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Abstract
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uniqueness results for over-determined problems as well as Continuous Observ-
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stream of arguments. Constants in the estimates are, therefore, generally explicit.
The paper emphasizes the more challenging pure Neumann B.C. case. The paper
is a generalization from the Euclidean to the Riemannian setting of [L-T-Z.1] in
the more difficult case of purely Neumann B.C., and of [K-K.1] in the case of
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*Research partially supported by the National Science Foundation under grant DMS-9804056 and
the Army Research Office under grant DA A4-96-1-0059.

tResearch performed while visiting the Mathematics Department, University of Virginia, Char-
lottesville, VA 22904. Research partially supported by the NSF grant DMS-9804056, and by the
National Science Foundation of China.



1 Introduction

Throughout this paper M is a finite-dimensional Riemannian manifold with metric
g(+,+) = (-, ) and squared norm |X|?> = ¢g(X, X), and Q is an open bounded, con-
nected, compact set of M with smooth boundary I' = I'y UT';. We let n denote the
outward unit normal field along the boundary I". further, we denote by A the Laplace
(Laplace-Beltrami) operator on the manifold M and by D the Levi-Civita connection
on M [DoC.1], [Le.1], [T.1].

In this paper, we study the following wave equation with energy level terms on §2:

wy =Aw+ F(w)+ f in (0,7] x Q (1.1)
under the following standing assumptions: the energy-level differential term
F(w) = (P(t,z), Dw) + p1(t, x)w, + polt, ), (1.2a)

where pg,p; are functions on [0,7] x Q, and P(t) is a vector field on M for t > 0,
satisfies the following estimate: there exists a constant C'r > 0 such that

|F(w)]* < Cr{|Dw|* + wi + w*}, =z,t€Q, (1.2b)

where Dw = V,w for the scalar function w. So Dw is a vector field, Dw € X (M) =
the set of all vector fields on M. Two vertical bars |- | denote the norm in the tensor
space T, or its completion L?(€2,T) [He.1]. Furthermore, we assume throughout that
the forcing term f in (1.1) satisfies

f € Lo(0,T;9) = L(Q); /Q £2dQ < oo, (1.3)

where d@) = dQdt, and df2 is the volume element of the manifold M in its Riemann
metric g.

Remark 1.1. Property (1.2b) is fulfilled if P € L. (0,T; A) [He.1], po, p1 € Loo(Q)-
In effect, one could relax the regularity assumption on the lower-order coefficient pgy to
read po € L,(Q) for p = dim Q + 1, see [L-T-Z.1, Remark 1.1.1] by using a Sobolev
embedding theorem. O

Main assumptions. In addition to the standing assumptions (1.2b), (1.3) on the
first-order operator F' and the forcing term f, the following assumption is postulated
throughout Section 9 of this paper.

(A.1) There exists a function d : @ = R of class C? that is strictly convex in the
metric g. This means that the Hessian D?d (a 2-order tensor) satisfies: D?d(X, X) > 0,
V€,V X € M,. By translation and rescaling, we can always achieve (see Remark
1.2 below) that d(x) satisfies the following conditions

D*d(X,X) = (Dx(Dd),X), > 2|X|2, VzeQ, VX €M, mind(z)=m>0,
Q
(1.4)



where, as we said, D?d is the Hessian of d (a 2-order tensor) and where M, is the
tangent space at € . In (1.4), we think of m as arbitrarily small, in order not to
deteriorate the threshold time Tj in (1.6b) below.

A working assumption throughout Section 9, to be later relaxed in Section 10 is
that d(z) has no critical point on Q:

(A.2)

2
inf |Dd| = p > 0, so that we can take: x = inf 1Dd”
z€eQ Q

>4 (1.5)
by rescaling, see Remark 1.2 below. The above setting is kept throughout Chapter 9.

Pseudo-convex function. Having chosen, on the strength of assumption (A.1),
a strictly convex potential function d(x) satisfying condition (1.4), we next introduce
the function ¢ :  x R — R of class C? by setting

2
gb(x,t):d(m)—c(t—g), 0<t<T, ze€q, (1.6a)

where 7' > 0 and 0 < ¢ < 1 are selected as follows. We define first Tj by setting, as

usual,
TZ = 4maxd(z). (1.6b)

zeQ
Let T > T, be given. By (1.6b), there exists 6 > 0 such that

T? > 4maxd(z) + 40. (1.6¢)
e

For this > 0, there exists a contstant ¢, 0 < ¢ < 1, such that

cT? > 4maxd(x) + 46. (1.6d)
e
Henceforth, let ¢(x,t) be defined by (1.6a) with T' and ¢ chosen as described above,

unless otherwise explicitly noted. Such function ¢(z,t) has the following properties:
(a) for the constant 6 > 0, fixed in (1.6¢), we have via (1.6d) that:

2 2

T T _
&(z,0) = ¢(z,T) = d(x) — cr < maxd(z) — ¢ T < —4, uniformly in z € ; (1.7)
Q

(b) there are tg and t;, with 0 < ¢y < % < t; < T, such that

‘min  ¢(z,t) >0, 0<o<m, (1.8)
z€Q7te[t07t1}

since ¢ (w, %) = d(z) > m > 0, under present choice, with m given by (1.4).



Remark 1.2. If we rescale the original function d(z) (d(z) > m > 0), i.e., if we
replace d(z) by dpew(z) = ad(z) for a constant a > 1, then:

( Ddpew = aDd; |Ddpey|* = a?|Dd|?; D*dyey, = aD?d;
Tg’new = aTOQ; Tfew = aT?, D2dnew(anew, Ddpew) = a3D2d(Dd, Dd);

the coercivity lower bound 2 in (1.4) is replaced by 2a > 2;

— infy [Ddnewl® _ — qinfs P4
\ Rnew = Q doow ar = a Q a4 -

Hence, condition (1.5) (right) can always be achieved by rescaling, if d(z) has no critical
points in 2. The importance of condition x > 4 in (1.5) will be seen in (1.21) below,
in asserting that

f(c)=(5+3c)k —4(1+7c) >0 for all ¢ < 1 and c near 1. (1.9)

Indeed, f(c =1) > 0 by (1.5) (right), and hence (1.9) holds true. Thus, ¢ in (1.6d) can
be taken arbitrarily close to 1, as needed.

Consequences of assumptions (A.1), (A.2) and of the scaling condition
in (1.5). Let d(x) be the strictly convex (potential) function provided by assumptions
(A.1), (A.2) and subject to the translation/scaling conditions in (1.4), (1.5). It then
follows that by choosing the function

a(z) = Ad(z) —c—1, (1.10)

the following two properties (p1), (p2), hold true (see proof of (1.12) below, while (1.11)
is immediate):
(p1) _
Ad(z) —2c—a(z)=1—-c>0, Vze (1.11)

(Pz)
T 2
[2¢ + Ad — a]|Dal|2 + 2D2d(Dd, Dd) — 4c2(Ad + 6¢c — @) (t — 5)

> 4(1+4T7¢)¢*(z,t), Vit,zeQ=][0,T]xQ, (1.12)

where ¢*(x,t) is the function defined by
T\ 2
¢*(z,t) = d(z) — (t— 5) , z€Q 0<t<T. (1.13)

Since 0 < ¢ < 1, we note via (1.6a), (1.13) that

¢*(z,1) > Pp(z,t), z€Q 0<t<T. (1.14)



Next, we define two sets, subsets of 2 x [0,7:
Qo) = {(z,t): z€Q, 0<t<T, ¢(z,t) > 0 >0}, (1.15)
Q (") = {(z,t): z€Q, 0<t<T, ¢*(z,t) > 0" >0}, 0< 0" <o, (1.16)

for a constant o* chosen to satisfy 0 < 0* < o, with o < m defined in (1.8). Indeed,
recalling (1.8), we readily have

[to,tl] x Q) C Q(O’) C Q*(O'*) C [O,T] x ). (117)

Proof of (1.12). By virtue of the choice (1.10) for @ and assumption (1.5), we
compute via (1.10), (1.5), (1.9), for all (¢,z) € Q:

[2¢ + Ad — ]| Dd|* 4+ 2D?*d(Dd, Dd) — 4c*(Ad + 6¢c — @) <t - g) 2
= (14 3¢)|Dd|* + 2D%d(Dd, Dd) — 4¢*(1 + 7c) <t — %) 2 (1.18)
(by (1.4)) > (5+ 3¢)|Dd|* — 4c*(1 + 7Tc) <t - g)Q (1.19)

(by (1.5)) > (5+ 3c)xd(z) — 4c*(1 + Tc) (t - g)Q (1.20)

(by (1.9)) > 4(1+7c)

d(z) — c? <t - %) ] =4(1+ 7c)p*(z, 1), (1.21)

recalling (1.13), and (1.12) is proved, as desired.

Critical property to absorb lower-order terms. We shall see in Section 4,
Eqn. (4.20) below, that the following property, derived from (1.12), is critical in the
present approach in absorbing lower-order terms in w: under assumptions (A.1), (A.2)
and for the choice of a in (1.10) we have:

(p'2)

T 2
[2¢ + Ad — o]|Dd]? + 2D*d(Dd, Dd) — 4¢*(Ad + 6¢ — o) (t - 5)

(by (1.12)) > 4(1+4T7c)p*(z,t) > 4(1 + Tc)o* =51 >0, V (z,t) € Q*(c"), (1.22)

recalling the definition of the set @*(c*) in (1.16).
The term on the LHS of (1.22) is precisely the term that will arise as a coefficient
in front of the lower-order term, see (4.5), (4.7), (4.8) below.
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2 Main results of the paper. Literature

Throughout this paper, the ‘energy’ is given by
E(t) = /[wf + |Dw|* + w?]dQ, (2.1)
Q

see (5.4). This is the quantity which occurs in the estimates.

Main results of the paper. We hereby summarize the main results of the present
paper on the Riemann wave Eqn. (1.1), with the understanding that the standing
hypotheses (1.2) on F and (1.3) on f are in force throughout.

(1) Results under assumptions (A.1) = (1.4) and (A.2) = (1.5). These
include, in order of presentation:

(1a) Carleman-type estimates which contain no lower-order terms (l.o.t.) and are
valid for H*?(Q)-solutions of Eqn. (1.1) [with no B.C.]. The first version thereof is
Theorem 5.1 (Section 5), while the second, final version is Theorem 6.1 (Section 6).
Their proof rests on the fundamental lemma of Section 3, which provides a pointwise
Carleman-type estimate (at each (¢,)) for C2-solutions of (1.1), with controlled sign
on the coefficient of the l.o.t., at least in the suitable set in space and time of Q x [0, T7].
This set is @*(0*) under assumptions (A.1) and (A.2).

(1b) Extension of Theorem 5.1 and Theorem 6.1 to H"!(Q)-solution of Eqn. (1.1),
by a regularizing procedure. This is done in Section 7.

(1c) A Continuous Observability Inequality—a-fortiori a global uniqueness theorem—
for H1(Q)-solutions, as given in Theorem 8.1 (Section 8) in the case of pure homoge-
neous Dirichlet B.C.; and as given in Theorems 9.1 and 9.3 (Section 9) in the case of
pure homogeneous Neumann B.C.

(2) Extension of the results of part (1) to a setting that removes assump-
tion (A.2) = (1.5). This is done, as in [L-T-Z.1, Section 10}, by considering 2 as
the union of two overlapping subdomains €2y and €25: Q2 = Q; U {25, and assuming the
existence of two smooth strictly convex functions dy and ds on 2 [as in (A.1) = (1.4)],
with the additional feature that d; has no critical point on €2;, thereby eliminating as-
sumption (A.2), at least on each €2;. Accordingly, the main result of the present paper
is Theorem 10.1.1. Only some key aspects of the proof of this theorem will be given
explicitly in Section 10—those dealing with the elimination of the l.o.t. in the final
Carleman estimates—as the proof follows rather faithfully the one given in [L-T-Z.1,
Section 10].

