ON THE VANISHING OF SELMER GROUPS FOR ELLIPTIC CURVES
OVER RING CLASS FIELDS

MATTEO LONGO AND STEFANO VIGNI

ABSTRACT. Let E,g be an elliptic curve of conductor N without complex multiplication
and let K be an imaginary quadratic field of discriminant D prime to N. Assume that the
number of primes dividing N and inert in K is odd, and let H. be the ring class field of K
of conductor ¢ prime to ND with Galois group G. over K. Fix a complex character y of
G.. Our main result is that if Lx (E, x, 1) # 0 then Sel,(E/H.) ®, W = 0 for all but finitely
many primes p, where Sel,(E/H.) is the p-Selmer group of E over H. and W is a suitable
finite extension of Z, containing the values of x. Our work extends results of Bertolini and
Darmon to almost all non-ordinary primes p and also offers alternative proofs of a x-twisted
version of the Birch and Swinnerton-Dyer conjecture for E over H. (Bertolini and Darmon)
and of the vanishing of Sel,(E/K) for almost all p (Kolyvagin) in the case of analytic rank
Z€ro.

1. INTRODUCTION

Let E/q be an elliptic curve of conductor N without complex multiplication and denote by
f(q) = >0 ang™ the normalized newform of weight 2 on I'g(IN) associated with E by the
Shimura—Taniyama correspondence.

Let K be an imaginary quadratic field of discriminant D prime to N. The extension K/Q
determines a factorization

N=NTN"
where a prime number ¢ divides N (respectively, N7) if and only if it is split (respectively,
inert) in K. We make the following

Assumption 1.1. N~ is square-free and the number of primes dividing it is odd.

Let ¢ be a positive integer prime to ND and denote O, the order of K of conductor ¢: if
Ok is the ring of integers of K then O, = Z+cOk. Let H. = K(j(Oc)) be the ring class field
of K of conductor c¢; here j is the classical j-function viewed as a function on lattices. The
Galois group G, := Gal(H./K) of H. over K is canonically isomorphic to the Picard group
Pic(0,) = O \IA(X/KX of O, via class field theory. (For any ring A, the symbol A denotes
A ®7 7 where Z is the profinite completion of Z.)

Write CA}C for the group of complex-valued characters of G, fix xy € éc and denote Lg (f, x, s)
the twist by x of the L-function Lk (f,s) = Lx(E,s) of f over K. Since c is prime to ND,
it follows from Assumption 1.1 that the sign of the functional equation of Lx (f, x,s) is +1.

Now let Z[x] be the cyclotomic subring of C generated over Z by the values of x. For any
prime number p choose a prime ideal p of Z[x| containing p, and denote W the completion of
Z[x] at p. If M is a Z|G.]-module, write M ®, W for the tensor product of M and W over
Z|G¢], where the Z[G.]-module structure of W is induced by x.

Let Sel,(E/H.) and III,(E/H.) be the p-Selmer and the p-Shafarevich-Tate group of £
over H,., respectively. The main result of our paper is the following
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Theorem 1.2. If Li(f,x,1) # 0 then
Sel,(E/H:) @y W =0, HI,(E/H:) @, W =0
for all but finitely many primes p and a suitable choice of p.

By purely algebraic considerations, we also show that Theorem 1.2 yields the corresponding
statement with p replaced by p” for all n > 1. The primes p for which Theorem 1.2 does not
possibly hold are those not satisfying Assumption 4.1. In particular, the set of such primes
contains the primes of bad reduction for £ and those dividing the algebraic part L(f, x) of
the special value Lg(f, x, 1), which is defined in Section 2 and is not zero because Lx (f, x,1)
is assumed to be non-zero. Furthermore, for primes p for which Theorem 1.2 holds the ideal
p is chosen at the beginning of Section 8 in such a way that L(f, ) is non-zero in Z[x]/p.

Analogous results were previously obtained by Bertolini and Darmon

e for the finitely many primes p of multiplicative reduction for £ which are inert in K
(in [4, Theorem BJ);
e for infinitely many primes p of ordinary reduction for E and x of p-power conductor
(in [6, Corollary 4]).
It is important to remark that our Theorem 1.2 does not a priori exclude the case where p is
a prime of good supersingular reduction for F, thus covering infinitely many p not considered
in [4, Theorem B] or [6, Corollary 4]. The simple, yet crucial, observation which allows us to
treat these cases as well is the following: if F' is a finite extension of @, and A is an abelian
variety defined over F' with good reduction then the image of the local Kummer map

§: A(F)/pA(F) — H'(F, Alp])

can be controlled by means of suitable flat cohomology groups (see §3.3). In an Iwasawa-
theoretic context, a similar approach was also adopted by Knospe in [19]. The reader may
wish to consult the paper [11] by Darmon and lovita for related results on Iwasawa’s Main
Conjecture for elliptic curves in the supersingular case.

Now we would like to describe two interesting consequences of Theorem 1.2. First of all,
the group G, acts naturally on the Mordell-Weil group FE(H.), and E(H.) ®z C can be
decomposed into a direct sum of eigenspaces under the induced action. Explicitly,

E(H)®C= P BE(H.)*
x€Ge

where CAJC is the group of complex-valued characters of G, and
E(H.)X :={z € E(H,) ®C|o(z) = x(o)z for all 0 € G.}.

As explained in Sections 8 and 9, as a corollary of Theorem 1.2 we get the following result on
the vanishing of E(H,)X.

Theorem 1.3 (Bertolini-Darmon). If Lg(f, x,1) # 0 then E(H.)X = 0.

This is the y-twisted conjecture of Birch and Swinnerton-Dyer for E over H, in the case
of analytic rank zero and was previously established by Bertolini and Darmon in [4, Theorem
B|. We remark that if p is a prime of ordinary reduction for E satisfying arithmetic condi-
tions analogous to those in Assumption 4.1 and x is an anticyclotomic character of p-power
conductor then the statement of Theorem 1.3 can also be found in [6, Corollary 4].

The second by-product of Theorem 1.2 we want to mention is the following. By specializing
Theorem 1.2 to the trivial character of G, one can obtain a vanishing result for the p-Selmer
groups of E¥ over K. More precisely, we offer an alternative proof of

Theorem 1.4 (Kolyvagin). If Lx(E,1) # 0 then the Mordell-Weil group E(K) is finite and
Sel,(E/K) =UI,(E/K) =0 for all but finitely many primes p.



