THE SAITO-KUROKAWA LIFTING AND STARK-HEEGNER
POINTS
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ABSTRACT. Let E‘/Q be an elliptic curve of conductor Np with p { N and
let f be its associated newform of weight 2. Denote by foc the p-adic Hida
family passing though f, and by F its A-adic Saito-Kurokawa lift. The p-
adic family Fo of Siegel modular forms admits a formal Fourier expansion,
from which we can define a family of normalized Fourier coefficients { A7 (k)}
indexed by positive definite symmetric half-integral matrices T' of size 2 x 2.
We relate explicitly certain global points on E (coming from the theory of
Stark-Heegner points) with the values of these Fourier coefficients and of their
p-adic derivatives, evaluated at weight k = 2.

1. INTRODUCTION

Let f be an elliptic newform of weight 2 and level I'g(M). Eichler and Shimura
showed how to associate to f an abelian variety Ay of arithmetic conductor M
such that the complex L-functions attached to f and Ay agree, cf. [18, Theorem
7.14]. Although the theory of Siegel modular forms provides a satisfactory gener-
alization of the notion of classical elliptic modular forms in higher dimension, no
such construction is known for Siegel modular forms of genus > 1. Generalizing the
Shimura-Taniyama conjecture, Yoshida [22] conjectured the existence of a genus
two holomorphic Siegel modular cusp eigenform of parallel weight 2 associated to
any irreducible abelian surface A defined over Q. Note that this Siegel modular
form, in contrast with the elliptic case, cannot be obtained in general by cutting
a piece of the étale cohomology of the Siegel modular variety. This makes the
connection to geometric constructions much less immediate.

In this paper, we study instead the reducible case, thereby lifting with Saito-
Kurokawa known connections between elliptic modular forms and certain global
points on rational elliptic curves to Siegel modular forms in the Maafl Spezialschar.
Our main result (partially summarized in (2) and (3) below) provides a relation
between Fourier coefficients of the Saito-Kurokawa lift of f and global points on the
elliptic curve associated with f as above. This result offers a geometric interpreta-
tion of Fourier coefficients of Saito-Kurokawa lifts. Such a result was, after inquiry,
unsuspected by specialists of explicit formulae for classical automorphic forms. It
is obtained by combining p-adic techniques developed by Darmon-Tornaria in [6]
for the A-adic Shintani lifting with various results on the Saito-Kurokawa lifting
recently obtained by Ibukiyama in [10] and an explicit description of Fourier coef-
ficients of modular forms of half-integral weight by Kohnen [12]. The global points
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providing such a description come from the theory of Stark-Heegner points intro-
duced by Darmon in [5], explaining the title of the paper.

To describe our work and main results in a more precise form, we fix an elliptic
newform f of weight 2, level T'y(Np) and rational Fourier coefficients, where N > 1
is an integer and p 4 N is a fixed prime number. We assume in the paper that
p =1 mod 4. This plays a réle in our combinatorial arguments and cannot, at the
present, be removed.

Denote by

(1) foolk) =" an(k)q"

the Hida family passing through f, where k is a p-adic variable in a neighborhood
U of 2 in

X := Homegopt (Z; , Z; )

and a;(k) = 1 for all k € U. Here Z < X via k + (z + 2¥). For simplicity,
we will also assume that U is contained in the residue class of 2 modulo p — 1.
Thus fo(2) coincides with the Fourier expansion of f and, more generally, fo. (k)
is a normalized ordinary eigenform of level I'o(Np) for all positive integers k € U.
Using the explicit A-adic Saito-Kurokawa lifting due to Li [15] and based on work
of Stevens [20], in Section 2 we recall the construction of a p-adic family of Siegel
modular forms
Fo(k) = Z ar(k)g”
T>0

