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ABSTRACT. We show the existence of a dense subset & of % (R) such that,
for g in it, the problem

T T
minimum /0 g(x(t) di + /0 h(x'(8))dt , x(0)=a, x(T)=b

admits a solution for every lower semicontinuous 4 satisfying growth condi-
tions

INTRODUCTION

The first basic aim of the Calculus of Variations is the problem of yielding
sufficient conditions for the existence of solutions to the classical minimum
problem

(P) Minimize /Tf(t, x(t), x'(t))dt : x(0)=a, x(T)="b
0

on a suitable space of functions x.The traditional answer to the sufficiency
has been to impose that the map x’ — f(t, x, x’) be convex (see [Ce]); more
recently, in an effort to provide existence criteria other than convexity in x’,
some special sufficient condition has been given. More precisely, for the class
of maps of the form f(z, x, x’) = g(¢, x) + h(¢, x’), existence of solutions
has been obtained by requiring that the map x — g(¢, x) be monotonic (for
x in R) [M] or, for x in R”, that the same map be concave [C-C]. Hence, for
maps of the form g(x) + A(x’) the property of yielding existence of solutions
so far seems to belong to a very narrow and special class of functions: those
that are either convex in x’ or concave or monotonic in x . Existence seems
to be a property related to very special geometric behaviour in x or in x’.
The purpose of this note is to show that (for x in R) this is not so. We
consider the class of functions g(x) + 4(x’) where g : R — R is continuous
and % is lower semicontinuous; we show that there exists a subset & of the
space of continuous functions, dense for the topology of uniform convergence
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on compacta, such that, for g in &, problem (P) has existence of solutions
for every function # satisfying the usual growth conditions.

NOTATION AND PRELIMINARY RESULTS

Let us denote by 9 f(x) the subdifferential of a function f at x. Also, by
extr(S) we mean the set of extreme points of S. The following lemma will be
used later.

Lemma 1. Let f : R — R be convex, ls.c, f(x') > w(x')+7y (y € R,
v > 0 convex, Ls.c. and lim,_,o, y(r)/r = +o0o). Then, for each measurable
x': I =[a, B] = R with the property that t — f(x'(f)) € L', there exists an
integrable selection w of ®(t) : t — (0 f)~1(0 f(x'(t))) with values in extr(D(t))
and such that

/1 w(t)dt = /1 X(t)dt, /1 F(o(t))dt = /1 F @) dt

and, for each t,

/at w(s)ds < /atx’(s) ds.

Proof. Let us first remark that each inverse image under 8 f of a point ¢ € R
is closed, convex ( f being convex), and bounded, since limy/ . f(x')/|X'| =
+00. It follows that each (8f)~!(c) is either empty or a closed interval. Let
(¢i)iescn be the values of 0 f whose inverse image under 0 f is a nontrivial
interval [a;, b;] (a; # b;), and set K; = (x')"!([a;, b;]) for i in J, Ky =
I'\ U;K;. Then, by Lemma 3.4 in [A-C], there exists a measurable selection
o; of the set-valued map ®(¢)xk,(t) with values in extr( ®(¢)xx,(¢)) = {ai, bi}
such that

(1) /, oi(t) k() dit = /, X (O, (1) dt
and, for each ¢,
@) [aom©ds< [ ¥ 6xiods.

For each i € J, we have
O 0dt = [ fa)+ a0 - apax o
hence, by (1)
[ Fe O vdi= [ (@) +eonn - anum o de
= [ o d:

since o;(¢) € {a;, b;} . It follows that, for each n € N,

/IW (Ix/|XKO+Z|aiIXK,) dt < /If(x’(t))dt—/]ydt;

i<n

3)
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i.e., the functions w, = X'xk, + > ;<, OiXk;,» " € N, are equi-integrable. Set
w(t) = X' Xk, (1) + 3, 0:(2) Xk, (1) = lim,, w,(¢) .Vitali’s convergence theorem [E-T,
VIII, Corollary 1.3] yields that w isin L'. By (1), (2), (3), w has the required
properties. O

Definition. & is the subset of Z(R) of those piecewise affine functions g such
that: (i) any interval in which g is affine with a given nonzero slope is bounded,;
(ii) adjacent to any such maximal interval, on both the left and the right, is one
in which g is constant; and (iii) any bounded set contains only finitely many
such intervals.

Proposition 1. & is dense in Z(R).

