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ABSTRACT. We show the existence of a dense subset 0 of W(R) such that, 
for g in it, the problem 

rT rT 
minimum j g(x(t)) dt + h(x'(t)) dt , x(O) = a, x(T) = b 

admits a solution for every lower semicontinuous h satisfying growth condi- 
tions 

INTRODUCTION 

The first basic aim of the Calculus of Variations is the problem of yielding 
sufficient conditions for the existence of solutions to the classical minimum 
problem 

XT 

(P) Minimize j f(t, x(t), x'(t))dt: x(O) = a, x(T) = b 

on a suitable space of functions x.The traditional answer to the sufficiency 
has been to impose that the map x' t-* f(t, x, x') be convex (see [Ce]); more 
recently, in an effort to provide existence criteria other than convexity in x', 
some special sufficient condition has been given. More precisely, for the class 
of maps of the form f(t, x, x') = g(t, x) + h(t, x'), existence of solutions 
has been obtained by requiring that the map x ~-* g(t, x) be monotonic (for 
x in R) [M] or, for x in R , that the same map be concave [C-C]. Hence, for 
maps of the form g(x) + h(x') the property of yielding existence of solutions 
so far seems to belong to a very narrow and special class of functions: those 
that are either convex in x' or concave or monotonic in x. Existence seems 
to be a property related to very special geometric behaviour in x or in x'. 
The purpose of this note is to show that (for x in R ) this is not so. We 
consider the class of functions g(x) + h(x') where g: R -- R is continuous 
and h is lower semicontinuous; we show that there exists a subset ? of the 
space of continuous functions, dense for the topology of uniform convergence 
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on compacta, such that, for g in , problem (P) has existence of solutions 
for every function h satisfying the usual growth conditions. 

NOTATION AND PRELIMINARY RESULTS 

Let us denote by af(x) the subdifferential of a function f at x. Also, by 
extr(S) we mean the set of extreme points of S. The following lemma will be 
used later. 

Lemma 1. Let f: R -- R be convex, L.s.c., f(x') > v(lx'l) + y (y E R, 
qi > 0 convex, L.s.c. and limr Vo (r)/r = +oo). Then, for each measurable 
x': I = [a, fi] - R with the property that t -*f (x'(t)) E L1, there exists an 
integrable selection co of ?(t): t H-4 (Of>-I f (x'(t))) with values in extr(F(t)) 
and such that 

j,(t) dt = jx'(t) dt, jf(o(t)) dt = jf(x'(t)) d t 

and, for each t, 
It It 

J 
0s ?s jx'(s) ds. 

Proof. Let us first remark that each inverse image under af of a point c E R 
is closed, convex (f being convex), and bounded, since limx',t0O f(x')/Ilx'l = 
+00. It follows that each (Of)- I(c) is either empty or a closed interval. Let 
(ci)iEJcN be the values of af whose inverse image under af is a nontrivial 
interval [ai, bi] (ai $A bi), and set Ki = (x')-'([ai, bi]) for i in J, Ko = 
I \ i Ki . Then, by Lemma 3.4 in [A-C], there exists a measurable selection 
ai of the set-valued map D(t)XK1(t) with values in extr( D(t)XK1 (t)) = {ai, bi} 
such that 

(1) jai(t)XKj(t)dt = jx'(t)XKi(t)dt 

and, for each t, 
t rt 

(2) J ai(s)X, (s) ds < J X'(s)%XK (s) ds . 

For each i E J, we have 

jf(x'(t))XK, (t) dt = jf(ai) + c,(x'(t) - ai)xKi(t) dt; 

hence, by (1) 

jf(x'(t))XK1(t) dt = jf(a1) + ci(ai(t) - ai)XKi(t) dt 

(3) 
= jf(ai(t))xK1 (t) dt 

since ai(t) E {ai, bi}. It follows that, for each n E N, 

fi (I x'IXKO + E lailXK,) dt < j f(x'(t)) dt - y dt; 
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i.e., the functions on = X'XKo + Zi<n CriXK,, n E N, are equi-integrable. Set 
co(t) = X'XKO (t) +i i cr(t)XK, (t) = limn (o (t) .Vitali's convergence theorem [E-T, 
VIII, Corollary 1.3] yields that co is in LI . By (1), (2), (3), co has the required 
properties. E 

Definition. 0 is the subset of F(1R) of those piecewise affine functions g such 
that: (i) any interval in which g is affine with a given nonzero slope is bounded; 
(ii) adjacent to any such maximal interval, on both the left and the right, is one 
in which g is constant; and (iii) any bounded set contains only finitely many 
such intervals. 

