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Abstract In Longo and Vigni (Manuscr Math 135:273-328, 2011), Howard’s construction
of big Heegner points on modular curves was extended to general Shimura curves over the
rationals. In this paper, we relate the higher weight specializations of the big Heegner points
of Longo and Vigni (Manuscr Math 135:273-328, 2011) in the definite setting to certain
higher weight analogues of the Bertolini—-Darmon theta elements (Bertolini and Darmon in
Invent Math 126:413-456, 1996). As a consequence of this relation, some of the conjectures
in Longo and Vigni (Manuscr Math 135:273-328, 2011) are deduced from recent results of
Chida and Hsieh (J Reine Angew Math, 2015).
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Résumé L’article Longo et Vigni (Manuscr Math 135: 273-328, 2011) généralise la
construction de Howard de “Big Heegner points” sur les courbes modulaires aux courbes
de Shimura sur les nombres rationnels. Dans cet article, nous faisons le lien entre les
spécialisations de poids plus grand que 2 des “Big Heegner points” de Longo et Vigni
(Manuscr Math 135:273-328, 2011) dans le cadre défini et certains analogues en poids plus
grand que 2 des €léments théta de Bertolini-Darmon (Bertolini et Darmon dans Invent Math
126:413-456, 1996). En conséquence de cette relation, certaines des conjectures dans Longo
et Vigni (Manuscr Math 135:273-328, 2011) sont déduites des résultats récents de Chida et
Hsieh (J Reine Angew Math, 2015).
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Introduction

Fix a prime p > 5 and an integer N > 0 prime to p, and let f € S, (I'o(Np)) be an
ordinary p-stabilized newform of weight kyp > 2 and trivial nebentypus. Fix embeddings
loo : Q< Cand: p Q—C p» let L/Q), be a finite extension containing the image of the
Fourier coefficients of f under 1, and denote by Oy its valuation ring. Let

f=>aq" ellqll

n=1

be the Hida family passing through f. Here [ is a finite flat extension of O [[T]], which for
simplicity E this Introduction it will be assumed to be ring Oy, (71l itself. The space X' (I) :=
Hom (T, Q p) of continuous Oy -algebra homomorphisms I — Q p naturally contains Z, by

identifying every k € Z with the homomorphism o} : I — 61, defined by 1 + T +—
(1 + p)*—2. The formal power series f is then uniquely caracterized by the property that for
every k € Z>» (in the residue class of ko mod p — 1) its “weight k specialization”

oo
fi ;== > or(an)q"

n=1

gives the g-expansion of an ordinary p-stabilized newform f; € Si(I'o(Np)) with fi, = f.
Let K be an imaginary quadratic field of discriminant —Dg < O prime to Np. The field
K then determines a factorization

N=N'N"
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Big Heegner points and special values of L-series 305

with NT (resp. N™) only divisible by primes which are split (resp. inert) in K. Throughout
this paper, we shall assume that N~ is the square-free product of an odd number of primes.

Extending Howard’s original construction [11] to the quaternionic setting, the work of
the second-named author in collaboration with Vigni [13] attaches to f and K a system of
“big Heegner points” Q,,. Rather than cohomology classes with coefficients in the big Galois
representation associated to f (as Howard obtains in [11]), in our setting these points give
rise to an element

ONE(F) € T[[Twol]

in the completed group ring of the Galois group of the anticyclotomic Z,-extension of K
with coefficients in I.

The construction of ®§‘§eg (f) is reminiscent of the construction by Bertolini—-Darmon [1] of
theta elements 6 (f£) € Z[[I's]] attached to an ordinary elliptic curve E/Q of conductor
Np, where fr € S2(Io(Np)) is the associated newform, and in fact if fr = oo (f) is the
weight 2 specialization of f, one can show directly from the constructions that

02 (ORE(F)) = 0o (f£)

(cf. [15]). In particular, in light of Gross’s special value formula [7] and its generalizations
(see esp. [12,20]), one deduces from the above equality that o» (@Eﬁeg (f)) interpolates special
values of Rankin—Selberg L-functions.

On the other hand, for weights k > 2 the specializations oy (@f.‘.feg (f)) arise as p-adic limits
of elements constructed in weight 2 and p-power level, and hence their relation with classical
L-values is not clear a priori. Nonetheless, some of the conjectures in [13] suggested that

Uk(®§§eg (f)) should similarly interpolate the central values L g (fx, x, k/2) for the Rankin—
Selberg convolution of f; with the theta series attached to anticyclotomic Hecke characters
x of K of finite order. Addressing this question is the main purpose of this paper.

Remark 1 By our hypothesis on N7, if x : I'oo — C; is any finite order character, then the
sign in the functional equations for Lk (fx, x, s), which relates its values at s and k — s, is +1.
Thus one expects the values L (fx, x, k/2), for varying k and x, to be typically nonzero.

Define
L) (E/K) = O (0) - O ()" € HTwcll,

where A > A* denotes the involution on I[[T"'s]] given by y — yfl for y € I's. We shall
think of LZI;Ieeg (f/K) as a function of the variables k and x : oo — C; by setting

L5 M /K K, x) 1= (X 0 01 (L, B (E/K).
The following is a reformulation of [13, Conj. 9.14] (cf. Conjecture 5.1 below).

Conjecture 1 Letk > 2 be aneveninteger, andlet y : I'ag — C; be a finite order character.
If fx is non-exceptional, then

Lo E/K sk ) #£0 = Lic (i, x,k/2) #0.

As we recall in the following section, the original construction of @Efeg (f) in [13] relies
on a certain “multiplicity one” hypothesis. The main results of this paper will also be phrased
under this hypothesis, which is known to hold, for example, under some assumptions on the
residual Galois representation associated to f (see Remark 1.7).
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306 F. Castella, M. Longo

Theorem 1 Suppose that the multiplicity one Assumption 1.6 below holds. Let k > 2 be an
even integer and let y : T'so — C; be a finite order character. Then

Lg®, x,k/2)
ka,N_

H —(k—
Ly B/ K de, 30 =27 - 857 - e(h) - Cplle, x) - Ep(fi, 1) - :
where §g := «/—Dg, Ay and C,(fx, x) are nonzero constants, E,(f, x) is a p-adic multi-
plier, e(fy) € {£1} is the root number of fy, and ¢, n- € C* is Gross’s period.

