Winter School on Fluid Dynamics, Dispersive
equations and Quantum fluids

Variational Methods in Hyperbolic Balance Laws

Michael Westdickenberg
December 17-21, 2018



Pressureless Gas Dynamics



Metric Projection (1/2)

Hilbert space # with scalar product (-,-) and induced norm || - ||,
and C C s closed and convex.

Definition
For any Y € 2 we will denote by P¢(Y) the metric projection of Y
onto the cone C, so that P¢(Y) satisfies

1Y = Pe(Y)|| = inf {||v— Z||:Z e c}.



Metric Projection (2/2)

The metric projection Pc(Y) exists and is uniquely determined for all
Y € 7. Moreover, it is characterized by the following property:

Y* e C,
Y*=Pc(Y) <=
(Y=Y Y*=2Z)>0 forallzeC.

If Cis a closed convex cone, this is equivalent to
(Y=Y Y)Y=0, (Y-Y.2)<0 forallZeC
-  Ccoe—
The metric projection is a contraction:

IPe(Y1) = Pe(Va)l < |IYs = Yal| forall vy, Y, € 2.



Lipschitz continuity

For given X, V € s we now consider the map
t— X :=Pc(X+tV) forteR,
which is well-defined and Lipschitz continuous. We have
IXeen — Xell < |h[||V|| forallt,h e 2.
The velocity

Vp = klyimo(XH_h —X:)/h exists strongly fora.e.t € R
—

and satisfies the inequality ||V < ||V]|.



Tangent Cone

For any Z € C we define the tangent cone

Tany C := T,C, T,C = U h(C - 2),
h>0

which is a convex set:
if hy,h, > 0and Yy,Y, € Care given, then

(1= Nhi(Ys = 2) + Ahy(Ys — 2) = h(((1 — )Yy + p¥s) — z) e T5C
forall A € [0,1], where
h:=(1-=Xhy+Xh, >0 and p:=Xhy/h€][0,1].

For any Y € 2 we denote by [Y]* the orthogonal complement of RY.



Velocities (1/2)

Theorem (Haraux)

For fixed t € R, let Vi be any weak limit point of
Vi(hn) := (Xt+hn —Xt)/hn
as h, — 0+4. Then Vy € £,Cand (V — V¢, V;) > 0, where
¥x,C := Tany, CN [(X +tV) — X+
Moreover, we have

(V=Vy,W) <0 forall W e Tx,CN[(X+tV) — X .



Velocities (2/2)

If the cone Cis polyhedric, so that

T, CN[(X +tV) — X¢]+ = £xC

forall t € R, then the map t — X; is strongly right-differentiable and,
denoting the right derivative again by V;, we have

V= PthC(V) forallt e R.



Optimal Transport

Consider now 5 = Z*(R, ) for some p € Z5(R).

The cone is defined as
C:= {X e Z*(R,p): Xis monotone}.
We call X monotone if the support of the induced transport plan
= (id, X)#u

is a monotone set in R x R, where # denotes the push-forward.

Asubset I C R x R is monotone if for any (mj, x;) € I we have

(m—my) - (1 —x2) = 0.



A Technical Lemma

For a Borel measure v on a topological space €, we say z € sptv if

v(N) > 0 for every open neighborhood N of z.

Lemma

For given u € 2%(R) and X € C we define ~x := (id, X)#u. Then
there exists a Borel set Ny € R with u(Nx) = 0 such that

(m,X(m)) € sptyx forallme R\ Nx.



Closed Convex Cone

Lemma
Let # = L*(R, ) for some u € 2,(R). The set
C:={X e LR, pu): Xis monotone}.

is a closed convex cone in £*(R, ). For any X € C and any smooth,
strictly increasing function ¢: R — IR that coincides with the
identity map outside a compact set, we have ( o X € C.



Pressureless Gas Dynamics

Theorem (Global Existence)

Let initial data g € 2(R) and V € £?(IR, ) be given. For some
reference measure u € 9,(R), let X € C be the unique monotone
transport with X4t = 5. For V := Vo X we define

Xi == Pc(X+tV) forallteR.

Then X: is differentiable for a.e. t € R and V; := X; can be written in
the following form: there exists a velocity v; € Z*(RR, o;) with

Ot := Xt#ﬂ, such that Vi = Vi o Xz

Then (o1, ;) is a weak solution of the pressureless gas equations.



Space of Velocities

Lemma
For any X; as above we define

M, = L (R, p)-closure of {p o X;: p € Z(R)}
and o := Xt#u. Then the following statement is true:

the function W € Z*(R, ) is in 74,
if and only if
there exists w € Z*(IR, o;) such that W = w o X:.
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Velocities are in the Tangent Cone

Lemma

Let 2, be defined as above. Then . C Sx.C, with

Sk, C := Z*(R, u)-closure of Tx,C N [(X + tV) — X+

Recall that X; := Pc(X + tV) for t € R.
Lemma

With the notation above, we have V; =: X; € . fora.e. t € R.



Uniqueness and Semi-Group Property

Special case: For u = g we can choose (X, V) = (id, V).

If there are two sets of initial data (g;, ), i = 1..2, and if (X;, ;) are the
monotone transport maps and initial velocities corresponding to the
reference measure p € #,(R), then the transport maps X; ; satisfy

X1t = Xa,tll2qm ) < 11X = Xall 2qm ) + IV = Vall 2

for all t € R since the metric projection is a contraction. This implies
the uniqueness and semi-group property of the transport map X:.

The Eulerian velocities v; are determined by the orthogonal
projection of V onto the space %, which is also unique.



