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We consider systems of conservation laws with non local sources, i.e. equations of the form
Opu+ 0. f(u) = G(u) (1)

where f is the flow of a nonlinear hyperbolic system of conservation laws and G: L' — L' is a
(possibly) non local operator. As an example, we consider below the case G(u) = g(u)+Q+*u that
enters the Rosenau regularization of Chapman-Enskog expansion of the Boltzmann equation,
see [1,2]. We establish the well posedness in L', locally in time, for data having sufficiently
small total variation. To this aim, we require those assumptions that separately guarantee the
well posedness of the convective part

Ou+ 0z f(u) =0 (2)
and of the source part
ou = G(u) . (3)

These two parts generate two semigroups of solutions, say S and X defined in a suitable space
of sunctions, say X. To obtain our results we exploit the techniques in [3,4], essentially based
on the fractional step algorithm, see [5,6,7]. Its core idea is to get a solution of the original
equation as a limit of approximations obtained suitably merging S and X.

On the two semigroups one needs these two key conditions with respect to a metric d(-, )
on X (see [4]):

i) A Gronwall type estimate: i.e. for a positive C

d(Syu, Syv) < eCtd(u,v)

for all u, v € X and ¢ > 0. 4
d(Xeu, ¥yv) < eCtd(u,v) oral v et = )

ii) A commutativity relation
d(2¢Spu, SiXu) < K t2 ast — 0 for all u € X. (5)

The former assumption will be used to prove the uniformly continuous dependence of the approx-
imations from the initial data. The latter condition yields the convergence of the approximations
and ensures the uniqueness of the limit.

Now assume that i) holds and d is a reasonable metric equivalent to the L! distance.
Then, the invariance under the hyperbolic rescaling (¢t,2) — (A, Az) of solutions to system
of conservation laws, implies that C = 0. Hence, to apply the operator splitting tecniques,
we need a contractive metric for the conservation law. This role is naturally played by the
functional introduced by Bressan, Liu and Yang (see [8]). Note, however, that this functional
is not a metric, for it may lack to satisfy the triangle inequality. The proof, then, consists in
showing that the semigroup generated by the source part satisfies the Gronwall type estimate
with respect to the functional and commutes with the conservation law part up to a second
order error.
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