ON THE VANISHING OF SELMER GROUPS 3

We attribute this result to Kolyvagin because it is a formal consequence of his proof of the
conjectures of Birch and Swinnerton-Dyer and of Shafarevich and Tate for £, (see Theorem
9.11 for details), which were obtained by using his theory of Euler systems of Heegner points
in rank one. However, our proof of Theorem 1.4 is new, since it uses neither known cases of
the conjecture of Shafarevich and Tate nor auxiliary results for elliptic curves in rank one (in
other words, it takes place “entirely in rank zero”).

The methods used in the proof of Theorem 1.2 are inspired by those of [6]. However, no
techniques in Iwasawa theory are used in the course of our arguments, while a crucial role
is played instead by a detailed study of the linear algebra of Galois cohomology groups of E
viewed as modules over Z,[G.] and F)[G.] (Sections 8 and 9).

As hinted at in the lines above, the main new ingredient in our strategy is the use of flat
cohomology to describe the image of the local Kummer maps above p (Proposition 3.2). This
approach can be effectively combined with classical results of Raynaud on p-torsion group
schemes in order to control the local behaviour at primes of good reduction for E of certain
cohomology classes coming from points on the jacobians of suitable auxiliary Shimura curves
(Proposition 5.2). In particular, we do not need to require any ordinariness condition at p,
contrary to what done, e.g., in [6]. However, we warn the reader that all this works fine under
an assumption of “low” ramification in p which is certainly satisfied in our case once we ask
that p 1 ¢ but fails to hold in other significant arithmetic contexts (for instance, when one
deals with Z,-extensions of number fields).

We expect that our approach to vanishing results for Selmer groups can be extended and
fruitfully applied also to the context of real quadratic fields and Stark—Heegner points, as
introduced by Darmon in [10]: we plan to turn to this circle of ideas in a future project.

To conclude this introduction, we point out that the y-twisted, rank one situation was dealt
with by Bertolini and Darmon in [3]. More precisely, building on the techniques of Kolyvagin
(see, e.g., [14], [20], [30]), Bertolini and Darmon showed that the y-eigenspace E(H.)X of the
Mordell-Weil group E(H.) is one-dimensional over C if the projection onto E(H,.)X of a certain
Heegner point is non-zero. Recently, this result has been largely extended by Nekovér in [27],
where the author covers the more general case of abelian varieties which are simple quotients
of jacobians of Shimura curves associated to indefinite quaternion algebras over totally real
number fields. We also remark that the main result of [27] is one of the ingredients in the

proof by Nekovér of the parity conjecture for Selmer groups of Hilbert modular forms (see
[26, Ch. 12]).

Notation and conventions. Throughout our work we fix an algebraic closure Q of Q and view
all number fields as subfields of Q. If F is a number field we write O and G for the ring of
integers and the absolute Galois group Gal(Q/F) of F, respectively. Moreover, for all primes
¢ we choose an algebraic closure Q; of Q and denote Cy its completion.

If £ is a prime then Fy and Fj2 are the finite fields with ¢ and ¢? elements, respectively. We
often write F, in place of Z/pZ when we want to emphasize the field structure of Z/pZ.

For any ring R and any pair of maps f : M — N, g : P — @ of R-modules we write
f®g: M®r P — N ®pr(Q for the R-linear map obtained by extending additively the rule
m®p+— f(m)® g(p). Finally, for any map f : M — N of R-modules and any R-algebra S
themap f®1: M — N ®g S is defined by m — f(m) ® 1.

Acknowledgements. We would like to thank Massimo Bertolini and Adrian Iovita for useful
discussions and comments on some of the topics of this paper. We are also grateful to Marco
Seveso for a careful reading of an earlier version of the article and to the anonymous referee
for valuable remarks and suggestions.
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2. CONSEQUENCES OF THE GROSS—ZHANG FORMULA

Let B be the definite quaternion algebra over QQ of discriminant N~, and let R C B be an
Eichler order of level NT. Fix an optimal embedding 9 : K < B of O, into R, that is, an
injective Q-algebra homomorphism of K into B such that ¥(O.) = ¥(K) N R. Extend 1 to a
homomorphism

) OX\K* /K* — R*\B*/B*
in the obvious way. By Jacquet—Langlands theory, the modular form f can be associated to
a function
6=0(f): R\B*/B* — 17
with the same eigenvalues of f under the action of Hecke operators T} for primes g { N, where
the action of Hecke operators on B* is defined by double coset decomposition. Define the
algebraic part of the special value Li (f,x,1) of Lx(f,x,s) to be

L(Fx) =Y x (o) (¢ov)(0) € ZX].
ceGe

Of course, L(f,x) depends on the choice of ¢ but, since this embedding will remain fixed
throughout our work, the notation will not explicitly reflect this dependence.

Theorem 2.1. The special value Lk (f,x,1) is non-zero if and only if L(f, x) is non-zero.

Proof. The result in this form follows from [34] and [16]: see [33, Theorem 6.4] for details.
Explicit formulas relating Lx (f, x,1) and L(f, x) can be found in [13] in a special case and
in [35] in the greatest generality. O

3. LOCAL COHOMOLOGY AND SELMER GROUPS

In this section we introduce Selmer groups. Since we will consider torsion modules of
cardinality divisible by the residue characteristic of (some of) the local fields, in order to
study local conditions we need to use both Galois and flat cohomology.

3.1. Classical Selmer groups. Let F' be a number field. For any prime number ¢ denote
F, the g-adic completion F' ®g Qg of F, so that Fj is isomorphic to the product Hq‘ 0 Fa of
the completions Fy of F' at the prime ideals q of Op above q. Moreover, write G, for a
decomposition group of G at q (this amounts to choosing an algebraic closure Fy of Fy and
an embedding Q — Fy) and If, for the inertia subgroup of G,, and set G, := Hq‘ ,Gr, and
Ip, = Hq|qIFq‘

Let A/ be an abelian variety defined over a number field F. If p is a prime number write
A[p"] for the p"-torsion subgroup of A(Q), so A[p"] ~ (Z/p"Z)** where d is the dimension of
A. Let now p and ¢ be (possibly equal) primes and let n be a positive integer. As customary,
set

HY(F, Ap") == H'(Gp, Ap"),  H'(Fy, APp"]) == H'(Gr,, Alp"))
and
HY(F,, Alp")) = [ H (P A", H'(Igy, AR") := [] H Iy, A"))-
alq alq
(Here H'(G, M) denotes the first (continuous) cohomology group of the profinite group G
with values in the G-module M.) Let

resq : HY(F,A]p")) — Hl(Fq,A[pn])

be the restriction map at q and define res, := [],| resq. Likewise, let

alq
8q : A(Fy) — H'(Fy, Ap™)
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denote the Kummer map and define 6, := []
F' is defined as

Seln (A/F) —ker(Hl(FA —>HH1 A(Fy))[p ])

alg dq. As usual, the p"-Selmer group of A over

={se H'(F, A}p")) | resq(s) € Im(d,) for all primes ¢}.