(where k € U and the sum runs over all positive definite, half-integral symmet-
ric matrices T of size 2 X 2) interpolating a convenient stabilization of the Saito-
Kurokawa lifting of the classical forms appearing in the Hida family fo(k), cf. The-
orem 2.4. In particular, F(2) is just the Fourier expansion of the Saito-Kurokawa
lift of f (well-defined up to non-zero complex factors). In Section 3, we introduce
a normalization of the coefficients a(k), which we denote A (k); these are p-adic
analytic functions on a neighborhood U of 2 in X. The analysis of the modified
Fourier coeflicients ET(k) is carried out in Section 3, which contains the technical
heart of the proof. We combine various results for the explicit Saito-Kurokawa lift-
ing due to Ibukiyama [10] and explicit relations for Fourier coefficients on modular
forms of half-integral weight due to Kohnen [12]. In particular, the paper [10] gener-
alizes to arbitrary level various results on the Saito-Kurokawa lifting due to, among
others, Eichler-Zagier [7], Kohnen [13], Manickam-Ramakrishnan-Vasudevan [16]
and Manickam-Ramakrishnan [17]. In Section 4, we combine our explicit analysis
of the modified Fourier coefficients A7 (k) with the work of Darmon-Tornarfa [6] on
half-integral weight modular forms to relate the values A7 (2) and Z’T(2) to global
points on the elliptic curve E associated with f via the Eichler-Shimura construc-
tion. To be more precise, the family of p-adic Fourier coefficients {Ar(k)} can be
divided into two subfamilies called of type I and II, respectively, corresponding to
those T for which ET(2) do not need to vanish and respectively to those 7" such that
Ar(2) is forced to vanish, see §4.1 and eq. (9) for precise definitions. Thus, for T of
type IT we have Ar(2) = 0 and it natural to look at the value of the first derivative
Al (2) (with respect to k) at k£ = 2. Our main result, Theorem 4.4, thus shows the
existence of a point Qr € F(Kr) ®z Q (where Kr is an imaginary quadratic field,
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depending on T') such that

) O A (K = logp(@r),

where, if ¢ is Tate’s period of the p-adic Tate uniformization ®rate of £ and log, is
the branch of the p-adic logarithm satisfying log,(q) = 0, we define logg to be the
Q-linear extension of logg(P) = logq(q);alte(P)) (see (15) for details). Further, at

least in the special case when T is primitive (meaning that if 7" = (;;2 ugj 2), then

ged(u, v, w) = 1) we also have the relation

(3) QT 75 0= LI(SK(f)7XKT7 1) 7é 0,

where L(SK(f), xx,,s) is the Adrianov L-function attached to the Saito-Kurokawa
lift SK(f) of f, twisted by the quadratic character xr, of Kr.

The above equations (2) and (3) may be viewed as an analogue of [6, Theorems
1.5, 5.1] where similar results are established for the Shintani lifting in lieu of the
Saito-Kurokawa lifting.

We also remark that a more general version (3) above is proven in the text,
relaxing the primitivity assumption on 7T'. For more general T of type II, the relation
(3) between the global point Q7 and the L-function L(SK(f), xk,,s) depends on
the value of a certain explicit integer attached to T (denoted nr in the text: see
Proposition 3.1 for its definition), which might be zero. In this case the condition
L'(SK(f), xxs,1) # 0 does not imply the non-vanishing of the point Q7. This is
not surprising and corresponds to the fact, expressed by (13) in the text, that the
order of vanishing of ET(k) at 2 might be bigger than the order of vanishing of the
analogous coefficient appearing in [6] and related to the A-adic Shintani lifting of
foo-

Our second main result, Theorem 4.5, deals instead with 7" of type 1. Having
fixed a T of type II, we show that, at least when 7" is primitive of type I, the prod-
uct Ap/(2)logp(Qr) is equal to a quantity (denoted by J(f,07,07/) in the text)
obtained as a p-adic variation of classical Shintani geodesic integrals attached to f
and certain quadratic forms depending on T and 77, see (16) for details and defi-
nitions. This result also holds without the assumption, made in the introduction,
that N > 1.

