;

e second example: union of 100 balls with randomly chosen and then fixed
centers in [0,2]3 and radii in [0.2,0.6].

The results concerning application of the TDW approach are collected in
Table |1} where we compress QMC volume integration by more than one million
of Halton points, preserving polynomial moments up to degree 3,6, 9,12, 15 (the
moments correspond to the product Chebyshev basis of the minimal Cartesian
bounding box for the ball union).

[ degree n [ 3 [ 6 [ 9 [ 12 [ 15 |
card. QMC M = 1,128,709
card. Qdcateh 20 84 220 452 806
card. Q™ 20 84 220 455 816
compr. ratio 5.6e4+04 1.3e+04 5.1e403 2.5e4+03 1.4e+03
cpu Halton seq. 0.9s
cpu Qdeateh 3.4s 19s 49s 140s 310s
cpu Qv 0.22s 0.9s 2.4s 5.7s 265
speed-up 15.4 21.1 20.5 24.4 11.9
mom. resid. Q%°™*°" T 8.9e-12 | 8.9e-12 [ 8.9e-12 [ % 5.1e-06 | * 1.1e-05
mom. resid. Qfld“’
iter. 1 4.6e-16 1.5e-02 1.6e-01 3.8e-01 7.1e-01
iter. 2 1.1e-15 1.9¢-15 3.6e-15 8.1e-15
degree n [ 3 [ 6 [ 9 [ 12 [ 15 ]
card. QMC M = 1,195,806
card. Qdeatel 20 83 220 450 795
card. Qf4v 20 84 220 455 816
compr. ratio 5.6e+04 1.3e+04 5.1e+03 2.8e+03 1.5e+03
cpu Halton seq. 1.3s
cpu Qgeateh 3.4s 23s 65s 150s 370s
cpu Qv 0.25s 0.87s 26s 95s 67s
speed-up 13.8 26.6 25.0 15.7 5.6
mom. resid. Q¥°%*" T 1.1e-11 | % 1.2e-05 | 1.le-11 | * 5.6e-05 | * 7.3e-05
mom. resid. Q:Idw
iter. 1 2.2¢-16 9.4¢-02 5.0e-01 1.5¢+00 1.8¢+00
iter. 2 1.3e-15 2.2e-15 4.7¢-15 8.3e-02
iter. 3 7.3e-15

Table 1: Compression of QMC volume integration on the union of 3 balls (top) and 100 balls
(bottom), in a bounding box with 2,400,000 Halton points; M is the starting QMC cardinality, i.e.
the number of Halton points in the union of balls.

We start from 2,400,000 Halton points in the bounding box and we set
s1 = 2N and sj41 = 2sj, j > 1. The residual tolerance is ¢ = 107°. The com-



parisons of the present TDW compression algorithm, for short Q¥ are made
with a global compression algorithm that works on the full Halton sequence Xy,
namely the general purpose discrete measure compressor dCATCH developed
in [I4], which essentially solves directly by Caratheodory-Tchakaloff sub-
sampling as proposed in [35, B0]. In particular, we display the cardinalities and
compression ratios, the cpu-times for the construction of the low-discrepancy
sequence (cpu Halton seq.) and those for the computation of the compressed
rules, where the new algorithm shows speed-ups from about 6 to more than 24 in
the present degree range, ensuring moment residuals always below the required
tolerance in at most 3 iterations. It is worth stressing a phenomenon already
observed in [I7], that is, possible failure of Q%" which in some cases gives
much larger residuals than Q4.

In order to check polynomial exactness of the QMC compressed rules, in
Table 2 we show the relative QMC compression errors and their geometric mean
over 100 trials of the polynomial

g(P)=(ax +by+cz+d)", P=(x,y,z2) (16)

where a, b, ¢,d are uniform random variables in [0, 1].
Moreover, in Table |3| we show the integration relative errors on three test
functions with different regularity, namely

HP)=|P=P°, foP)=cos(z+y+z), f3(P)=exp(~|P—FR*) (17)

where Py = (0,0,0) € Q, the first being of class C* with discontinuous fifth
derivatives whereas the second and the third are analytic. The reference values
of the integrals have been computed by a QMC formula starting from 10% Halton
points in the bounding box.