One-dimensional granular
system with memory effects



Nonlinear Partial Differential Equations

Evolution of Solid/Liquid Mixture [Lefebvre-Lepot & Maury]
dro + Ox(ou) = 0
Bi(ou) + O(ou?) + p = of b i [0,00) x R (1)
Oy + Udyy = —p
0<po<
(1-0)y=0, v<0
Physical quantities

o density p pressure
u velocity f external force

~ adhesion potential
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Different Flow Behavior

Oro + O«(ou) =0
Br(ou) + O(ou®) + Oxp = of in [0,00) x R
Oy + udyy = —p
0<o<1
(1—oy=0, v<0
1. Free Zones o < 1

Pressureless dynamics of a compressible flow
Both p and ~ vanish

2. Congested Zones g =1

“Incompressible flow” dyu = 0
Lagrange multiplier p is recorded into ~y



Conservative Form

Differentiating with respect to x we obtain
(8xv) + 8« (udky) = —dp in[0,00) x R
Subtracting from momentum equation:
d(ou — 0xy) + & ((ou — Bxy)u) =0 in[0,00) x R
Additional momentum Oy

Exclusion relation (1 — g)y = 0 implies that dyy < . Writing

O(ow) + Ox(ouw) = of In[0,00) x R

we obtain

(cf. two-velocity models by [Brenner])
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Memory Effects

Spherical solid particle immersed in viscous fluid
in the presence of a wall [Maury]

2l /’h&/{’ Wows
s @-—@_‘—5 A
2 ﬁ ZAb S

Forces © ?

- external force f
- lubrication force fi,, = —gg dominantasqg — 0

where g is the distance to the wall
and e is the viscosity



Vanishing Viscosity Limit e — 0

Sticky particle case. Hybrid system

q+v= U+/Otf(s)ds
a=0
gv=0, 7<0
Two possible system states: free g > 0 and stuck g =0
Macroscopic model. Aligned solid particles
Oro + Ox(ou) =0

Or(ou) + Ox(ou”)— 0 (WEQGXU> P

Lubrication force represented by singular viscous force
[Lefebvre-Lepot & Maury]



Global Existence

Weak solutions of the following system:
0o+ Ox(ou) =0
Ae(ou — Bxy) + Ox((eu — Bxy)u) = of
0<o<1

(1—9e)y=0, 7<0

} in [0,00) x R

Related work on

- pressureless gas dynamics equation
[Natile-Savare]

- pressureless system with maximal density constraint
[Bouchut et al.]

Maximal density constraint relevant e.g. for traffic flow, crowd motion
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Finite-Dimensional Example

Consider a particle of unit mass moving under the influence of some
force field f(t, x) inside a convex set K ¢ RV

Newton'’s Law
Most of the time we have X(t) = f(t, x(t)).

Collisions
Upon collision with the boundary, an instantaneous force changes
the velocity so that the particle remains inside K.

20



Normal Cone
For any x € K we define the closed convex set

N = {WEIRd: W-()?—x)goforalb?elc}.

We have that NxK = 9l (x), where I is the indicator function of K.
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Tangent Cone (Admissible Velocities)
For any x € K we define the tangent cone by polarity:

T = (NK)* = {u eRY: u-w<oforallwe NXIC}.

Since both set are closed convex cones, we also have NxK = (TK)*.
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When the particle hits the boundary, its velocity is changed to an
admissible velocity (particle “bounces off”).

Impact Law
If x(t) € 0K, then we assume that v(t+) := P, xVv(t—), where Py« is

the metric projection onto Ty /K, which is well-defined. Then

V(t—) — V(t+) € NypK.
\JL)G&' ®

a(.,u’:zcolh'm.,\
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Second Order Differential Inclusion
We can model the above behavior using the differential inclusion

x=v and v+ dlx(x) > f(x)
a.e.in [0, 00). This makes sense e.g. if
x € Lip([0,00), RY) and v e BV([0,0),RY).

The acceleration measure v is supported in the set of times for which
x(t) € OK. At these times, we assume that the impact law holds.

Remark
This framework allows for particle motions that preserve the energy,
such as a particle sliding along the boundary of a circle.
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Pressureless Gas Dynamics

Let Q :=(0,1) and
K := {X € 2*(Q): X nondecreasing}
There exists an bijection between g € 2% (R) and X € K given by
0= X#(Lq).

Here £'is the Lebesgue measure and # denotes the push-forward.
The elements of K are optimal transport maps.

Lagrangian Formulation
To any solution (o, u) of the pressureless gas dynamics equations we
associate a uniquely determined curve of optimal transport maps

t— X(t,-) e K.

25



Boundary of
We find that X € K if and only if

Qy = {m € Q: Xis constant in a neighborhood ofm} + O

Notice that if («, 8) is @ maximal interval contained in Qy, then the
push-forward o := X#(L'|q) has a Dirac measure of mass 8 — « at
position X(m) for any generic m € (a, B) (where X is constant).
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Lemma (Normal Cone NxK = 9lx(X))

Let X € K be given. For any W € £?(Q) we denote by
m
Z=w(m) = / W(s)ds forallm e Q,
0

its primitive. Then W € NxK if and only if = € Ny, where

Ny i= {Ee‘f(Q):E}OinQand::OinQ\QX}.

Lemma (Tangent Cone Tk = (NxK)*)
Let X € K be given. Then

XK = {U € £*(Q): U is nondecreasing in each (a, 8) C QX}.
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Space of Velocities
For any X € K we also define

Sy = {U € £%(Q): Uis constant in each (a, 8) C QX}.