Literature. To begin with, regarding the generality of model (1.1), we notice that
such Riemann wave equation includes, in particular, a general second-order hyperbolic
equation defined on an Euclidean bounded domain, with principal part coefficients
a;;(z) variable in space, and coefficients of energy level terms variable in both time
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and space [L-T-Y.1-2]. The case with no energy lvel terms was dealt with in [Y.1],
where the geometric method was introduced. Here in these aforementioned references,
the transformation {g;;(z)} = {a;;(z)} ™" (2 n X n positive symmetric matrices), gives
the coeflicients of the Riemann metric g. Indeed, one may more generally start with
a general second-order elliptic operator on the manifold M, and change it into the
Laplace-Beltrami operator as in (1.1), through a similar transformation based on the
coefficients. Having assessed the generality of our model, we may next state our goal:
the main goal of the present paper is then to obtain Carleman-type inequalities for the
aforementioned general model (1.1), with the additional requirement that they do not
contain lower-order terms (l.o.t.). This is a most desirable feat, which is in contrast with
much of the large literature on this subject, from the canonical equations of the mid-80’s
[L-T.3-4], [Lio.1-2], to the very general geometric optics approach in [B-L-R.1], [Lit.1-
2], to the earlier approaches to Carleman estimates on Euclidean setting [Ta.1], [L-T.5]
to the Riemann geometric generalization in [L-T-Y.1-2]. The advantages of eliminating
l.o.t. in the Carleman estimates are then several and substantial. To begin with, as a
consequence, this approach permits one to obtain (i) global uniqueness results of over-
determined problems, as well as the much stronger continuous observability /uniform
stabilization inequalities in one shot, as part of the same stream of arguments. This is
in contrast with much of the literature on the subject, where elimination of l.o.t. from
the estimate would require appealing to, or invoking of, or assuming a global uniqueness
result, not a ready-available task in the presence of non-smooth coefficients, particularly
with Lo (Q)-coefficients in time and space at the energy level. By contrast the present
approach establishes—rather than assumes—global uniqueness results, precisely in the
form needed by the COI/US inequalities, which compare very favorably with the liter-
ature [Ho.1|, [Ho.3], [I.1], [Lit.3], [Ta.3,5]. An additional bonus of the present approach
is that the final COI/US inequalities are obtained with explicit constants, certainly so
in the case of Dirichlet B.C., and also in the case of Neumann B.C., if one tolerates geo-
metrical conditions on the controlled/observed portion I'; of the boundary. Knowledge
of explicit constants in these estimates plays a positive role in dealing with semi-linear
problems [L-T.10], [Z.1], [Z.2]. Only a few recent references [Ta.2], [I-Y.1], [L-T-Z.1]
have addressed successfully the issue of obtaining Carleman/COI/US estimates with
no lower-order terms for control theoretic purposes. Both [I-Y.1] and its more general
version [L-T-Z.1], done simultaneously and independently, refer, however, to the case of
the Fuclidean Laplacian, with particular emphasis on the more challenging purely Neu-
mann case. Also [K-K.1], which refers to H*?(Q)-solutions and includes the Dirichlet,
or Dirichlet/Neumann, but excludes the purely Neumann case, refers to the Euclidean
Laplacian. All are inspired by a pointwise Carleman-type estimate [L-R-S.1, Lemma
1, p. 124]: Indeed, [K-K.1] and [I-Y.1] invoke such pointwise Carleman estimate, while
[L-T-Z.1] provides a new version of it, more suitable for the purely Neumann B.C. case,
in order to relax geometrical conditions. The present paper is a faithful extension
of [L-T-Z.1] from the Euclidean to the Riemannian setting. In particular, the prelimi-
nary fundamental Lemma 3.1 of Section 3 is the present Riemannian counterpart of the



Lemma 3.1 in [L-T-Z.1] in the Euclidean setting, in turn related—as recalled above—to
the [L-R-S.1, Lemma 1, p. 124]. One may give serveral classes of examples where all the
necessary assumptions—particularly in the purely Neumann B.C. case—are satisfied.
One such attractive class is given in Appendix B, which is the Riemannian counterpart
of the result given in the Euclidean setting in [L-T-Z.1, Appendix A, Theorem A.4.1].
Further information on the literature is given in [L-T-Z.1, Section 2.3], to which we
refer for lack of space.

3 A fundamental lemma

The following lemma is the key starting point of our analysis. It gives a pointwise
estimate which is the counterpart, in the present Riemann metric, of [L-T-Z.1, Lemma
3.1]. Its proof is a parallel development, however, in the Riemann metric, of that
given in [L-T-Z.1] in the Euclidean metric. To streamline the treatment and write the
resulting computations in a more concise form, we introduce some notation as well as
some operators. We recall from Section 1 that D denotes the Levi-Civita connection of
(M, g) and that X (M) is the set of all vector fields on M. Here below, we let f(t,z),
h(t,z) € C'(R x M) and X € X(M). Then [G-P-V.1], [T.1]

div X = Zfil [D%X] ~, with the property: div(fX) = f div X + X(f), (3.0)
satisfying Green’s formula : [, div X dQ = [.(X, n)dL, '

is the divergence operator on the manifold (M, g). At this point, we set by definition

Df = (#,-Df); div(h,X) = h; + div X; (3.1)
(h, X)(f) = hfi+ X(f); Aw = divDw, (3.2)

where the notation “(function, vector field)” means simply a pair, in that order, of the
function and the vector field noted.

Lemma 3.0. As a consequence of the above definitions, we have the following
identities:

(a)

Aw = div(w;, —Dw) = wy;, — div(Dw) = wy, — Aw; (3.3)
(b)
div[f(h,X)] = div(fh, fX) = (fh); + div(fX) (3.4)
(by (3.0)) = f(hs+div X) + hf, + X(f) (3.5)
= fdiv(h, X) + (b, X)(f); (3.6)



(Df)(h) = (fi,—Df)(h) = fihs — Df(h), (3.7a)
(DRh)(h) = h2—|Dh)?; (3.7b)

divf(X) = fdivX + X(f). (3.8)

Proof. The steps in (3.3) use: definition (3.2) for A; definition (3.1) for div; and
div Dw = div Vw = Aw for the Laplace-Beltrami operator. Next, the steps from (3.4)

through (3.6) use: (3.1) twice for div; (3.0); and (3.2) (left). Finally, (3.1) for D and
(3.2) (left) prove (3.7). O

Below, to facilitate the comparison with [L-T-Z.1], we shall generally adhere to its
notation.

Lemma 3.1. Let
w(t,z) € C*(R x M); £(t,z) € C] (R x M); ¢(t,z) €C*intand C'inz  (3.9)
be three given functions. Set
0(t,z) = ", v(t,z) = 0(t, z)w(t, z) = EDw(t, z), (t,z) € Q = (0,T] x Q; (3.10a)

0, = ¢,0; DO = 0DY!; v, = b + Ow; Dv = 60Dw + vDL. (3.10b)

Then, with reference to Aw = wy — Aw in (3.3), the following pointwise inequality
holds true:

0% (Aw)? + (?), + 2div { [(o + p)v? — v} + [ Do |DE + 2De(v) — o] Dv}
> —80,Dly(v) + 2[AL + by — PJv} + 2(AL + )| Do|®
+20(Di, Dv) + 4D*(Dv, Dv) + { 2div[(a + ) DE] + e + 206} 0*, (3.11)
where we have set (via (3.7b) with h = £)
a=DIl) — Al —tp =2 — | DO — by + AL — 3, (3.12)
and D?{(-, -) is the Hessian of £ (a 2-order tensor).
Proof. Step 1. First, by (3.1) on D and (3.10a-b), we have

D6 = (6,,—D6) = 6(¢,,—Dt) = 0D¢; (3.13)



Dv = (v,—Dv)= (b + Ow;, —0Dw — vDY)
= O(wy, —Dw) 4+ v(f,, —D¢) = 0Dw + vDL.

(3.14)

The goal of this Step 1 is to show the following result (counterpart of [L-T-Z.1, Eqn.

(3.11))):

(Awy = {Av+ (DU~ Ao~ 21%(@)}2

= (ILi+ I+ I3)°
> 2L+ I3+ I13),
where we have set (as in [L-T-Z.1, Eqn. (3.10)]) via (3.12):

L = Av+[DLl) — Al — v = Av + av = vy — Av + av;
I, = —2Dv(f) = —2D0(v), Iz = yv.

Proof of (3.16). To this end, we shall first prove that
Av = 0 Aw + v AL + 2Dv(0) — vDL().
Indeed, to establish (3.20), we first compute by (3.2) (right), (3.14), (3.8):
Av = divDv = ch\\f(Hﬁw) + Jl\v(vf)ﬁ)
= 6div Dw + vdiv D¢ + Dw(8) + Dé(v)
= 0Aw + v AL+ Dw(6) + De(v).

(3.15)

Regarding the last two terms in (3.23), we obtain via (3.7a) applied repeatedly,

(3.10a-b), and (3.7b)
Dw(9) = wh, — Dw(8) = O(wl, — Dw(f)) = §Dw(¢)
Di(w) = tw, — (DL, Dv) = 4,4 + Ow,) — (DE,0 Dw + vDY)
= 6w, — Dw(£)] + v[¢? — DL(0)]
— 0Dw(f) +vDL(L).
Substituting (3.24) and (3.26) into the last two terms of (3.23) yields
Av = 0Aw + v AL + 2[0Dw(l) + vDl) — vDE(¢)
(by (3.72)) = 0Aw +vAL+2Dv(l) — vDL(0),

10
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and (3.28) proves (3.20), as claimed. ) )
_ Finally, we use (3.23) in the form 0 Aw = Av + v[D{(£) — Af] — 2Dv({), where
Dv(¢) = D{(v), to obtain (3.15), (3.16).

Step 2. With reference to (3.18), (3.19), the goal of this Step 2 is to show the
following result (counterpart of [L-T-Z.1, Eqn. (3.12)],

LI, = div[(av?® — o2+ |Dv|?)De + 2De(v) Dv] + (div(aDe))v?
— 4u, Dl (v) + (b + ALV + (AL)|Dv|? + 2D*¢(Dv, Dv).  (3.29)

Proof of (3.29). By recalling Iy, I; from (3.18), (3.19), we compute via (3.2) on
A:
LI, = —2(Av + av)Du(¢) = —2(div(Dv))Dv(£) — 2avDu(0). (3.30)

By (3.8) with X = Dv and f = Du(¢), we have
(div(Dv))Dv(€) = div(Dv(£) Dv) — Dv(Dv(0)). (3.31)
Then (3.31) used in (3.30) along with 2vDv(¢) = Dé(v?), yields with Dv(£) = Df(v):
LI, = —2div(Dv(¢)Dv) + 2Dv(Dv(¢)) — aDe(v?) (3.32)

= —&7(2156(@)151} + av?DY) + (Ti:’(a’UZDE)

+ 2Dv(Dv()) — aD(v?) (3.33)
(by (3.8)) = —div(2De(v)Dv + av’* D) + v?div(aD?)

