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ABSTRACT. We introduce Chebyshev measures. We generalize the represen-
tation theorem concerning both measures admitting a density function which
is a T—system and oriented measures.

1. INTRODUCTION

We are concerned with the problem of representing the values of a vector measure
through its restriction to a nice family of sets. This problem has been handled
for a vector measure defined on an interval and admitting a continuous density
function forming a Chebyshev system (a function f : [0,1] — R™ is a T—system
if det[f(x1),- -+, f(xn)] > 0 when z1 < -+ < x,) ([4], [5]). In this case, to each
interior point of the range correspond exactly two dual canonical finite unions of
intervals. The proof relies on geometrical considerations and on the fact that a
linear combination of the components of a n—dimensional vector function which
is a T—system has at most n zeroes. T—systems have been traditionally applied
to approximation theory and to moment problems in statistics ([4], [5]); here we
consider them from the point of view of Measure Theory.

In dealing with the Lyapunov theorem on the range of vector measures and a
bang—bang control problem ([1], [2]), we were led incidentally to prove a weaker
version of the aforementioned theorem. We thank warmly Fabrice Gamboa for in-
troducing us to the field of Chebyshev systems, especially because their relationship
with the Lyapunov theorem does not appear at all in control theory literature. Our
proofs differed strongly from the previous ones. In the case of continuous densities
[2], they were based on the differentiability of the measure and on a global inversion
argument. We generalized the result to unnecessarily absolutely continuous mea-
sures, but still with n determinant conditions (oriented measures)[3] which allowed
us to prove inductively the representation theorem with the help of an elementary
topological argument.

The knowledge of the previous works on T—systems suggested to us that our
result should hold with only one determinant condition. Here we introduce Cheby-
shev measures: they form a broad class of vector measures (unnecessarily defined on
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an interval) admitting a representation property through canonical sets and whose
range is strictly convex.
Our new argument is direct and uses the invariance domain theorem.

2. GENERAL FRAMEWORK

Throughout the paper, we deal with the following objects:

e a measurable space (X, .A),

e a non-trivial positive measure v defined on A,

e a vector measure p = (u1,- - , ) defined on A with values in R™,

e an increasing family of measurable sets (M;);c[0,1) such that My = 0, My = X.

We suppose that the M;’s are distinct modulo v; i.e.
Vi, j € 10,1] i<j = v(M;) <v(Mj).

The total variation || is the scalar measure |u| = |u1| + -+ - + |un| where the ||
are the usual total variations of the scalar measures p;. We make the following
assumption.

Assumption. The measures v and p are non—atomic with respect to the fam-
ily (M;); i.e.

VE€A v(E)#0 = 3iel0,1] 0<v(ENM;)<uv(E),
VE€A |u/(B)#£0 = 3ie€0,1]  0< |u/(ENDM)<|ul(E).

Remark. This assumption guarantees that the maps i — v(M;) and i — p(M;) are
continuous. Moreover the measures v and p are non—atomic.

Example 2.1 (linear intervals). This general framework stems from the case where
X is the interval [0,1] of R, A is the Lebesgue o—field, v is the Lebesgue measure,
the M;’s are the intervals [0,7] and p is a non—atomic vector measure on [0, 1].
In this situation, the previous assumption on p turns out to be equivalent to the
non—atomicity of u.

Example 2.2 (circular annulus). Let X = B;, be the unit ball of R™ equipped
with the Lebesgue measure (v, A). We take M; to be the ball of radius i. Finally
let u be any vector measure which is absolutely continuous with respect to v. The
assumption on g is here equivalent to the fact that the spheres have a zero |u|-
measure.

3. CHEBYSHEV MEASURES

We denote by S,, the symmetric group of order n and, for ¢ in S, by €(0o) its
sign. To the vector measure 1 we associate a determinant measure det p.