This is a closed subspace (not merely a cone). We denote by P the
orthogonal projection onto #. For any V € .£?(Q2) we find that

% a.e.in Q\ Qy,

Pa(V) =9 [° : -
][ V(s)ds in each maximal interval (a, 8) C Qx.

Eulerian Velocity
If V e 24, then Vis constant wherever X is constant. Therefore there
exists a u € Z%(RR, o) with V= uo X a.e, where o = X4(L'|q).
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Admissible Transport Maps

Consider initial density g € Z%(R) with 0 < g < 1.

Maximal Compression
Let X € .Z%(R, 5) be a monotone map such that

X#5 = Lo,

F /‘/_\4[}//{]
7]

Admissible transport maps compress g not more than X:

with K := {X € 2% (R,0): X nondecreasing}

To any X; € K we associate an monotone transport map

St Z:Xt—)N(EIC.
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Lagrangian Dynamics

Free velocity.
For initial velocity U € .Z?(R, @), we define
it

WWw:U+/ﬂamwwa

0
integrating along trajectories t — X;(y) startingaty € R.

Free trajectory.
For initial transport X := id € K, we define

t
X () =R + [ U)o

Lagrangian solution.
We are looking for a curve t — X; € K such that

Xt = Pg(Xfree) | for t € [0, 00).

Coupled system: Ufree depends on X;. 30



Tangent Cone / Admissible Velocities

The associated Lagrangian velocity not only belongs to the

tangent cone of K at S; := X; — X, which is defined as

Ts,K := £°(R, p)-closure of | | h(K —Sy),

h>0

it has to be constant on each congested block and thus belong to
= {U € £*(R, p): U constant on maximal intervals in Qs,},

where Qs, is the union of intervals on which S; is constant.

Adhesion potential
Forally €e R and t € [0, 00) we define

Fe(y) = / ' (Ut(z) —~ u{fee(z)> dz.

— 00

31



Solution Concept

Given suitable initial data (g, U), a triple (o, u,~) is called a weak
solution of the system (1) provided that

- the triple (o, u, ) satisfies

ot € P (R), U € L*(R,0) forae. telo,00),
v € £%([0,00); W'(R));

- the density constraints 0 < g; < 1 holds a.e;
- the exclusion principle (1— ot)y: = 0 and v < 0 holds a.e;
- forall ¢ € €2°([0,T) x R) we have

T
[ (06t + u0900(8.9) () — D) e
T
+ [ [ et meaneaxdt = = [ (0.0 700a00 0

with a similar statement for the continuity equation.
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Main Result

Theorem (Global Existence)

Let external force f € L ([0, 00); Lip(R) N L°(R)) be given. Suppose
that p € P»(R) with 0 < o < 1a.e, and that U € L*(RR, p). Define

po:=p, Up:=10, Xo:=id.

There exists a curve t — X; € K that is differentiable for a.e. t and
solves the Lagrangian dynamics equations introduced above.

Lagrangian velocity U; and adhesion potential T'y are well-defined.

There exist (ut,vt) € L2(R, pt) x W"(R) for a.e. t, such that
Ur=utoXy, Te=yoX where pt:= (Xt)#po-

The triple (p, u,~) is a global weak solution of system (1).
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Heterogeneous Maximal Constraint

The same approach works if the maximal density constraint is given
by a function p* that is transported with the flow:

0o + 8)((@“) =0
(o — By) + B ((ou — B)u) = of § In[0,00) x R
00" + udke* =0
0<o<o

(¢ —0)y=0, v<O0

34



density

gamma

1.0}

0.0
-0.2

0.0 |
05}

0.0 |
01}

-0.2
-0.2

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Solution at time t = 0.
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Solution at time t = 0.5.
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fext (|
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Solution at time t = 0.8.
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Monotone Functions




Set-Valued Maps

For a set-valued map u: R" — RR" we define

the domain of u:
dom(u) := {x e R": u(x) # @},
the image of u:
im(u) := {y € R": there exists x € R" with y € u(x),
the graph of u:
Tu:={(x,y) e R" xR": y € u(x)},
and the inverse of u:
uT'(x) = {y e R": x € u(y)}.
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Monotone Maps

We say that a set-valued map u: R" — R" is monotone if
(Vi—V2) (1 —x) =0 forallx; e R",y; € u(x),i=1.2.

A monotone map u is called maximal if it is maximal with respect to
inclusion in the class of monotone functions:

vV D U, vmonotone — v=uU.
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1-Lipschitz Functions

Letd: R" x R” — R" x R" be the Cayley transform:

d(x,y) = —=(x+y,x—y) for(x,y) e R" xR".

N

Proposition

Let u be a maximal monotone function. Then (u +id)~" is defined
on the whole R" and ®(l'u) is the graph of a 1-Lipschitz function
Fu: R" — RR" given by

Fu(z) :=z—v2(u+id)~(vV2z) forallze R".
Conversely, for any 1-Lipschitz function ¢: R" — RR" the set

®~1(I¢) is the graph of a maximal monotone function.
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Properties of Monotone Functions (1/2)

Proposition
Let u be a maximal monotone function. Then

1. if uis maximal, then its graph T'u is closed, and u(x) is a
convex, closed (possibly empty) set for every x € R";

2. uis maximal if and only if the domain of u + id is R";

3. u+id and (u +id)~" are monotone functions and (u + id) ™"
is 1-Lipschitz continuous;

4. for any set X C dom(u), X in the interior of conv(X) and y € u(x)

C
dist(X, R" \ conv(X)

v <

where C := (supxex infyeu(x) |y\)diam(X).
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Properties of Monotone Functions (2/2)

Corollary
Let u be a maximal monotone function. Then

1. U is upper semicontinuous:
Xn — X, ¥n —> Y, Y EU(Xn) = Yy eEuX);
2. the domain of u contains the interior of its convex hull:
int convdom(u) C dom(u) C convdom(u);

3. u(B) is bounded if B is relatively compact in int dom(u);

4. if u(x) consists of exactly one point y, then x belongs to
int dom(u) and u is continuous at x:

Xn —> X,¥n € U(Xn) = Yo —>Y.
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Singular Sets

Definition
Let u be a maximal monotone function and k =1,...,n an integer.
We define

Y*) ;= {x e R": dimu(x) > k}

where dim u(x) is the dimension of the set u(x).