Finally, say that a prime ¢ is of good reduction for A if for all prime ideals q of Op above ¢
the base-changed abelian variety Ay := A X Fy has good reduction.

3.2. Finite and singular cohomology groups. As in [6, §2.2], we introduce the following
finite/singular structures on local cohomology groups. Let p and ¢ be distinct primes and
suppose that A has good reduction at g. Define the singular part of H(F,, Alp]) as

HYoo(Fy, Alp)) = Hl(IFq,A[p])GFq/IFq,

sing

and define the finite part H} (F,, Ap]) via the inflation-restriction exact sequence

0 — Hy, (Fy, Alp)) — H' (Fy, Alp]) — Hgig (Fy, Alp]).

sing

The next proposition recalls a well-known cohomological result.

Proposition 3.1. Let p, g be distinct primes and suppose that A has good reduction at q.
Then Im(8,) = H} (Fy, Alp)).

Proof. Let q be a prime of I’ above ¢. Since A has good reduction at q and p # ¢, there is an
exact sequence

o _
A(Fy) =% HY(Gr,/Ir,, Alp)) — H"(Gr,/Ir,, A(Qq)"™)[p].
But H'(Gp, /IFq,A(@q)IFﬂ) = 0 by [24, Ch. I, Proposition 3.8], and our claim follows. O
3.3. Flat cohomology groups. Fix a prime ideal p of Or above p and suppose that A has
good reduction at p. Let A be the Néron model of A xp F, over the ring of integers OF,
of F, and denote by A[p| the p-torsion subgroup scheme of A. View the group schemes A

and A[p| as sheaves on the flat site of Spec(Op,), and write H}Z(OFP,A) and H}l(OFp, Alp])

(respectively, H*(Op,, A) and H*(Op,, A[p])) for the first flat cohomology group (respectively,
the second flat cohomology group supported on the closed point of Spec(OF,)) of A and A[p]
(see [23, Ch. III] for the theory of sites and cohomologies on the flat site). These groups
fit into the following commutative diagram with exact rows, where the injectivity of i, is a
consequence of [24, Ch. III, Lemma 1.1 (a)]:

(1) 0 — H}(Or,, Alp]) —2—~ H(B,, Alp]) —— HX(Or,. Alp])

| | |

H}l(on,A) E—— (Fp, A(Fp)) _— H,2(OFP,A).
Now recall the local Kummer map 8, : A(F,) — H'(F,, A[p]) at p and the exact sequence
A(Fy) R HY(F,, Alp])) — H'(F,, A(F)).
The next result will play a crucial role in the proof of Proposition 5.2.

Proposition 3.2. The map i, induces an isomorphism Im(0,) ~ H}l((’)Fp, Alp]).
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Proof. Since H}Z(OFP,A) = 0 by Lang’s lemma (see [18, Théoreme 11.7] and [22, Lemma 5.1
(vi)]), the inclusion

ip (H}l(onv'A[p])) C Im(é,)
follows from (1). Since H(Op,, A) = 0 by [22, Lemma 5.1 (vi)], the right vertical map in (1)
is injective. Hence if x belongs to the kernel of the middle vertical arrow then its image in
H ?((’)Fp,A[p]) is zero, and the opposite inclusion follows. O

4. ADMISSIBLE PRIMES RELATIVE TO f AND p

For any prime number g, fix an isomorphism E[q] ~ (Z/qZ)? by choosing a basis of E[q]
over Z/qZ and let
PEq: Go — GLa(Z/qZ)
be the representation of the absolute Galois group of Q acting on El[q].

4.1. Choice of p. Throughout our work we fix a prime number p fulfilling the next

Assumption 4.1. Suppose Li(f,x,1) # 0. Then

(1) p> 5 and p does not divide ¢NDh(c) where h(c) := [H, : K] is the cardinality of the
group Pic(O.);

) the Galois representation pg ), is surjective;

) the image of L(f,x) in the quotient Z[x|/pZ[x] is not zero;

) p does not divide the minimal degree of a modular parametrization Xo(N) — E;

) if q is a prime of H, dividing N and H, 4 is the completion of H, at q then p does not
divide the order of the torsion subgroup of E(H,q).

(2
(3
(4
(5

By Theorem 2.1, the non-vanishing of Lx (f, x,s) at s = 1 is necessary for part 3 to hold,
and this is the reason why it was assumed before enumerating the required properties of the
prime p. On the other hand, in order to emphasize its role in our arithmetic context, the
condition Lg(f,x,1) # 0 will always explicitly appear in the statement of each of our results
in Section 9.

Remark 4.2. A well-known theorem of Lutz ([21]) says that there is an isomorphism
E(H,q) ~ zifesQl s

with T a finite group, hence the torsion of E(H.g4) is indeed finite. Under the condition
Li(f,x,1) # 0, Theorem 2.1 implies that the assumption on L(f, x) excludes only a finite
number of primes p. But then, since F does not have complex multiplication, the “open
image” theorem of Serre ([31]) ensures that Assumption 4.1 is verified for all but finitely
many primes p.

Remark 4.3. Condition 5 in Assumption 4.1 is introduced in order to “trivialize” the image
of the local Kummer map at primes of bad reduction for £. However, with little extra effort
one could impose suitable conditions at these primes too, thus relaxing Assumption 4.1. We
preferred avoiding this in order not to burden the exposition with unnecessary (at least for
our purposes) technicalities, but local conditions of this kind appear, e.g., in [15].

4.2. Admissible primes. Let p be our chosen prime number and recall the normalized
newform f(q) = > o2, a;q' of weight 2 on I'g(N) associated with E. Following [6, §2], we say
that a prime number /¢ is admissible relative to f and p (or simply admissible) if it satisfies
the following conditions:

(1) ¢ does not divide Npc;
(2) ¢is inert in K;

(3) p does not divide £? — 1;
(4) p divides (£ +1)? —a?.
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For every admissible prime ¢ choose once and for all a prime \g of H. above ¢ (we will never
deal with more than one admissible prime at the same time, so ignoring the dependence of \g
on ¢ should cause no confusion). Since it is inert in K and it does not divide ¢, the admissible
prime /¢ splits completely in H., hence the primes of H. above ¢ correspond bijectively to the
elements of G.. The choice of \g allows us to fix an explicit bijection between these two sets
via the rule

(2) o€ Ge— a(Xo).
The inverse to this bijection will be denoted
(3) A— oy € G,

so that o)(Ag) = A. Finally, an element o € G. acts on the group rings Z|G,| and Z/pZ|G_]
in the natural way by multiplication on group-like elements (that is, 7 +— oy for all v € G.).