Definition 3.1 (determinant measure). The measure det y is the measure defined
on the product space (X", A®™) by

detp = Z €(0) fo(1) @+ @ o (n)-
ceS,

This is the only measure whose restrictions to the product sets Ay x - - - X A,, satisfy
det (Ay x - x Ap) = det[p(Ar), -+, p(An)].
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The definition of a Chebyshev measure will involve the following subset of X™:

P = U Mil X (Mlz \Mll) XX (Minfl \Min72) X (X \ Minfl)'

0<iy <+ <ip_1<1
We assume that P belongs to the product o—field A®™.
Examples. In the case of the linear intervals (Example 2.1) we have
P={(x1, ,zn)€[0,1]":0< 21 <--- <z, <1}
In the case of the circular annulus (Example 2.2) we have
P={(z1, - ,2n) € Bm)":0< 1| < <a,| <1}

Definition 3.2 (Chebyshev measure). The vector measure p is a T,~measure if
the measure det u satisfies

VA€ A®"  ACP v®"(A) >0 == detu(4) > 0.
The symbol T}, stands for Chebyshev measure.

Remark. Any non—atomic positive scalar measure p is a Chebyshev measure with
respect to itself. In fact, Lyapunov’s theorem yields the existence of an increasing
family (M;) such that p(M;) = iu(X) for i in [0, 1]. Using the Hahn decomposition,
any non—atomic scalar signed measure is the difference of two Chebyshev measures
with respect to its total variation.

If 11 is absolutely continuous with respect to v, this definition might be translated
in terms of the density function.

Definition 3.3. Let f = (f1, -, fn) be a measurable vector—valued function de-
fined on X. We say that f = (f1,- -, fn) is a T,—system if the determinant
det[f(x1),- -, f(zn)] is positive for v®"—almost all (x1,--- ,z,) in P.

This definition is a slight generalization of the classical one which deals only with
functions defined on an interval.

Theorem 3.4. Suppose p is absolutely continuous with respect to v. Let f =
(f1,-+, fn) be its density function. Then p is a T,~measure if and only if f is
a T, —system.

Proof. Remark first that for any measurable set A of X™ we have

det M(A) = /A Z 6(0) fd(l) (CE1) T fcr(n) (xn) dV®n(IE1, ce 7xn)

gES),
- /Adet[f(xl)v U 7f(xn)] d]/®n(x1’ T 7xn)'

Suppose that f is a T,—system. Let A be a measurable subset of P of positive v®"
measure. The domain of integration has a positive measure and the integrand is
positive v®"—almost everywhere on this domain. It follows that det p(A) is positive.
Conversely, assume that p is T,,—measure and set

A= {(x1, ,xn) € P:det[f(x1), -, f(zn)] <0}
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Clearly [, det[f(z1), -, f(zn)] dv®"(21,--- ,2,) < 0. Assume that v®"(A) > 0.
By the very definition of a T),—measure, we have det u(A) > 0. However the initial
formula yields

devn(A) = [ detl i) fo)| A o) 0,

which is absurd. Thus v®"(A) = 0. O

There is a huge literature concerning Chebyshev systems of continuous functions
defined on an interval. They were originally introduced in interpolation theory.
Their general properties (in the case of continuous functions) have been thoroughly
studied ([4], [5]).

Example 3.5 (circular annulus). Let f = (f1,---, fn) : [0,1] — R™ be a T-system
with respect to the Lebesgue measure on [0, 1] and the family of intervals [0, i]. Then
the function g(z) = f(|x|) defined on the unit ball B,, is a T—system with respect
to the elements defined in Example 2.2.

4. FUNDAMENTAL PROPERTIES

Notation. For a k—tuple of measurable sets Ay, -, A by A1 < --+ < A we mean
that the A;’s are non negligible for v and that there exist ig < --- < ij such that
Al C Mi1 \Mim"' ,Ak C Mlk \Mikfr

The non—atomicity assumption on v implies the following result.

Proposition 4.1. For each non—negligible set E and for each integer m there exist
measurable sets Ev,--- , E,, such that

EFE=F,U---UFE,, and Ei<---<BE,,.
In particular P is not v®"—negligible.

Proof. Let E be a set of positive v measure. The map ¢ € [0,1] — v(M; N E)
being continuous and increasing, there exist 0 < i1 < -+ < 4p—1 < 1 such
that v(M;, N E) = (I/m)v(E) for I in {1,---,m —1}. Then the sets E; =
(M, \ M;,_,)nEforle{l,--- ,m—1}, E,, = E\ M, _,, satisfy the required
conditions. Applying this result to £ = X and m = n, we obtain a subset of P of
positive v®" measure. O

If p is a measurable function on X, its support is the set supp p = {z : p(z) # 0 }.
If p belongs to L},(X), by u(p) we denote the column vector

u(p)=/Xpdu=t</Xpdu1,---,/Xpdun)-

A direct consequence of the definitions is that if A; < --- < A, then the determinant
det[p(Ay1), -+, u(Ay)] is positive. A more important fact concerning 7, —measures
is that this characteristic property carries on from sets to positive functions.