Remark 2 The condition that f; is non-exceptional amounts to the nonvanishing of the p-adic
multiplier £, (fy, x) for all x, and hence Theorem 1 implies Conjecture 1.

In fact, we prove that a similar interpolation property holds for all characters x : I'ooc —
C; corresponding to Hecke characters of K of infinity type (m, —m) with —k/2 <m < k/2,
for which the sign in the functional equation for L g (fx, x, s) is still +-1. As we note in Sect. 4,
in addition to establishing [13, Conj. 9.14] in the cases of higher weight and trivial nebentypus,
the methods of this paper also yield substantial progress on a certain nonvanishing conjecture
[13, Conj. 9.5], which is an analogue in our present definite quarternionic setting of Howard’s
“horizontal nonvanishing conjecture” [11, Conj. 3.4.1].

Remark 3 Theorem 1 is in the same spirit as the main result of [3], where the higher weight
specializations of Howard’s big Heegner points and related to the p-adic étale Abel-Jacobi
images of higher dimensional Heegner cycles. Even though the two settings are clearly
disjoint,! in both cases one shows that the specializations of the respective big Heegner
points at weights k > 2, which arise as p-adic limits of points constructed in weight 2 and
p-power level, retain a connection to classical objects (algebraic cycles and special values
of L-series, respectively) after the limit.

We now outline the strategy of our proof of Theorem 1. Extending the methods of [1]
to higher weights, Chida—Hsieh [4] have constructed a higher weight analogue 6 (fy) €
ﬁl p[[T'o]] of the Bertolini-Darmon theta elements, giving rise to an anticyclotomic
p-adic L-function L?,“ (£ /K) := 0o (fr) - Ooo (fr)* satisfying

Lk (fe. x, k/2)
ka.N7

LY &/ K)(x) = () - Cp (e, x) - Ep(fi, x) - ,
for all finite order characters x : ['oo — C;, where € (fr), Cp (£, x), Ep(f, x), and Q¢ v-
are as in Theorem 1. As a key step toward the proof of that result, in this paper we construct
a two-variable p-adic L-function L7 (f/K) with the property that

o (LE/K)) = 33 557 - L6 /K)

for every even integer k > 2. The construction of L’;‘,“ (f/K) is based on the p-adic Jacquet—
Langlands correspondence in p-adic families, and the constant Ay is an “error term” arising
from the interpolation of the automorphic forms associated with the different forms f; in
the family. It is also worth noting that our construction of Li'(f/K) is directly inspired
by the construction of two-variable p-adic L-functions (using distribution-valued modular
symbols) due to Greenberg and Stevens [8] in their seminal paper on the exceptional zero
conjecture of Mazur—Tate—Teitelbaum.

The proof of our Theorem 1 is thus an immediate consequence of the following result,
which is deduced from the calculations in Sect. 4.

! Indeed, in [3] one works under the classical Heegner hypothesis, where N~ = 1.
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Big Heegner points and special values of L-series 307

Theorem 2 Suppose that the multiplicity one Assumption 1.6 below holds. Then
LYE(E/K) = LE/K).

Finally, we conclude this Introduction by noting that some of the ideas and constructions
in this paper play an important role in a forthcoming work of the authors in collaboration with
Kim [5], where we develop anticyclotomic analogues of the results of [6] on the variation of
Iwasawa invariants in Hida families.

Outline of the paper In Sect. 1, we briefly recall the construction of big Heegner points in
the definite quaternionic setting [13], and in Sect. 2 we recall the higher weight theta elements
0o (fr) introduced by Chida—Hsieh [4]. Making use of the Jacquet—Langlands correspondence
in p-adic families as presented in Sect. 3, in Sect. 4 we construct our two-variable p-adic
L-function L‘;,“ (f/K) leading to the proof of Theorem 2, and in Sect. 5 we conclude the proof
of our main results.

1 Big Heegner points

As in the Introduction, let N = NN~ be a positive integer prime to p > 5, where N~ is
the square-free product of an odd number of primes, and let K /Q be an imaginary quadratic
field of discriminant —Dg < 0 prime to N p such that every prime factor of pN ™ (resp. N ™)
splits (resp. is inert) in K.

In this section, we briefly recall from [13] the construction of big Heegner points in the
definite setting. There is some flexibility in a number of the choices made in the construction
of [13], and here we make specific choices following [4].

1.1 Definite Shimura curves

Let B/Q be the definite quaternion algebra of discriminant N ~. We fix once and for all an
embedding of Q-algebras K < B, and thus identity K with a subalgebra of B. Denote by
Z +> 7 the nontrivial automorphism of K /Q, and choose a basis {1, j} of B over K with

o j2=pB¢cQ*withg <0,

o jt=rtjforallr € K,

o Be(Z)forg | pN*, and B € Z) forq | Dg.

Fix a square-root x = «/—Dk, and define § € K by

_ D'+ Dx  if2¢ Dk,
T2 Dg/2 if2|Dg.

For each prime ¢ | pN*, define iy : By := B ®q Qg =~ M2(Qy) by
. Tr(@) —Nm(0 . —1 Tr(0
lq(o)z( e N )), u,(ﬁzﬁ( S )),

where Tr and Nm are the reduced trace and reduced norm maps on B, respectively. For each
prime ¢ { Np, fix any isomorphism i, : B, >~ M»(Qy) with i, (Og ®z Z,) C Ma(Zy).

For each m > 0, let R,, C B be the standard Eichler order of level N p™ with respect
to our chosen {ig : By > M2(Qq)}4tn-, and let Uy, C R\nf be the compact open subgroup
defined by

0 : , where D' = [

Up = [(xq>q €R: | ip(xy) = (Z; ’{‘) (mod p’“)] :
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308 F. Castella, M. Longo

Consider the double coset spaces
Xn(K) = B*\ (Homq(K, B) x BX) /Uy,
where b € B* act on left on the class of a pair (¥, g) € Homg (K, B) x B by
bW, )] = [(bgb™", bo)],

and U,, acts on B* by right multiplication. As explained in [13, §2.1], )?m (K) is naturally
identified with the set K-rational points of certain curves of genus zero defined over Q. If
o€ Gal(Kab/K) and P € X, (K) is the class of a pair (W, g), then we set

PO = [(V, g¥ ()],

where a € K X\I? * is such that reck (@) = o under the Artin reciprocity map. This is
extended to an action of Gg := Gal(Q/K) by letting 0 € Gk actas o |gav.