Proposition 1. 0 is dense in W(R). 

MAIN RESULT 

Consider the following problem: 

Problem P. 

Minimize j g(x(t)) dt + h(x'(t)) dt 

on the subset of W1 P([O, T], R) of those functions satisfying the boundary 
conditions x(O) = a, x(T) = b. 

We shall consider the following 

Growth condition G. If p = 1, there exist a convex l.s.c. function q such 
that limrVo yi(r)/r = +oo, y E R, and h(x') > ig(IxIj) + y; if p > I, there 
exist a > 0 (fl/a being strictly less than the best Sobolev constant), and 
h(x') > UIx'jP + y. 
We have the following 

Theorem 1. Let p > 1 and g E 0 be such that g(x) > a - /ljxjP for every x 
(a, ,B E R). Let h satisfy the growth condition (G). Then, Problem (P) admits 
at least a solution. 
Proof. Let x be a solution to the relaxed problem associated to (P), and set 

Al = minf3x(t) : t E [O. T]}, A2 = maxf x(t) : t E [O.~ T]}1. 
Let di be the greater discontinuity point of g' less than or equal to A1, d2 < 

* < dn be those inside ] - A 1, A2[, dn be the next after dn1, and set 

f = I minfldi+i - dil : i = 1,.., n - 1} 
Claim (a). We claim that [0, T] can be partitioned in a countable union of 

disjoint intervals Ij (I E N) such that g is monotonic on x(I;). 
Proof of the claim. Consider the three sets A, V, B defined by 

n-1 
A = U]di+ c, di+,-E[, V= {d= -c,d1+e: i=1,...,n} 

i=l 
n 

B = Uldi - 2e, di + 2c[. 
i=l 

By the continuity of x~, the inverse image of A under x is a countable union 
of disjoint relatively open subintervals (Ci, Ti) of [0, T]. The image of each 
subinterval is contained in one of the open intervals ]di + c, di+I - c[ on which 



1148 ARRIGO CELLINA AND CARLO MARICONDA 

g is affine. By the continuity of x, there exists 3 such that It - sj < 3 = 

[x(t) -.3(s)I < e . Consider those subintervals (vi, zi) whose diameter zi - ai > 
3s, say for i = 1, . .. , m . These are the first elements of our partition. Again by 
continuity, for each i, at least one between 3(a,) and (zi) is in V (actually 
both, except for the case ai = 0 or zi = T). Consider the finite union of 
closed subintervals of [0, T] that is the complement of the finite union of 
open subintervals (vi, zi), i = 1, ... , m; they are the intervals [0, all, ... 

[Tm-i, am], [Tm, T]. For t in this complement, x(t) is in B. In fact, either 
is in x-l (A) \ U I (ai, zi) or x(t) is in Ui[di - a, di + ee 
In the first case, from the choice of 3 and the remark on the behaviour at 

the extremes of the intervals, there exists di such that [x(t) - dij < 2r, i.e., 
x(t) E B. 

The second case holds since each [di - a, di + e] is in B. Since B is 
open, its counter image x-l'(B) is a countable collection of open subintervals. 
Consider the image of any such subinterval: it is contained in one (and only one) 
]di - 2c, di + 2c[ . On one of ]di - 2c, di[ or ]di, di + 2c[ g is constant, on the 
other affine; g is monotonic on ]di - 2c, di + 2c[. Intersect each subinterval 
with the finite collection of intervals [zi, ai+i]: i = 0, ... , m. The union 
of this countable collection of intervals and of (vi, zi): i = 1, ..., m is the 
required partition of [0, T]. 