Lemma 4.4. Let ¢ be an admissible prime relative to f and p. The local cohomology groups
H} (H.y, Elp]) and HL  (H.., E[p]) are both isomorphic to Z/pZ|G.] as Z|Gc]-modules.

sing

Proof. By [6, Lemma 2.6], the groups Hi (K, E[p]) and H;mg(Kg, E[p]) are both isomorphic
to Z/pZ. But ¢ splits completely in H,, hence H} (H.,, E[p]) and Hsling(Hc,z, El[p]) are both
isomorphic to Z/pZ[G,] as Fp-vector spaces. Finally, the bijection described in (2) establishes
isomorphisms which are obviously G.-equivariant, and we are done. O

For x € {fin, sing} we fix once and for all isomorphisms
4) H, (Ky, Elpl) = Z/pL

which will often be viewed as identifications according to convenience.
The following proposition is a variant of [6, Theorem 3.2] (in the proof we will make use of
the algebraic results described in Appendix A).

Proposition 4.5. Let s be a non-zero element of H'(H., E[p]). There are infinitely many
admissible primes ¢ such that resg(s) # 0.

Proof. Let Q(E[p]) be the extension of Q fixed by the kernel of the representation pg ,. Let M
be the composite of the extensions Q(E[p]) and H., which are linearly disjoint over Q; in fact,
the discriminant of H. is prime to pN and Q(FE]p]) is ramified only at primes dividing pN,
hence H.NQ(E]p]) is unramified over Q: we conclude that H.NQ(E[p]) = Q by Minkowski’s
theorem. Since Gal(H./Q) is the semidirect product of G, and Gal(K/Q), with the non-trivial
element 7 of Gal(K/Q) acting on the abelian normal subgroup G. by o + 7o7~! = 071, it
follows that

Cal(M/Q) = Gal(H./Q) x Gal(Q(E[p])/Q) C (Gex {1,7}) x Aut(E[p]).

The elements in Gal(M/Q) can then be identified with triples (0,77, T) where o € G, j €
{0,1} and T € Aut(E[p]). For any s € H'(H,, E[p]) denote

5 € H'(M, E[p)) ™M) = Homga(ayn,) (Gal(Q/M), Elp])

the restriction of s. By the argument in the proof of [3, Proposition 4.1], the above restriction
map is injective, so § # 0 if s # 0. Let s # 0 and let My be the extension of M cut out by
ker(5). By Proposition A.1, Ms/H, is Galois. Since E[p] is an irreducible Gal(Q/H..)-module
because pg , is surjective by condition 2 in Assumption 4.1, it follows that Gal(M,/M) ~ E[p].

Fix now s € H'(H,, E[p]) such that s # 0. Without loss of generality, assume that s
belongs to an eigenspace for the complex conjugation 7, so 7(s) = ds for § € {1,—1}. For
every o € G, write s — s? for the natural action of o on s and let M, denote the composite of
the extensions Mo for all ¢ € G,. By Proposition A.3, M, /Q is Galois and, by Proposition
A4, Gal(M,/Q) identifies with the semidirect product of Gal(M/Q) and a finite number of
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copies of E[p] indexed by a suitable subset S of elements in G. (here we use the fact that s
belongs to a specific eigenspace for 7). Denote elements in Gal(M,/Q) by ((’Up)pes, o, 7, T)
with (v,),es € E[p]#® and (0,77, T) € Gal(M/Q). Let now ((vp)pes,1,7,T) € Gal(M,/Q)
be such that
(1) T has eigenvalues § and p € (Z/pZ)* such that p # +1 (such a T' exists because pg
is surjective and p > 5);
(2) for all p € S, v, =v # 0 and v belongs to the d-eigenspace for T'.

For any number field F', any Galois extension Gal(F’/F') and any prime ideal ¢ of F which is
unramified in F’, let Frobg,p(q) denote a Frobenius element of Gal(F'/F) at q. Let £ be a
prime number such that

(1) ¢ does not divide Npc;
(2) ¢ is unramified in M,/Q;
(3) FI'ObMS/Q(E) = ((Up)p657 1,7, T) :

By the Cebotarev density theorem, there are infinitely many such primes.

The prime £ is admissible. Indeed, first note that Frobg q(f) = 7 implies that ¢ is inert
in K. Moreover, the characteristic polynomial of Frob,x(¢) acting on E[p] is the reduction
modulo p of X? —ayX + ¢, 50 ag =5+ p (mod p) and £ = u (mod p), whence a; = §(£ + 1)
(mod p); we conclude that ay = £(¢+1) (mod p) since 6 € {1, —1}. Finally, £ # £1 (mod p)
since p # +1.

To show that res(s) # 0, let [ be a prime of M dividing ¢ and define r to be the degree of
the corresponding residue field extension. By Proposition A.4 and equation (54),

FrOsz/M([) = ((vp)pes; 1,7, T)" = ((rvp)pes, 1,1,1).

The integer r is even and prime to p because p does not divide the cardinality h(c) of G. by
condition 1 in Assumption 4.1 and the order of T' is prime to p. Hence

E(Frosz/M([)) = 5(rv) =rs(v) #0
and res((§) # 0. This shows that res((s) # 0, hence res;(s) # 0. O

5. SHIMURA CURVES AND HECKE ALGEBRAS

5.1. The Shimura curve X®. Let ¢ be an admissible prime relative to f and p, let B be
the indefinite quaternion algebra over Q of discriminant N~ ¢ and fix an Eichler order R C B
of level N*. Let Hoo be the complex upper half plane and denote R the group of elements
of norm 1 in R. Fix an embedding i : B — Ma(R) and write I's for the image of Ry in
PGL3(R) obtained by composing i, with the canonical projection GL2(R) — PGL2(R). Let
PGLy(R) act on Hoo by Mbius (i.e., fractional linear) transformations. The analytic quotient
Hoo/I'so has a natural structure of compact Riemann surface which, by [32, Ch. 9], admits a

model X = Xg ) defined over Q. The curve X will be referred to as the rational Shimura
curve associated to B and R.
Let Qg2 (respectively, Zs2) be the (unique, up to isomorphism) quadratic unramified ex-

tension of Q, (respectively, Z,) and let Fj2 be the field with ¢? elements. Denote by J ©) the
)

2

be the special fiber
)

