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Equations différentielles/Ordinary Differential Equations

Oriented measures and the bang-bang principle

Raphaél Cerr and Carlo MARICONDA

Abstract — We introduce the notion of an oriented measure. The interior of the range R of a non-
atomic oriented measure y is {:(E) : xg has n discontinuity points} and moreover u(E) € OR & xg
has less than n — 1 discontinuity points.

Given a solution x to z(™) +a,_; () z*~D + ... +a; () &' + a0 (t)x € [¢), ¢2] on [a, b}
there exist two bang-bang solutions y and z having a contact of order » with x at @ and b such that
y £ = £ 2. An application to the calculus of variations yields a density result.

Mesures orientées et principe du boum-boum

Résumé — Nous introduisons la notion de mesure orientée. L’ intérieur de I'image R d une mesure
orientée non-atomique . est I'ensemble {1 (E) : xg a n points de discontinuité} et 4 (E) € R & xg
a au plus n — 1 points de discontinuité.

Si x est une solution de '™ + a,_, () "~V + ... a; () ' +ao () z € [$1, d2] sur [a, b}
il existe deux solutions boum-boum y et z ayant un contact d’ordre n avec x en a et b et telles que
y £ & £ z. Une application au calcul des variations donne un résultat de densité.

Version francaise abrégée — Nous introduisons la notion de mesure orientée ([3], [4]).

DEFINITION 1. — Une mesure vectorielle ¢ = (u1,..., wn) sur [a, b] est dite orientée si
pour tout entier k dans {1,..., n} et pour tout k-uplet I, ..., I; d’intervalles non-triviaux
de [a, #] deux A deux disjoints, le déterminant

H1 (11) coopa (L)
pe (1) - o (Ix)
ne s’annule pas.
Posons Ty = {(71,..., ) €ERF: a £ v £... £y S b
A tout k-uplet v = (7v1,..., v&) de Ty nous associons les deux ensembles
ET = U [vi, Yis1): E = U [is i)
0sisk 0<isk
@ impair T pair

THEOREME 1. — Soit 1 une mesure non-atomique orientée sur [ a, bl et p € L'([a, 8]),0 < p < 1.
1l existe deux n-uplets @ = (a1,..., an) et 8= (01,..., Bn) dans T, tels que

b
(%) w(ED) = [ pdu=n(ED.

Si de plus 0 < p < 1 alors a et 3 sont les seuls éléments de T, vérifiant (%) et en outre
a<oL<...<ap<b, a<f<...< B, <b.

Nous formulons un nouveau résultat sur les solutions boum-boum d’un probléme de controle
décrit par une équation différentielle linéaire. Considérons le probléme de controle

P) LD)z =2 4 a,_1 ()" V4. +a1(t) 2 +ao(t)z € [p1, 2] p.p. sur [a, b]
avec ag, ..., an_1 dans C"~2 ([a, b]) et ¢1, ¢o dans L! ([a, b]) telles que ¢; < ¢o.
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La fonction y est une solution boum-boum de (P) si L (D) y € {¢1, ¢2}.

THEOREME 2. — Soit x € W™ ! ([a, b]) une solution du probléme de contrile (P). Alors il existe
deux solutions boum-boum y et z vérifiant les conditions de tangence

Vke{0,...,n—1}, y® (a) =2® (a) = 2* (a), y®) (b)) = 2™ (b) = 2P (b)

et les inégalités y < x < 2. De plus L (D) y et L (D) z sont de la forme xed1 + (1 — xE) ¢2
ou l'ensemble E est une réunion finie d'intervalles.
Nous appliquons ce résultat au calcul des variations.

A theorem of Lyapunov states that the range R of a non-atomic vector measure p
on [a, b]

R = {u (A) : A measurable subset of [a, b]}

coincides with the convex set

b
{/ pdu:nggl}.

However for a given p, 0 £ p < 1, the usual proofs based on convexity-extreme points
arguments {5] are not constructive and do not give any information about the existence of
a “nice” set E (for instance a finite union of intervals) such that

u(E)=/ab pdp.

We introduce ([3], [4]) the notion of oriented measures.

DEFANITION 1. — A vector measure = (jq,..., ftn) O0 [a, b} is said to be oriented
on [a, b] if for each k in {1,..., n} and for each k-tuple of non-trivial disjoint intervals
I;,.... I; of {a, b] the determinant

pr (L) e g (Le)
pe (L) oo g (L)
does not vanish.

We shall use the following notations: if I;,..., [, are n intervals, by I; < ... <[, we
mean that I,,. .., I, are non-trivial and for almost all n-tuple (z1,...,z,) of I} x ... x I,
we have 1 < ... < zn. If p = (p1,..., un) is a vector measure on [a, b] and p belongs

to L! ([a, b]) , we note

b b b
//)du=</ pdul,.--,/ pdun).

We shall denote by 'y the set
Fk:{('Yh---v’Yk)GRk: aS<ms... S Sb)

To each k-tuple v = (v1,..., &) belonging to 'y we associate the two sets
ED = U [Yis Vi1l Ef = U (i, Yiz1]
0Sisk 0<isk
i odd i even

where by convention 9 = a, Y41 = b.
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An oriented measure has the following remarkable properties:

THEOREM 3. — Let i1 be a non-atomic oriented measure on [a, b] and letp be a measurable
function defined on [a, b] with values in [0, 1]. .