Theorem 4.2. Suppose u is a T,—measure. If p1,--- , pn are n p—integrable non—
negative functions such that supp p1 < -+ < supp p, then the determinant

det[u(p1), -, u(pn)] is positive.

Let us first state a preparatory lemma.
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Lemma 4.3. Let p1,-- -, pn be n p—integrable functions. Then
det [/ prdp, - / pndu] = / / p1(81) - pn(sn) det p(s1, -+, sn).
X X X X
Proof of the lemma. The identity is obviously true whenever p1,-- - , p,, are charac-

teristic functions. The monotone class theorem yields the result. Another scheme
of proof is to develop the determinant and to transform each product of integrals
into an n—dimensional integral with respect to a judicious product measure. O

Proof of Theorem 4.2. We apply the lemma. The domain of integration of the
n—fold integral is reduced to supp p; X --- X supp p, on which the determinant
measure det p is positive (by the definition of a T,—measure). Hence the n—fold
integral is positive. O

Corollary 4.4. Suppose v is a T, ~measure and let py,--- , pp be p non—negative
p—integrable functions such that supp p1 < --- < supp pp. If

)\1/ pld,LL—F"'—F)\p/ ppduz()
X X

for some (A1,---,Ap) #(0,---,0), then p is strictly greater than n.

Proof. If p = n Theorem 4.2 yields det[u(p1), -, u(pn)] # 0, a contradiction.
If p < n, by Proposition 4.1, we can decompose supp py into the union of n —p+1
non—negligible sets 4;,1 <i <n —p+ 1. Then if we set

< (A1, p1xA4,) ifl1<k<n-—-p+1,
(Mk—ntp P—ntp) ifn—p+2<k<mn,

we have Y, Mipt(pr) = 0. Moreover supp j1 < - -+ < SUpp pn; we are thus led to
the previous case and the conclusion follows. O

Funny Corollary 4.5. Suppose p is a T,—-measure and let p be a non—negative
u—integrable function whose support is not negligible. Then u(p) is non—zero. In
particular, pu(E) is non—zero whenever v(E) is non—zero.

Proof. We apply Corollary 4.4 with p =1, A; = 1. O

Remark. This assertion sounds trivial; however the point is that p is a vector mea-
sure whose components are scalar signed measures. This makes life more difficult.
Instead, in the case of oriented measures, this fact is a direct consequence of the
definition (since p; is then positive). A consequence of the funny corollary is that
if p is a T,—measure, then v is absolutely continuous with respect to the total
variation of pu!

Lemma 4.6 (perturbation lemma). Suppose u is a T,,—measure and let Ag < A1 <
- < Ay, be n+1 measurable sets. Given a positive €, there exist n+1 real numbers
Aoy, Ap such that

Vie{0,---,n} 0<XN<e and Z(—l)l)\lu(Al):O.
1=0
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Proof. Consider the n x n linear system
Nott(Ag) = Apa(Ar) + -+ (1) N1 p(Ans1) = (—1)" A u(An),

where ), is a parameter. The determinant of the system is

n(n—1)

Wn = (_1) 7 det [N(Ao)v T 7M(An—1)]'

Since p is a T,—measure, w, is not zero. For each ¢ in {0, -+, n — 1}, let w; be
pi(Ao) - (FD)TPua(Ai2) (D" Mua(An)  (=D)Ppa(A) - (=DM i (Ap—n)
p2(Ao) - (1) Pp2(Ai—2) (D" Mp2(An)  (=D)'p2(A) o (=D uz(An-1)
pn(A0) - (D) Pun(Ai2) (D) un(An) (=D 'un(A) o (=D M an(Ap-1)

wi = (=)™ det [u(A), -+, p(Ai—a), j(Ai), -+, p(An)].