1.2 Compatible systems of Heegner points

Let Ok be the ring of integers of K, and for each integer ¢ > 1 primeto N, let O, := Z+cOg
be the order of K of conductor c.

Definition 1.1 We say that P = [(¥, g9)] € ?m(l() is a Heegner point of conductor c if
W(0c) = W(K)N (BN gRug™")
and
Wp((Oc ®Zp)* N1+ p" Ok ®ZLp)*) = V(O ®Zp)) N gpUn. g, "

where W, is the p-component of the adelization of W, and Uy, , is the p-component of U,,.

In other words, P= [(¥, 9)] € )?m(K) is a Heegner point (ifconductor cifV: K — B
is an optimal embedding of O, into the Eichler order B N gRg ' (of level Nt p™) and
W, takes tllle elements of (O, ® Z,)™ congruent to 1 modulo p" Ok ® Z, optimally into
8p Um,pg; . -

Recall (cf. [13, §2.4], [1, §1.5]) that the action of the Hecke operator U, on Div(X,;,) is
given by

p—1
Up(IW. gD) = D [(W, g7a)].

a=0

where 7, € B> has p-component equal to (’5 ‘1’) and all other components equal to 1. The
following result is fundamental for the construction of big Heegner points.

Theorem 1.2 There exists a system of Heegner points 13;,n, m € Xom (K) of conductor p"+™,
for all n > 0, such that the following hold.

(1) Pprow € HOL pr n, Xin(K)), where Lpn n := Hprtm ().
(2) Forallo € Gal(Lpn y [ Hpn+m),
Py = (9(0)) + Ppnm,

prom =

where © : Gal(L pn [ H pntm) — Z;/{:I:l} is such that 9% = Eeyc-
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Big Heegner points and special values of L-series 309

3) Ifm > 1, then

Z &/m(Pg;an) = Up . Pp”,mfl,
oeGal(Lyn /L jn-1,,)

where o, : )?m — )~(m_1 is the map induced by the inclusion U,, C Up,_1.
4) Ifn > 0, then

U€Gal(Lpn ,m/L,;'l*I ’m)

Proof A construction of a system of Heegner points with the claimed properties is obtained

in [13, §4.2], but this construction is ill-suited for the purposes of this paper, since the global

elements y ©™ £(©™) appearing in [13, Cor. 4.5] are not quite explicit. For this reason, we

give instead the following construction following the specific choices made in [4, §2.2].
Fix a decomposition NTOg = MTN+, and define, for each prime g # p,

e g, =1Lifg{Nt,

o gy =5y (’f ?) € GLy(Kq) = GL2(Q,), if ¢ = qq splits with |9+,

and for each n > 0,

0 -1 0 . —
o o) = (1 0 ) (’6 1) € GLy(Ky) = GLa(Qy), if p = pp splits,

& _ (0 1\ (p* O\ .. ..
° 5 _(_1 O)(O 1 , if p is inert.

Set ¢ .= g;s) [Ty2psq € B*,andlet g : K < B be the inclusion. For all n > 0, it
is easy to see that the point

Py =[Gk, c"T™)]

is a Heegner point of conductor p"™ on X m(K). The proof of (1) then follows from [13,
Props. 3.2-3], and (2) from the discussion in [13, §4.4]. Finally, comparing the above gl(f)
with the local choices at p in [13, §4.1], properties (3) and (4) follow as in [13, Prop. 4.7]

and [13, Prop. 4.8], respectively. O

1.3 Hida’s big Hecke algebras

In order to define a “big” object assembling the compatible systems of Heegner points intro-
duced in Sect. 1.2, we need to recall some basic facts about Hida theory for GL; and its inner
forms. We refer the reader to [13, §§5-6] (and the references therein) for a more detailed
treatment of these topics than what follows.

Asinthe Introduction, let f = Z;’;l an(f)q" € Sk,(To(Np)) beanordinary p-stabilized
newform (in the sense of [8, Def. 2.5]) of weight kp > 2 and trivial nebentypus, defined over
afinite extension L/Q . In particular, a,, (f) € O, and f is either a newform of level Np, or
arises as the p-stabilization of anewform of level N. Let py : G = Gal(Q/Q) — GL,(L)
be the Galois representation associated with f. Since f is ordinary at p, the restriction of p ¢
to a decomposition group D, C G is upper triangular.

Assumption 1.3 The residual representation py is absolutely irreducible, and

p-distinguished, i.e., pflp, ~ ((E) ;) with & # §.
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310 F. Castella, M. Longo

For each m > 0, set I'g 1 (N, p™) := I'o(N) N T'1(p™), and denote by b,, the Oy -algebra
generated by the Hecke operators 7; for £ 1 Np, the operators U, for £| N p, and the diamond
operators (a) fora € (Z/p™Z)*, acting on S>(I'g 1 (N, p™), Qp) Let ¢4 := lim,,_, oo U”'
be Hida’s ordinary projector, and define

ord .__ Jord ord
b =€ h

ord
m b

= llm b
I‘Vl

ns

where the limit is over the projections induced by the natural restriction maps. Similarly, let
T,, be the quotient of h,, acting faithfully on the subspace of S>(I'g 1 (N, p™), Q p) consisting
of forms that are new at the primes dividing N, and set

T;)nrd — eordbm’ r]rord l(gl T%rd.
m

Let A := O[[T']], where I' = 1 + pZ,. Via the action of the diamond operators, these
Hecke algebras are equipped with natural Oy, [[Z;,< ]]-algebra structures, and by a well-known
result due to Hida [10], the algebra §° is thus finite and flat over A.

The eigenform f defines an Oy -algebra homomorphism A s . p — O factoring
through the canonical projection 4 — T, and denote A r the composmon of A r with the
canonical projection from Oy to its residue field.

Let hﬂ{d (resp. ’]I‘?fd) be the localization of h°d (resp. T°) at the maximal ideals m and
n in h°4 and T, respectively, corresponding to ker(i 7). Then there are unique minimal
primes a C m C bg{d (resp.b Cn C Tg‘d), such that A ¢ factor through the integral domain

d/ ~ d
I:=§29/a = T/,
where the isomorphism is induced by {°d — Tord,

Definition 1.4 A continuous Oy -algebra homomorphism« : T — 61, is called an arithmetic
prime if the composition

K =X
F—)AX—HIX——)QP

is given by y +— W (y)y*=2, for some integer k > 2 and some finite order character ¥ :

r— 6; We then say that « has weight k, character v, and wild level p™, where m > 0 is
such that ker(y) = 1+ p"Z,.