2

Jacobian variety of X® and by Jg;)z its Néron model over Zy2. Let J%{i

of J%)Z and denote by JE(Q Y the connected component of the origin in Jléi . Finally, write

l 0,0
(0)

for the group of (geometric) connected components of JFiz'
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5.2. Hecke algebras and liftings of modular forms. For any integer M, let T(M) be the
Hecke algebra generated over Z by the Hecke operators T, for primes ¢ { M and U, for primes
q|M acting on the space of cusp forms of level 2 on I'g(A). Denote T"*¥ (respectively, T)")
the quotient of T(NNV) (respectively, T(N/¢)) acting faithfully on the cusp forms on I'o(NN)
which are new at N~ (respectively, N~/¢). In the following, the Hecke operators in T(N)
(respectively, T(N/)) will be denoted T, (respectively, t,) for primes g { N (respectively,
q 1t N{) and Uy (respectively, u,) for primes g|N (respectively, q|N¢). To ease the notation,
use the same symbols for the images of these operators via the projections T(N) — T"V and

T(N?) — T;V. The newform f gives rise to surjective homomorphisms
f:T(N) — Z, f:T — Z

which, by a notational abuse, will be denoted by the same symbol, the second one being the
factorization of the first one through the projection onto the new quotient. These maps are
defined by extending Z-linearly the rule f(7,) := a4, f(U,) := a4; by composing f with the
projection onto Z/pZ we further obtain surjections
f:T(N) — Z/pZ, [T — Z/pZ.

Under the above assumptions on p and ¢, by [6, Theorem 5.15] there exists a surjective
homomorphism
(5) fo: T — Z/pZ
such that

(1) fo(ty) = f_(Tq) for all primes ¢q 1 N¢;

(2) fi(ug) = f(Uy) for all primes ¢|N;

(3) fe(ug) =€ (mod p) where p divides £ + 1 — ef(1y).
Let my, C T}V be the kernel of f;. The proofs of [6, Theorems 5.15 and 5.17] do not use
the condition that p is an ordinary prime for F (which was assumed at the beginning of [6]),
hence by [6, Theorem 5.15] there is a group isomorphism

(6) @y /my, = Z/pZ,
and by [6, Theorem 5.17] there is an isomorphism
(7) Tay(J ") /my, = Elp]

of Gg-modules.

Remark 5.1. The modular form f; introduced in (5) and the isomorphism (6) are obtained by
Ribet’s “level raising” argument (|29, Theorem 7.3]) combined with the fact that, by condition
4 in Assumption 4.1, the prime p does not divide the degree of a minimal parametrization
Xo(N) — E. The argument is based on the isomorphism which will be briefly touched upon
in (20) (see §7.3 for more information), and the details can be found in [6, Theorem 5.15].

Let F' be a number field and let
ko JO(F) — HY(F, Tay(J79))

be the Kummer map relative to J©. Composing s with the canonical projection Ta,(J @y —
Ta,(JO)/m f, and the isomorphism (7) yields a map

(8) R JO(F) — HY(F,E[p).

If ¢ is a prime let res, : HY(F, E[p]) — H!(F,, E[p]) be the restriction map and let &, :
E(F,) — H'(F,, Elp]) (vespectively, r, : JO(F,) — H'(F,, J®[p])) be the local Kummer
map relative to E (respectively, J)). Finally, for any prime p|p denote &y (respectively, jp(g))
the Néron model of E (respectively, J(©)) over OF,. Moreover, let v, be the (normalized)
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valuation of Fj, and let e := v,(p) be the absolute ramification index of Fj, (in particular,
e =1 if p is unramified in F).

The proof of the next proposition is where the result in flat cohomology shown in §3.3
comes into play.

Proposition 5.2. Assume that e <p—1. If P € JO(F) then
resq (R(P)) € Im(6,)
for all primes q 1 NZ.

Proof. If ¢ # p the claim follows from Proposition 3.1. Suppose that ¢ = p, note that £ and
J® have good reduction at p since p { N by condition 1 in Assumption 4.1, and write

ip : Hjy(OR,, &[p]) — H'(Fy, Ep))
and
g Hpy(Or,, 3 p]) — H' (B, J9p])

for the two injections in (1) corresponding to A = E and A = J®, respectively. By Proposi-
tion 3.2 applied first to A = J® and then to A = E, one gets

© () = [T (B0 5B)). 16 = [[in (Hh(Os&1)-

plp plp

Since p € my, and Ta,(J @) / pTa,(J ) = JO[p], the isomorphism in (7) gives a commutative
triangle

(10) Ta, (J®)) — E[p]

with surjective maps. For all primes p|p the generic fibers of Jp(e) [p] and &, [p] are J/(Qp [p] and

E)r,[p] respectively, and e < p — 1, so by [28, Corollary 3.3.6] the morphism 7 = m, of (10)
(viewed over Fy) lifts uniquely to a morphism 7y, : jp(g) [p] = &[p]. Hence for all primes p|p
there is a commutative square

Jp

(11) H}(05,. 5, p) = H' (B, JO[p])

H}Z(OFp,gp[P]) h H'(F,, E[p))

in which the vertical maps are obtained functorially from 7, and 7y, respectively. Finally, set
7p := [ I, ™ and define &y := m, 0 k. Then if P € JO(F) one has the formula,

resy (R (P)) = Fip(P).

On the other hand, the inclusion

Im(r,) C [ (H},(OFP, 5p[p])) = Im(5,)

plp

follows from (9) and (11), and the proposition is proved. O
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5.3. Heegner points on Shimura curves. The Shimura curve X ) introduced in Section
4 has a moduli interpretation which can be described as follows. As above, let B/Q be the
quaternion algebra of discriminant N=¢ and R C B the Eichler order of level N* defining
X®_ Fix a maximal order Ruyax containing R. Let F denote the functor from the category
of Z[1/N/{]-schemes to the category of sets which associates to a Z[1/N{]-scheme S the set of
isomorphism classes of triples (A, ¢, C') where

(1) A is an abelian S-scheme of relative dimension 2;

(2) ¢: Rmax — End(A) is an inclusion defining an action on A of Rpax;

(3) C'is a subgroup scheme of A which is locally isomorphic to Z/N*Z and is stable and

locally cyclic for the action of Ryax.

The functor F is coarsely representable by a smooth projective scheme with smooth fibers

X(e[)l/NE} defined over Z[1/N¢], whose generic fiber is X (). See [8, Ch. III] for details.
Let P, € X® correspond to a triple (Ac, e, Ce) such that End(A.) ~ O.. Such a point is

called a Heegner point of conductor c. By the theory of complex multiplication, P, € X () (H,.).