We see that the compressed formulas on more than one million points show
errors of comparable order of magnitude, that as expected from estimate
decrease while increasing the polynomial compression degree until they reach a
size close to the underlying QMC error.

[ degree n [ 3 ] 6 [ 9 [ 12 [ 15 |
[ 3 balls: dcatch [ Te-11 [ Te-11 [ Te-11 [ 1e-07 | 1e-07 |
[ 3 balls: tdw [ 2e-11 | 5e-11 | Te-10 | 2e-10 [ 6e-10 |
[ 100 balls: dcatch [ le-11 [ 6e-06 [ le-11 [ 9e-06 [ le-07 ]
[ 100 balls: tdw | Te-11 [ 2e-11 | 3e-11 | Se-11 | Te-11 |

Table 2: Geometric mean of the volume integration errors over 100 trials of the random polynomial
(16) for the dCATCH and TDW algorithms on the union of 3 balls and 100 balls.
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[ degree n [ 3 [ 6 [ 9 [ 12 [ 15 ]

ET7C(f1) 3.5e-04

Edcateh £y | 1.3e-01 | 3.4e-04 | 3.5e¢-04 | 3.5e-04 | 3.5e-04
Ev(f) 2.3¢-03 | 3.2e-04 | 3.5e-04 | 3.5e-04 | 3.5e-04
ET(f2) 7.3e-04

Ecateh () | 2.4e4+00 | 7.0e-02 | 4.3e-03 | 7.3e-04 | 7.3e-04
EY (f5) 7.5e-01 | 3.7¢-03 | 4.8e-04 | 7.4e-04 | 7.3e-04
ET7(F3) 8.7e-05

Ecateh(f) | 7.1e-01 | 1.4e-01 | 9.4e-03 | 2.2¢-03 | 1.1e-04
Etw(f3) 5.8¢-01 | 2.8¢-02 | 1.5e-02 | 9.5e-04 | 2.5e-05

[ degree n [ 3 [ 6 [ 9 [ 12 [ 15 ]

ET"(f) 1.1e-04

Edcateh £y ] 8.3e-02 | 8.8¢-05 | 1.1e-04 | 1.1e-04 | 1.1e-04
B (f) 1.7e-03 | 9.8e-05 | 1.1e-04 | 1.1e-04 | 1.1e-04
ET"(f2) 1.7¢-04

Edcateh () ] 2.9e-01 | 8.7e-04 | 1.6e-04 | 1.7e-04 | 1.7e-04
E'Y(fy) 5.6¢-02 | 1.5¢-04 | 1.7¢-04 | 1.7¢-04 | 1.7¢-04
ET7([3) 2.2¢-04

Edcateh ()| 2.3e-01 | 2.3e-03 | 8.4e-04 | 2.3e-04 | 2.2e-04
E'Y(f3) 6.1e-03 | 3.6e-03 | 1.2e-04 | 2.3e-04 | 2.2¢-04

Table 3: Errors of compressed QMC volume integration on the union of 3 balls (top) and 100
balls (bottom); the reference values of the integrals are computed via QMC starting from 10® Halton
points in the bounding box.

3.2 Surface integration on the union of balls

We turn now to surface integration, on a domain €2 that is the boundary of an
arbitrary union of balls, namely

N N N
Q=0 B(Cjr)) = UﬁB(CJ‘ﬂ”j)\UB(Cj,Tj% (18)

j=1

i.e. the set of all points lying on some sphere 0B(Cj, ), j =1,...,N, but not
internally to any of the balls B(Cy,r), k # 7.

We present two examples, corresponding to the same centers and radii con-
sidered above for volume integration, i.e. the surface of the union of 3 balls and
of 100 balls in Section 3.1. Notice that 2 is a subset of an algebraic surface, the
union of the corresponding active spheres. Though the polynomial spaces di-
mension could be determined theoretically by algebraic geometry methods (cf.,
e.g., [7]), we do not enter this delicate matter here, since the algorithm computes
numerically such a dimension by a rank revealing approach on a Vandermonde-
like matrix.