Denote by Xy (1) the set of arithmetic primes of I, and for each k € Xy (1), let Fi be
the residue field of p, := ker(x) C I, which is a finite extension of Q,, with valuation ring
Ok.

Foreachn > 1,leta, € Ibetheimageof T, € h"rd under the natural projection b(’rd — 1,
and form the g-expansion f = Zfiil a,q" € I[[g]]. By [9, Thm. 1.2], if k € Xyim (1) is an
arithmetic prime of weight k > 2, character 1, and wild level p", then

fe = > «(@)q" € Fellgl]
n=1

is (the g-expansion of) an ordinary p-stabilized newform f,, € Si(I'o(Np™), wko—k Y¥), where
w: (Z/pZL)* — Zj is the Teichmiiller character.
Following [11, Def. 2.1.3], factor the p-adic cyclotomic character as

Ecyc = Etame * Ewild 1 GQ —> Z; ZRp_q X r,
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Big Heegner points and special values of L-series 311

and define the critical character ® : Gg — I* by

ko2 12
O(0) = gme (0) - [eyj1q (0],
kg—2

where 0. : GQ = M ,_1 is any fixed choice of square-root of &% = (see [11, Rem. 2.1.4]),
12

egild : G — Tistheunique square-root of eyiiq taking valuesinI',and [-] : I' — A* — I*
is the map given by the inclusion as group-like elements.
Define the character 6 : Z; — T by the relation

ko—2
tame

O = 0 o &eyc,

and for each k € Xy (1), let 6, : Z; — 6; be the composition of 8 with «. If k has weight
k > 2 and character v, one easily checks that

02(z) = ZF20h Fy (2) (1)
forall z € ZIX,.

1.4 Big Heegner points in the definite setting

Let Dy, be the submodule of Div()~( m) supported on points in X m(K), and set
DY .= (D, @7 O1).
Let I" be the free I-module of rank one equipped with the Galois action via ©~!, and define
Dy =D Qo I, DI :=D, 1.

Let ﬁpn,m € X,n(K) be the system of Heegner points introduced in Sect. 1.2, and denote by

Ppn i the image of eord Pyn  in Dy,. By Theorem 1.2(2) we then have
PO = ©0) - Py @

forall o € Gal(L pn yn/Hpn+m) (see [13, §7.1]), and hence Ppn ,, defines an element

Py ® Em € HO(Hpim, D}y). 3)
Moreover, by Theorem 1.2(3) the classes

P = COH 1 B ® &) € HO(Hpn, DY)

satisfy the compatibility

A (Ppr ) = Up - Ppn 1
forallm > 1.

Definition 1.5 The big Heegner point of conductor p" is the element

Ppn = ](H_nU;m -Ppn,m (S HO(H n,DT),

m

where D := lim ]D)jn.
<—m
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1.5 Big theta elements

Let Pic()~( m) be the Picard group of X m» and set

IO = e (Pic(X,) ®z O1)y  Im i= I Qpoa I, T =T, @p 1.
The projections Div(X,,) — Pic(X,,) induce amap D := l(ir_nm Dy, — Linm Jm =2 1.
Assumption 1.6 dimg; (J/mp]) = 1.

Here, my is the maximal ideal of I, and kg := I/my is its residue field. By [13, Prop. 9.3],
Assumption 1.6 implies that the module J is free of rank one over [; this assumption will be
in force throughout the rest of this paper.

Remark 1.7 Combining results of [18] with Hida theory, one can show that Assumption 1.6
is satisfied, for example, under the following hypotheses on the residual representation o :

(1) py is surjective; and
(2) py is ramified at every prime £|N~ with £ = &1 (mod p).

(See [5, §3] for further details.)

Let 'y = l(ir_nn Gal(K, /K) be the Galois group of the anticyclotomic Z,-extension
K~ /K.Foreachn > 0, set

Q, = Coern+1/K,, (Ppni1) € HO(K,,DM.

Abbreviate I', := ' = Gal(K,/K).

Definition 1.8 Fix an isomorphism 7 : J — 1. The n-th big theta element attached to f is
the element @), °¢(f) € I[T',] given by

O, (@) :=a," - > 1k, (Q) ® 0,

oely
where g, is the composite map HYK, D> D—7J Lo

Remark 1.9 Plainly, two different choices of 1 in Definition 1.8 give rise to elements ®5eeg )
which differ by aunitin I C I[I",,]. Following [13, §§9.2-3], this dependence on 1 will not be
reflected in the notation, but note that for the proof of our main result (Theorem 4.6 below),
a certain “normalized” choice of n will be made.

Using Theorem 1.2(3), one easily checks that the elements @nHeeg (f) are compatible under
the natural maps I[I",,] — I[I",,] for all m > n, thus defining an element

O (F) = lim ©),“%(f) @)
n

in the completed group ring I[[['s]] := l(igln I,

Definition 1.10 The algebraic two-variable p-adic L-function attached f and K is the ele-
ment
Heeg Heeg Heeg *
Ly =(/K) = O ~(F) - O~ ()" € I[[Tec]l,

1

where A > A* is the involution on I[[T"s,]] given by y + y " on group-like elements.
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2 Special values of L-series
2.1 Modular forms on definite quaternion algebras

Let B/Q be a definite quaternion algebra as in Sect. 1.1. In particular, we have a Q ,-algebra
isomorphism i, : B, ~ GL2(Q)).

Definition 2.1 Let M be a Z,-module together with a right linear action of the semigroup
M3(Z,) NGL2(Q)), and let U C B* be a compact open subgroup. An M -valued automor-
phic form on B of level U is a function

$:B* — M
such that
¢ (bgu) = ¢ ()lipup),

forallb € B*,g € B*andu € U.LetS (U, M) be the space consisting of all such functions.

For any Z-algebra R, let
P(R) = Sym**(R?)

be the module of homogeneous polynomials P (X, Y) of degree k — 2 with coefficients in R,
equipped with the right linear action of Ma>(Z,) N GL2(Q),) given by

(Ply)(X,Y) := P(dX — cY, —bX + aY)
forall y = (‘C‘ Z). Set Sy (Us R) := S(U, Z(R)), and S (U) := S, (U; C,).