+ aDHDY) + 2Dv(Du(£)) — aDETD), (3.34)

after applying, in the last step, (3.8) with f = v and X = aDe.
We next evaluate the term 2Dv(D£(v)) in (3.34). To this end, by (3.7a) with f = v,
h = D{(v) = Dv({), one first has

2Dv(Dl(v)) = 2uv,(DE(w)), — 2Dv(DE(v)) (3.35)
= 2u[Dt,(v) + Dé(v,)] — 2Dv (€0, — DE(v)) (3.36)
= 20,D0,(v) + 2v,Dl(v;) — 20, Dv(vy)

— 2v,Dv(4;) + 2Dv(D{(v)) (3.37)
(by (3.72)) = 2y [lyv, — DL(v)] + 2vi[lyvy — DE(vy)] (3.38)
— 2v;Dly(v) — £(|Dv]?); + 2Dv(DL(v)), (3.39)
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where D{;(v) = Dv({;). By using a key property of the Levi-Civita connection [Le.1],
we compute the last term of (3.39) as follows

Du(D{(v)) = Duv(D¢,Dv) = X(Y,Z) = (DxY,Z)+ (Y,DxZ) (3.40)
= (Dp,(D¥), Dv) + (D¢, Dp,(Dv)) (3.41)
(by (1.4)) = D?*/(Dv, Dv) + (D{, Dp,(Dv)), (3.42)

where, in the last step, we have used the definition in (1.4) of the Hessian D?{. It is
shown in Appendix A that

(D{,Dp,(Dv)) = %D€(|Dv|2). (3.43)
Using (3.43) in (3.42), we obtain
2Dv(D{(v)) = 2D?*¢(Dv, Dv) + D{(|Dvl|?). (3.44)
Substituting (3.44) for the last term in (3.39) yields
2Dv(Dl(v)) = 202ty — 4vDl,(v) + DL(v?) — £(|Dv)?),
+ D{(|Dv|?) + 2D*¢(Dv, Dv) (3.45)
(by (3.7a)) = 2020y, — 4v,Dl,(v) + De(v? — | Dv|?) + 2D%¢(Dv, Dv) (3.46)

by invoking, in the last step, (3.7a) with f = £ and h = |Dv|? on the fourth and fifth
terms in (3.45). Next, recalling (3.8) with f = v? — |Dv|?> and X = D/, we obtain

div[(v2 — |Dv2)Df] = (v2 —|Dv|?)divDl + De(v? — | Du?)
(by (3.2)) = (v —|Dv|*) Al + De(v? — | Dv]?) (3.47)
(by (3.3)) = v2(ly — AL) — |Dv[2 AL+ DL(v? — |Du?).  (3.48)
Substituting the last term in (3.48) for the third term in (3.46), we obtain
2Dv(De(v)) = v2(u + AL) + | DvPAL + div[(v? — |Dv|?) DY
— 4v,D4,(v) + 2D*¢(Dv, Dv), (3.49)
which was our present objective. Substituting (3.49) into (3.34) then yields
LI, = —div[(av® — v} + |Dv[>) Dt + 2D¢(v) Dv] + v2div(aD?)
— 4v;Dl;(v) + (b + AL)V? + (AL)|Dv|* + 2D*¢(Dv, Dv),  (3.50)

which is precisely (3.29), as desired.
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Step 3. The goal of this step is to show that

LI; = cT'Rf(zpvﬁv) — %(v%t)t + (%d)ﬁ + a1/1)1)2

+ v(Dv, DY) + ¢(|Dvf* — v}). (3.51)

Proof of (3.51). By (3.18), (3.19), we compute via (3.2) on A:
LI; = (Av+av)yo = (divDo)gv + apn? (3.52)
(by (3.8)) = div(yvDv) — Dv(yv) + ayn? (3.53)
(by (3.7a)) = div(yvDv) — [v,(xpv), — Dv(v)] + agpv? (3.54)
= div(yvDv) — [v; (¥ + ¥v;) — (¥ Do(v) + vDo(¥))] + avv? (3.55)
= div(yvDv) — v(vy, — Do(¥)) — p(v2 — Do(v)) + agv?®.  (3.56)

Using

1 1
[—vveh, + apv?®] = — §(v21/)t)t + (E%t + a¢> v* and Dv(v) = |Dvl?,
in (3.56), we finally obtain

L3 = Jj\"(@bvﬁv) ! (V*e)e + (%%/Jtt + a¢>v2 +vDo(yp) — P (v] — | Do),

)
which is precisely (3.51), as desired.
Step 4. By (3.19), we readily have, via (3.8) with f = v2, X = ¢)D¢:
LIy = —2ywDe(v) = —div(pv>De) + v3div(yDe),

since De(v?) = 2vDu(f), as noted below (3.31).

(3.57)

(3.58)

(3.59)

Step 5. Inserting (3.29), (3.51), (3.58) in (3.17) yields the desired inequality (3.11).

The proof of Lemma 3.1 is complete. O

4 A basic pointwise inequality

We now make suitable choices of the functions ¢(¢, z) and 9 (x) involved in Lemma 3.1,

thus obtaining the perfect counterpart of [L-T-Z.1, Theorem 4.1].
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Theorem 4.1. Let
w(t,z) € C*(R; x Q); d(z) € C3(Q), a(z) € C1(Q), (4.1)

be three given functions [at this stage, w need not be a solution of Eqn. (1.1a), d need
not be the function provided by the assumptions (A.1) and (A.2) and o need not be
given by (1.10)]. If 7 > 0 is a parameter, we introduce the functions

Ut,z) =T [d(:v) —c (t - %) ] = T7é(t, ); (4.2)

Y(z) = Ta(z); O(t,z) = elt2) — gré(te) (4.3)
where ¢(t, x) is defined consistently with (1.6a), with constant 0 < ¢ < 1 selected as in
(1.6d). Then, with the above choices, Lemma 3.1 specializes as follows:

T
Yy =0; by = —271¢C <t — 5) s by = —2c1; DE = 1Dd,
Dy =1Da; Dl =0; AL =T1Ad; Al =T1Ad, (4.4)

so that the pointwise estimate (3.11) becomes with Aw = w; — Aw in (3.3), and
v = Ow:

0%(Aw)? + 2div {[(a + )0 — v? + |Dof?] D+ [2De(v) — ¢U]Dv}
> 27(Ad — 2¢ — a)v] + 271 (a—QC—Ad— i) | Dv|?
= t 2T

+ 47D*d(Dv, Dv) + 6* Bw?, (4.5)

where € > 0 and

T 2
a = 7 402<t—§> — |Dd)? | + 2cT 4+ TAd —

T\ 2
= 72 |4c? <t— 5) — |Dd|*| + O(r); (4.6)

B = 2B(z,t)7® + O(72); (4.7)

B(a,t) = (2c+ Ad — )| Dd[? +2D%d(Dd, Dd) — 4¢2(Ad + Ge — o) (¢ — 9 . (8)

Proof. We only need to compute the coefficients of all terms on the right-hand
side of inequality (3.11), as well as of the term a in (3.12),using the choice of functions
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made in (4.2), (4.3). This task is a direct computation which yields (4.4) and (4.6) at
once. Then, (4.3), (4.4), (3.3) give

by + Al —p=7(Ad—2c—a); A+ =04y — AN+ =T(a—2c— Ad). (4.9)

We then verify (4.7), (4.8) for the coefficient B of v? = §?w? in (4.5), which is defined
in (3.13). Recalling (3.8), (3.7a), (3.2), (3.3), we find since ¢; = 0 by (4.4):

B = 2div[(a+ ¢)DE] + vy + 2a) = 2(a + ¥)divDe + 2D6(a + ¥) + 2a1) (4.10)
= {2(a+ V)l — AD} +{2(a; + V)l — 2Dl(a + )} + 2a1). (4.11)

By (4.6) on a, (4.4) on ¢;; and A/, we find

(a+0)(lu — AL) = {72 !4(;2 <t - %)2 —|Dd]?

(ay + Vi)l = {72 [802 (t - g)] + (9(7')} {—27’0 (t — g) } ; (4.13)

Df(a) = 7Dd(a) =7Dd {7’24c2 (t - g)Q — 7?|Dd|* + (9(7')}

+0O(1) + 1ﬁ} (—2cr —TAd); (4.12)

= 7°Dd(|Dd|*) + O(r), (4.14)

where by a property of the Levi-Civita connection [Le.1], and the definition of D?d in
(1.4), one has

Dd(|Dd|*) = Dd(Dd, Dd) = 2(Dpq(Dd), Dd) = 2D*d(Dd, Dd). (4.15)
Inserting (4.12)—(4.15) along with D¢(¢)) = 7Dd(¢) into (4.11), we obtain

B = 27%2c+ Ad — )|Dd|* + 47*D*d(Dd, Dd)
T 2
+ 873c%*(a — 6¢ — Ad) <t - 5) + O(7?), (4.16)

and (4.7), (4.8) are proved, as desired.
We finally verify (4.5). To this end, we insert formulas (4.4), (4.9) (left) and (4.15)
into the RHS of inequality (3.11), use D¢ = 7Da from (4.4) as well as
(D, Dv)| < e| Dv|? + 41|Da|2v2, (4.17)
€

and obtain (4.5), as desired. O
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Inequality (4.5), as well as formula (4.7), (4.8) for B are exactly the same as those
obtain in [L-T-Z.1, Theorem 4.1, Eqns. (4.6) and (4.8)] in the Euclidean case. Thus,
we next proceed following [L-T-Z.1]. Namely, the pointwise estimate of interest in
Corollary 4.2 below is obtained for function d(z) € C3(2), a € C'(Q2), such that the
following three inequalities hold true:

(H.1) B
Ad—2c—a>p>0, Ve (4.18)
(H.2)
D(X,X) >2|X|2, VzeQ VXeM; (4.19)
(H.3)

T 2
[2¢ + Ad — o]|Dd|?* + 2D?*d(Dd, Dd) — 4c*(Ad + 6¢ — ) (t — 5)

>3 >0,V(tz) € Q'(c"), (4.20)

where Q*(0*) is the subset of [0, 7] x 2 defined in (1.16). As noted in Section 1, all these
three inequalities hold true, in particular, in the case of our interest under assumptions
(A.1) and (A.2) (subject to the translation/rescaling conditions in (1.4), (1.5)) and the
choice a(z) = Ad(z) — ¢ — 1 in (1.10), as to obtain properties (p;) = (1.11), which is
(H.1) = (4.18) with p = 1 — ¢ > 0—as well as (py) = (1.22)—which is (H.3) = (4.20)
with 3 = 4(14 7c)o* > 0. This is the content of the next corollary.

Corollary 4.2. With 0 < ¢ < 1 chosen in (1.6d), let d(z) € C3(Q), and a(z) €
C'(Q) be two functions such that inequalities (H.1) = (4.18), (H.2) = (4.19), (H.3)
= (4.20) hold true. As seen in Section 1: (1.11)—(1.22), this is the case, in particular
if d(z) is the strictly convex function provided by assumption (A.1) and (A.2) and
suitably rescaled as to achieve the conditions in (1.4), (1.5), and then «(z) is chosen to
be (see (1.10)):

a(z) = Ad(z) —c — 1, (4.21)

in which case p=1—c¢> 0 and § = 4(1 + 7c)o* > 0, see (1.22). Let w € C*(R, x Q).
Then, with such choices in (4.2), (4.3) for £(t,z) and (), respectively, Theorem 4.1
specializes to the following results for all 7" > Tj: for all € > 0 suitably small and all
T > 1, the following inequality holds true:

02(Aw)? + 2div {[(a +)0? — 02 + [Do?| DE + [2D0(v) — wv]f)v}

> 1epf?[w? + |Dw|?] + BO*w?, Yt € [0,T], ¥V z € 0, (4.22)

where, recalling B from (4.7), (4.8), we have for 0 < € < min{2p, 1}:
B = B—2epr(¢] + |D¢*) > B — 2epr®r (4.23a)
ro= mgX(cbf +|Dg[*), |Dg| = |Dd| (4.23b)
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Thus, for € > 0 suitably small, the constant 5 = . = 8 — epr is positive via (4.20),
and recalling (4.7), (4.8), (4.20), we obtain from (4.23):

{ Bw? > 273 + O(T?)w?,  V (t,z) € Q*(c*); (4.24)
B=Bc=[B—epr]>0, B=0(r%), ¥ (z,t) €[0,T]xQ, (4.25)
where Q*(0*) is the subset of @ defined by (1.16).

Proof. First, preliminarily, we note that by (4.21), taking 0 < € < min{2p, 1}, we
obtain for 27 > 1:

a—QC—Ad—% :—1—3c—i > 3¢ forO<e<[2p1], 27 >1. (4.26)
Moreover, the formulas
vy = 70 + Owy;  Dv = 1vDd + 6Dw, v = fw, (4.27)
obtained by v = fw and (3.10) imply the inequalities (see [L-T-Z.1, (4.28)]
02 > 0®w? — 27%¢2v?;  2|Dv|? > 6| Dw|* — 27°|Dd|*v?, v? = 6w’ (4.28)

After these preliminaries, we return to the RHS of (4.5), use here (4.21), (4.26), (1.4)
and (4.28) and obtain 0 < € < 1:

RHS of (4.5) = 27(Ad— 2c— a)v? + 27 (a —2c— Ad — 2i> | Dv|?
T
+ 47D%d(Dv, Dv) + 6* Bw? (4.29)
(by (4.21), (4.26), (1.4)) > 27pv? + 27p|Dv|? + 6*> Buw? (4.30)

(by (4.28)) > 7p{[0°w; — 27°¢}6%w?] + [6?| Dwl|?