MAIN RESULT
Consider the following problem:
Problem P.

Minimize /0 " ex()dr+ /0 " (1)) dt

on the subset of W1-2([0, T], R) of those functions satisfying the boundary
conditions x(0) =a, x(T)=0b.
We shall consider the following
Growth condition G. If p = 1, there exist a convex ls.c. function y such
that lim,_o w(r)/r = 400, y € R, and h(x') > w(|x'|)+y; if p > 1, there
exist ¢ > 0 (B/o being strictly less than the best Sobolev constant), and
h(x") > a|x'|P + .
We have the following
Theorem 1. Let p > 1 and g € & be such that g(x) > a — B|x|P for every x
(a, B €R). Let h satisfy the growth condition (G). Then, Problem (P) admits
at least a solution.
Proof. Let X be a solution to the relaxed problem associated to (P), and set
Ay =min{X(¢): t €[0, T1}, A, = max{x(t) : t € [0, T1}.
Let d; be the greater discontinuity point of g’ less than or equal to A, d> <
... < d,_, be those inside ] —A;, Ay[, d, be the next after d,_;, and set
e =1min{|diy; —dil : i=1,...,n-1}.

Claim (a). We claim that [0, 7] can be partitioned in a countable union of
disjoint intervals I; (j € N) such that g is monotonic on Xx([;).

Proof of the claim. Consider the three sets A, V', B defined by

n—1
A=U]di+6,d,'+1—€[, V={d,~—e,d,-+e:i=1,...,n}

i=1

n
B= U]d,- —2¢, d; + 2¢l.
i=1
By the continuity of X, the inverse image of A under X is a countable union
of disjoint relatively open subintervals (o;, 7;) of [0, T']. The image of each
subinterval is contained in one of the open intervals ]d;+€, d;.; — €[ on which
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g is affine. By the continuity of X, there exists J such that |t —s| < § =
|X(t)—X(s)| < € . Consider those subintervals (g;, t;) whose diameter 7;—a; >
d,sayfor i =1, ..., m. These are the first elements of our partition. Again by
continuity, for each i, at least one between Xx(o;) and X(t;) isin ¥ (actually
both, except for the case g, = 0 or 7; = T). Consider the finite union of
closed subintervals of [0, 7] that is the complement of the finite union of
open subintervals (a;, 7;), i =1, ..., m; they are the intervals [0, 1], ...,
[Tm=15 Om], [Tm, T]. For t in this complement, x(¢) is in B. In fact, either
tisin X 1(A4)\ UL, (g, ;) or X(¢) isin J,[di — €, d; +€].

In the first case, from the choice of § and the remark on the behaviour at
the extremes of the intervals, there exists d; such that |X(¢) — d;| < 2¢, i.e.,
X(t) e B.

The second case holds since each [d; —€,d; + €] is in B. Since B is
open, its counter image X~!(B) is a countable collection of open subintervals.
Consider the image of any such subinterval: it is contained in one (and only one)
ldi—2€, di+2¢€[. Onone of ]d;—2¢, d;[ or 1d;, d;+2¢[ g is constant, on the
other affine; g is monotonic on ]d; — 2¢, d; + 2¢[. Intersect each subinterval
with the finite collection of intervals [7;, ¢;.1] : i =0, ..., m. The union
of this countable collection of intervals and of (g;,7;) : i=1,...,m is the
required partition of [0, T7].

Claim (b). By [E-T, Proposition IX.3.1] in the case p > 1 and by a slight
modification of the same reasoning in the case p = 1 under the “superlinearity”
growth condition (G), there exist measurable p;, p», vy, v2:[0, T]— R (p; >
0, p1 +p, =1) such that

{fc’ =pv1 + P2, ae.,
B (X'(2)) = p1(DA(v1(2)) + P2(1)h(v2(2))  ae.;
hence, extr(9h**)~1(ah**(X'(1))) = {vi(¢), v2(?)} ae. Let I; = (a;, B;) be
one of the intervals considered in (a). Let us explicitly carry out the construction
forthe case g’ <0 on ]d;_;, di[; the other cases are treated similarly. We claim
that there exists a measurable partition E{, Ej of [a;, B;] such that:

(D) vixg +v2xg € L(a), Bj);

(ii) f£’ Vi + V2 dt = f£fp1v1 +puydt

(iii) fatj Vixg + V2 ds > fofjplvl + pav2ds for each t € (aj, B));

i) [ p@)h(vi(0)) + P2(D)h(va(1)) dt

= 2 (1)) (1) + h(v2(0) 2, (1) it
(v) |fcfj Vi + V2K ds — fof, P11 + pavads| < € foreach t € (o), B)).