2.2 The Jacquet-Langlands correspondence

The spaces S(U, M) are equipped with an action of Hecke operators 7y for £ { N~ (denoted
Uy for £|pN ™).

Recall that T'o 1 (N, p™) := To(N) N T1(p™), and denote by SEEW_N— (To.1(N, p™))
the subspace of Si(I'g 1 (N, p™); Cp,) consisting of cusp forms which are new at the primes
dividing N~. Define the subspace S,?ew_N7 (To(Np™)) of Si(To(Np™); Cp) is the same
manner.

Theorem 2.2 For each k > 2 and m > 0, there exist Hecke-equivariant isomorphisms

Sk(Un) —> SE N (To 1 (N, p™)
Sk(RY) —> SPV=N"(To(Np™)).

In the following, for each k' € Xy (I) of weight k£ > 2 and wild level p™, we will denote
by ¢r, € Sk(U;) an automorphic form on B with the same system of Hecke-eigenvalues
as f,.. By multiplicity one, ¢¢, is determined up to a scalar in F,*, and we assume ¢, is
p-adically normalized in the sense of [4, p.18], so that ¢, is defined over O, and ¢¢, # O
(mod p).
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2.3 Higher weight theta elements

We recall the construction by Chida—Hsieh [4] of certain higher weight analogues of the theta
elements introduced by Bertolini—-Darmon [1] in the elliptic curve setting.

Let f = Zi‘;] an(f)q" € Sk(T'o(Np)) be an ordinary p-stabilized newform of weight
k > 2 and trivial nebentypus, defined over a finite extension L of Q,, with ring of integers
Or.

For any ring A, let %% (A) be the module of homogeneous polynomials P (X, Y) of degree
k — 2 with coefficients in A, equipped with left action px of GL2(A) given by

_k=2
pr(&)(P(X,Y)) :=det(g)” 7 P((X,Y)g),
for all g € GL2(A), and define the pairing (, )x on % (A) by setting

2, T(k/2+m)(k/2—m)
(Zaivi,;b_ivj)k: > ambop (=177 T =D :

k k
7§<ﬂl<§

v emyk—14m
where v, := X2 Y2 .

Let G, .= K X\I? x/ 6;,, be the Picard group of O, and denote by [-], the natural
projection K* > G, For the following definition, recall the scalars 8 and g introduced in
Sect. 1.1, and the system of elements g(”) € B* from Theorem 1.2, and let ¢ € S (i?\lx)
be a p-adic Jacquet—Langlands lift of f p-adically normalized as in Sect. 2.2.

Definition 2.3 Let —k/2 < m < k/2, and n > 0. The n-th theta element of weight m is the
element l?,Em](f) € ﬁ@L [G.] given by

() = ap (N D (o (Z8)e s ™))k - Lal

[aln€Gn
where
k=2
o op(f)=ap(fHp” 7,
1 VB , -
if p splits in K,
"ol VB
(—p”0 —p"\/ﬁi) if p isinertin K,

k=2
k=2
o vi =B "Dy -Vn.

Note that the denominator (k — 2)! arises from the definition of (, ) (cf. Remark 2.5), and
let 6,,(f) be the image of ¥,,41(f) under the projection (1{%2)!01‘ [Ght1] — ﬁ@L[Fn].

If x : K*\Ag — C* is an anticyclotomic Hecke character of K (so that | Ay = 1), we
say that K has infinity type (m, —m) if
X (Zoo) = (Zoo/Zoa)™,

forall zo € (K ®q R)*, and define the p-adic avatar ¥ : KX\I?>< — C; of x by setting

X(@) =1y 015 (x(@)(ap/a,)™,

foralla € I?X, where a, € (K ®q Q)™ is the p-component of a. If x has conductor p”",
then ¥ factors through G,, which we shall identify with the Galois group Gal(H/K) via
the (geometrically normalized) Artin reciprocity map.
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Theorem 2.4 Let X be the p-adic avatar of a Hecke character x of K of infinity type (m, —m)
with —k/2 < m < k/2 and conductor p*. Then for all n > max {s, 1}, we have

=~ Lg(f, x,k/2)
RO = Col 0 Eptf ) - T XL
fN~
where
o Cp(f.x) = (0KI/2* - Tk/2+m)T(k/2 —m) - (p/ay (/)P (p" D) * - Dk,
1 ifn >0,
o Ep(fix) =10 —a,'xm)?* (I —a,'x(®)* ifn=0and p=ppsplitsinK,
(1 —a,?)? ifn =0and pisinertin K,
o Q- € C*is Gross’s period.
Proof This is [4, Prop. 4.3]. O

Implicit in the above statement is the fact that the values Lk (f, x, k/2)/ 2y y- are alge-
braic and hence may be viewed as p-adic numbers using our fixed embedding 1), : Q—=C P

Remark 2.5 For our later use, we record the following simplified expression for the n-th
theta element 19,5m](f) form = —(k/2 — 1). Define qb[/] . BX — Op, by the rule

prby="> ¢y
—k/2<j<k/2

[k/2—1]

in particular, ¢ (b) is the coefficient of Y¥~2in ¢ (b). Using that det(Zﬁ,")) = p"/Bdk,

and the relatlon
T(k/2+ )T (k/2

k=2 -7 i
(V_j.prO)) = (1) T/ T -¢fj ),

a calculation immediately reveals that

H=8"apH™ X o Nas™) laly (mod pM).  (5)
laln€Gn

1 —k/2] k/2—1

Note that in this case z?,il_k/zl(f) € Or[G,], i.e. there is no (k — 2)! in the denominator. We
also remark that (5) is in fact an equality when p splits in K, because of the simpler shape
of Zg') (see Definition 2.3) in this case.

2.4 p-Adic L-functions

By [4,Lemma4.2], for m = O the theta elements Q,Eml (f) are compatible under the projections
(=] 2)' Orllp+1] — =l 2), Or[T',], and hence they define an element

Ooo(f) = lim " (f)

in the completed group ring =55 OL[[Toc]] 1= lim ot T OLITl.
Definition 2.6 The p-adic L-function attached to f and K is the element
LI (f/K) = Ooo(f) - 0o (f)* € (k = 2)!1 7' OL[[Tec]l,

where x — x* is the involution on ﬁ@L[[Fo@]] given by y — y~
elements.