V

— 27%|Dd*0*w?]} + BO*w? (4.31)

v

Tepf>{w; + |Dw|’}
+ [B — 2epr3(¢2 + | Dd|*)]0*w?, (4.32)

and (4.32) establishes (4.22) and (4.23a) (left). Then, (4.23a) right follows via (4.23d).
Finally, (4.7) and (4.23a) show (4.24), (4.25), except for the positive sign of 3. We
finally show that 5 > 0 in the set Q*(c*) defined in (1.16) and this will yield 8 > 0 in
Q*(0*) for € > 0 sufficiently small. By definition (4.8), we compute, via (4.21), (1.4a),
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(1.4b), (1.6a) [same computations as in (1.18)—(1.22), repeated for convenience]

B(z,t) = [2c+ Ad— a]|Dd|? + 2D?*d(Dd, Dd)
— 4¢’[Ad + 6c — Q] <t - g) 2 (4.33)

(by (4.21)) = [2c+ (1 +¢)]|Dd|* + 2D*d(Dd, Dd)
— 4¢*[(1 + ¢) + 6¢] (t - g) 2 (4.34)
(by (14)) > (5+3¢)|Dd — (1 +7Tc)d <t %) (4.35)
(by (15) > (5+3¢)xd(z) — (1+ 7c)4 <t g) (4.36)

> 4c(1+ Te) (4.37)

d(z) — (t— g)Q

(by (1.6a)) > 4c(1+ 7c)¢*(z,t) > 4e(1+Tc)o™ >0, V (t,z) € Q*(c"), (4.38)

where the set Q*(0*) is the subset of @ = [0,T x Q defined by (1.16). Thus, Corollary
4.2 is proved. O

We complete this section by providing one Green identity and one notational sim-
plification, to be invoked in the subsequent Section 5.

Claim 1. For any function f € C'(R; x M) and any vector field X € X(M), we
have the following Green formula via (3.1) and Green formula for div X in (3.0),

/QdTv(f,X)dQ — /Q/OTftdtdQ+/oT/Qdideth (4.39)
_ [ /Q fdﬂr+ /E (X, n) d. (4.40)

Claim 2. With reference to the second term on the left-hand side of inequality
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(4.22), set, via (3.1) for ¢ defined in (4.2), so that D¢ = 7Dd:

fi = (a+9)v* —v + |Dof? (4.41)
fo = 2D0(v) — v = 20w, — 27Dd(v) — Y (4.42a)
= 20w, — 27(Dv, Dd) — 9. (4.42D)

Then, we have by (4.31), (4.32),
odiv {[(a + )0 — v? + | Dol?|DE + [2D0(v) — dw]f)v}
= 2div{ /1Dt + fDv} = 2V {f1(4, ~DO) + falvi, ~Dv)}

= 2div (£1ly + fovi, — /LDL — F2Dv). (4.43)
Hence, by (4.33) and (4.30),

2/ div {[(a + )0 — o2 + | Duf?] D + [2D6(v) — wv]f?v} dQ
Q
= 2 [ @t + fav—fiDE - D0)AQ
Q
T
(by (4.30)) = 2 [ / (fil + f2vt)d9] —2 / (f1Dl + fyDv,n)d%. (4.44)
Q 0 pH)

5 Carleman estimates for smooth solutions of Eqn.
(1.1a). First version

The next key result yields a Carleman-type estimate.

Theorem 5.1. With 0 < ¢ < 1 chosen in (1.6a), let d(z) € C3(Q), a(z) € C1(Q)
be two functions such that inequalities (H.1) = (4.18), (H.2) = (4.19), (H.3) = (4.20)
hold true. As seen in Section 1: (1.11)—(1.22), this is the case, in particular, if d(z)
is the strictly convex function provided by assumptions (A.1) and (A.2), and then
a(z) = Ad(z) —c—1, as in (4.21) =(1.11). Let ¢(z,t) be the pseudo-convex function
defined by (1.6). Let w € C?(R, x 2) be a solution of Eqn. (1.1) [and no B.C.] under the
standing assumptions (1.2) for F(w) and (1.3) for f. Then the following one-parameter
family of estimates holds true, with p > 0 (see (4.18)): p =1 — c under (A.1), (A.2)),
and § > 0 (see (4.25)):

(i) for all 7 > 0 sufficiently large and any € > 0 small,

T T
BT|s + 2/ / ¥ f2dQ + Cl,Te%’/ / w?dQ
0 Ja 0o Jo
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T
> [rep—2Cy] / /Q e w? + | Dw|?)dQ
0

+ (2738 + O(7%) — 2C’T)/ e w?dr dt — Crr3e > [E(0) + E(T)], (5.1)
Qo)

where (o) is the subset of [0, T] x §2 defined by (1.15), and where we recall from (4.25)
(left) that 5 depends on e.
(ii) for all 7 > 0 sufficiently large and any € > 0 small,

T t1
BT|s+2 / / €240 > [rep— 205]e / w? + | Dw|?d dt
0 Q to

T
- CLT62TU/ E(t)dt — CTT3€_2T5[E(0) + E(T)]
0
(5.2)
Here, 6 > 0, 0 > 0, and 0 > —¢ are the constants in (1.6c) (1.8), while Cyr

is a positive constant depending on 7' and d. Moreover, the boundary terms BTy,
Y. =[0,T] x I, are defined by

BT|g = —2 /E[ﬁ(DE,n) + f2(Dv, n)|d%, (5.3)

with f; and f, defined by (4.31), (4.32), for which an explicit formula in terms of w
will be provided in Proposition 5.2 below. Moreover, as in (2.1), we have set

E(t) = /Q[wt2 + |Dw|? + w?|dQ. (5.4)

(iii) The above inequality may be extended to all solutions

w € H**(Q) = Ly(0,T; H*(Q)) N H*(0,T; Ly(2)).

Proof. Step 1. (i) By (3.3), we rewrite Eqn. (1.1) as
wy — Aw = Aw = F(w) + f. (5.5)

Next, with w € C?(R; x 2), we return to inequality (4.22) of Corollary 4.2 and integrate
it over @ = (0,7 x €. Recalling Claim 2 above, Eqn. (4.31), (4.32), (4.34), we obtain

/ 0% (Aw)2dQ + 2/ div {[(a + )v? — v + | Dv|?| Dl + [2D¢(v) — m]Dv} dQ
Q Q
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T

_ /Q 02(Aw)2dQ + 2 [ /Q (Fils + fﬂ;t)cm]

0

_ 9 / F(DEn)dS — 2 / Fo(Dv, n)dS) (5.6)

> rep / 02[w? + | Dw|2dQ + / 62 BudQ. (5.7)
Q Q

We now analyze and estimate the terms in (5.7). First, since Q@ = Q*(c*) U [Q*(c¥)]°,
where [ ]|° denotes complement in @), we obtain via (4.24),

/ 6?Bw?dQ = / 6? Bw’dx dt + / 6> Bw’dzx dt
Q Q* (%) [Q* (o))

> [27%8 + O(77 0*w’dx dt + / 6>Bw?dz dt. (5.8)
Q* (%) (@*(a%)]°
Next, via (5.5) and (1.2b), we obtain

/ 0 (Aw)dQ = / OIF(w) + f124Q
Q Q

< 2CT/ 0% [w? + |Dw|2+w2]dQ+2/ 0% f2dQ. (5.9)
Q Q
Inserting (5.8), (5.9) in (5.7), we obtain via (5.3),

BT|s + 2 / 62 £2dQ — 62 Bw?dz dt
Q [Q*(o)]e

> [rep— 2Cy] / 62[w? + | Dw|dQ
Q

+ 2738 + O(7%) 0*w?dz dt — 2Cy / 0*wdQ
Q* (o) Q

T

P [ /Q (Fils + fwt)dQ] | (5.10)

0

Step 2. By (4.25), we have B = O(73) on (0,7] x . Moreover, we have that
¢ < o* on [Q*(c*)]¢ by (1.14) and the very definition (1.16). Finally, we have chosen
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0 < 0* < 0 below (1.16) and [Q*(c*)]® is a subset of [0, 7] x Q. Hence, we obtain

—/ e Buwldrdt = O(T?’)BQTU*/ w’dz dt
[@*(o*)]° [@*(o*)]°

< Cre’™ / w’dz dt. (5.11)
Q

Step 3. Similarly, for @ = Q(o) U [Q(0)]¢ with ¢ < ¢ on [Q(0)]¢, we obtain

—ZC’T/HQdeQ = —ZC’T/62T¢w2dQ
Q Q

= —2C’T/ e?wde dt — ZC’T/ e?"w?dz dt
Q(o) [Q(a)]e

> —2C’T/ e’ widz dt—ZC’TezTC’/ w?dzr dt. (5.12)
Q(o) Qo)

Moreover, since Q*(c*) D Q(0), see (1.17), we have via (5.12) for the two right terms
of (5.10):

27°8 + O(7?) e *wdz dt — 2Cy / e’"wdQ
Q*(o*) <

v

[2738 + O(72)] / > Pwidx dt — QCT/ e?w?dQ (5.13)
Q(o) Q
(by (5.12)) > [27%8+ O(r?) — 2C7] / e’ w?dx dt
Q)

— 2CT€2TU/ wdz dt, (5.14)
Qo)

where in the last step we have invoked (5.12).
Finally, since [Q(0)]¢ is a subset of [0,7] x Q, we obtain from (5.14):

27°8 4+ O(7%) e *widz dt — 20 / e’ w?dQ
Q*(o*) @

> [27%8 4+ O(7?) — 2C7] / X widx dt — 20T62"’/ w?dzdt.  (5.15)
Qo) Q
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We return to (5.10): on its left side we use the identity in (5.11), while on its right
side we use inequality (5.15). We thus obtain

wldz dt + 2Cre*™® / w?dz dt

BT|s + 2/ e f2dQ + O(1%)e*™” /
Q [Q(o)]°

[@*(o*)I°

T
> [rep— 2] / / &™w? + | DwlldQ

T

+ 278 + O(1%) — 2C] e wdr dt — 2 {/ (fily + fg’l)t)dQ:| .(5.16)
Q(o) Q 0

On the other hand, if this time we use the inequality in (5.11), as well as the fact
that [Q(0)]¢ is a subset of @), we obtain

BT|s + 2 / ¥ f2dQ + Crpe®™ / w?d@Q > LHS of (5.16) > RHS of (5.16). (5.17)
Q Q

Step 4. We shall show in Step 5 below that
|fils + fovy| < Cpr30*[w? + |Dw|* + w?]. (5.18)

Once (5.17) is proved, it follows recalling (5.4) for E(t) and (1.7) that

T T

2 < Cprd { / ¥ ?lw? + |Dw|? + w?]d
Q

[ /Q (Fils + fgvt)dﬂ]

0 0

(by (1.7)) < Cpr®e™®™[E(T) + E(0)], (5.19)

where the first inequality is due to (5.17).
Inserting (5.19) into the right side of (5.17) and invoking the RHS of (5.16) yields
the estimate

BT|s +2 / 2™ £24Q + Cipe?™ / w2dQ
Q Q

T
> [rep—2Cy] / / e w? + | Dw|2]dQ
0 Q
+ [27%8 + O(7%) — 2C7] / > w?dr dt
Qo)

— Crm3e M [E(T) + E(0)], (5.20)
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which is precisely the sought-after estimate (5.1).
Step 4. It remains to show estimate (5.18). We compute
|f1le + fove] < [fle| + | fovel, (5.21)
where, recalling (4.41) for f; and (4.42) for f», we shall show below that
|fil:] < Cr[rv® + 70 + 7| Dv]?; (5.22)
|fove] < Crr[v® + vf + |Dv|?]. (5.23)

Taking momentarily (5.22) and (5.23) for granted, we next return to the relationships
(4.27),

v = 70w + Owy; Dv = TvDd + 0 Dw, (5.24)

and obtain with v = 6w,
v < 2[0%w? + T2P20%*w?) < Crb?[w? + T2w?; (5.25)
|Dv|? < 2[6%|Dw|? + 720*w?| Dd|?] < Cr0?[|Dw|? + T2w?]. (5.26)

Using v = fw, (5.25), (5.26) in (5.22) and (5.23), respectively, we readily obtain
Ifit:] < CrT*0*w® +w? + |Dw|?]; (5.27)
\fove] < Crr0?[w® + w? + |Dw|?]. (5.28)
Using (5.27), (5.28) into (5.21) yields
|f1ly + fove] < Cpr30?[w? + w? + | Dw|?], (5.29)

which is precisely the sought-after inequality (5.15). It remains to show (5.22) and
(5.23).