Recall that u(x) is a closed, convex set (possibly empty). We note that

"(u) € =) € - T'(u).
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Size of Singular Sets

Theorem

The Hausdorff dimension of the set £*(u) is at most (n — k).
More precisely X*(u) is countably H"~*-rectifiable: we can find
countably many €'-submanifolds I'; ¢ R" of dimension n — k
that cover H"~*-almost all of ¥*(u), i.e,

HOR <zf*(u) \ U r,) =0.

In particular, £"(u) is at most countable.
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Size Estimates for the Graph

Proposition
For any monotone function u and for any ball B € R" x R"
of radius r we have

H"(TuNB) < 22w, r"
for some constant wy, and for every Borel set A C R"
H"(Tun (AxR")) < 2", (diam(A) + osc(u,A))",

where osc(u,A) := sup{|y1 — Va|: y1,¥2 € U(A)}.
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Differentiability Properties

Theorem

Let u be a maximal monotone function and let D be the set of
points x such that u(x) is a singleton (that is, u(x) consists of
exactly one point, which we still denote by u(x)).

Then u is differentiable at almost every X € D, i.e., there exists an
(n x n)-matrix Vu(X) such that

im Y u(x) — vu(x) - (x —x)
X—X ‘X —)_<‘
yeu(x)

= 0.

Moreover, the determinants of all minors of Vu are integrable on
every bounded set B such that u(B) is bounded.

47



Distributional Derivatives (1/2)

Proposition

Let u be a monotone function and Q an open set relatively compact
in int dom(u). The function u, viewed as an element in Z>°(2; R"),
belongs to BV(Q2; R"). Moreover, we have

/ 1DU] < G (diam(Q) + osc(u, Q)"
Q

where C, is a constant that depends on n only.

The inequality above can be improved to

/ |Du| < Cpdiam(Q)" " osc(u, Q).
Q
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Distributional Derivatives (2/2)

Theorem
Let Q be an open convex set in R".

1. If u is a maximal monotone function such that dom(u) > Q,
then u € BV1,.(;R") and Du is a positive, matrix-valued,

and locally bounded measure.
2. Conversely, if u € 4! (;R") and Du is a positive, matrix-
valued distribution on K, then there exists a maximal mono-

tone function v such that dom(v) > Q and v=u a.e. in Q.

A matrix-valued distribution A is positive (resp. symmetric) if (A, ¢)
is a positive (resp. symmetric) matrix for positive test functions ¢.
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Approximation of Monotone Maps




Approximation of Monotone Maps

For any o € 2,(RY) we define

Co= {t € LR, 0): spt ((id, t)#0) is monotone}.

Lemma

For every o € 22,(RY) absolutely continuous with respect to the
Lebesgue measure and all t € €, there is a sequence of Lipschitz
continuous, monotone maps t, defined on all of RY, such that

Jim Jte — tl ogne g = O.
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Polar Cone of the Set of
Monotone Maps



Some Notation (1/3)

Let Maty(IR) be the space of real (d x d)-matrices and
Matq(R,0) := {A € Matg(R): v+ (Av) D0 for all v e ]Rd}

where [J stands for either > or >.
The analogous spaces of symmetric matrices will be denoted by

Symy(R) and Symy(R,0).

For all A € Maty(R) we define the symmetric/antisymmetric parts

AY™ = (A+AT)/2 and  A*H .= (A - AT)/2.

We denote by Skewy(RR) the space of antisymmetric matrices.

51



Some Notation (2/3)

Let %.(RY; RP) be the space of all continuous functions

fiRY — RP forwhich lim f(x) € R® exists.

[X] =00

We identify %, (RY; RP) with the space %(IR%; RP) of continuous
functions on the one-point compactification R? of RY.

We adjoin to RY a point oo and define a distance
min{|x — y|,h(x) + h(y)} ifx,y € RY,
d(x,y) := < h(x) ifxeRYand y = oo,
0 if X,y = oo,
where h(x) := 1/(1+ |x|) for all x € R9. Then |x| — oo is equivalent to
d(x,00) — 0. To g € €.(R%; RP) we associate g € €(RY; R") as
. g(x if x e RY,
g(x) := { _( : 4
limjy o0 g(X) I X = 0.
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Some Notation (3/3)

For u € ¥'(RY; RY) we refer to the symmetric part Vu(x)s™ for all
x € R? as its deformation tensor, which is in €(RY; Sym,(IR)). Let

¢ (R%RY) = {u € €' (R RY): Vu € . (R% Matq(R)) },
Mon(RY) := {u € €/(R%;R?): u is monotone}.