!"on group-like
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Theorem 2.7 Let ¥ : oo — C; be the p-adic avatar of a Hecke character x of K of
infinity type (m, —m) with —k /2 < m < k/2. Then

LK(va’k/z)

Qf’N,

where €(f) is the root number of f, and C,(f, x), Ep(f, x), and Qs y- are as in Theo-
rem 2.4.

XY (f/K) =€(f) - Cp(f. ) Ep(f.x)-

Proof This follows immediately from the combination of [4, Thm. 4.6] and the functional
equation in [4, Thm. 4.8]. O

3 p-Adic families of automorphic forms
3.1 Measure-valued forms

Let 2 be the module of Oy -valued measures on
(Zy) =12~ (PZy)*,

the set of primitive vectors of Z?). The space S(Up, 2) of -valued automorphic forms on
B of level Uy := ii\(;( is equipped with natural commuting actions of OL[[Z;]] and Ty, for
LtN™.

For every k € Xuitn (D) of weight & > 2, character ¥, and wild level p™, there is a
specialization map p, : 1 := 9 ®0L[[Z§]] I — P (F,) defined by

pe(p) = / ()Y = yX) du(x, y), ©6)
Z,xZ,
where &, = Y@ ~* is the nebentypus of f,, and we denote by
Prc,% - SWo, Z1) —> Sik(Up; Fi)

the induced maps on automorphic forms. Thus every element ® € S(Uyp, Zr) gives rise to a
p-adic family of automorphic forms p, .(®) parameterized by k¥ € Xyritn ().

Proposition 3.1 Let f € I[[q]] be a Hida family. For any arithmetic prime k € Xyith(1) of
weight k > 2 and wild level p™, let p, C 1 be the kernel of k. Then the specialization map
Pi.« induces an isomorphism

S(Uo, D1, /9 SWo, D1, = Sk (Uns F)lfi]
where S(Ugy, P)1, is the localization of S(Uy, 1) at p,c.

Proof Under slightly different conventions, this is shown in [14] by adapting the arguments
in the proof of [8, Thm. (5.13)] to the present context. ]

For any ® € S(Uy, Z1) and k € Xarin (1), we set @, 1= py (D).

Corollary 3.2 Suppose Assumption 1.6 holds. Then S(Uy, Z) is free of rank one over L. In
particular, there is an element ® € S(Uy, Z1) such that

Dy = Ay - ¢f,(’
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where A € O, \ {0}, and ¢x, is a p-adically normalized Jacquet—Langlands transfer of f.
(Of course, ® is well-defined up to a unit in T*.)

Proof We begin by noting that Assumption 1.6 forces the space S(Up, Z1) to be free of
rank one over I. Indeed, being dual to the kp-vector space J/myJ, Assumption 1.6 implies
that S(Uo, Z1)/m1S(Up, Z1) is one-dimensional. By Nakayama’s Lemma, we thus have a
surjection I — S(Up, Z1), whose kernel will be denoted by M. If p,, C T is the kernel of any
arithmetic prime k € Xyrih (1) (say of wild level p™), we thus have a surjective map

A/ M)y, — SWo, D)1, —> SWo, D)1, /P SWo, D1, = Si (U Fo)lkiel,

where the last isomorphism is given by Proposition 3.1. In particular, it follows that
(I/M)yp, # 0 and by [16, Thm. 6.5] this forces the vanishing of M. Hence S(Uy, Z1) = 1,
as claimed.

Now, if ® is any generator of S(Uoy, Z1), then ®, spans Sy (U, ; F)lf] for all k €
Xarith (I), and hence ®, = A, - ¢, for some nonzero A, € Oy, as was to be shown. ]

Remark 3.3 It would be interesting to investigate the conditions under which the constants
A € Oy are p-adic units, so that @, is p-adically normalized.

3.2 Duality

The following observations will play an important role in the proof of our main results. We
refer the reader to [19, §§3.2,3.7] for a more detailed discussion.

Fix an integer m > 1, let O be the ring of integers of a finite extension of Q,, and assume
that ¢, (b) := |(B* N bU,,b~")/Q*| is invertible in O for all [b] € BX\EX/Um. There is a
perfect pairing

(Im 22U O) x $2(Upn; O) — O
given by

o = D en® T A falbTm),

[b1e BX\B* /Uy,

where 1, € B* is the Atkin—Lehner involution, defined by 7, 4 = (_p,S Nt (1)) ifg|pNTt,

and 1, , = 1ifg { pNT.Itiseasy to see that (, ),, is Hecke-equivariant. Letting S>(Uy,; O)*
be the module S, (U,,; O) with the Hecke action composed with 7,,,, we thus deduce a Hecke-
module isomorphism

Homy , (J2, O[T, ]) 2 Homoyr,, (34, O[T,])
~ Homp (J24, 0)
~ SS9 (U, O)F,

which we shall denote by 1,,.
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Note that for any [b] in the finite set B> \1? * /Uy, we have ¢, (b) = 1 for all m sufficiently
large. Since the isomorphisms 7, fit into commutative diagrams

Hom, , (J&, O[T, ]) —— = S9M(U,,; O)F

I I
Homy,, (J&, O[T, ]) — == §94(U,,_; O)*F,

where the right vertical map is given by the trace map, taking the limit over m > 1 we thus
arrive at a T°"“-module isomorphism

Moo 1= lim ny, - Homa o, (JE, Ao) = 1im S5 (U; 0) 7,
m m

and hence
i : Homy(J,T) =~ S(Uo; 71t )

by linearity and Shapiro’s Lemma.

Corollary 3.4 Suppose Assumption 1.6 holds, and let ® be as in Corollary 3.2. There exists
an I-linear isomorphism 1 : J >~ 1 such that for all k € Xyitn (I) of weight 2 and wild level
p™, the diagram

Jg— " o7

D
Jm —_— OK
commutes.

Proof Setting n := n; ! (®), where 77 is the isomorphism (7), the result follows. O

4 Specializations of big Heegner points

Recall that Assumption 1.6 is in force in all what follows.

4.1 Weight 2 specializations of big Heegner points

Let f € I[[¢]] be a Hida family, and let ® € S(Up, Z1) be a p-adic family of quaternionic
forms associated with f as in Corollary 3.2.