6. THE CEREDNIK—DRINFELD THEOREM

Let ¢ be an admissible prime relative to f and p. Let Xg;) be a nodal model of X over
Zy, i.e. a proper and flat Zg-scheme such that

1) the generic fiber of X is the base change X© xq Qy;
Zy Q

)

(2) the irreducible components of the special fiber XI(Fi of Xg;) are smooth;

(3) the only singularities of Xu(?? are ordinary double points.
Before describing the result of Cerednik and Drinfeld, we introduce a certain graph attached
to XII*(‘?'
6.1. Dual graph of Xﬁgi) and reduction map. The dual graph Gy of Xﬂgi) is defined by
requiring that its vertices V(Gy) correspond to the irreducible components of XIE-?, its edges

f)

E(Gy) correspond to the singular points of XI(FZ and two vertices are joined by an edge if and
only if the corresponding components meet. Define a reduction map

ro : Div(XW(Ky)) — Z[V(Ge) U E(G)]
as follows. Let P € X (K,). Then P can be extended to a point P € X(Z)(OKZ) where
O Z
a similar triple (A Z, C) over Og,. Denote by P the reduction of P to the special fiber, which

is the ring of mtegers of K. This corresponds to extending a triple (A, ¢, C) over Ky to

corresponds to the reduction (4,7, C) of (A,7,C) modulo ¢. Then define r¢(P) by requiring
that 7¢(P) is equal to a vertex v (respectively, to an edge e) if P is non-singular and belongs
to the component corresponding to v (respectively, is the singular point corresponding to e).

Denote by Z[V(G,)]° the subgroup of divisors of degree 0 in Z[V(G,)]. As explained in [6,
Corollary 5.12], there is a natural map of groups

we : ZV(Go)]” — Py

Let D € Div® (X (4)([( g)) be a divisor of degree zero such that every point P in the support of
D is defined over Q2 and has non-singular reduction, so that r,(P) € V(G,). Denote by [D]
the class of D in J(Qy2) and by

(12) 0+ JO(Qpe) — ¢
the specialization map. By [6, Proposition 5.14], there is an equality
(13) ([D]) = we(re(D)).
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6.2. The theorem of Cerednik and Drinfeld. Let 7; be the Bruhat-Tits tree of PGLy(Qy),
and denote V(7;) (respectively, £(7¢)) the set of vertices (respectively, edges) of 7;.

Let ﬁg be the formal scheme over Z; which is obtained by blowing up the projective line
IP’}Z along the rational points in its special fiber P! /F, successively (see [8, Ch. I] for equivalent

definitions of ”Hg). The generic fiber Hy of ”Hg is a rigid analytic space over Z;, whose Cy-points
are given by
He(Cp) = PH(Cy) — P1(Qe) = Cr — Q.

By the theory of Schottky groups (see [12] or [8] for an exposition), the connected components
of the special fiber H, of Hg are smooth and meet transversely at ordinary double points.
Hence we can form the dual graph of H,, whose vertices are in bijection with the connected
components of H,, whose edges are in bijection with the singular points of 7, and where two
vertices are joined by an edge if and only if the corresponding components meet. This dual
graph is identified with 7.

Let I'y denote the group of norm 1 elements in R[1//]. Fix an isomorphism i, : By :=
B ®q Q; — M3(Qy) such that ig(R ® Z;) = Ma(Z,). The group I'y acts discontinuously on
H, and H, by fractional linear transformations via i,. The quotients H, /Ty and Hy /Ty are,
respectively, a formal Z,-scheme and an f-adic rigid analytic space.

The Cerednik-Drinfeld theorem (see [8, IIT, Théoreme 5.2]) says that the formal completion

)A(g;) of Xg;) along its special fiber is isomorphic over Z,2 to 7/-25 /Ty as a formal scheme. Hence

£),an

the analytic space X@(@e over Qy associated to X ® is isomorphic over Z2 to Hy /Ty as a rigid

()

analytic space and its special fiber XFz is isomorphic over Fy to the special fiber of ﬁg /Ty

(£)

as schemes. In particular, the dual graph of Xp,
of the special fiber of 7/'[\[, that is, Gy ~ T;¢/Ty. Tt follows from this (see [6, Lemma 5.6] for
details) that there are identifications

(14) V(Ge) = R“\B*/B* x {0,1},  &(G;) = R}\B*/B*

where Ry is the Eichler order of level N/ in R such that i,(Ry) is the group of matrices in
Mj(Z¢) which are upper triangular modulo ¢. In particular, V(G,) identifies with the disjoint

union of two copies of R*\B* /BX.

is equal to the quotient of the dual graph

7. AN EXPLICIT RECIPROCITY LAW

7.1. Reduction of Heegner points. Let the Heegner point P. correspond to the triple
(Ac,te, Ce) and write End(F,) for the endomorphism ring of the abelian surface A, with its
level structure, which is isomorphic to O.. Let £ be an admissible prime; the prime \g of H,
above £ chosen in §4.2 determines an embedding

Y Hc — Hc/\o = Kg.
The point P can then be viewed as a point in X (©)(K,) and it is possible to consider its image
P, in the special fiber as in Section 6, which corresponds to a triple (A, 1., C.). Write End(P,)
for the endomorphism ring of P.. By [5, Lemma 4.13], End(F.)[1//] is isomorphic to R[1/{]

where R is the order introduced in Section 2. Hence the canonical map End(A.) — End(A4,)
obtained by reduction of endomorphisms can be extended to a map

¢ : O[1/0] ~ End(A.) ®z Z[1/¢] — End(P.) ®z Z[1/{] ~ R[1/4].
After tensoring with Q over Z[1//], this yields an embedding
p: K — B,

denoted by the same symbol. Let {R = Ry,..., Ry} be a complete set of representatives for
the isomorphism classes of Eichler orders of level N in B. By [17, Proposition 7.3], the map
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¢ : K — B thus obtained is an optimal embedding of O, into R; for some i € {1,..., h}.
Since, by the strong approximation theorem, this set of representatives can be chosen so that
Ri[1/p] = R[1/p] for all i = 1,..., h, we can assume without loss of generality that R; = R.

The group B, acts on H, by fractional linear transformations via ¢,. Hence there is an
action of K,* on M, induced by extending ¢ to an embedding ¢, : K; < By. By [5, Section
4, TM1], the point P. € X((K,) is identified via the Cerednik-Drinfeld Theorem with one of
the two fixed points of the action of K, on H, thus obtained.

Lemma 7.1. The point P, € X(e)(HC) reduces to a non-singular point in the special fiber.