Proof of (5.22). By (4.41) on f;, we compute
[filel = ll(a+¢)v* — v} + Dol
< Op[r*v? + v? + | Dv|?]r, (5.30)

since a = O(72) by (4.6), ¥ = Ta by (4.3), and £, = O(7) by (4.4).
Then (5.28) proves (5.22), as desired.

Proof of (5.23). By (4.42) on f, and 9 = T« via (4.3), we compute
\fovs] = |2607 — 27v,(Dd, Dv) — T vy

< Cpr[v® +v; + |Dv|?, (5.31)
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since ¢; = O(7) by (4.4) and (5.31) proves (5.23), as desired.

The proof of part (i) of Theorem 5.1—that is, estimate (5.1)—is complete.

(ii) We take 7 sufficiently large so that, since § > 0 by assumption, see (4.25),
we then have that the term [2738 + O(72) — 2Cy] is positive and we then drop the
corresponding lower-order interior term involving w? in (5.1). Moreover, we invoke the
critical property (1.8) for ¢ on the first integral term on the right side of (5.1). Finally,

we majorize [, w?(t)dQ by E(t), see (5.4), thus obtaining the term e*™” fOTE(t)dt on
the RHS of (5.2). This way, (5.1) readily yields (5.2). 0

To complement Theorem 5.1, we next express the boundary terms BT |y in (5.3)
explicitly in terms of w, not v.

Proposition 5.2. With reference to Theorem 5.1, in particular (5.3), we have the
following explicit expression for the boundary terms BT |s:

BTl = —2 /2 [f1(DE,n) + fo(Dv, n)]dS. (5.32)

= —2r / (f1 + Owfy){Dd, n)]dS — 2 / 6f,(Dw,n)ds,  (5.33)

where (Dd,n) = ¢ and (Dw,n) = $“ and where

fitbwfa = 6*{[|Dw|* — w]]
+ [a— 72(|Ddf* + ¢7) + 27lip]w® + 2[6, — TdJww,};  (5.34)

0fy = 20*{4,[w, + T¢w] — 7(Dw, Dd) — T*w|Dd|*} — Taw. (5.35)

Proof. To pass from the definition (5.32) = (5.3) to (5.33), we merely use D{ = 7Dd
by (4.4) and Dv = § Dw+76w Dd by (4.27). Next, recalling the definition (4.41), (4.42)
for f; and fs, along with the formulas in (4.27) for v; and Dv where ¢ = T, we readily
obtain

i = (a+9)* —vi +|Dof?

= 6*{(a+Y)w® — (w;, + 7¢w)? + |Dw + Tw Dd|; (5.36)
fo = 24w, —27(Dv, Dd) — Taw
= 20{l;Jw; + T¢w] — T(Dw, Dd) — T*w|Dd|*} — Thaw. (5.37)

Then (5.36) and (5.37) yield
fitowf, = 0*{(a+Y)w* — (w + 7¢w)* + |Dw + 7w Dd|*}
+20*{wl,[w, + Tdw] — Tw(Dw, Dd) — 7*w?|Dd|*} — T0aw?, (5.38)
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from which (5.34) follows using ¥ = Ta and
|Dw + 7Dd|* — 27w(Dw, Dd) — 27*w?*|Dd|? = |Dw|* — *w?| Dd|>. (5.39)

Proposition 5.2 is proved. O

6 Carleman estimate for smooth solutions of Eqn.
(1.1a). Second version

A preliminary equivalence. Let u € H'(Q) and let T'; be any (fixed) portion of
the boundary I' with positive measure. Then the following inequality holds true: there
exist positive constants 0 < k; < ky < 00, independent of u, such that

kl/[u2+ | Du?]dQ < / |Du|2dQ+/ u?dl < 12:2/[u2+ | Du|?)dQ, (6.1)
Q Q Ty Q
see [L-T-Z.1, Eqn. (6.1)]. Next, for w € C*(R; X Q), or even w € H**(Q), we introduce

E(t) = /Q[wt + | Dw|*]d +/F w?dly, (6.2)

with T’y = I'\ [y, where T'y will be the uncontrolled /unobserved portion of the boundary
to be defined in Section 8: in (8.2) in the Dirichlet case and in (9.2) in the Neumann
case. Recalling E(t) from (2.1) = (5.4), we then see that (6.1) yields the equivalence

kE(t) < E(t) < kE(), (6.3)

for some positive constants k; > 0, ks > 0.
We can state the main result of the present section.

Theorem 6.1. With 0 < ¢ < 1 chosen in (1.6d), let d(z) € C3(Q), a(x) € C1(Q) be
two functions such that inequalities (H.1) = (4.18), (H.2) = (4.19), (H.3) = (4.20) hold
true. As seen in Section 1; (1.11)—(1.22), this is the case, in particular, if d(z) is the
strictly convex function provided by assumptions (A.1) and (A.2) and suitably scaled as
to achieve conditions (1.4b), and then a(z) = Ad(z) —c—1, as in (1.10) = (4.21). Let
¢(t, ) be the pseudo-convex function defined by (1.6) and define 0(t, x) = exp(7¢(t, ))
as in (4.3). Finally, let w € H*%(Q) be a solution of Eqn. (1.1a) [and no B.C.], subject
to the standing assumptions (1.2) on F(w) and (1.3) on f. Then, the following one-
parameter family of estimates hold true, for all 7 sufficiently large, and any € > 0 small
as in (4.22):

T T
Wh%—/ /627¢f2dQ+const¢/ /deQ
0o Ja o Ja
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> { [%(67’,0 —2C7)(h — ta)e 1T
- C;TTII“Q TeCTT] e CTT?’e*?Tﬁ}[E(o) + E(T)] (6.4)
> ko[E(0) + E(T)], for a constant kg > 0, (6.5)

since ¢ > —4, see (1.8). Here, the boundary terms BT|s are given in terms of the
boundary terms BT|y in (5.3) by

W|E = BT|Z+CT T+1 27—0 / /

T t1
+ / ww,|dS, + / / deFldt]. (6.6)
0 Fl to I-‘1

Proof. Step 1. We return to estimate (5.2) of Theorem 5.1 (ii), add the term
(rep — 2C7)e*™ fr w?dl'1dt to both sides, recall (6.2) for £(t) and obtain

11 T
BT |5 + (ep — ZC’T)62T”/ / w?dlydt + 2/ / ¥ £2dQ
to T 0 Q

t1
> (TGp—ZCT)GQTU/ E(t)dt

to

wt ‘dE

— Cire¥™ / : E(t)dt — Cpr®e 2 [E(0) + E(T)]. (6.7)

The remaining part of the proof follows closely [L-T-Z.1, Proof of Theorem 6.1],
[L-T.4] and is included for completeness.

Step 2. In a standard way, multiplying Eqn. (1.1) by w; and integrating over Q
yields, after an application of the first Green’s identity

]‘a 2 2 2
- — D Q
26t</ﬁ[wt+| wl?ld +/Flwdl“1>

/ O dl + / wuwdTy + / (F(w) + fludS. (6.8)
Notice that on both sides of (6.8) we have added the term é 661: I, w?dl; = fFl wwdl'y.

Recalling £(t) in (6.2), we integrate (6.8) over (s,t) and obtain
t t
E(t)=¢E(s) +2 / [ / g—:wtdﬂ / wwtdrl} dr + 2 / [F(w) + flwdQdr. (6.9)
s N It s
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We apply Schwarz inequality on [F(w)+ f]w, recall estimate (1.2) for F'(w), invoke
the left side E(t) < % E(t) of equivalence (6.3), and obtain

Et) < [E(s)+ N(T)] + Cr / e (r)dr (6.10)

£(s) < [E(t)+ N(T)|+ Cr / e (r)r, (6.11)

(Cr includes the constant ;- of equivalence), where we have set

e[ s 1

Gronwall’s inequality applied on (6.10), (6.11) then yields for 0 < s <t < T,
E(t) <[E(s)+ N(T )]GCT(It 95 E(s) < [E(8) + N(T)]er ). (6.13)

Set t =T and s =t in the first (left) inequality of (6.13); and set s = 0 in the second
(right) inequality of (6.13), to obtain

E(T) < [E(t) + N(T)]e™;  £(0) < [E(t) + N(T)]er . (6.14)
Summing up these two inequalites in (6.14) yields for 0 <t < T,

ax + 2/ |ww,|d;. (6.12)
Iy

E(t) > w e T — N(T) (6.15)
> BUBT) + BO)e " - N(T), (6.16)

after recalling the left side of the equivalence in (6.3). Similarly, summing up the left
inequality of (6.13) for s = 0 and the right inequality of (6.13) for s =t and t = T, and
using the equivalence (6.3) yields for 0 <t < T,
1 | ky(FE E(T
B < &[22+ B
1

+ N(T)| 77, (6.17)
and hence, by (6.17),

T
—CLT62TJ/ E(t)dt > - % Te“rTe>[E(0) + E(T)]
0 1

T

- Gt oxrgare (). (6.18)

ki

Step 3. We insert (6.16) into the first integral on the right side of (6.7) and use
(6.18) and readily obtain (6.4), (6.6), by invoking (6.12) for N(T).

Finally, we recall the critical relation o > 0, § > 0, 0 > —§ from (1.7), (1.18), so
that [eTe?™ — 73e279] is positive for all 7 large enough. Thus, (6.4) yields (6.5). O
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7 Extension of estimates to finite energy solutions

So far our estimates have been stated and proved for C?*(R; x )-solutions, hence
H??(Q)-solutions (Theorem 5.1(iii), Theorem 6.1) of Eqn. (1.1) with f € Ly(Q) as
in (1.3). In this section, we point out that it is possible to extend all our previous
estimates to finite energy solutions of Eqn. (1.1) in the following class

we HY(Q) = La(0,T; HY(Q)) N H'(0, T Lx(9);

ow (7.1)
Wy, % € LQ(O, T, LQ(F))

Thus, the present section is the counterpart of Section 8 in [L-T-Z.1], from the Euclidean
to the Riemannian setting. As in this reference, we notice that in order to achieve this
goal, it suffices to extend the validity of estimate (5.1) of Theorem 5.1(i) from H?%(Q)-
solutions to finite energy solutions defined by the class in (7.1). Here, the main difficulty
is the fact that finite energy solutions subject to homogeneous Neumann B.C. do not
produce (in dimension > 2) H'-traces on the boundary [L-T.6]. [By contrast, finite
energy solutions subject to homogeneous Dirichlet B.C. do produce H'-traces: the ?9_11:
in Ly(3) is dominated by the H'(Q) x Lo(Q)-energy of the initial data by the H'(Q) x
Ly(2)-energy of the initial data and the L;(0,7; L2(2))-norm of f, thanks to sharp
results on the regularity of general second-order hyperbolic equations with Dirichlet
B.C. given in [L-L-T.1], [L-T.1], which hold true also in the Riemannian case. To
overcome this difficulty, [L-T-Z.1, Section 8] employed a regularizing procedure inspired
by [La-Ta.1]. The same proof of [L-T-Z.1, Theorem 8.2] works in the Riemannian setting
and yields:

Theorem 7.1. Let f € Ly(Q). Let w € H>*(Q) be a solution of Eqn. (1.1) for
which inequality (5.1) of Theorem 5.1(i) holds true, at least as guaranteed by Theorem
5.1(iii). Let u be a solution of Eqn. (1.1) in the class defined by (7.1). Then, estimate
(5.1) is satisfied by such solution u as well. Accordingly, estimate (5.2) of Theorem
5.1(ii), as well as estimate (6.5) of Theorem 6.1, can be extended from H??(Q)-solutions
of Eqn. (1.1) to finite energy solutions in the class (7.1). O

8 Continuous observability inequality—a fortiori,
a global uniqueness theorem—with pure homo-
geneous Dirichlet B.C. on X

In this section we consider the following problem

wy = Aw+ F(w) in (0,7] x Q = Q; (8.1a)
{ wly = 0 in (0,7 xT'=X, (8.1b)
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where F'(w) satisfies assumption (1.2) and we define

dd(x)
on

FO,D = {IZ' el: (Dd(m),n(x)) = < 0} ) FI,D =T \ FO,D- (82)
The following corollary of Theorem 6.1 provides a continuous observability inequality
in the Dirichlet B.C. case; a-fortiori, a global uniqueness result.