Definition 4.1 Foreach«x € Xyim(I) andn > 0, let Li"(f/K; k) € O,[I",] be the image of

> / k()P (P] ) (x, ) ® 0
oeGal(H 11 /K) " 20 ¥ 2

under the projection O, [Gal(H i1 /K] = O[Tl where

Pyt = [k, s" )] € HO(H it Xo(K))

is the Heegner point of conductor p"*! on Xo(K) defined in the proof of Theorem 1.2.
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Lemma 4.2 If k € Xyim(I) has weight 2, then the projection map m,_; : Oc[T';] —
OrTn_1] sends

LENE/K; k) — k(@) - L3 (E/K; «).

n—1

Proof We begin by noting that if T € Gal(H pnr1/K) is any lift of a fixed © € Gal(Hp»/K),
then
> i = > T =Up- P ®)
(reGal((rH}—;:H /K) (reGa](Hp,Hl JHpn)
We thus find, using that « has weight 2 for the last equality, that

>, > / S @ 7

t€Gal(Hpn /K) eGal((TH LK)

= / k(x)d® U - Pt )X, ) ®T
teGal(Hn/K) Z;xZp

=«k(ap) / K(.x)d®(Prn)(x V) ® T,
GdI(Hn/K) 2, xZ,p

and the result follows. ]
Definition 4.3 For each k € Xy (I) of weight 2, define £33 (f/K; k) € O, [[T's]] by
LEE/K; 1) = limk(a,") - L3 (/K k).
n

By Lemma 4.2, L2 (f/K; «) is well-defined.

Proposition 4.4 Fix ® as in Corollary 3.2, and let @l;oeeg (f) € I[[T'so]] be the corresponding
big theta element (see Definition 1.8), using the isomorphism n : J >~ T of Corollary 3.4.
Then for any k € Xyt (1) of weight 2, we have

k(O (M) = LU(E/K: k)
in Oc[[Tooll.

Proof Let k € Xyt (I) have weight 2 of level p™, and let P+t be the big Heegner point
of conductor p"'H (see Definition 1.5). In view of the definitions, it suffices to show that

k(nk,(Qn) = LYE/K; 1)

for all n > m, which in turn is implied by the equality

KH iy (Pprt1)) = / K (X)dP(Ppnt1)(x, y), (©))
Z,xZ,
where NH i1 is the composite map HO(Hpn+l ,DHY>D—>1J Lo

Recall the critical character ® : Gg — I from Sect. 1.3, and define x : K*\Ax — FX
by

Xie (X) = O (reCQ(NK/Q(x)))
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for all x € A;. We will view x. as a character of Gal(K*®®/K) via the Artin reci-
procity map recg. Let P il @ Sm € HO(H n+l+m,DIn) be as in (3), recall that

Lty 1= Hpttm (), and consider the element P* D m € HO(LP,1+17m, ]D),J; ® F,) =
HO(L st . Dy ® Fc) given by
K H n+l+m
Phr = > Res,” " (Byrt @ )" ® 17 (@) (10)

UEGal(Lanrl V,,,/H,,n+l )

By linearity, we may evaluate @, at any element in D,,, ® F}; in particular, we thus find

O, P ,) = > X' @) PP )

oeGal(L 1 ,/Hynt1)

_ > X (1) > O (Pl )

o—T
te€Gal(L pnt1-m ,,/ Hpnt1) 0 €Gal(L it o /H 1)
—1 jag
= (a}) > X @ O (Phi,)
TEGal(Lpn-H—m,m/Hpn+l)
= K(al];l) . [Lpn-#l—mym . Hpn+1] . @K(Ppn+l—m’m), (11)

using the “horizontal compatibility” of Theorem 1.2(4) for the third equality, and the trans-
formation property of Theorem 1.2(2) for the last one.
By definition (10), we have

n+ m

IPXZH = Corg, ot/ Hynt © ResH (]P) 1 ® &m)

pn+14m
= Lyt g = Hpnren 1= COUp /8 iy Bty @ )
and using (2), it is immediate to see that
IP’XfM € H'(H 1., D}, ® Fo)
(cf. [15, §3.4]). Since « has wild level p™, the composite map
D—J-515 F,
factors through D — D), inducing the second map

H°(H 41, D}, ® F) —> Dy ® Fe —> F. (12)

Tracing through the construction of big Heegner points (Sect. 1.2), we thus see that the image

of U;” . [Lp,m,m : Hpn+l+m] < Ppnti under the map

HO(H i1, DY) — D — T =% F,

agrees with the image of IP’Xf, - under the composite map (12), and hence using Corollary 3.4
we conclude that

q> (]PX”Jrl ) = K(a;") . [Lanrl’m : Her»ler] 'K(T)Hpn_H (Ppn+l)). (13)
Combining (11) and (13), we see that

K (1H , 11 (Pprt1)) = D (Ponsi-m ).
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On the other hand, since « has weight 2, by definition of the specialization map we have
/ K (@)AD(Poin) (X, y) = P (Ppriiom ).
Z,xZ,

Comparing the last two equalities, we see that (9) holds, whence the result. O

4.2 Higher weight specializations of big Heegner points

In this section, we relate the higher weight specializations of the “big” theta elements (~)E§eg (f)
to the theta elements 0 (f,) of Chida—Hsieh. This is the key ingredient for the proof of our
main results.

Proposition 4.5 Let @Io{feg (f) € I[[Txol] be as in Lemma 4.4, and let k € Xyim (1) be an
arithmetic prime of weight k > 2 and trivial nebentypus. Then

k=2
2

K(ONEE)) = hy -8 2 - O (b,

where )\ is as in Corollary 3.2 and 0, (f) is the theta element of Chida—Hsieh (see Sect.
2.4).