Proof of the claim. Set w(x') = |x'|? if p > 1. Let us first remark that by
La Vallée-Poussin’s Theorem, the set

B B; B
7= {f L. p): [ Wi [ w@ade- [ ydt}
@ 7] aj
is equi-integrable. Let p > 0 be such that [,|f|dt < /2 for each measurable
subset 4 of I; whose measure is less than p and for each f € #Z . Let a; =
Yo <1 <---<ym = fB; be asubdivision of I; such that max|y;.1 — | <p.
By Lemma 1 and the above remark on the inverse image of the subdifferential of
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h** , for each interval [yx, yx+1], there exists a measurable partition E; i, E; i
satisfying:

)k ViXE , +V2XE, € LP(Vk» V1) s

(i) [} vixE, , + V218, , At = [ o+ pavadt

(i)e f, v1XE, , + V215, . ds > [, V1 + D202 ds foreach ¢ € (%, ir1);

@) [ L pih(i() dt = [ T, h(vi(0) 1z, () dt.
Set Ef = Uy Ei x> E) =Upoy Ea k- Then (i), (id), (iii), (iv) can be trivially
deduced from their corresponding (i), (i), (iii)x, (iv)x . In order to prove
(v), fix t € (aj, Bj) and let k be such that ¢ € [k, yx+1[. Let us write that

t

4) > (wi— Xpi)vids = / > - Xp)vidt + / > (i - Xpi)vids.
aj i Yk

[¢7] i

By (ii)x, the first term of the right-hand side of the above equality is zero.
Furthermore, we have

w(forlig + [valxgy) < A1 O)xgi(€) + h(v2(8)xg (1) =7

so that, by (iv),, ViXgs + V2Xp; € Z . Let us recall that |t — yx| < p; hence,
by equi-integrability we have

t

> (i Xp/)vids

o

t t
_<_/p1|'u1|+p2|v2|ds+/ [orlig; + el g ds

Yk Yk

which proves the claim.
Claim (c). Let us denote by X; : [aj, Bj]=1I; — R the function defined by

t
xj(t) = X(e) +/ ViXgi + V2K ds.
a

J

Then, by (i), X; € L?(a;, B;), and by (ii) we have X;(8;) = X(B;). Further-
more, by (iv),

B B,
(5) / W (& (1)) dt = / " b (1) de.

Since, by definition, X;(a;) = X(a;) then, by (iii), X;(f) > x(t) for every
t € I;. Moreover, by (v), |X;(t) — X(t)] < € for every ¢ € I;; whence, X;(¢) €
1d; — 3¢, d; + 3€[ . Then, for g nonincreasing on the above interval,

(6) g(x;(1)) < g(x(t)) forevery t € I;.

Now, (5) and (6) together give
(7) v/I, g(x;(r)dt+ ‘/Ij h(f;(t)) dt < /II g(x(t)dt + ‘/I'j B (% (1)) dt.

Let X: [0, 7] — R be the function whose restriction to each I; (j € N)is X;.
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Then X € W!-? and x(0) = X(0), X(T) = X(T) . Moreover, by (7)

inf(P) < /0 " e®@)dt + /0 w0 at

IA

T T
/ g(R(0) dt + / W (7 (1) di
0 0
= min(PR) < inf(P).

It follows that the above inequalities are in fact equalities: X is a solution to
(P). O

Remarks. (a) The proof of Theorem 1 holds for a class of maps larger than & .
In fact, it is enough to assume that on each interval either g’ =0 or g’ is of
constant sign and that between two intervals having different signs of g’, there
is one with g’ =0.

(b) The classical example of a variational problem not having a solution is
given by

h(x'") = |x" —1||x’ + 1] and  g(x)=x%*, x(0)=0=x(1).

By remark (a), by modifying the function x — x? in an arbitrarily small neigh-
bourhood of zero as a constant function, one obtains that the modified problem
admits solutions for every choice of the boundary data.

(c) The technical tool used, Lemma 1, is very specific to one-dimensionality;
in [A-M] a counterexample to the validity of the very same lemma in higher
dimension is presented. Still the authors are inclined to believe that a possibly
weaker statement, e.g., density of both g and £, should hold in general.
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