The cone Mon(RRY) contains, in particular, all linear maps

u(x) :=Ax with A € Maty(RR, >).
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Stress Tensor

Theorem

Assume that there exist a measure F € .#(RY; RY) with finite first
moment and a measure P € .4 (RY; Sym,(RR, >)) with

6u) = —/Rd<u(x),F(dx)> —/Rd e (VU(P(dx) > 0
for all u € Mon(RY). There exists R € .#(R%; Symy(R, >)) with
G(u) = / tr(Vu(x)R(dx)) for all u € €] (RY; RY),
RY

/R tr(R(dx)) = —/Rd<X, F(dx)) —/ tr(P(dXx)).

RY

In fact, we can choose R € .#(R%; Symy(R, >)).
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Let E a normed vector space. We call positive cone any subset C C E
with C # E with the following properties:

C+Ccg ACc C forallx>0, cn(=C) ={0}.
The positive cone C induces a partial ordering > on the space E by

y>x <= y—xeC
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Positive Functionals

Alinear map F: L — IR on a subspace L C E is called positive if
F(x)>0 forallxelLnC

Alinear map F: E — R is called functional if it is continuous.

Proposition

Let E be a Banach space, partially ordered by a positive cone C. If
some subspace L C E contains an interior point of C, then every
positive linear map Fy: L — IR can be extended to a positive

functional F: E — RR.
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Gradient Young Measures




Elementary Gradient Young Measures

Let Q ¢ RY be a bounded Lipschitz domain and t € BV(Q; RY).
Let By be the open unit ball in Maty(R) and 9By its boundary.

We associate to the derivative Dt a triple v = (v, o, 1) with

Ve L (Q; ,@(Matd(ﬂa))), oe i (Q), peL2(Q,0;2(08y))

as follows: Consider the Lebesgue-Radon-Nikodym decomposition
Dt =VtL£?+Dt, D°tL LY

and define vy 1= dyy(x for a.e. x € Q and o := |D°t]. Let further

dDst _dpst

Dst: Dst =
aoeg P P g

€ Z'(Q,|Dt|; 0By).

be the polar decomposition of D°t and define puy = 0,y for [D°t|-a.e.
x € Q. We call v = (v,0, ) an elementary gradient Young measure.
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Weak*-Precompactness (1/2)

Consider a sequence of uniformly bounded maps t* € BV(Q; RY).
Extracting a subsequence, we may assume that

th —t in Z(Q;RY,
Dt* — Dt weak* in .Z(Q; Maty(R)),
for some t € BV(Q; RY), i.e, t* converges weak* to t in BV(Q; RY).

Let vf = (vF, %, u®) be the elementary gradient Young measure of
Dt®. Since the spaces above are (contained in) dual spaces, there
exists a subsequence and a triple v = (v, o, 1) such that

If, "] = / 7, ), o dx + / [P (x, ). 1] 0" (dx)
;:// f(x,M)uf(dM)dH/ 772 (x, M) (dM) o™ (dx)
Q J Maty(R) o J s,

converge to [f,v] (defined analogously) as k — oo (...)
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Weak*-Precompactness (2/2)

(..) for all test functions f € 2(Q2; Matg(IR)) with

f: Q@ x Maty(R) — R :
%,(Q; Matd(R)) — t'he map fisa Carathepdory function yvith
linear growth at infinity, and there exists

> € €(Q x Matq(RR))

We denote by f> the recession function of f, defined as

/ /
206 M) = lim IOGM) forae. x € @ and all M € Maty(R).

The recession function is positively 1-homogeneous in M.
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Gradient Young Measures

We call a triple v = (v, 0, ) a gradient Young measure and denote
the space of gradient Young measures by 4(Q2; Maty(R)). Then

Dt = [id, v] £9 + [id, 4] o,
by construction. Moreover, we have

dDstk
d|Dstk|

1Vt 27+ H Dt — - ] £2 4[] - ] 0

weak* in .#(Q) as kR — oo, which implies that [|| - ||, ] € £ (Q).
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Monotone Gradient Young Measures

Proposition (Gradient Young Measures)

Let Q ¢ R? be a bounded Lipschitz domain and suppose that

th — t weak* in BV(Q; RY) with t*, t € BV(Q;RY) monotone. We
denote by v the elementary gradient Young measure of Dt".
There exists a subsequence and a gradient Young measure

v € 9(Q; Maty(R))
such that [f, o] — [f, v] for all f € %, (Q; Mat4(R)), where

f: Q x Matg(R) — R :
the map fis a Carathéodory function with
linear growth at infinity, and there exists
f € €(Q x Maty(R, >))

.. (Q; Matg(R)) :=
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Internal Energy




An Unbounded, Convex Function on Matrices

Lemma

For any v > 1, the map h: Maty(R) — [0, co] defined by

det(MY™)1=7 jf M € Maty(IR, >),
iy - [CSEYYIFM € Mato(R, >)
+00 otherwise,

is lower semicontinuous, proper, and convex.
For all M € Mat4(R), we have

h*(M) := lim =

t—oo t

h(1 + tM) — h(1) 0 if M € Maty(R, =),
400 otherwise.
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inf-Convolution

Lemma

For n € N and M € Matq4(R), we define the inf-convolution

ho(M) := inf {n||M—B||+h(B)}.

BeMat4(R)

1. The map h, is lower semicontinuous, proper, and convex,
and h,(M) — h(M) monotonically from below.

2. The map hy, is Lipschitz continuous with Lipschitz constant n
and has linear growth at infinity:

ha(M) < 1+ nVd + n|M|| for all M € Maty(RR).

3. For all M € Maty4(IR), we have that

hes(M) = lim hn(1 + tM) — hy(1)

t—o00 t

= ndist(M, Matg(R, >)).
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Internal Energy Functional

Proposition

Let Q ¢ R? be open and convex, and h given above.
For U € £"(Q) non-negative and t € BV,,.(Q;RY) we define

U(x)h(Vt(x)) dx if t monotone,
i | vean(vec)
+00 otherwise,

using again the Lebesgue-Radon-Nikodym decomposition.