Claim (b). By [E-T, Proposition IX.3.1] in the case p > 1 and by a slight 
modification of the same reasoning in the case p = 1 under the "superlinearity" 
growth condition (G), there exist measurable PI, P2, v1, v2: [0, T] -2 R (pi > 

0, PI +P2 = 1) such that 

{ x' = pIvI + p2v2 a.e., 
l * (x'(t)) = p I(t)h(vi (t)) + P2 (t)h(v22(t)) a.e.; 

hence, extr(oh**)-l(oh**(x'(t))) = {vI(t), v2(t)} a.e. Let Ij = (aj, /By) be 
one of the intervals considered in (a). Let us explicitly carry out the construction 
for the case g' < 0 on ]di-1, di [; the other cases are treated similarly. We claim 
that there exists a measurable partition Ej, E2j of [aj, /j] such that: 

(i) V1XEj + V2XE E LP(aj, /j); 

(ii) ifl V1XEj + V2Ej cit = fliv1 + p2v2dt 

(iii) fa V1XEJ + V2XEJ ds > ftj pvI + p2v2 ds for each t E (ayj, /3); 

(iv) ai pi (t)h(vi (t)) + P2(t)h(v2(t)) dt 
- f1 

h(vI (t))xEj(t) + h(v2(t))XEj (t) dt; 

(v) Ift Ej+v2XEjds-tfjpIv1+p2v2dsI<e foreach tE(aj,f1d). 
Proof of the claim. Set Vi(x') = Ix'IP if p > 1. Let us first remark that by 

La Vallee-Poussin's Theorem, the set 

= If E LI(aj, /3): J v4IfI) < J h**(3'(t)) dct - J ydt 

is equi-integrable. Let p > 0 be such that fA f I d t < e /2 for each measurable 
subset A of Ij whose measure is less than p and for each f E A. Let aj = 
y2o < 2'i < < ym = /3j be a subdivision of Ij such that max iIyi-I - yiI < p . 
By Lemma 1 and the above remark on the inverse image of the subdifferential of 
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h**, for each interval [Yk, Yk+l I, there exists a measurable partition E1, k, E2, k 

satisfying: 

(i)k VlXEl k + V2XE2 k E LP(Yk, Yk+Il); 

(ii)k fYk+I VlXE ,k + V2XE2k dt = fYk+ PIVI +p2V2dt 

(iii)k f VlXElk + V2XE2 k d f>kpvI +p2v2 ds for each t E (Yk, Yk+l); 

(iv)k fgYk1 
2 
i4 pi(t)h(v1(t)) dt = fYk+l 

2 
h(v i(t))XE, k(t) dt 

Set Eli = Uk1 E1k, k * = U E k Then (i), (ii), (iii), (iv) can be trivially 
deduced from their corresponding (i)k, (ii)k, (iii)k, (iv)k . In order to prove 
(v), fix t E (aj , fj ) and let k be such that t E [Yk, Yk+ [I Let us write that 

(4) Z(Pi-XEj)Vids Z(pi - XE4)Vi dt + Z(Pi - XEj)Vi ds. 
RJ 

iaj 
Yk 

iI 

By (ii)k, the first term of the right-hand side of the above equality is zero. 
Furthermore, we have 

V(IV1IXEJ + IV21%E2j) < h(vI())%XEjt) + h(V2(t))XEj(t) -Y 

so that, by (iV)k, VIXEj + V2XEJ E X. Let us recall that It - Aki < p; hence, 
by equi-integrability we have 

JE(Pi-XEj)vi ds < LPl lv I + P2 lV21 ds + L VI IXEI + lV21XE2j dS 

<2+ 

which proves the claim. 
Claim (c). Let us denote by Xj: [ca, flj] = Ij 1R the function defined by 

t 

j (t)= (aj) + VIXEJ + V2xE2j ds. 

Then, by (i), x-j E LP(acj, fl),) and by (ii) we have Yj(/Ij) = .x(fb). Further- 
more, by (iv), 

(5) h** (X(t)) dt = h(j(t)) d t. 