In this case we have applied the extension discussed in §2.2, constructing
an evenly distributed sequence Xj,; on the whole €2 by taking a large number
of low discrepancy points on each sphere 0B(Cj,r;), and then selecting those
belonging to the portions of the sphere that contribute to the surface of the
union, that are those not internal to any other ball. Namely, we have taken on
each sphere the mapped Halton points from the rectangle [—1, 1] x [0, 27] by the

11



area preserving transformation

(t,9) = Cj +1;(V/1—12 cos(¢), vV1—1t2sin(g),t), (19)

which preserves also the low-discrepancy property. The points are finally or-
dered by picking alternatively one point per active portion of the surface of the
union, with a local weight attached to each point. An illustration of compressed
points extracted starting from 4000 mapped Halton points on each sphere is
given in Figure I}

In Table 4| we report for these surface integration examples the same quan-
tities appearing in Table [1| for the volume integration, where we use again the
dCATCH code in [I3] to compress the QMC formula on the whole X/, since
also that algorithm was conceived to work with polynomial spaces possibly re-
stricted to algebraic surfaces. Here we start from 500,000 mapped Halton points
on each sphere in the 3 balls example, and from 60,000 on each sphere in the
100 balls instance, obtaining a sequence of about one million low-discrepancy
points on the corresponding ball union surfaces. As before we set sj11 = 2s;,
j > 1 with sy = 2N and € = 10719,

Again we get impressive compression ratios, and speed-ups varying from
about 5 to more than 16. Moreover, the TDW algorithm gives always a residual
below the given tolerance, whereas dCATCH turns out to be more prone to
failure (see the residuals for degree n = 15 in the example with 3 balls and
degrees n = 9,15 in the example with 100 balls).

The compression errors and their geometric mean concerning surface inte-
gration of the random polynomial , restricted to the boundary of the union,
are stated in Table 5. In Table 6 we show the surface integration errors for the
three test functions in , where Py is a suitably chosen point on the surface
of the ball union. We see again that the compressed formulas on more than one
million points show errors of comparable order of magnitude, that as expected
from estimate decrease while increasing the polynomial compression degree,
until they reach a size close to the underlying QMC error.

3.2.1 Compressed QMC surface integration of vector fields

We consider here surface integration of a vector field F = (Fy, F, F3) on Q =
aU;\il B(Cj,rj) = U2L:1 Qy, that is

L

/Q (FP) P dr =3 /Q )P do (20)

where 7i(P) is the exterior normal vector to the surface at P and (-.-) denotes the
scalar product in R3. In this case even if the vector field is smooth, the integrand
naturally presents singularities of the normal vector crossing the curves corre-
sponding to intersections of different spheres (cf. §2.2 for the general splitting
into nonoverlapping pieces €)y). For this reason, it is here convenient to apply
QMC compression locally, i.e. on each §2, separately, where polynomial approx-
imation can work. In such a way of course we get lower compression ratios,
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degree n [ 3 [ 6 [ 9 [ 12 [ 15 ]

card. QMC M = 1,024,179
card. Qdeatel 20 83 200 371 572
card. Q'3 20 83 200 371 596
compr. ratio 5.1e+04 1.2e+04 5.1e+03 2.8e+03 1.7e+03
cpu Halton seq. 0.88s
cpu Qdeateh 2.8s 17s 50s 140s 320s
cpu Qv 0.31s 1.1s 2.7s 5.8s 65s
speed-up 9.0 15.5 18.5 24.1 4.9

mom. resid. Q¥°"*" T 8.6e-12 | 8.9e-12 [ 8.9¢-12 [ 8.9e-12 [ x 1.6e-06
mom. resid. Qfldw

iter. 1 7.2¢-01 1.4e-15 | 2.8e-15 | 4.2e-15 2.6e-01
iter. 2 3.7e-16 1.3e-01
iter. 3 3.3e-12
degree n [ 3 [ 6 [ 9 [ 12 [ 15 ]
card. QMC M = 1,032,718
card. Qdeteh 20 84 219 455 807
card. Q4w 20 84 220 455 816
compr. ratio 5.2¢4+04 | 1.2e4+04 | 4.7e4+03 | 2.3e4+03 | 1.3e403
cpu Halton seq. 1.5s
cpu QZeateh 2.8s 16s 43s 110s 240s
cpu Qv 0.32s 1.1s 3.0s 6.8s 24s
speed-up 8.8 14.5 14.3 16.2 10
mom. resid. Q7°***" T 9.0e-13 | 9.1e-13 | % 3.2e-06 | 9.3e-13 | % 1.8e-05
mom. resid. Qﬁld“’
iter. 1 2.2e+00 | 1.2e4+00 | 5.5e-01 6.2¢-01 1.4e-01
iter. 2 7.5e-16 | 1.3e-15 2.5e-15 5.2e-15 1.2e-14