By Cramer’s formula, \; equals A w;/w,. The measure p being a T),—measure, w;
and w, have the same sign so that \; is positive whenever \,, is positive. Choosing
An such that 0 < A\, < min(ewy,/wo, -+ ,ew,/wn—_1,€) we obtain an (n + 1)-tuple
which solves the problem. O

5. THE REPRESENTATION THEOREM

We are about to state the main result which allows us to represent the values of
a T,—measure through canonical sets, that we define now.

Notation (canonical sets). The set I' is the subset of [0, 1]" defined by

The interior of T is int I' = {(y1,---, ) ER? : 0 < 1 < - < 7, < 1}
For V= (’\/17' o 7'771) in P, we use the convention Yo = O, VYn+l = 1. For each v =
(71, ym) In T, we set

E’Y = U (M’Yqi+1 \ML)

Theorem 5.1 below was obtained in [3], [4] in the case where p is defined on
[0,1] and v is the Lebesgue measure under some stronger assumptions: in [4], for
classical T—systems, u is assumed to have a continuous density with respect to v
whereas in [3] p satisfies n determinant conditions (instead of one).

Theorem 5.1 (representation theorem). Suppose u is a T, —measure and let p be
a measurable function such that 0 < p < 1 v—a.e. There exist unique o and 3 in T’
satisfying

1w(Eq) = / pdp = p(X\ Eg).
b'e
Moreover these o and (8 belong to the interior of I".

Remark. The set X \ Ejs is dual to the set Eg. In fact

X \ Eﬁ = U (M5i+1 \Mﬁl)
0<i<n
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Proof of Theorem 5.1. Assume that the claim concerning the existence and unique-
ness of the set F, has been proved. We apply it to the function 1 — p. This yields
a set Ez such that p(Eg) = (1 — p), which may be rewritten as p(X \ Eg) = u(p).
We will thus only deal with the sets of the form F,,.

Strict inequalities. Let o be a point of T' such that u(E,) = p(p). We show
that o belongs to the interior of I'. We rewrite u(Ey) = p(p) as

(L—p)dp — / pdp = 0.
Z /Mai+1\M0¢i Z Mai+1\M0<i

0<i<n 0<i<n
i odd 7 even

If we set
Ai = (=1)7+1 ) PXMy  \Ma, if 7 is even,
i : =X\, s odd,

the equation becomes

Ao/ podp + -+ +An/ pnidp = 0.
X X

Let ZT=1{i:0<1i<mn, a<ajt1}; note that for i in Z the function p; is strictly
positive on My, , \ M,. Assume that the n—tuple o does not belong to the interior
of I'. Then |Z| < n; if we write Z = {41, ,ip }, where i1 < --- < i), we have

p
1<p<n, Zz\ij/ pi; dp = 0, supp p;, <--- <supp pi,,Ai; € {—1,1}.
j=1 X

Corollary 4.4 yields a contradiction. It follows that 0 < a3 < -+ < ay, < 1.

Uniqueness. Let 6 = (61,--+,6,) and v = (71, -+ ,n) be two elements of I' such
that ((Es) = u(p) = p(Ey). The first part of the proof (strict inequalities) shows
that 0 < 61 < - < dp < land 0 < 41 < --+ < v, < 1. Assume for instance
that 6; < 71; then Es N Ms, = E, N My, = () so that the equality p(Es) = p(E,)
becomes

/ (xEs — XB,) dp = 0.
X\ Ms,

The sets (Ms,,, \ Ms,)1<i<n cover X \ Ms,; moreover on Ms,,, \ Ms, we recall that
XEs = 1 if i is odd and xg, = 0 if 7 is even. The above equality then yields

S [t S [ e

0<i<n Ms; 4 \Ms; 2<i<n Mis; 4 \Ms;
7 odd i even

which may be rewritten

Z)\l/ Pi d/L =0 where Ai = (_1)i+17 Pi = |XE5 - XE’Y|XM51Z+1\M§1Z.
i=1 X
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Now each p; is non—negative. If § # ~ there exists j such that p; is positive on a
non-negligible set. By Corollary 4.5, p(p;) is non-zero so that the set J = {1 :
w(pi) # 0} is not empty. Writing J = {41, -+ ,4p }, where i1 < --- < ip, we have

p
1§p§n7 Z)\lk/ Py d/L = 0, supp pi; < - < supp pipﬂ)\ik 6{_171}'
k=1 X

Corollary 4.4 yields a contradiction. It follows that § = ~.