Since, by definition, xj(aj) = 3C(aj) then, by (iii), Yj(t) > x(t) for every 
t E Ij . Moreover, by (v), IYj(t) - X(t)j < E for every t E Ij; whence, Yj(t) E 
]di - 3E, di + 3E[1. Then, for g nonincreasing on the above interval, 

(6) g(XY(t)) < g(x(t)) for every t E Ij. 

Now, (5) and (6) together give 

(7) J g(x1(t)) dt + j h(x-Y(t)) dt < J g(x(t)) dt + J h**(x'(t)) dt. 

Let Y: [0, T] -+ R be the function whose restriction to each Ij (j E N) is Yj. 
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Then x E W1 P and x(O) = x~(O), Yx(T) = x(T). Moreover, by (7) 
rT rT 

inf(P) < j g(Y(t)) dt + h (x-'(t)) dt 

oT oT 
< T g(x(t)) dt + j h** (3'(t)) dt 

= min(PR) < inf(P). 

It follows that the above inequalities are in fact equalities: Y is a solution to 
(P). El 

Remarks. (a) The proof of Theorem 1 holds for a class of maps larger than 0 . 
In fact, it is enough to assume that on each interval either g' = 0 or g' is of 
constant sign and that between two intervals having different signs of g', there 
is one with g' = 0. 

(b) The classical example of a variational problem not having a solution is 
given by 

h(x') = Ix'- l1Ix'+ 11 and g(x) = X2, x(O) = = x(l). 

By remark (a), by modifying the function x -4 x2 in an arbitrarily small neigh- 
bourhood of zero as a constant function, one obtains that the modified problem 
admits solutions for every choice of the boundary data. 

(c) The technical tool used, Lemma 1, is very specific to one-dimensionality; 
in [A-M] a counterexample to the validity of the very same lemma in higher 
dimension is presented. Still the authors are inclined to believe that a possibly 
weaker statement, e.g., density of both g and h, should hold in general. 

ACKNOWLEDGMENT 

We are indebted to an unknown referee for kind remarks that improved the 
presentation of the paper. 

REFERENCES 

[A-C] M. Amar and A. Cellina, On passing to the limit for non convex variational problems, 
Asymptotic Anal. (to appear). 

[A-M] M. Amar and C. Mariconda, A non-convex variational problem with constraints, SIAM J. 
Control Optim. (to appear). 

[C-C] A. Cellina and G. Colombo, On a classical problem of the calculus of variations without 
convexity assumptions, Ann. Inst. H. Poincard 7 (1990), 97-106. 

[Ce] L. Cesari, Optimization-theory and applications, Springer-Verlag, Newr York, 1983. 
[E-T] I. Ekeland and R. Temam, Convex analysis and variational problems, North-Holland, Am- 

sterdam, 1977. 

[M] P. Marcellini, Alcune osservazioni sull'esistenza del minimo di integral del calcolo delle 
variazioni senza ipotesi di convessitd, Rend. Mat. (2) 13 (1980), 271-281. 