Table 4: Compression of QMC surface integration on the union of 3 balls (top, starting from
500,000 low-discrepancy points on each sphere) and 100 balls (bottom, starting from 60,000 low-
discrepancy points on each sphere); M is the starting QMC cardinality, i.e. the number of Halton
points on the surface of the union of balls.

namely if M is the overall number of sampling points we have a compression
ratio M/(L - dim(P3(Q))) = M/(L(n + 1)?) instead of M/dim(P3(Q)).

In order to give a specific application, we consider the computation of a
relevant quantity in (bio)molecular solvation models, the so-called Born Radius
of an atom. This quantity, that measures in some sense its degree of shielding
from solvent by the surrounding molecule’s atoms, is a key ingredient for the
computation of the solvation free energy. In particular, we consider the Gener-
alized Born (GB) model, where the k-th Born Radius of the j-th atom can be
defined via the surface integrals

- . P-C;
L= [ FuP)iP) do, Fin(P)= —gh 4<h<T,  (2)

0 [P =G|
for 1 < j <N, where Q = GU;-v:l B(Cj,rj) is for example the Van der Waals
surface of the solute molecule (the surface of a union of balls modelling the single
atoms). For example, in the popular Rg GB model, the Born radius of the j-th
atom is defined by Rg(j) = (ﬁ Ij,G)_l/S, 1 <j < N;cf,eg., [2 20, 28] with
the references therein, for an overview on Generalized Born Radii in molecular

modelling.
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degree n 3 6 9 12 15

l l l l l l l
[ 3 balls: dcatch [ 4e-12 [ 4e-12 | 4e-12 | 4e-12 [ 1e-09 |
| 3balls: tdw | 7e-12 | 4e-12 | Te-11 | 3e-12 | le-12 |
l l l l l l l
l l l l l l l

100 balls: dcatch | 4e-13 3e-13 1e-07 | 3e-13 3e-07
100 balls: tdw le-13 le-13 2e-13 2e-13 3e-13

Table 5: Geometric mean of the surface integration errors over 100 trials of the random polynomial
(16) for the dCATCH and TDW algorithms on the union of 3 balls and 100 balls.

[ degreen | 3 [ 6 I 9 [ 2] 15 |
ETC(f1) 3.9e-06
ETTeh(5Y | 2.3e-04 | 8.3e-06 | 4.00-06 | 3.9e-06 | 3.9¢-06
Bt () 3.7¢-04 | 3.6e-06 | 4.0e-06 | 3.9e-06 | 3.9¢-06
ET7(fy) 8.6e-05

Edeateh(£) | 3.5e-01 [ 3.2e-02 | 8.3e-04 | 8.4e-05 | 8.6e-05
E% (f,) 1.36400 | 2.2e-02 | 8.3e-06 | 8.5¢-05 | 8.6e-05

ET7(f3) 5.8¢-06
ETeateh () | 3.9¢-01 | 5.8¢-03 | 6.9¢-04 | 5.8¢-05 | 8.9e-06
B (f3) 2.5¢-02 | 3.8¢-03 | 4.7¢-06 | 9.1e-05 | 6.0e-06
[ degree n [ 3 [ 6 [ 9 [ 12 [ 15 ]
ET7°(f1) 4.0e-05

Edcateh (1) ] 2.9e-03 | 2.8e-05 | 3.9¢-05 | 4.0e-05 | 4.0e-05
E(f)) 3.2¢-02 | 3.7¢-05 | 3.9¢-05 | 4.0e-05 | 4.0e-05
ETTC(fs) 2.0e-04