There exist two n-uples a = (ay,..., a,) and 3 = (By,..., Bn) in T, such that
b
(%) W€D = [ pdu=n(E.
If in addition 0 < p < 1 then o and 3 in T, satisfying (x) are unique and verify
a<a; <... <o, <b, a< Py <...< B, <bh.

Let § : I, — R be the function defined by 8 (v) = p (EJ).

o b
PROPOSITION 1. — The interior R of the range R coincides with { / pdip: 0< p< 1}.

THEOREM 4. — The range of 0 coincides with R; the map 6 induces an homeomorphism
from F onto ”R and maps 0T, onto IR.

CoroLLARY 1. — If i (E) belongs to OR and i (E) = u (F) then EAF is negligible.
Our approach discloses the recursive structure of the boundary of the range of an
oriented measure. For £ belonging to {0,..., n} let

Ry ={n(E}): yeTs},  RE={u(E]): v €T}
PROPOSITION 2. — The function v €Iy = p (E7) € R, (resp. eI‘k — u(ET) e RY)
[+ o o
is an homeomorphism from T'y, onto its range which coincides with R;, (resp. Rf).

ProPOSITION 3. —The boundary of the range R of an oriented non-atomic n-dimensional
measure is partitioned into

IR =R:_, U...U Ry U {0} U {u(a, b)}U RF U...URF_,
Let T be the symmetry with respect to j1(a, b)/2. Then for each k belonging to {0, ..., n}
we have T (R ) —R:, (Ri) = Rx.

One of the essential tools for the proofs is the following lemma which allows to perturb
a function leaving its integral unchanged.

LemMA 1. — Let po = (p1,..., pn) be a non-atomic oriented measure on the interval
[a, bland Iy < 1) < ... < I, be n+1 subintervals of [a, b]. Then, given a positive ¢, there
exist n + 1 positive real numbers Ay, ..., A, such that

n

Vie{o,...,n}, 0<N<e and D (-1)'Nu@)=0

=0

Let 1 be an absolutely continuous measure on [a, b] whose density functions fi,..., f,
satisfy the

ORIENTATION CONDITION A. — We say that » real functions fi,..., f, verify condition A
on an interval [, b] if for each k in {1,..., n}, the determinant

filz) fiz2) .o fi(xe)
f2(x1) fo(m2) ... falww)

fk('xl) fk('WZ) fk(.xk)
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is not equal to zero whenever the ; € [a, b] are distinct and its sign is constant on the

k-tuples (z;,..., xx) such that a S z1 <z < ... <z b
Then the following nice formula
fis1) oo fi(se)
fh o flk f1: / fo(s1) ... fa(sk)
: : . . . 81 ...dsg
Iy x...xIk . . .
fIx fk flk fk fk (31) fk (Sk)

shows that the measure p is oriented.
We also give an operational criterion for the fulfillment of the condition A.
If f1,..., fr41 are of class C* on [a, b] we denote their Wronskian by

fi () o fer ()
W (f1,.- ferr) (t) = : : .
RN ORI RO
PROPOSITION 4. — Let fy,..., fn € C"71 ((a, b]) be such that

Viela b, W) @® A0,..., W(f1,..., fa) (t) #0.

Then f1,..., fn satisfy the orientation condition A,
As a consequence whenever a function z € C?"=? ((a, b)) satisfies

r(0)=...=z""2(0)=0 and D (0) =1

then the n functions z(®~1,..., 2/, = verify A on a neighbourhood of 0. This allows
us to formulate a new result concerning bang-bang solutions to linear control systems
described by a generic linear differential equation. We consider the n-dimensional linear
control system

P) L(D)z = ™+ a,_; (t) ™V 4 ta(t) 2’ +ao(t)z € [¢1, ¢2) a.e.on [a, b]

where the 7 functions ao, . . ., a,_1 belong to C"~2([a, b]) and ¢1, ¢2 in L' ([a, b)) verify
#1 < ¢o. The function y is said to be a bang-bang solution to (P) if L (D) y € {¢1, ¢2}.

THEOREM 5. — Let x in W™ ! ([a, b]) be a solution to the control problem (P). Then there
exist two bang-bang solutions y and z satisfying the tangency conditions

ke {0,...,n—1}, yP(@)=2®(a)=:0 (), ¥ ) =2® 1) =2 @)

and the inequalities y < x© < z. Moreover the functions L (D) y and L (D) z are of the
form xed1 + (1 — xE) ¢2 where the set E is a finite union of intervals.

Finally, we give an application to the calculus of variations. We consider the problem
of minimizing the integral functionals

b
I(zx, u) = / f(t, z(t), u(t))dt

where z : [a, b] — R" is such that z® (a), z® (b) (0 £ k < n — 1) are fixed and u is a
control belonging to U (¢, z) C R™. If u — f (¢, z, u) is not convex the problem does
not always admit a solution. Our results yield a straightforward generalization of [1].



Oriented measures and the bang-bang principle 633

THEOREM 6. — There exists a dense subset D of C (R) for the uniform convergence such
that for g in D the problem

b b
min / g (z(t)) dt +/ h(L(D)z(t)dt: z € W™! ([a, b])

with prescribed initial and final conditions admits at least one solution for every lower
semicontinuous function h satisfying the growth condition h (v) 2 ¢t (|u|), ¥ being Ls.c.
and convex, lim ¢ (r)/r = +o0.

r=+-+400
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