DEPARTMENT OF MATHEMATICS, SISSA INTERNATIONAL SCHOOL FOR ADVANCED STUDY, 
STRADA COSTIERA 11, 34014 TRIESTE, ITALY 

E-mail address: cellinaOTSMI19.SISSA. IT 

DEPARTMENT OF MATHEMATICS, UNIVERSITX DI PADOVA, VIA BELZONI 7, 35100 PADOVA, ITALY 

E-mail address: MaricondaQPDMAT1.UNIPD.IT 


	Article Contents
	p. 1145
	p. 1146
	p. 1147
	p. 1148
	p. 1149
	p. 1150

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 120, No. 4 (Apr., 1994), pp. 989-1319
	Volume Information
	Front Matter
	Polynomial Rings Over Goldie-Kerr Commutative Rings [pp. 989-993]
	Comparison of the Lengths of the Continued Fractions of  and [pp. 995-1002]
	A Cohomological Class of Vector Bundles [pp. 1003-1008]
	The Conjugacy Problem for HNN Extensions with Infinite Cyclic Associated Groups [pp. 1009-1015]
	Regular Sequences, Projective Dimension, and Criteria for Regularity of Local Rings [pp. 1017-1019]
	Fixed Algebras of Residually Nilpotent Lie Algebras [pp. 1021-1028]
	The Associated Graded Ring and the Index of a Gorenstein Local Ring [pp. 1029-1033]
	A Necessary Condition for an Elliptic Element to Belong to a Uniform Tree Lattice [pp. 1035-1039]
	On the Metrical Theory of Continued Fractions [pp. 1041-1046]
	Rates of Growth of P.I. Algebras [pp. 1047-1048]
	On Quasi-Continuous Rings [pp. 1049-1051]
	Q-Universal Quasivarieties of Algebras [pp. 1053-1059]
	Exact Covering Systems and the Gauss-Legendre Multiplication Formula for the Gamma Function [pp. 1061-1065]
	A Symmetry Property of the Fréchet Derivative [pp. 1067-1070]
	The Structure of Johns Rings [pp. 1071-1081]
	Nonunimodality of Graded Gorenstein Artin Algebras [pp. 1083-1092]
	Factorization of Positive Cones of Order n of von Neumann Algebras [pp. 1093-1100]
	A Weighted Inequality for the Kakeya Maximal Operator [pp. 1101-1105]
	On the Isometries of H(B) [pp. 1107-1112]
	Hankel Operators on the Bergman Space of the Unit Polydisc [pp. 1113-1121]
	On Hosszú's Functional Equation in Distributions [pp. 1123-1129]
	On a Definite Integral of a Hypergeometric Function [pp. 1131-1136]
	Linear Independence of Iterates and Meromorphic Solutions of Functional Equations [pp. 1137-1143]
	The Existence Question in the Calculus of Variations: A Density Result [pp. 1145-1150]
	Entire Propagator [pp. 1151-1158]
	Strongly Exposed Points in Lebesgue-Bochner Function Spaces [pp. 1159-1165]
	Complemented Copies of c in L(μ, E) [pp. 1167-1172]
	On Supportless Convex Sets in Incomplete Normed Spaces [pp. 1173-1176]
	Sur Les Reflexions Des Courbes de Lavrentiev [pp. 1177-1180]
	On the Hypoellipticity of Convolution Equations in the Ultradistribution Spaces of L Growth [pp. 1181-1190]
	Characterizations of Bounded Sets in Spaces of Ultradistributions [pp. 1191-1206]
	A Disc-Hull in C [pp. 1207-1209]
	Examples of Natural Extensions of Nonsingular Endomorphisms [pp. 1211-1217]
	Approximation by Semi-Fredholm Operators [pp. 1219-1222]
	Hypersurfaces with Constant Mean Curvature in Spheres [pp. 1223-1229]
	Local Splitting Theorems for Riemannian Manifolds [pp. 1231-1239]
	Countable Metacompactness in Ψ-Spaces [pp. 1241-1246]
	Borel Liftings of the Measure Algebra and the Failure of the Continuum Hypothesis [pp. 1247-1250]
	Comfort Types of Ultrafilters [pp. 1251-1260]
	Every Needle Point Space Contains a Compact Convex AR-Set with no Extreme Points [pp. 1261-1265]
	On the Failure of the Urysohn-Menger Sum Formula for Cohomological Dimension [pp. 1267-1270]
	Links with Unlinking Number One are Prime [pp. 1271-1274]
	A Sufficient Condition for Surfaces in 3-Manifolds to have Unique Prime Decompositions [pp. 1275-1280]
	The Volume of a Hyperbolic 3-Manifold with Betti Number 2 [pp. 1281-1288]
	An Infinite Loop Space Machine for Theories with Noncontractible Multiplication [pp. 1289-1298]
	Zero-Dimensionality of Some Pseudocompact Groups [pp. 1299-1308]
	Existence of π-Negligible Embeddings in 4-Manifolds: A Correction to Theorem 10.5 of Freedman and Quinn [pp. 1309-1314]
	An Explicit Formula for Fundamental Solutions of Linear Partial Differential Equations with Constant Coefficients [pp. 1315-1318]
	Correction to "On Coefficient Inequalities for Meromorphic Univalent Functions" [p. 1319]
	Back Matter