1. The functional U is convex.

2. For tf — t weak* in BVio(Q; RY) with t*,t € BVie.(2; RY)
monotone, there exists a subsequence such that

Ult] < liminf U[tF].
kR— 00
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Lemma about Determinants

Lemma

Let S be a real, positive semidefinite, symmetric (d x d)-matrix. For
any real skew-symmetric (d x d)-matrix A we have

det(S+A) > detS > 0.

For det(S) > 0 there is a unique R € Symy(RR, >) such that R> = S.
With C := R~TAR™" skew-symmetric, we obtain the following identity:

<det(5 +A)

det(S) ) :”W/O det(1 +tC)" tr((1 +t0)~'C) dt,

where the integral on the right-hand side is non-negative.
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Compressible Euler Equations




Compressible Fluid Equations

Hyperbolic System of Conservation Laws

Oo+V-(ou)=0
(o) +V - (ou®u)+Vr=0 in [0,00) x R
de+V-((e+mu)=0
Physical Quantities

- Density o(t,-) € 2(RY)
+ Velocity u(t,-) € Z*(RY, o(t, )
- Total Energy (t,-) € .4, (RY)

An Equation of State determines the pressure 7 in terms of (o, u, €).
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Isentropic Euler Equations

The pressure is a function of the density only:

atQ+V'(QU):O

} in[0,00) x RY  (2)
O(ou) +V - (ou®u)+ VP(p) =0

Total energy e = Jo|u|? 4+ U(g) (with P(0) = U'(0)o — U(0)).
Energy conservation follows formally from (2).

The flow can become discontinuous in finite time!

Entropy Condition (Mathematical Entropy)
or(3eluP + U(@)) + V- ((3eluP + V(@)e)u) <0

— Dissipation of Total Energy
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Isentropic Euler Equations

Initial value problem: for given initial data
(97 U)(O, ) = (éa U)-

Global existence of weak solutions in one space dimension.
Uniqueness is open.

Several space dimensions: numerical evidence that there is no
convergence to one particular weak solution: New small-scale
features appear upon every mesh refinement.

— Consider measure-valued solutions (statistics of solutions)?
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Isentropic Euler Equations

On the analysis side, there is a massive nonuniqueness problem:
Infinitely many weak (“wild”) solutions for isentropic Euler.

Much worse than instability/chaotic behavior!

(De Lellis-Székelyhidi)

Strategy: linear pde plus pointwise constraint

1. construct subsolution (captures the macroscopic features)

2. successively superimpose waves that are highly oscillatory in
the divergence-free component of the momentum

3. limit is an extreme point of the convex set of subsolutions.
The density is not changed in this construction.

The entropy inequality is insufficient to ensure uniqueness!
— What is the right entropy condition?
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Dafermos’ Entropy Rate Admissibility Condition

Among all weak solutions seek the one that dissipates the total
energy (i.e, the mathematical entropy) at maximal rate.

This seems to pick the “wild” solutions!

Vortex-sheet initial data (quasi-1d)

- there exists a quasi-1d solution: Riemann problem

- there exist infinitely many genuinely 2d solutions...

- that dissipate total energy faster than the quasi-1d solution
This is not a problem of non-smooth initial data!
(Chiodaroli-De Lellis-Kreml)

— Avoid steepest descent for total energy?
(Anomalous dissipation: weak convergence effect)
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Variational Time Discretization

GOAL | Find a variational time discretization in the spirit of
minimizing movements for curves of maximal slope.

Timestep 7 > 0, discrete times tf = kr with k € Nq.
Approximate the solution at time t* by (of, u®).

Update (o', u**") is the minimizer of an optimization problem:

- decrease some energy as much as possible,
- while minimizing the cost associated to the step size.

Lagrangian formulation in terms of transport maps.
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Maximize Entropy Production

For given timestep 7 > 0 and data (o, u) we minimize

Work + Internal Energy

- Optimal work and internal energy: %, and U,
- No work (free transport): %, = 0 and Uy

From the inequality #, + U, < #, + Uy we obtain
W < AU :=Uy — U, (“2nd law”).

In fact, maximize the difference AU — ¥#.

By analogy with classical thermodynamics: AU — #; ~ OAS
= maximize entropy production AS > 0.
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Minimal Acceleration (1/2)

Curves of Minimal Acceleration
Among all smooth curves X: [0, 7] — RY such that

(X.X)(0) = (x,€) and (X, X)(7) = (z.0),

find the one that minimizes the acceleration 7 [ IX(t)]? dt.
= Uniquely determined cubic polynomials.
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Minimal Acceleration (2/2)

Acceleration: For x = (x,€) and z = (z,¢) let

2

72

a2 = 5100+ 7€) 2 + ]c— (6= (x4 r90-2))

Note that

- the first term measures how much the final position z differs
from x + 7&, which would be the position after a free transport;

- the second term measures the difference between ¢ and

w(x,z) =& — %((X—O—Tf) —z),

which is different from the transport velocity

zZ—X

v(X,2) = .

(convex combination v(x,z) = 3w(x,z) + 1&).
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Minimal Work

We express fluid states as measures on R%:

Po(RY) = {7 € Zo(R¥): xfty = 0} with o € F(R)
If u € Po(R?*) with disintegration u(dx, d¢) = ux(d€) o(dx),
then uy describes the distribution of velocities.
Monokinetic states

p(dx, d€) = by (dg) o(dx) with u € ZL*(R7, o).