Proof. The Heegner point P, corresponds to a fixed point for the action of ¢, (K)) on H,.
On the other hand, ¢;(O. ® Zy) is contained in exactly one maximal order of By because
O, ® Zy is maximal and £ is inert in K, hence there are no optimal embeddings of O, ® Z;
into Eichler orders which are not maximal. Thus the action by conjugation of ¢¢(K, ) on
V(Te) UE(Ty) fixes exactly one vertex, namely the one corresponding to the order R ® Zy. By
the GL2(Qy)-equivariance of 74, we conclude that the reduction of P, must coincide with that
vertex. O

7.2. p-isolated forms. Let Sp(B, R;Z,) denote the Z,-module of functions
R*\B*/B* — Z,.

Then the function ¢ = ¢(f) associated to f by the Jacquet—Langlands correspondence belongs
to So(B, R; Zy). Now denote by my the kernel of f : T(N) — Z/pZ. Say that f is p-isolated
if the completion of So(B, R;Zy) at my is a free Zy-module of rank one. As a consequence, if
f is p-isolated then there are no non-trivial congruences modulo p between ¢ and other forms
in So(B, R; Zy).

By condition 4 in Assumption 4.1, p does not divide the minimal degree of a modular
parametrization Xo(N) — E, and this implies, as remarked in the proof of [6, Lemma 2.2],
that f is p-isolated (see also [1, Theorem 2.2] for details).

Another consequence of 4.1 is that the dimension of the F,-vector space Z[}/%X \B* /B* 1°/m;
is at most one. This can be proved as follows. Let r be a prime number dividing N~ (such an
r exists because N~ is the product of an odd number of primes). Denote by B’ the indefinite
quaternion algebra over Q of discriminant N~ /r and let R’ C B’ be an Eichler order of level
NTr. Asin §5.1, denote by R} the group of elements of norm 1 in R’. Fix an embedding
ile + B — Ma(R) and write I for the image of R}* in PGL2(R) via the composition of
i’ with the canonical projection GL2(R) — PGL2(R). As in §5.1, the analytic quotient

o0
Hoo /T, has a natural structure of compact Riemann surface which, by [32, Ch. 9], admits

a model X = X(g) defined over Q. The character group of the jacobian of X() at r
can be identified with Z[R*\B*/B*]" as explained, e.g., in [6, §5.3 and §5.4. Then an
extension of [29, Theorem 6.4] to the context of Shimura curves shows that the dimension

of Z[R*\B*/B*]°/m 7 over [, is at most one. For more details, the reader is referred to [6,
Theorem 5.15].

7.3. Hecke operators and modular forms. The action of the Hecke operators on the
function ¢ associated to the modular form f by the Jacquet—Langlands correspondence can
be represented as follows. Let ¢ be the Z-extension of ¢ to a map Z[R*\B*/B*] — Z and i
the natural injection R*\B*/B* < Z[R*\B*/B*]. Any Hecke operator T € T(N) acts on
Z[EX\E */B*] by correspondences via the usual double coset decomposition. Then

T(¢) :=poToi: RX\B*/B* — Z.
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For any prime ¢ f N define n, :== T, — (¢ + 1) € T(N). Since deg(nq(D)) = 0 for every
D € Z|R*\B*/B*], we can define

(15) ji=ng0i: RX\B*/B* — Z[R*\B*/B*]",

where Z[R*\B*/B]° is the subgroup of divisors of degree 0 in Z[R*\B*/B]. As before, let
£ be an admissible prime. From here on fix a prime ¢ # ¢ such that

agZq+1 (mod p),

which can be done by the Cebotarev density theorem and the surjectivity of PE,p- Finally,
write

¢ : R*\B*/B* — Z/pL
for the reduction modulo p of ¢; then 7, (g?)) is a non-zero multiple of ¢ and 7, (d_)) =¢oj
(mod p), where ¢ denotes, by an abuse of notations, the restriction of ¢ to Z[fix \EX/BX]O.
Recall the ideal my C T(N) defined in §7.2. Since Z[R*\B*/B*]° is invariant under T(N),

we can consider its quotient by my. This vector space has dimension one over [, as stated
in the next

Proposition 7.2. The [F,-vector space Z[EX\EX/BX}O/mf has dimension one.

Proof. Since 7, ((;73) # 0, the composition

(16) R\B*/B* L5 2|[R*\B*/B*]" —> Z|R*\B*/B*]° /m;

is not zero. This shows in particular that the last quotient is not zero. On the other hand, its
[F,-dimension is at most one by the results explained in §7.2, and the proposition follows. [

Let vg be the vertex of 7; corresponding to the maximal order Mg(Zy). A vertex of Ty is
said to be even (respectively, odd) if its distance from vy is even (respectively, odd). Since
the elements of I'y have determinant 1, there is a well-defined notion of even and odd vertices
in the graph Gy of §6.1. Define maps

(17) st E(Ge) — V(Ge)

by requiring that s(e) is the even vertex and t(e) is the odd vertex of the edge e. By (14),
every v € V(Gy) can be regarded as a pair

(18) v = (by,1)
with b, € R*\B*/B* and i € {0,1}. Moreover, as explained in the proof of [6, Lemma 5.6],
we can assume that ¢ = 0 if and only if v is even. Then define

0x : ZIE(Ge))” — ZIV(G0))°

to be the restriction to Z[£(G)]° of the Z-linear map sending an edge e to t(e) —s(e). Observe
that, with the above identifications, the map d, can be written as

5*(6) = (bt(e)a 1) - (bs(e)7 0)

The submodule Im(4,) can be identified with the product of two copies of Z[R*\B*/B*]°.
Let us briefly review why this is true. The orientation on the edges of G, chosen in (17)
induces two maps

e, B 1 Z[E(Gr)] — ZIR*\B* /B*] x {0,1}
defined by extending Z-linearly the rules u(e) := (bye),1) and Bi(e) = (—bys(),0). By
restriction, a, and [, give maps

a? 1 ZIE(G))® — ZIR\B*/B*° x {1}, B : Z[E(Gy))° — Z[R*\B* /B*]° x {0}.
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Finally, set

d. = (a2, 8)) : ZIE(G)]* — (ZIR*\B*/B*]* x {1}) x (Z[R*\B*/B*]° x {0}).
To ease the notation, denote the codomain of d, simply by (Z[]/%X \E */B X]0)2. As remarked
in [6, Proposition 5.7], it can be checked that d, is surjective and that the diagram

ZIE(Ge))° —2> ZIV ()| O Z[R*\B* /B*]?
£(G)°

)

dx (Z[EX\EX/BX]O)2

is commutative, and this shows that there is an identification
(19) Tm(d.) = (Z[R*\B*/B*]° x {1}) x (Z[R*\B*/B*]° x {0}) ~ (Z[R*\B*/B*]").