Proof 1t suffices to show that both sides of the purported equality agree when evaluated at
infinitely many characters of I'e. Thus let X : I'c — C}; be the p-adic avatar of a Hecke
character y of K of infinity type (m, —m) and conductor p*, where

m=—k/2—1),

and s > 0 is any non-negative integer. Let n > 5. The expression defining £3"(f/K; «) (see
Definition 4.1) depends continuously on «, and hence from the equality of Proposition 4.4
we deduce that

K(OHeeg(f)):K(a;n) / K(x)dq)(P 1) (X, Y) @0
aeGal(H w1 /K)o XL

=«(a,") > Plk/2= ”(P 1) ® 0,
oeGal(H n+1/K)

-2

using the fact that integrating d <I>(P 1) (X, y) against k (x) = x*=2 recovers the coefficient

of Yk=2 of ®, (P 1) for the second equality, as apparent from (6) (see Remark 2.5).
We thus find

Rk (O D)) = X (O, 50) = x(@,") > S 2(PT, )7(0)

oel’,
- k/2—1 ~
= e(@,") > o TP DR ()
oel’,
_ 452 k/2-1] n
= )"K . 51( : (011 (fl()) (mOd p )
k=2

= 8g 7 - X(Oo(fe)  (mod p"),

using Remark 2.5 and [4, Thm. 4.6] for the penultimate and last equalities, respectively. This
congruence holds for all n > s, and hence

k=2

7 X O (E)).

X (O (6))) = Ay - 8¢
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Letting x vary, the result follows. O

As a consequence of the above result, we deduce that the two-variable p-adic L-function
Lgeeg (f/K) of Definition 1.8 (constructed from big Heegner points) interpolates the p-adic L-
functions L;" (f, /K) of Chida—Hsieh (Definition 2.6) attached to the different specializations
of the Hida family f.

Theorem 4.6 Let k € Xy (D) be an arithmetic prime of weight k > 2 and trivial nebenty-
pus. Then

Ly B E/K)) =2 85" LN/ K),

where )\ is as in Corollary 3.2.
Proof After Proposition 4.5, this follows immediately from the definitions. O

Remark 4.7 1f we do not insist in the particular choice of isomorphism 7 from Corollary 3.4,
then the equality in Theorem 4.6 holds up to a unit in O, (cf. Remark 1.9).

5 Main results

In this section, we relate the higher weight specializations of the theta elements constructed
from big Heegner points to the special values of certain Rankin—-Selberg L-functions, as
conjectured in [13]. Following the discussion [13, §9.3], we begin by recalling the statement
of this conjecture.

Let k € Xaith (I) be an arithmetic prime of even weight k > 2, and let f,. be the associated
ordinary p-stabilized newform. In view of (1), for all z € ZIX, we have

0 () = 2?7 19 (2),
where 9 : Z; — F is such that 193 is the nebentypus of f, ; in particular, the twist
fl=f v !

has trivial nebentypus.

Let Elgeeg (f/K) € I[[Tx]] be the two-variable p-adic L-function of Definition 1.10,
constructed from big Heegner points. By linearity, any continuous character y : ['ooc — C ;
defines an algebra homomorphism yx : O, [[I's0]] — Cp, and we set

EII;Ieeg(f/K; K, x) = x ox(ﬁgeeg(f/l()).

Recall that an arithmetic prime k € Xy (D) is said to be exceptional if it has weight 2,
trivial wild character, and « (a p)2 = 1. Denote by wy € {£1} the generic root number of the
Hida family f, so that for every non-exceptional k € X (I) the L-function of f,j over Q
has sign wy in its functional equation.

Conjecture 5.1 ([13, Conj. 9.14]) Let k € Xarith(I) be a non-exceptional arithmetic prime
of even weight k > 2, and let x : Tso — C;,‘ be a finite order character. If wg = 1, then

Ly ¥@/K e 0 £0 = Li] X k/2) £0.
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In view of Gross’ special value formula [7], it is natural to expect Conjecture 5.1 to be
a consequence of a finer statement whereby K(ﬁgeeg (f/K)) would give rise to a p-adic L-
function interpolating the central critical values L g (f,'(" , X, k/2) as x varies. For k € Xy (D)
of weight 2, this indeed follows from the discussion in the previous section combined with
Howard’s “twisted” Gross—Zagier formula [12] (see [15, §5]). The corresponding statement
in higher weights is the main result of this paper, which shows that the interpolation property

in fact holds for a more general family of algebraic characters of I'.

Theorem 5.2 Let k € Xy (1) be an arithmetic prime of weight k > 2 and trivial nebenty-
pus, and let x : T'so — C; be the p-adic avatar of a Hecke character of K of infinity type
(m, —m) with —k/2 < m < k/2 and conductor p". Then

Lx e, x,k/2)

LY@ K ke, ) =27 - 8.5 ce(fe) - Cphe, x) - Ep(Ee, x) - o
|

)

where A is as in Corollary 3.2, €(f,) is the root number of ., and C, (£, x), Ep (£, x), and
Q¢ n- are as in Theorem 2.4. In particular, if k is non-exceptional, Conjecture 5.1 holds.

Proof This follows immediately from Theorems 2.7 and 4.6, noting that £, (f,, x) # 0 if
Kk is non-exceptional. O

Remark 5.3 1In light of the analogy with the phenomenon of “exceptional zeros” observed
by Mazur-Tate-Teitelbaum [17] in the cyclotomic setting, it would be interesting to study
the leading term of £Eeeg (f/K) at a point where the p-adic multiplier E (., x) appearing in
Theorem 5.2 vanishes. In forthcoming work, we will combine the techniques of this paper
with the strategy introduced by Greenberg—Stevens [8] to prove an anticyclotomic analogue
of the exceptional zero conjecture of Mazur—Tate—Teitelbaum [17], recovering in particular
the exceptional zero formula of Bertolini-Darmon—Iovita—Spiess [2] by completely different
methods.

We conclude this paper with the following application to another conjecture from [13].

Conjecture 5.4 ([13, Conj. 9.5]) Assume wg = 1, and let Jo € 1 be the image of ®§§eg(f)
under the augmentation map I[[T's]] — L. Then Jy # 0.

Denote by Xy (I) the set of non-exceptional k € Xyieh (1) with trivial nebentypus, and let
k¢ > 2 denote the weight of k. In particular, recall that if k, > 2, then « is non-exceptional.

Corollary 5.5 Assume wg = 1. Then the following are equivalent:

(1) Lg (&, 1L, ke /2) # 0 for some k € Xiviy(D);
(2) Conjecture 5.4 holds;
(3) LxE, 1, kc/2) # 0 for all but finitely k € Xyiyv(D).

Proof The implications (1) = (2) and (2) = (3) are immediate consequences of Theo-
rem 5.2, and the implication (3) = (1) is obvious. O
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