Definition
For p', u? € 2,(R??) define the minimal work as

W (', wu?)? = inf {/ a(x1, %2)? y(dxa, dx,): ply = N'}-
R29 x R2d

Note that #/(u', #?) has the dimensions of an energy.
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Internal Energy |

Definition

Let U(r) := wr" for all r > 0 (with constants x > 0 and v > 1).
For o € 2,(RY) we define

Ulo) := {/R U(r(2)) dz if o =rLe,

+00 otherwise.

For any t € Z%(RY, p) smooth, injective we have
(by change of variables formula)

Ult#o] = /R U(r() det (Vt() "™ dx.
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Minimization Problem (1st try)

Internal energy does not depend on velocity.
— Optimal velocity update

¢= W(Z7 Z)

Simplified minimization problem (monokinetic state):

min {;2 /Rd ot — (id + Tu)|* + /Rd u(g)det(w)w—v}

over all t € €"(RY) N L%(RY, o) with det(Vt) > 0 p-a.e.

Integrand is unbounded, x-dependent, not coercive, not convex.
— Need to modify the problem
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Internal Energy Il

Definition

Let o € 25(RY) with o = r £ and U][g] < +oo.
Then we define

/ U(r(x)) det (VE()™™) ""dx if Vt € Matg(R, >) a.e,
Ult|g] == < Jre
+o0o otherwise.

Here Maty(IR, >) is the set of strictly positive definite matrices (not
necessarily symmetric). In particular, we use the deformation

Vt() + V()"

sym .__
ViE(x)=™ 2

Note that for t =: id + 7v, we have det(Vt) =1+ 7tr(Vv) + ...
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Configuration Manifold

Matter is not allowed to interpenetrate (cf. pressureless case)
— The transport map t should be (essentially) injective.

For existence we need to find the right functional setting:

1. choose transport maps t € .#?(IRY, o) that are monotone,
2. and stresses o € .#(RY R?*%) such that

V.-o=oa in2'(RY),forsomeae Z*RY o).

Definition
For any ¢ € 2,(RY) we define

C, = {t € Z%(R% 0): spt ((id, t)#o0) is monotone}.
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Monotone Transport Maps

A subset I ¢ R? x RY is called monotone if

(X1 —=X2) - (v —y2) = 0 forany pair of (x;,y;) €T.

Such a set is called maximal monotone if for any monotone
set" c RY x R with I T’ we have that I =T

Every monotone set has a maximal monotone extension.

Note that
- compositions of monotone maps are not monotone (only in 1d);

- in our case, transports will be perturbations of identity: the map
id 4+ Tu is monotone if ||(Du)_|| < 1/7 (cf. CFL condition).
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Extension of Monotone Maps

No assumptions on g, so t € C, may not be defined in all of RY.
We can associate to t a maximal monotone map with domain

Q = int convspt o
If o < £9 then we have p(RY\ Q) = 0.

Properties of Maximally Monotone Maps defined on Q
(see Alberti-Ambrosio):

- single-valued except for a codimension-one rectifiable set
(which is negligible w.rt. Lebesgue measure)

- bounded in £22(Q);

loc
- in BV0.(R2) (total variation of the derivative can be controlled
by the oscillation, which is finite).
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Closed Convex Cone

Lemma

For every o € 2,(IRY) such that o < £ and for all t € C, there
exists a sequence of Lipschitz continuous (or €'(R%)), monotone
maps ty, defined on all of RY, such that

Jm |tk = t] 22(e,0) = O-

Lemma

For any o € 2,(RY), the set Co of monotone maps in £*(RY, o) is a
closed convex cone, which includes constants and rigid motions.

For all f € Z%(RY, p) there exist uniquely determined maps t € Co
and a € C5 (polar cone; see below) such that

f=ta@a (orthogonal decomposition).
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Lemma
For any o € 2,(RY) we denote by

Cy = {a € ZX(RY, 0): /

ga~t<0foralltng}
]Rd

the polar cone of the cone C, of monotone maps in (R, o). For
all a € C§ there exists w € .#(RY; Symy(R, >)) such that

Viw—eain 7®)] [ (@)= [ i
RY Rd

Forany pa =V -w and t € C, we can “integrate by parts”: there
exists a nonnegative measure tr(w(Dt)) such that

Og/[mdtr(w(Dt)) :—/Rd oa - t.
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Properties of Internal Energy

Lemma

Let o and t — U[t|o] be given as above. Then the internal energy is
convex and lower semicontinuous with respect to the weak*
convergence of monotone maps in BVie.(Q; RY), with

Q := int conv spt o.

Use Jensen inequality with gradient Young measures generated by
sequences in BVi,.(Q; RY) (see Kristensen-Rindler), and a standard
regularization of g using the inf-convolution; see Rockafellar.

Note: Monotonicity substitutes for coercivity

bounded in £*(R% 9) = bounded in BV},.(2; RY)
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Control of Internal Energy after Transport

Lemma

Suppose that o € 2,(RY) is given with o =: r£% and U] < oc.
For any t € C, with U[t| o] < oo there exists a Borel set ¥ ¢ RY
with o(X) = 0 and t|ga\y injective. Then

Ut#o] < Ult|o].

Let R(x) € Sym,(IR, >) such that R(x)?> = Vt(x)*¥™ for p-a.e. x € R’
Defining C(x) := R(x)~'Vt(x)*""IR(x)~", we have

UltH#o] — U[t|o]
= /]Rd P(r,5) (det(Vﬁy“‘)“‘7 /O1 det(1 + tC)'~T(t, C) dt) dx,

T(t,C) :=tr((L+tC)~'C) forallt> 0.