Existence. Let § : ' — R™ be the map defined by 6(«) = pu(E,). The non—
atomicity of p with respect to the M;’s implies that this map is continuous. More-
over the second part of the proof (uniqueness) shows that the map 6 is injective on
int I'. The invariance domain theorem [6] then implies that #(int T'), the image of
int T, is open in R".

Surprisingly é(int I') is contained in the convex set

C = {/pd,u:0<p<1 V—a.e.}.
X

In fact, let @« = (a1, -+ ,a,) belong to int T'. Applying the perturbation lemma,
Lemma 4.6, to u, A; = Mg,,, \ My, and € = 1/4 we obtain a (n + 1)-tuple
(Mo, -+, Ap) such that

Vie{0,---,n}  0<X\<1/4 and Y (=1)'A;pu(A;) =0.

=0
Put
p=> Aixa+ Y (1=X)xa,.
0<i<n 0<i<n
i even ¢ odd

By construction we have 0 < p < 1 and pu(p) = 8(«) so that 6(«) belongs to C.
Now the first part of the proof (strict inequalities) shows that (I')NC' = 6(int T');
the compactness of I" then implies that 6(int I') is closed in C. The convex set C
is connected; 6(int I') is open and closed in C. Thus it coincides with the whole
set C. O

Remark. The map 6 was first introduced in [2] to prove Theorem 5.1 under the
stronger assumptions that p is defined on [0, 1] and admits a continuous density
with respect to the Lebesgue measure. In [2] however 6 is differentiable and a local
homeomorphism: Caccioppoli’s global inversion theorem yields the injectivity of 6
on int I and the fact that 6(int T') is open; instead here we first prove directly the
injectivity of 6 (without being differentiable) and then we apply the open mapping
theorem.

A simple classical approximation argument yields the following corollary.

Corollary 5.2. Suppose p is a T,—measure. Let p be a measurable function such
that 0 < p < 1. There exist a and 3 in I satisfying

W(Ea) = /Xpdu = u(X\ Ep).

We denote by R the range of u; i.e. R={u(E): E € A}
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Remark. The proof of Theorem 5.1 shows that f(int I') is open and convex; by
Corollary 5.2 its closure coincides with R. Then by [7, Th. 6.3] we obtain that
int R =6(int T).

Corollary 5.3. Suppose p is a T,,~measure. Let p be a measurable function such

that 0 < p <1 and 0 < p <1 on a v—non negligible set. Then u(p) belongs to the
interior of R; in particular there exist unique o and 3 in the interior of I' satisfying

w(Ea) = /Xpdu = u(X\ Ep).

Proof. There exist a v—non negligible set F' and € > O such that e <p <1—¢con F.
The non-atomicity assumption yields the existence of 0 < 61 < -+ < 6, <1 =641
such that if for every i we set A; = (Ms,,, \ Ms,) N F then v(A;) > 0. Therefore
A; < --- < A, and the vectors u(A;),---,u(A,) are linearly independent. It

follows that the open set V' = {3} Ap(4;) : [N| <e, i=1,---,n}isa
neighborhood of O in R™. Now for every Ay, ---, A\, such that [A\;|] < & we have
0<p+>,dixa, <1ae onX; it follows that the neighborhood u(p) +V of
u(p) in R™ is contained in R. |

The following results have been stated in a less general context in [3] but they
are still valid in the present framework; Chebyshev measures provide a broad class
of measures whose range is strictly convex.

Theorem 5.4. The range R of a T,—measure is strictly convex. The boundary
points of R admit a unique representation modulo p. Moreover a point u(E) belongs
to the boundary of R if and only if there exists v in the boundary of I' such that
w(EAE,) =0.

Finally, we remark that the same results would hold under a weaker assumption
on the measure. Namely, it is enough that for each n—tuple of measurable sets
Ay, -+, A, such that Ay < -+ < A,,, the determinant det[u(A1), -, u(A,)] is
positive. The delicate point concerns Theorem 4.2 which is the key for proving the
representation theorem. In this situation, the proof should be done along the lines
of Theorem 2.2 of [3].
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