Edcateh () | 1.4e-01 | 6.4e-04 | 1.7e-04 | 2.0e-04 | 2.0e-04
B (fy) 1.4e-01 | 6.2e-05 | 1.9e-04 | 2.0e-04 | 2.0e-04
ET™(f3) 1.66-04

Ecateh ()] 2.9e-02 | 1.7¢-02 | 4.3¢-04 | 1.5e¢-04 | 1.6e-04
EY(f3) 1.6e-02 | 1.7e-03 | 2.6e-04 | 1.5e-04 | 1.6e-04

Table 6: Errors of compressed QMC surface integration on the union of 3 balls (top) and 100
balls (bottom); the reference values of the integrals are computed via QMC starting from 10° points
on each sphere.

For the only purpose of illustration, we have computed the integrals I; in
for the union of balls in Figure 1-(b), considered as a virtual “molecule”
with A" = 100 “atoms”. In particular, we can avoid the discontinuity curves by
excluding in the sampling on each given sphere not only the interior, but also
the boundary of the other balls. This has no effect on surface integration since
there is a finite number of discontinuity curves, that have null surface measure.

The numerical results are collected in Table 7, where we report the RMSRE
(Root Mean Square Relative Error) in the QMC computation of the array of
surface integrals (I g, ..., n k), that is

N
1 (Qjr — I r)?
=,.|— E = 2 4 <k < 22
gk N I]%k ) _k_77 ( )

J=1
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where either
QJJC:Q(< ka ZQZ jka >)7 1§]§N7

is the uncompressed piecewise QMC formula, or

Q],k_Qn(< ],k)a ZQ@H ]k)a >)7 1§j§Na

is the piecewise compressed one (named “pcw”). As above we start from 60,000
mapped Halton points per sphere and take as reference values of the integrals
those computed with 106 mapped Halton points per sphere. We apply directly
piecewise Caratheodory-Tchakaloff subsampling by the package dCATCH, since
experimentally TDW does not give a clear advantage, essentially because the
local number of points is not huge. On the other hand, here global compression
does not work satisfactorily due to the discontinuities of the normal vector, as we
can clearly see in Table 7, where the errors of “dcatch glob” decrease slowly with
the degree, staying at least two orders of magnitude above those of piecewise
compression. The resulting compression ratios are much smaller than those
obtainable by global compression in smooth instances, but still meaningful. As
expected the errors of piecewise compressed QMC integration decrease with the
degree, until they reach a size close to the underlying QMC error.

[ degree n [ 3 [ 6 [ 9 [ 12 [ 15 ]
card. QMC 1032718
card. dcatch pcw 1719 6519 21699 41216 68707
compr. ratio 601 158 48 25 15
E4 QMC 4.3e-04

£, dcatch glob 2.3e+00 [ 7.3e-01 | 4.4e-01 [ 4.1e-01 [ 1.6e-01

&4 dcatch pcw 2.9e-02 [ 5.0e-03 [ 9.7e-04 [ 7.0e-04 [ 4.5e-04
Es QMC 7.6e-04

&5 dcatch glob 5.8e+00 [ 1.7e+00 [ 7.4e-01 [ 6.2e-01 [ 3.2e-01

&5 dcatch pcw 5.5e-02 [ 1.0e-02 [ 2.0e-03 [ 1.4e-03 [ 8.1e-04
Es QMC 1.2e-03

Es dcatch glob 1.1e+01 2.9e+00 [ 9.9e-01 [ 6.8e-01 [ 4.7e-01

&g dcatch pcw 8.2e-02 [ 1.6e-02 [ 3.0e-03 [ 2.2e-03 [ 1.3e-03

£, QMO 1.60-03
E7 dcatch glob 1.9e+401 [ 3.4e+00 [ 1.2e+00 [ 7.1e-01 [ 5.6e-01
&7 dcatch pcw 1.0e-01 | 2.1e-02 [ 3.8e-03 | 3.0e-03 | 1.8e-03

Table 7: cCardinalities and Root Mean Square Relative Errors of QMC surface integration
for the Born-like integrals on a virtual molecule with 100 atoms (piecewise versus global com-
pression); the reference values of the integrals are computed via QMC starting from 10° points on
each sphere.
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