Theorem 8.1. Assume hypotheses (A.1) and (A.2): thus there exists a strictly
convex function d(x) (rescaled as in (1.5)), which along with the choice a(z) = Ad(x) —
c—1in (1.10) = (4.21), where 0 < ¢ < 1 as in (1.6d), satisfies properties (p;) = (1.11),
(py) = (1.22) so that inequalities (H.1) = (4.18), (H.2) = (4.19), (H.3) = (4.20) hold
true. Let I'gp, I'1,p be defined by (8.2), and let T' > T in problem (8.1), where T is
defined in (1.6b). Let w € HYY(Q) = Ly(0,T; HYX(Q)) N H(0,T; L»(£2)) be a solution
of problem (8.1a-b). Then: (i) the following inequality holds true:

/oT /FLD (%)2 dlydt 2 kg E(0) + E(T)]; (8.3)

(ii) a fortiori, if w € H'(Q) is a solution of problem (8.1a-b) satisfying, in addition,
‘g—;‘l’|21 = 0, then w =0 in @; in fact, in R; x €.

Proof. (i) We first prove the continuous observability inequality (8.3) for a solution
w € H*?(Q) of problem (8.1a-b). In this case, then, such solution w satisfies Theorem
6.1, that is estimate (6.5), under present assumptions. Moreover, by (6.6) and (5.32)—
(5.35), we obtain

w=0on X = Wb = BT, where [f1 + 6wfs)]

= 0*|Dw|?;
b
0fs|s = —276%(Dw, Dd), (8.4)
so that
W’ = BT‘ = —27/ 0% Dw|*{ Dw, n)dY. + 47/ 6?(Dw, Dd)(Dw,n)d¥.  (8.5)
P P b b
But w = 0 on ¥ implies also Dw = (Dw, n)n, hence
|Dw|* = |[{Dw,n)|?, as well as (Dw, Dd) = (Dw,n){Dd,n), (8.6)

so that (8.5) becomes

BT = BT :27/02|<Dw,n)|2(Dd,n)d2
) ) b

= 27/292 <Z—Z>Q(Dd,n)d2. (8.7)
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Finally, since (Dd,n) < 0 on I'g p by definition (8.2), estimate (6.5) of Theorem 6.1
becomes by (8.7),

27// 02(3“’) (Dd,n)dly dt > 27/ /e2< ) (Dd, n)dT dt
1,4

— BTy > ky[E(T) + E(0)], (8.8)

and (8.8) shows (8.3), as desired, at least for H*?(Q)-solutions w. A density argument
based on the regularity trace inequality [L-T.1], [L-L-T.1] extends then the validity of
(8.3) to HY(Q)-solutions w.

(i) If a solution w € H'(Q) of (8.1a-b) satisfies also $* = 0 on ¥y, then (8.3)
implies F(0) = 0. Since problem (8.1a-b) is well posed—forward and backward—it
follows then that w = 0 on R, x Q. O

9 Global uniqueness and continuous observability
with pure homogeneous Neumann B.C. A global
uniqueness theorem

In this subsection we consider the following overdetermined problem

wy = Aw+ F(w) in (0,T] x Q = Q; (9.1a)

- 0 in (0,7T) xT =% (9.1b)
onls

wlg,y = 0 in (0,7] x Ty x = Sy, (9.1c)

where F(w) satisfies assumption (1.2), and we define

Ton = {x eI': (Dd(z),n(z)) = 62—(;) = 0} ,JTin=T\Ton. (9.2)

The following corollary of Theorem 6.1 provides a global uniqueness result.

Theorem 9.1. Assume hypotheses (A.1) and (A.2): thus, there exists a strictly
convex function d(z) (rescaled as in (1.5)), which along with the choice a(z) = Ad(x)—
c—1in (1.10) = (4.21), where 0 < ¢ < 1 as in (1.6d), satisfies properties (p;) = (1.11),
(ph) = (1.22), so that inequalities (H.1) = (4.18), (H.2) = (4.19), (H.3) = (4.20) hold
true. Let I'g 5, 'y v be defined by (9.2), and let T' > Tj in problem (9.1), where T} is
defined by (1.6b). Let w € H"'(Q) = Lo(0,T; H'(2)) N H'(0,T; Ly(Q2)) be a solution
of problem (9.1a-b-c). Then: w = 0 in Q; in fact, in R, x .

Proof. We first prove the desired uniqueness for a solution w of problem (9.1a-b-c)
of class H*2(Q). In this case, such solution satisfies Theorem 6.1, that is estimate (6.5).
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Our present goal is to show that, for such solution, the boundary terms BT|x given
by (6.6) do vanish: BT|s; = 0. In fact, by (9.1b), we see via (6.6) that BT |y = BT|s,
the latter being given by (5.32)—(5.35). Indeed, these same identities show at once that
because of (9.1a-b-c) (9.2), we then have

ng = BTlE = =27 le (f1 + waz)(Dd, n)le (933)
on 21 . (fl + ewf2)|z]1 = f1|§;1 = 92|Dw|2 (93b)

Finally, on ¥; : w = 0 and g—’;’ = (Dw,n) imply Dw = (Dw,n)n + (Dw,7)T = 0,
where 7 is a unit tangential vector. Thus Dw = 0 on X, used in (9.3a-b) yields
BT|x = 0, as desired. But such H%?%(Q)-solution satisfies Theorem 6.1, hence inequality
(6.5) holds true and yields F(0) = 0. Then w = 0 on R; x €, since problem (9.1a-b) is
well-posed forward and backward.

Extension now of the result to H%!(Q)-solutions employs critically Theorem 7.1.

O

Continuous observability without geometrical conditions on I';. Non-
explicit constant. Key to the elimination of geometrical conditions on the (controlled
or observed) portion I'y of the boundary T, is the following result from [L-T.4, Section
7.2].

Lemma 9.2. Let w be a solution of Eqn. (1.1) in the class (7.1). Given € > 0
€0 > 0 arbitrary, given T > 0, there exists a constant C = C, ¢, v > 0, such that

T—e - T - T Own 2
anW|2dl’ < / / 24T / / — ) dr
/6 | VnwPdldt < C{ [ widlide+ | F<ay> dr dt

2 2
+ ||w||L2(O,T;H%+EO(Q)) + ||f||H_%+50(Q)} (94)

Using Lemma 9.2, we shall establish as in [L-T-Z.1, Section 9] the sought-after
continuous observability inequality

Theorem 9.3. Assume hypotheses (A.1) and (A.2). Let w € H1(Q) be a solution
of problem (9.1a-b). Then, the following continuous observability inequality holds true
for T > Tp, with T} given by (1.6b): there exists a constant Cp > 0 such that

/0 ' /F 1 [w? + w?]d%; > CrE(0). (9.5)

Proof. As in [L-T-Z.1, Section 9]. [The constant C7 is not explicit in this case,
as elimination of the l.o.t. in (9.4) requires a compactness/uniqueness contradiction
argument, which employs Theorem 9.1 and loses control of the constant in (9.5), see
[L-T-Z.1, Proof of Theorem 9.2].] O
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10 Replacement of assumption (A.2) = (1.5) by
virtue of two vector fields

Orientation. This section is the counterpart of the presently relevant part of [L-T-Z.1,
Section 10] from the Euclidean to the Riemannian setting. The goal is to dispense with
the working assumption (A.2) = (1.5). This is done by writing Q as the overlapping
union of two ‘nice’ subdomains €2; and €25, in correspondence of two functions dj;,
i = 1,2, each strictly convex in  and thus satisfying (1.4), where now, however, each
d; has no critical point on €);, 2 = 1,2. This way, two radial vector fields are employed.

10.1 Basic setting using two conservative vector fields as in
(1.4). Statement of main results

Postulated setting. We divide the original open bounded set 2 into two overlapping
subdomains ©; and Qs: Q = Q; UQy, Q3 NQ, # 0, chosen (in infinitely many ways) as
to fulfill all the conditions, in particular, (a), (b), (c) below (after Section 1).

We assume that there exist two functions d; : Q = R, of class C®, i = 1,2, which are
strictly convex in the Riemann metric, such that the following preliminary conditions
(a) and (b) are satisfied:

(a)
D*di(X,X) = (Dx(Dd;), X)g > 2|X[2, VzeQ, VXeM, (10.1.1)

mind;(z) >m >0, i=1,2; (10.1.2)
Q

Dd;
inf | Dd;| > p > 0, so that we can take x; = inf | Ddi >4, (10.1.3)
Q;

Q; i
by rescaling, see Remark 1.2. Next, following Section 1, we define the function for
1=1,2:

T 2
gbi(x,t):di(x)—c(t— 5) , z€Q 0<t<T, (10.1.4)

with 0 < ¢ < 1 and T selected as follow: T' > T ;, 7 = 1,2, where

Ty; = 4maxd;(z), so that ¢T? > 4max d;(z) + 44, (10.1.5)
Q Q

for some § > 0 suitably small and kept fixed henceforth. Such functions ¢; have thus
the following properties:
Q) 2

T _
¢i(z,0) = ¢i(z,T) = di(z) — CZ < —4, uniformly in €; (10.1.6)
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(ii) there are to and t;, with 0 < ¢y < T < ¢, < T, such that
G

min  ¢(z,t) >0, 0<o<m. (10.1.7)
(BEQ,tE[to,tl]

Next, we define the function

T 2
¢¥(z,1) = di(z) — & <t - 5) , 2€eQ 0<t<T, (10.1.8)
so that, since 0 < ¢ < 1, we have by (10.1.4) and (10.1.8):
oz, t) > di(z,t), €N 0<t<T, i=12 (10.1.9)
Furthermore, we define the sets (subsets of Q x [0,T]):
Qi(o) = {(z,t): 2€Q, 0<t<T, ¢i(z,t) >0 > 0}; (10.1.10)
Qi(c*) = {(z,t): z€Q, 0<t<T, ¢;(z,t) >0 >0},0< 0" <o, (10.1.11)

with constant o* selected as to satisfy 0 < 0* < 0 < m, see (10.1.2) and (10.1.7). By
recalling also (10.1.7) and (10.1.9), we obtain

Q x [to,tl] C QZ(O') C Q:(O'*) C Qx [O,T], (10 ) 12)
by (10.1.6), at t = 0 and t = T": no point of 2 belongs to Qf(c*). o
(c) We finally require (assume) that
Q; D orthogonal projections of Q}(c*) onto 2, (10.1.13)

so that: for any (z,t) € Qf(c*) = =z € Q;,
and hence |Dd;(z)| > p > 0 by (10.1.3).

Consequences of above setting. With reference to the above setting, we define
functions o;(x) € C'(Q), by setting

a;(z) = Adi(z) — c— 1, z € Q, (10.1.14)

so that the following properties (p1.;), (p2;) hold true ((10.1.15) is immediate, while
(10.1.16) is proved below).