The difference vanishes if and only if Vt(x)2" = 0 for g-a.e. x € R.
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Existence of Minimizers

Proposition

Consider density o € 2,(R%) and velocity u € Z*(RY, o).
Assume that o =: r£% and U[g] < oo. Given any timestep T > 0,
there exists a unique t. € C, that minimizes the functional

3 2
V., [tlo,u] := ﬁ/ |(X+ TU(X)) — t(X){ o(dx) + U[t|o]-
i R¢
This minimum is finite. For all Borel maps v: RY — R with the
property that t. + ev € C, for some e > 0, we have the following

inequality: Let P(r) := U'(r)r — U(r) for r = 0. Then

— 5 [ (b ru0) = £0.09) elc)

—/ P(r(x)) det (VtT(X)Sy”1)1_7tr((VtT(X)Sym)_1Vv(x)) dx > 0.
RY
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Stress Tensor

Proposition

There exists R, € .#(RY; Symy(RR, >)) with
/ tr(Vu(x)R-(dx)) = — %/ {(x+Tu(x)) — t-(x), u(x)) o(dx)
RA T JR2d
- / P(r(x)) det (th(x)sym)”%r((VtT(x)Sym)”W(x)) dx
RA

for all u € €}(RY; RY). In particular, we have the size control

/ tr(R,(dx)) = —% ((x+7u(x)) — t-(x),x) o(dx)
e T° JR
/ P(r(x)) det (Vt-(x)¥ )1wtr((VtT(X)5ym>4) dx.
RY
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Energy Balance

Proposition

With total energy E[o, u] := [,. 30lul* +Ulo], we have
S[Qrvu‘r]"'/ %Q|W7——U|2
Rd
+/ <P(r,5) D’ (Vt, — 11)) dx + tr(RT(dx))> = E&[o, u].
IRd
For all matrices 1+ S € Symy(RR, >) and A € Skewy(IR) we have
1
DX(S 4+ A) = / det(1 + 1)~ (3 — T(L, SV + To(t, 5) )t
0
1
+ det(1 + 5)“7/ det(1 + tC)"™7T(t,C) dt > 0,

0

To(t,S) = tr(((]l n tS)—Ws)z) forallt>o.

Here C:= R~TAR~" and R € Symy(RR, >) such that 1 + S =: R%.
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Approximate Solutions

The transport maps are interpolated linearly in time, the transport
velocities are piecewise constant.

We patch transports together to obtain a global transport map
XT,t:tT,totﬁo"'Oﬂ ET_’t:Wk#HOtEO---Otl

T T

where k = |t/7] (the largest integer not bigger than t/7).
Approximate solutions have total energy uniformly bounded.

Lemma
Consider approximate solutions (-, u,) as above. Then

sup o7 ||Lip(0,00), o(mey) < (26)"/2,

(/}Rd ><|2Q7,t(clx))v2 . (/}Rd X|2§(dx))1/z .

forall T > 0 andt € [0,00). Here £ is the initial total energy.
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The Space BL;(R% R")

Definition

We denote by Lip(R%; R") the vector space of Lipschitz continuous
maps ¢: RY — RN. The Lipschitz constant of ¢ € Lip(R%; R") is

|C(X1) C(XZ)‘
i = sup ————
HCHL p(RY) . 52 ‘X1 X2|

We denote by BL(RY; R") the subspace of bounded functions in
Lip(RY; RM). It is a Banach space when equipped with the norm

I¢llpeeey = max { 1G] gy, < ILipgrey |-

Let BL;(R% R") be the space of ¢ € BL(R%; R") with |[¢[|grme) < 7.
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Lipschitz Continuity of Momentum

We denote by . (RY; R") the space of R"-valued Borel measures
m with zero mean and finite first moment, equipped with norm

Il ey = sup{ [ - m(c)s ¢ € BLBS RN

The Monge-Kantorovich norm is bounded by the total variation.

Lemma
Consider approximate solutions (o-, U.) as above. Then

sup 1M Lip(lo, s (YR < CE

forallt € [0,00). Here m, is the approximate momentum.
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Global Existence (1/2)

Theorem
Suppose that initial data g € 2,(R?) and v € Z*(RY, ) is given

with vanishing total momentum and finite internal energy.
For any T > 0 there exist curves

0 € Lip([0, T]; 25(R7)), m € Lip([0, T]; . #x(R%;R"))
with the following properties:

1. The initial data is attained:

0(0,-) =2, m(0,-) = av.

2. We have m =: pv with

v(t,-) € Z*(R% o(t,)), foralltel[0,T].
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Global Existence (2/2)

Theorem (cont.)
3. There exist two Young measures
vt e ZVSO([O,H;L%A(IRd x X)),
where X is a suitable compactification of the set
X :=[0,00) x RY
of admissible (o, V), such that

do+V-[ov]=0

} distributionally.
9(ev) +V - [ov@ V] + V[P()] = 0

Here the brackets [-] and [-] denote the integration of v' and v?,
respectively, against suitable functions of (o, v).
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Final Remarks

The stress tensor R, (Lagrange multiplier of monotonicity contraint)
does not appear in the momentum equation. The term [P(o)] is only
determined by the Young measure for the pressure.

The measure-valued solution satisfies a local energy inequality.

Weak-Strong-Unigueness: Using the relative entropy method one
can show that the measure-valued solution coincides with the
unique strong solution as long as the latter exists.

A similar time discretization works for the full Euler case and the
pressureless gas dynamics case.
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