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Robust Design

and

Uncertainty Quantification

Monte Carlo, Latin hypercube and Polynomial Chaos 
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Why robust designs optimizations?

• In many engineering problems design parameters may be uncertain

(e.g. tolerances, fluctuating operating conditions, etc.)

• Input parameters are then defined not by a deterministic value, but as a 

Distribution (each value have a statistical probability to occur)
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Why robust designs optimizations?

• The Input parameters  uncertainty is reflected in the outputs of the system: a solution good for a 
deterministic value of inputs, may be not robust for slight variations

• The robustness of the solution is defined as the characteristic of the system response to be insensitive to 
the variation of the input parameters

• A Robust Design Optimisation searches for Robust solutions

Best solution (if Robustness not 

considered)

Best solution (Robust 

Design approach)
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The Problem
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A stochastic MOP
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Stochastic MOP

This means that, 

first of all, we 

have a problem of

uncertainty 

quantification
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Multiobjective Robust 

Design Optimization 

(MORDO)

searches for the optima of the 

mean and standard deviation of a 

stochastic response rather than 

the optima of the deterministic 

response (the output from the 

solver)

Deterministic 

Response

Stochastic 

Response

Uncertainty Quantification Comparisons
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Uncertainty Quantification

• How can we quantify uncertainty?

1. Analytically

2. Monte Carlo

3. Latin Hypercube

4. Polynomial Chaos

5. …
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Analytically

• There exists several special cases in which the statistical moments 

can be determined analytically on the basis of the statistical moments 

of the independent uncertain variables X1,…,Xk.

• Consider for instance the trivial case:

• Y = f(X) := 3X

• It is clear that E [Y ] = 3E [X]

• and that E[Y2]=9E[X2], then Y = 3 X

• solving the uncertainty quantification analytically may be difficult (or 

even impossible) for more complex functions and, moreover, the 

function should be known 
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Monte Carlo
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Monte Carlo

• Monte Carlo is a robust method

• Statistics obtained via Monte Carlo are 

reliable

• but very poor in accuracy
• Too many points are needed
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Monte Carlo Accuracy

• The convergence of the method is 

• To halve the estimation error it is necessary a four 

times larger sample, to reduce of an order of 

magnitude it is necessary to take a sample 100 

times larger.

mailto:modeFRONTIER@esteco.com


-modeFRONTIER® is a registered 
product of ESTECO srl
-Copyright © ESTECO srl 1999-2007

-For more information visit: 

-www.esteco.com or send an e-mail to: 

modeFRONTIER@esteco.com

Example

w(x) =

w(x)

w(x)
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Statistics can be computed via Monte 

Carlo, i.e., drawing a random sample

from the assigned stochastic 

distributions from the input variables

Monte Carlo converges slowly to true 

values statistics

Large samples are needed to reach 

reliable results 

Former example: 

to reach 1% Error in 

Mean needs 256 points
Standard Deviation

needs 8192 points

2

Monte Carlo sampling
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Monte Carlo Accuracy
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Latin Hypercube

• To speed up the convergence of statistical moments to actual 

moments, there exists a smarter strategy: a Latin Hypercube Sampling 

(LHS)

• Latin Hypercubes is a sampling strategy derived from stratified 

samplings

• If LHS is composed of N points, and every variable is divided into N 

stratum with equal probability, every single stratum will be occupied by 

exactly one point.
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The random sample can be substituted 

by a stratified sampling as Latin 

hypercube. Statistics converge faster 

to exact values

Medium-large samples are needed to 

reach good results 

Former example: 

to reach 1% Error in 

Mean needs 16 points
Standard Deviation

needs 128 points

Monte Carlo

Latin 

hypercube

Latin hypercube sampling

mailto:modeFRONTIER@esteco.com


-modeFRONTIER® is a registered 
product of ESTECO srl
-Copyright © ESTECO srl 1999-2007

-For more information visit: 

-www.esteco.com or send an e-mail to: 

modeFRONTIER@esteco.com

LHS Accuracy

Table of results for the example

Convergence is 1/N
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orthogonal 

polynomials

Polynomial Chaos

• Polynomial Chaos is very efficient

• This methodology originates from the work of Norbert Wiener and is 

called Polynomial Chaos Expansion. 

• This methodology consists essentially in expanding the uncertain 

variable in a suitable series and then determine analytically 

the statistical moments of the truncated expansion. 

Polynomial degree
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Alternatively, it is possible to expand 

the response in a special series, 

a Polynomial Chaos. 