(p1)
Adi(z) —2¢c—a;(z) =1—c>0, Vze; (10.1.15)
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(p2;i)

T 2
~ 43(Ad; +6c—ai)(t— 5) (10.1.16)

v

41+ 7¢)¢: (z,t), Yz e, Vte|0,T];
in particular in @3 (c*) by (10.1.13). (10.1.17)

Proof of (10.1.17). See proof of (1.12): The steps up to Eqn. (1.19) continue to
hold true, this time by virtue of (10.1.14), (10.1.1), for ¢ = 1, 2:

Bi(z,t) > (5 + 3¢)| Ddi|? — 4¢3(1 + Te) <t - %)2 Vaz,teQ=[0,T]xQ (10.1.18)

The next step from (1.19) to (1.20) requires, however, assumption (1.5), whose present
counterpart is assumption (10.1.3), which is valid, however, only on €2;. Hence, likewise
(10.1.18) implies

Bi(z,t) > (5+3c)mid;(z) — 4(1 + Te) (t _ %)2 (10.1.19)
> 4(1+Tc) [d,(:r) —c (t — g)z]
= 4(1+7¢)¢;(z,t), Vx € Qy, t €[0,T], (10.1.20)

this time only for z € Q;; and (10.1.20) establishes the first statement in (10.1.17), as
desired. To claim, finally, that (10.1.17) holds true, in particular, for (z,t) € Q*(c*),
we invoke property (10.1.13).

Critical property to absorb lower-order terms. As a consequence of (10.1.17),
we obtain

Bi(z,t) = [2¢+ Ad; — o4]|Dd;|? + 2D?d;(Dd;, Dd;)
T 2
— 43(Ad; + 6c — o) (t . §> (10.1.21)

(by (10.1.17)) > 4(1 +7¢)¢!(z,t) > 4(1+Tc)o* =5 >0, VY (z,t) € Q,(10.1.22)
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recalling the definition of the set @} (c*) in (10.1.11). The term on the LHS of (10.1.21)
is precisely the term that arises as a coefficient in front of the lower-order term, see
(10.2.6)—(10.2.9) below.

The main result of the present paper is the following Theorem 10.1.1 which extends
all the previous results of Sections 1 through 9 to the setting of the present Section 10,
where assumption (A.2) = (1.5) is removed.

Theorem 10.1.1. Let the setting of Section 10.1 based on assumptions (a) =
(10.1.1), (b) = (10.1.3), and (c) = (10.1.13) be in force. In particular, T" is given by
T > Tp;, see (10.1.5). Then:

(a) The Carleman estimates of Theorem 5.1, Eqn. (5.1), as well as of Theorem 6.1,
Eqn. (6.5), continue to hold true for H"!(Q)-solutions.

(b) The following continuous observability inequality holds true for H'!(Q)-solutions
of the Dirichlet problem (8.1a-b)

/ /1“1,3 (6_w> dldt > ko[ E(T) + E(0)]; (10.1.23)

with I'y p = I'\Tg,p and I'g p defined by (8.2). A-fortiori, this implies a global unique-
ness theorem for H!(Q)-solutions, if, in addition, g—:‘l’ |21 = 0; i.e., it follows that, then,
w = 0.

(c) The following continuous observability inequality holds true for H1!(Q)-solutions
of the Neumann problem (9.1a-b)

/T/ [wi +w’ldlydt > ko[E(0) + E(T)), (10.1.24)

with 'y y = I' \ To v and I'gn defined by (9.2). A class of triples {Q,Ton,T1n}
satisfying all these conditions is given in Appendix B. A-fortiori, this implies a global
uniqueness theorem for H}(Q)-solutions, if, in addition, wly, = 0; i.e., it follows that,
then, w = 0. O

10.2 Cut-off functions x;(t,z) and corresponding sub-problems
for w; = y;w

Cut-off functions y; Let x;(¢,z) be a smooth cut-off function. At this stage it is not
important to specify how it is constructed. Eventually, in the case of purely Neumann
B.C. associated with Eqn. (1.1), x;(¢,z) will be the complicated function constructed
in [L-T-Z.1, Section 10.2], which has the important feature, among others, to be only
time-dependent (but not space-dependent) on a small interior layer of the boundary T'.
This latter goal is dictated by the Neumann B.C. and would not be necessary when
dealing with Dirichlet B.C. At any rate, we only assume here that such cut-off functions
fulfill the requirement:

|x:| < const; and x;(t,z) =1 on Q;(0), (10.2.1)
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which is one of the properties satisfied by the cut-off functions in [L-T-Z.1, Section
10.2].

Dynamical system for w; = y;w. Let w € C*(R; x M) be a solution of Eqn. (1.1).
We introduce new variables on [0, 7] x Q:

wi(t,z) = x:(t, 2)w(t,x); fi(t,z) = x:(t, z) f(t,x), i =1,2. (10.2.2)

[The f; here should not be confused with the f; in Sections 4,5.] We then see that each
term w; satisfies the following problem

Wi — Aw; = F(w) + fi + Kiw, 1=2,3, (10.2.3a)
w;(0, - ) = wi0; wig(0, -) = win; (10.2.3b)
K; = [D? — A — F, x;] = commutator active only on (supp x;); (10.2.3c

)
wip = x:(0, )w(0, +); wix = x50, - )w(0, - ) + x: (0, - )wy(0, - ). (10.2.3d)

In (10.2.3c), D; = &, while [ , ] denotes the corresponding commutator of order 1 in

time and space. Accordingly, with x; smooth, we then obtain via (10.2.3a) and (1.2b)
on F"

(Aw;)* = (wiw — Aw;)? < Cr{|w}, + [Dwi|* + w]

+ 7+ [wp + |Dwl® + w?](supp x:)}, (¢t,2) € [0,T] x Q. (10.2.4)

Preliminary estimate: Counterpart of Corollary 4.2. As constructed above
each problem w; in (10.2.3), ¢ = 1, 2, satisfies the setting of Section 1. As a result, each
problem (10.2.3) satisfies the counterpart of Theorem 4.1/Corollary 4.2, Eqns. (4.22)—
(4.25); in particular, we recall (4.7), (4.8) for B and S(z,t). We take this result as our
present starting point.

Proposition 10.2.1. Let w € C?(R; x Q) be a solution of (1.1). Let the setting of
Section 10.1 based on assumptions (a) = (10.1.1), (b) = (10.1.3), and (c) = (10.1.13)
be in force. Then, each problem (10.2.3), i = 1,2, satisfies the following pointwise
inequality for € > 0 small:

02 (Aw)? + 2div { [(as + )02 — 02, + | Dus | D8 + [2D0i(v5) — wivi Du; }(10.2.5)
> 7epbi[wi, + |Dw;|*] + Bifiw?, Vt € [0,T), V z €, (10.2.6)

see (4.22), where p =1 — ¢ > 0 is a constant, and where for 7 = 1,2 and (10.1.22), we
have [recalling (4.7), (4.8), (4.20), (4.23)—(4.25)]

B, = B;— 26p7'3(¢?’t + |D¢;|?) > B; — 2epr®r (10.2.7)
> 278+ 0(r?)], V (x,t) € set Qf(c*); (10.2.8)
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B=p.=pf—epr>0, r=maxmax(¢;,+|D¢i|>), |De;| = |Ddil; (10.2.9)
7 Q ’

B; = 0O(°%), V (z,t) €[0,T] x Q, (10.2.10)

where the set Q*(c*) is defined in (10.1.11), 8 > 0 is defined in (10.1.22), and 8 > O is a
constant depending on € > 0. Above, all the quantities with a subscript “4”, correspond
to the quantities in Sections 34, without subscript. Thus, 6; = "%, ¢; as in (10.1.4);
l; = 7d;, ; = Ty, with d; and o; given by (10.1.2), (10.1.14). Thus, B; on the left
of (10.2.7) is the counterpart of (4.7) via (4.8), while the estimate in (10.2.18) is a
consequence of (10.1.22). O

10.3 Carleman estimate for the w;-problem

Building up on Proposition 10.2.1, we obtain the counterpart of Theorem 5.1 (Carleman
estimate, first version) for the w;-problems.

Proposition 10.3.1. Let w € C%(R; x Q) be a solution of Eqn. (1.1) [and no B.C.].
Let the setting of Section 10.1 based on assumptions (a) = (10.1.1), (b) = (10.1.3), and
(c) = (10.1.13) be in force. Let w;, f; be as in (10.2.2). Let E(t) be defined by (5.4).
Then, for € > 0 small, as in (10.2.9), and for all 7 sufficiently large (with er large with
respect to Cr in (1.2b), the following family of estimates holds true:

(BT)uw

T T
. + 017T62TU / E(t)dt + CQ’T / szdQ dt
0 0
T
> [rep —2C7] / / e’ % w?, + | Dw;|*dS) dt
0 Q

+ B+ 07 =207 [ erutdsdt - Cprle E() + BT, (1031
Qi(o)

where Q;(o) is the subset of Q x [0, 7] defined by (10.1.10); moreover, the constants
o > 0,0 > 0 are defined in (10.1.7), (10.1.5), while the critical constant § > 0 is
defined by (10.2.9) by use of 8 in (10.1.22). We do not specify the boundary terms
here (counterpart of (5.3)): they could be made more specific by further specializing
the cut-off functions y; (see [L-T-Z.1, Eqn. (10.3.3] for x; suitably defined to handle
the case of Neumann B.C.).

(i) The above inequality (10.3.1) can be extended to H*?(Q)-solutions.

Remark 10.3.1. For 7 sufficiently large as to make [2723 + O(72) — 2C7] > 0 (see
B > 01in (10.2.9)), we reach one of our goals and drop the integral term involving w?
accordingly, from inequality (10.3.1). O
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Proof. The proof follows closely the one of [L-T-Z.1, Proposition 10.3.1], and
thus only a central part dealing directly with the lower-order term will be given here
explicitly.

Step 1. To begin with, the first step is the counterpart of Eqns. (5.6), (5.7) for
the w-problem. We likewise now return to Proposition 10.2.1, estimates (10.2.6) and
integrate it over @ = (0,7] x 2. We obtain

/ 07 (Aw;)?dQ + 2/ &i\"{[(ai + ¢)v? — v, + | Dug|*| De; + [2D4;(v;) — 1/Jivi]DUi}dQ
Q Q

> Tep/HE[wit+|Dwi|2]dQ+/H?BiwfdQ. (10.3.2)
Q Q

This is the exact counterpart of the estimate in [L-T-Z.1, Eqn. (10.3.4)].

Step 2. Precisely as in Step 2 of Theorem 10.3.1 in [L-T-Z.1], one proves that

T
Q 0 Ja

IN

T
Cr{ / / €27 (w2, + | Dy ]S dt
0 Q

T T
+ / e2T¢iwz-2dxdt+62w/ E(t)dt-f-/ /fz'zdﬂdt}v(lo'?)"?))
Qz(o') 0 0 Q

where the set Q;(0) is defined by (1.1.10). The proof of (10.3.3) uses both properties of
X: in (10.2.1) and (10.2.4).

Step 3. We shall focus on the terms in (10.3.2). [What we do here corresponds to
Step 5 in the proof of Proposition 10.3.1 in [L-T-Z.1].] We proceed as in the proof of
Theorem 5.1, below Eqn. (5.7). We split Q x [0,7] = Q% (c*) U [Q*(c*)]¢, where [  ]°
is the complement in 2 x [0,7], and Q}(c*) is the set defined in (10.1.11). Because
of property (10.1.13) which was assumed in the selection of €;, we have that for any
(z,t) € Qf(c*), then the space coordinate z € §2;, and hence |Dd;(z)| > p > 0 by
(10.1.3). As aresult of property (10.1.13), we obtained the validity of estimate (10.1.17)
on all of @} (c*), hence of estimate (10.1.22) on all of Q}(c*), finally of estimate (10.2.8)
on all of Q;(c*). Employing (10.2.8) we then estimate the last term in (10.3.2):

T
/ / ¥ BjwldQdt = / e’ Bywldz dt + / e’ Bywldz dt (10.3.4)
0 JQ Q7 (%) (Gl

(by (10.2.8)) > [27%8 + (9(7’2)]/ > Piwldz dt
Q7 (%)
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+ / e*™ Byw?2dg dt (10.3.5)
(HENE

[Eqn. (10.3.5) is the counterpart of (5.8)]. As to the last term in (10.3.5), we proceed
as in Step 2 in the proof of Theorem 5.1: first, by (10.2.10), we have B; = O(73) on
all of © x [0, T]; second, we have ¢; < ¢f < ¢* on [QF(c*)]° by (10.1.9) and the very
definition of @} (c*) in (10.1.11). Finally, since we have chosen 0 < ¢* < ¢ in (10.1.11),
we then obtain

—/ e Bawldr dt < (9(7'3)/ > P2 dr dt (10.3.6)
(@ (e%)]° (@7 (e%)]°

IN

O(r3)e*™” / w?dz dt
Q7 (a%)]¢

< 0(73)62“’/ widz dt < (9(73)62“’/ w?dQ, (10.3.7)
Q Q

majorizing w? by (const w?), see (10.2.1), and majorizing [Q}(c*)]® by Q x [0,T].
Eqn. (10.3.7) is the counterpart of (5.11), and of [L-T-Z., Eqn. (10.3.22)].