Let T‘gld be the quotient of T(N¥) acting on forms which are old at N~. It follows from the
description of £(G) in (14) that T9Y acts on Z[€(Gy)] by correspondences. By [6, Proposition
5.8], the quotient Im(6,) of £(G,) is stable under the action of T!4. Denote U, the f-operator
in T94, so U, acts on Im(d,). Then, by [29, Section 7] (see also [29, Theorems 3.12, 4.3 and
5.2 (¢)] and [6, Theorem 5.15]), the restriction of wy to Im(d,) gives rise to an isomorphism of
groups

(20) we : Im(8,) /{my, (U))? — 1) — ®p/my,.

Here recall that fy is the modular form introduced in (5), which is new at ¢ and congruent
to f modulo p, while my, is its associated maximal ideal of residual characteristic p. By [29,
Theorem 3.19] (see also [6, Theorem 5.15]), the action of U; on Im(é,) is given by (z,y) —
(Tyx — y, fx). Therefore, since

ag=€e(l+1) (mod p)

with e € {£1}, it follows that Uj; + € is invertible on Im(d,) while the image of U, — € is the
subset

{(ea:,a:) EZS Z[ﬁX\EX/BX]O} C Im(dy).

Combining this with Proposition 7.2 and the isomorphism in (20), and recalling that Im(é,)
identifies with the product of two copies of Z[R*\B*/B*]%, shows that

(21) CI’g/mfe EZ/pZ.

With j as in (15), note that Im(j) can naturally be viewed as a submodule of Im(d,) in two
ways, either via x — (z,0) or via x — (0,z). Choose one of the two maps above, call it 7 and
denote by ¢ the map obtained by composing 7 with the canonical projection, that is

(22) v Im(j) == Im(8,) —» Im(8,) /(my, (U})? = 1).
Then we obtain a map
(23) @govoj: RX\B*/B* — ®y/my, ~ Z/pZ.

The above description of ((U})? —1)Im(d,) and the fact that Im(j)/my is not trivial (because
the map (16) is not) show that the map (23) is non-zero. Hence, since f is p-isolated, we
conclude that @y o ¢ 0 j is equal to ¢ up to multiplication by a constant in (Z/pZ)*.
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7.4. The explicit reciprocity law. By Lemma 7.1, v, := r¢(P.) is in V(Gy), hence (with
notation as in (18)) it can be identified with a pair (b,,,i) in RX\B*/B* x {0,1}. By [6,
Proposition 5.8], the action of 7, on Im(d,) is diagonal with respect to the decomposition
described in (19), so we can write

g(ve) = (g b)) € ZIR\B*/B*]" x {i}
with the same i as before. Choose 7 in (22) such that 7,(v.) € Im(7). Let
Oy : JO(Ky) — ®y/my, ~ Z/pZ

be the composition of the map dy introduced in (12) with the canonical projection modulo

my, and the isomorphism (21). The operator 7, defines a Hecke and Galois-equivariant map

nq : Div(X®¥) — Div0(x®).
For any D € Div?®(X®) write [D] for the class of D in J©®, and set

e 1= [ng(Fe)] € J(é)(HC)-
Define
ac= Y oo e JO(H) @ ZG].

oelGe
Recall the embedding ¢y, : H. < H, ), associated to the prime \g. We remark in passing
that, since £ splits completely in H,, one has iy = o) 01y, for all primes A|¢ (here the Galois
elements o are as in (3)). By an abuse of notation, denote in the same way the global-to-local
homomorphism

irg : JO(H,) — JO(H, )
induced on the points of the jacobian, and keep in mind that for all primes A|¢ there are
canonical identifications H.\ = K; = Q. Viewing the maps iy as Ky-valued via these
identifications (which we will sometimes do without explicit warning) one then has iy = iy,

for all primes A|/.
The above discussion combined with (13) yields the equality

(24) (De0ing) (€ec) = (@eoroj)(ve) € Z/pL.

As a piece of notation, for any ring A and any pair of elements a,b € A let a = b mean that
there exists ¢ € A* such that a = bc. Moreover, let [x] denote the class of the element % in a
quotient group.

Theorem 7.3. The relation
((Be 0ing) @ x)(ae) = [L(f,X)]
holds in Z[x]/pZx].

Proof. Since the maps @yotoj and ¢ are equal up to multiplication by an element in (Z/pZ)*,
the result follows from (24) and the definition of L(f,x), after noticing that r, is Galois-
equivariant. [

8. ALGEBRAIC PRELIMINARIES

8.1. Towards the vanishing of ring class eigenspaces. Let x € @c be our complex-
valued character of G.. The prime p is unramified in Z[x] since it does not divide h(c) by
condition 1 in Assumption 4.1. Choose a prime ideal p of Z[x] above p such that

(25) the image of L(f,x) in Z[x]/p is not zero.
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This can be done thanks to condition 3 in Assumption 4.1. Denote W the p-adic completion
of Z[x] and observe that the non-ramification of p implies that p)V is the maximal ideal of
W; in particular,
ZIX)/p =W /pW.
For any Z[G.]-module M write M ®,, C (respectively, M ®, W) for the tensor product of the
Z|G.]-modules M and C (respectively, M and W), where the structure of Z|G.]-module on C
(respectively, W) is induced by x.
As in the introduction, if M is a Z[G.]-module define
MX:={z e M®;C|o(z) =x(o)x for all 0 € G.}.
The next elementary algebraic result (of which we sketch a proof for lack of an explicit
reference) will be repeatedly used in the sequel.

Proposition 8.1. If M is a Z|G.]-module which is finitely generated as an abelian group then
there is a canonical identification

of C[G¢]-modules.

Proof. By the universal property of tensor products, there is a natural G.-equivariant surjec-
tion

of finite-dimensional C-vector spaces. Moreover, Maschke’s theorem ensures that M ®z C
decomposes as a direct sum

M®,C= P M
v€Ge
of primary representations, and F' induces a G -equivariant (surjective) map
f=F|ux: MX — M ®, C.
Finally, again by universality one obtains a natural G.-equivariant map
g: M®,C— MX
of C-vector spaces, and it can be checked that f and g are inverses of each other. O

Choose once and for all an (algebraic) isomorphism C, ~ C which is the identity on Z[x].
Henceforth we shall view C as a W-module via this isomorphism, obtaining an isomorphism

(26) (E(H.) @, W) @w C ~ E(H,) ®, C.
For later reference, we state the following

Lemma 8.2. The module W is flat over Z|G.], and every Fy,[G.]-module is flat.

Proof. First of all, W is flat over Z. Moreover, if £ is a prime number dividing h(c) then ¢ # p,
hence W/{W = 0. The flatness of W follows fro