Hermite 

Polynomials

The statistics (mean and standard dev) 

of a Polynomial Chaos are computed analytically 

Estimate is extremely precise and sample are 

very small

Sample size depend on the number of stochastic 

variables (nVar) and on the order of the 

expansion

Polynomial Chaos Expansion
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Polynomial Chaos

The m-th moment may be written as:

If the distribution is Gaussian we can use the Hermite polynomials and 

compute the moments as:
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Polynomial Chaos

• Wiener-Askey scheme on relations between probability distributions and 
orthogonal polynomials

• In the case of multiple variables, assuming they are independently distributed, it is 
possible to write “multivariate chaos” considering the tensorial products of the 
univariate polynomials.
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Computing the coefficients

• To find the coefficients we have to solve a single objective optimization 

problem (e.g. Levenberg–Marquardt)

• The size N of the sample has to be at least equal or larger than the 

number of parameters 
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Number of parameters

Number of parameters in a chaos of order k in d variables, i.e., minimum size of a sample to

be employed for chaos collocation.
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Polynomial Chaos Accuracy

Table of results for the example

Summary of the 

performances and 

comparison 

between Monte 

Carlo, Latin 

hypercube and 

polynomial chaos 

for the example 

problem
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Former example: 

to reach 1% Error in 

Mean needs 8 points

Standard Deviation

needs 12 points

Error 

Comparison

Polynomial Chaos Expansion
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Polynomial Chaos in modeFRONTIER
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Create a stochastic project: variable distribution

• Several Distribution to model Input variables uncertainties are available:
– Cauchy

– Logistic

– Normal

– Uniform

• Select it in MORDO options for each variable and specify the parameters

(e.g., Standard Deviation for Normal type) 
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Polynomial Chaos Interface

Polynomial Chaos is 

switched on by default

Chaos order can vary 

from 1 to 7

Number of Samples must be 

at least 

Virtual samples are to be 

avoided
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Create a stochastic project: sampling points

• The number of samples indicates how many simulations are run for each 

design during the optimisation, accordingly to input variable distribution

• Higher is the value, more accurate will be the outputs robustness analysis, 

but harder will be the computational effort

50 samples for one design (centred in the cloud)
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Problems & Ideas

• Open Problems:
– How to deal with bounds and constraints

– What if the function cannot be expanded in a series (how can we 

decide that for a black-box function)

– ….

• Ideas:
– Use of chaos collocation to train a meta-model for virtual 

optimization

– …
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Exercise 1

• Load polChaos.prj

• Check the function

• Run 

– Mean and variance estimation with polynomial chaos (e.g. 

polynomial degree 7, 30 sample points)

– Mean and variance estimation with Latin Hypercube (keep the 

number of points fixed for a fair comparison)

– Mean and variance estimation with Monte Carlo

• Verify the errors
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Create a stochastic project: objectives definition

• The objectives (constraints) can be defined using Stochastic value for each 

output variable. If the latter is o1, these values are:

– o1:MEAN

– o1:STDEV

– o1:MAX

– o1:MIN
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Create a stochastic project: objectives definition

• For each design, a Distribution is obtained for the outputs, 

collecting the results of the samples:

• The quantities to be used in optimisation are:

MEAN MAXMIN

STDEV

• you can 

minimise MEAN 

and constrain 

STDEV

• you can 

minimise MAX as 

alternative
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Robust Design Table

• Robust design table 

contains stochastic 

values for each 

design

• Design Table 

reports values for 

each samples (ID 

number) of the 

corresponding 

design (RID 

number)
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Stability control

• The most useful DOE algorithm for 

stability control is Monte Carlo / 

Latin Hypercube

• Several different distributions can 

be defined for input parameters: 

Exponential, Gamma, Logistic, 

Lognormal, Normal, Student, 

Uniform, Weibull

• Monte Carlo perturbations around 

a point look for robust solutions 

that are not influenced by small 

variations of the design variables
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Monte Carlo DOE

robust design optimization

Monte Carlo Perturbation 
for input variables

Frequency Histogram:

The output variable is not 
influenced by small variation 
of the design variables
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Monte Carlo DOE

robust design optimization

Monte Carlo Perturbation 
for input variables

Frequency Histogram:

The output variable is 
influenced by small variation 
of the design variables
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Exercise 2
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Maximize a Mathematical function

Maximize:
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Maximize a Mathematical function
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Stability control

• The most useful DOE algorithm for stability control is Latin Hypercube-

Monte Carlo

• Several different distributions are available: Exponential, Gamma, Logistic, 

Lognormal, Normal, Student, Uniform, Weibull

• Perturbations around a point look for robust solutions that are not 

influenced by small variations of the design variables

Number of samples

Distribution’s properties
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• Frequency chart for the 

input variable x

• Normal distribution with 

100 samples using Latin 

Hypercube

• The table reports the 

moments of the 

distribution (mean, 

variance, skewness, 

kurtosis and confidence 

intervals)

Latin Hypercube - Monte Carlo
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• Frequency chart for the output variable for the non-robust maximum

• Values are in the range [-5.33,0.48]

• The distribution mean is -0.66, the variance is 1.15

Latin Hypercube - Monte Carlo

mailto:modeFRONTIER@esteco.com


-modeFRONTIER® is a registered 
product of ESTECO srl
-Copyright © ESTECO srl 1999-2007

-For more information visit: 

-www.esteco.com or send an e-mail to: 

modeFRONTIER@esteco.com 45

• Frequency chart for the output variable for the robust maximum

• Values are in the range [-1.5529e-1,-7.8400e-4]

• The distribution mean is -3.23e-2, the variance is -3.23e-2

Latin Hypercube - Monte Carlo
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Monte Carlo DOE

The Frequency Histogram shows if the output variable is influenced

by small variation of the design variables.

Mean Variance

Global 

maximum

-0.66 1.15

Robust 

maximum

-3.23e-2 -3.23e-2
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