Step 4. Next, we substitute (10.3.5) for the last term on the right side of (10.3.2),
move the last term of (10.3.5) on [QF(0c*)]¢ to the left side of (10.3.2), and apply for

(2

it estimate (10.3.7). Finally, on the first integral term on the left side of (10.3.2), we
invoke estimate (10.3.3). We thus obtain

T T
O(73)e*™ / w?dQ + Cr e* iwldz dt + Cpe®™ / E(t)dt + Cr / / fRdQ dt
Q 0 0 JQ

Qi(o)

+ 2/ cﬁ;r{[(az + )} — o7, + | Dv; || D¢;

Q
> [rep — Crl / e279i [wf,t + | Dw;|?]dQ
Q
+ [27°8+ O(7?) e iwidz dt. (10.3.8)
Q7 (o)

Regarding the integral terms on Q}(c*), Qi(c), we see that since Qf(c*) D Q;(0)

(see (10.1.12)), we have that for all 7 sufficiently large, as in Step 3 in the proof of
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Theorem 5.1:

278 + O(2)] /

> iwidx dt — Cp / e iwlda dt
Qi (™)

Qi(o)

> 2738+ O(7?) — Cr] > P dr dt, (10.3.9)
Qi(o)

since on Q;(c) we have x; = 1 by (10.2.1), hence w; = w by (10.2.2). Thus, using

(10.3.9) in (10.3.8) and recalling E(t) in (5.4), we readily obtain the desired estimate

(10.3.1), after handling the term |, 0 (IR/{ }d@, which we do not do here, since we have

deliberately left undefined the cut-off functions y;. For the critical case of Neumann

B.C., this is done in [L-T-Z.1, Section 10.2], which admits here a faithful counterpart.
O

Final remark. The remaining Sections 10.4-10.7 of [L-T-Z.1] admit a faithful
counterpart from the Euclidean to the Riemannian setting and will not be repeated.
This therefore leads to Theorem 10.1.1.

Appendix A: Proof of (3.43)

In this appendix we prove identity (3.43), that is

(DX, Do (Dv) = 3 DE( D). (A.0)

Step 1. Let M be a manifold. We denote by {Ei, Es, ..., E,} a field normal at
x € M. This means that:

(a) E,..., F, are vector fields on the tangent space M, at z;

(b) on M,, we have that Ey,..., E, are mutually orthogonal; that is Dg, E; = 0,
Vi, 5

(c) Ey,..., E, form an orthonormal basis on the tangent space M,. Thus, for any
function v, the vector field Dv = V, v on M, is given by

n n

Dv =) (Dv,E)E; (Dv,E;)=Ei(v), |Dv|>=> (Ei(v))> (A1)

=1 =1

Step 2. We shall first show that

1 n
Dp,Dv = Y " Ei(|Dv]’)E; at = (A.2)

i=1
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Indeed, by the axioms of a connection, if Y is any vector field, we obtain by (A.1),

Dp,Y = Dyv g5, Y = Y Ej(v)Dg,Y. (A.3)

j=1

Next, we specialize to Y = Dwv given by (A.1) and compute

=1

where vanishing takes place by orthogonality. Inserting (A.4) in (A.3), with Dxf =
X(f), we arrive at

Dp,Dv = ZEJ-(U) ZE]-Ei(U)Ei = E;(v)E;E;(v)E;

7,7=1

= Y Ei(v)EE;(v)E, (A.5)

ij=1
changing the order of the indices. Next, we notice that

Ei[(E;(v))*] = Dr,(E;(v))* = 2E;(v) B;E;(v), (A.6)
which substituted into (A.5), yields, recalling (A.1):

1 n 1 n n
Dp,Dv = §ZEi[(Ej(U))2]Ei=§ZEi > (E;()*| Ei
i,j=1 =1 j=1
1 )
by (A1) = 3 E(DE, (A7)
and (A.2) is proved.
Step 3. We finally establish (A.0). Using (A.2), we obtain
1 = 1
D¢, Dp,Dv) = (D E(|IDv))E; ) = =Y (D¢, E,(|Dv|]*)E;
(Dt, Dp,Dv) 2< K,iz:; i(|Dv[®) Z> 2;( ¢, E(|Dv|*) E;)
_ lzn:we X>—lzn:X(z)
N 2 =1 , N 2 =1
1 1
= 5D E(DUP)E() = 5 Y B0 (1 DoP). (A8)
=1 =1
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On the other hand, by (A.1) we can write
Dt =" E;({)E;, hence D{(|Dv]?) ZE E;(|Dv|?). (A.9)

Combining (A.8) and (A.9) yields (A.0), as desired. O

Appendix B

In this appendix we provide an attractive class of subsets 2 in a Riemannian manifold
M, for which it is possible to claim the existence of a smooth function d defined around
the portion Ty of 012, such that: (i) d is strictly convex on Iy, and moreover, (ii) its
normal derivative vanishes on I'yg. The present appendix, in particular Theorem B.1
below and its proof, are all the close counterpart of [L-T-Z.1, appendix 4, in particular
Theorem A.4.1] as generalized from the Euclidean setting to the Riemannian setting.

Let {M, g} be an n-dimensional Riemannian manifold, with Levi-Civita connection
D. Let 2 C M be an open, connected, compact subset of M, with boundary 02 =
ToUTy, TyNT; = 0. The portion I'y of 0 is defined as follows Let £: M — R be a
function of class C2. Then, we define

{I‘Oz{xeaﬁ: {(xz) =0},

(B.0)
with the further provision that D¢(= V,¢) # 0 on T.

Theorem B.1. In the above setting, assume that
(i)
D*(X, X)(x) >0, Vzely, VXeM, (B.1)
(‘convexity of ¢ near I'j);
(ii) There exists a function dy : Q — R of class C?, such that

(iiy)
D*dy(X, X)(z) > po| X|2, Vz el VXeM,, (B.2)

for some constant py > 0 (strict convexity of dy near I'y);
(ii2)
0d
on Ity
where n is the unit outward normal field to I'g on M which points in the same direction
as V¢ = D{. Then: there exists a function d : Q — R of class C? [which is explicitly
constructed in a layer (collar) of Ty, the critical set], such that it satisfies the following
two conditions:

(a)

= (Ddp,n)y <0 on Iy, (B.3)

od

% - = <Dd, n>g =0 on Fo, (B4)
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(b)
D*d(X,X)(z) > (po—€¢)|X|2, Vzel,, VXebl, (B.5)

where € > 0 is arbitrarily small.

Definition of d. The function d(x) is explicitly constructed near Ty, within Q, as
a perturbation of the original function dp assumed in (ii) above, as follows:

dz) = do(z)+ 2(x) z near Iy in Q; (B.6)
Az) = %d‘) (k) + M, k= ﬁ, (B.7)

where ) is a sufficiently large parameter, to be selected below in the proof, while

od

od
=% denotes an extension of —2 from the set I'y
on n | (B.8a)

(defined by ¢(x) = 0) to a layer (coi)lar) of T'y, within Q,

which is defined by

ddy D¢

— = (Dd Ddy, —— ) = (Ddy, kDY),. B.8b

on < 0, ) < 0, |D€|g>g < 0, >g ( )
n=, 1%9 (consistently with the statement below (B.3).

Proof. (a) First we establish property (B.4). To this end, we perform direct
computations and obtain:

o(lk) B ok or
o I 14 - k an] . |D£| (D¢,n)y =1 on Ty; (B.9)
o(¢?) B or, (B.10)
on Iro 2 onlr, 0

since £ = 0 on 'y, and recalling n from (B.3) and & from (B.7). Returning to z(z) given
by (B.7), we take its normal derivative at I'g, and obtain by virtue of (B.9), (B.10):

0z B d%dy 0dy O(¢k) o(¢?)
onlr, [_<0n2>(€k)_8_n on A on :|Fo
ddy
= — — B.11
on Ir ( )
Finally, returning to (B.6), and using (B.11), we obtain
od 6d0 0z ado 6d0 .
onlr [an * 677,] [On ~ on :| _ 0 (B-12)
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and thus (B.4) is established, as desired.
(b) We now prove property (B.5) for a suitable large A. For convenience, we set

d
near I'v: p=— % k, so that z = pl + A2, (B.13)

recalling (B.8) and (B.7) for z. Next, from (B.6), we compute preliminarily

D?d(X, X) = D*dy(X, X) + D*2(X, X). (B.14)

Step 1. Lemma B.2. The following identities hold true:

(b1)
near [y : D?2(X,X) = pD*(X,X)+{D?*p(X,X) + 2MD*/(X, X)

+ 2M(DE, X)|* + 2(Dl, X)y(Dp, X)g; (B.15)

onTy: D*2(X,X) = pD*(X,X)+2\[(D¢, X),|?

+ 2(De, X),(Dp, X),. (B.16)

Proof. Identity (B.16) in (by) follows at once from identity (B.15) in (b;) by setting
¢ =0 (see Eqn. (B.0) of I'y).

Proof of (b;). By definition of the Hessian tensor:
DQZ(XaX): <DX(DZ)7X>97 (B17)

where, recalling z = pl + M\? (near Ty) by (B.13), we find

Dz = pD{+{Dp+ 2MDV, (B.18)
Dx(Dz) = X(p)D{+ pDx(Dt)+ X(¢)Dp + ¢£Dx(Dp)
+ 2)\X(¢)Dl¢+ {Dx(DY)]. (B.19)

Substituting (B.19) in (B.17) yields
D*2(X,X) = X(p)(D¢ X),+ p(Dx(D¢),X),
+ X(€)(Dp, X)4 + {(Dx(Dp), X)4
+ 20X (0)(D¢, X) 4+ 2M(Dx(D{), X ),. (B.20)
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Recalling again the definition of Hessian tensor for ¢ and p, and recalling likewise
that X (f) = (Df,X),, f = {,p, we recognize at once that (B.20) is precisely (B.15),
as desired. O

Step 2. Let ¢y > 0 arbitrary. We estimate the last two terms in (B.16)

2A[(D¢, X)4|* + 2(D¢, X),(Dp, X),

> |22 2| De X, - aln 0,1 (B.21)

Step 3. Regarding the first term in (B.16), we obtain
onTy: pD*(X,X) >0, (B.22)

since, as k > 0 by (B.7), we have

0dy
=——| k>0 onTy, by assumption (B.3);
P onlry — 0y P (B:3) (B.23)

D?((X, X)(Ty) >0 on Ty, by assumption (B.1).

Thus, dropping the first term in (B.16) by virtue of (B.22) and invoking (B.21) for the
remaining two terms, we obtain from (B.16)

1
onTy: D*2(X,X) > [m— 6—} (D€, X),|* — eo|(Dp, X),4|? (B.24)
0

> _6|X|5217 (B25)

where, in the last step, we have chosen

1
2A — — >0 and € = egmax |Dp|>. (B.26)
€0 To

Finally, returning to (B.14) and invoking (B.25) and assumption (B.2), we obtain

onTy: D(X,X) > D’dy(X,X)—e[X|? (B.27)
> [po—d|X|’, VzeT,, VXeM, (B.28)
and (B.28) establishes (B.2), as desired. The proof of Theorem B.1 is complete. O

Remark B.1. The same proof works if we interchange the signs in assumptions
(B.1) and (B.3), that is, if we assume instead
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(')
D*(X,X)(z) <0, Vz €Ty, V X € M, (B.29)

(‘concavity of £ near T'y’)

(i)

ddy
ol = (Ddp,n)g > 0 on T. (B.30)
Indeed, (B.29) and (B.30) still produce inequality (B.22), recalling (B.23). O
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