We mention that Kawamura recently investigated in [11], with a different per-
spective, applications of p-adic methods & la Hida to the Ikeda lifting, introducing
a p-stabilized family of Siegel modular forms different from that used in our paper
(see Remark 2.5). Combination of our work and [11] might be of interest. Also, we
finally point out that Brumer-Kramer refined Yoshida’s conjecture in the paramod-
ular case, conjecturing a bijection between isogeny classes of abelian surfaces 4/Q
of conductor M with Endg(A) = Z and weight 2 paramodular newforms of level M
with rational eigenvalues which are not Gritsenko lifts, with an equality of L-series.
Brumer-Kramer’s conjecture has been verified numerically for small prime levels by
Poor-Yuen. As a complement, it would thus be interesting to see if our arguments
can be adapted to the paramodular case.
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2. THE A-ADIC SAITO-KUROKAWA LIFTING

In this section, we construct an explicit A-adic Saito-Kurokawa lifting, using a
key result of Stevens [20] and following Li [15, Thm. 4.9, p.56]. See also the anterior
work [9] by Guerzhoy.

Let f = Y72 | anq™ be a newform of weight 2 and level I'o(Np), where N > 1
is a fixed odd squarefree integer and p 4 N is an odd prime number and such that
ay, € Z for all n > 1. Consider the Hida family f.. (k) passing through f introduced
in (1); recall that k belongs to a neighborhood U of 2 in the weight space X, with
U contained in the residue class of 2 mod p — 1, and a;(k) = 1 for all k € U. For
any integer k > 2 in U, let f; := foo(k) denote the k-specialization of fo,. We also
let A := Z,[1+ pZ,] denote the Iwasawa algebra of 1+ pZ, with coefficients in Z,,.

We first recall a well-known result of Stevens [20] on the A-adic Shintani lifting.
Let 0(f) denote the Shintani lifting of fj, whose definition is recalled, for example,
in [20, §2.2]. In particular, note that 0(f;) is well-defined only up to a complex
non-zero factor. A result of Shimura [19] (cf. [20, Proposition 2.3.1]), asserts the
existence, for any positive even integer k, of a complex number Q;k such that

0(fx)

@,
where Oy, denotes the ring of integers of the finite extension Ky, generated over
Q be the Fourier coefficients of f.

S Ofk

Remark 2.1. €, is defined in [8, Theorem 4.8] in such a way that Q, @y, (where
O, is the standard modular symbol associated to fi as in [8, Definition 4.7]) spans
the one-dimensional Ky, -vector space consisting of Symk_Q(K]%k )-valued T'o(Np)-
invariant modular symbols where the involution (') acts as —1 and the Hecke
algebra acts through the character associated to f, cf. [8, Section 4].

We recall now the following result due to Stevens (see [20, Theorem 3.3]).

Theorem 2.2 (Stevens). There is a formal power expansion

O(k) = Bu(k)q"
n=1

(where (3, are p-adic analytic functions defined on U) and, for any positive even
integer k, a p-adic number Q) € Q,, such that:

(1) QZ 7é 0;
(2) For any positive even integer k,

We shall use the above result to construct an explicit A-adic Saito-Kurokawa
lifting. This is well-known to experts and follows in particular from Li’s thesis [15].
We recall the constructions which will be used later. For an integer k > 2 in U, let
f,g denote the unique newform of weight k and level I'g(IV) such that

fi(2) = fi(z) = ap(k) 79" S (2).
Let F,g = SK(f,g) denote the Saito-Kurokawa lifting of f}i, for an integer k > 2
in U, the existence of which is proved in this generality in [10]. (Note that F, ,5 is
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well-defined only up to a non-zero complex number.) The Siegel modular form F,g
has then weight k/2 + 1 and level T'3(N) where, for any integer M > 1, we define

TE(M)={(&5) €Spy(Z)[C=0 mod M}.
The Fourier expansion of F,§ can be written as follows:

Fi(2) =" Ar(k)q"

>0

where the sum is over all positive definite, half-integral symmetric matrices T' of
size 2 x 2 and ¢7 := exp (27itr(TZ)). If we write

gh = 0(f) = > ep(k)q”

D>1; (-1)*/2D = 0,1 mod4

for the Shintani lifting of f,g (which is well-defined only up to a non-zero com-
plex number), then the image of the Saito-Kurokawa lifting satisfies the following
relation, thanks to [10, §3.4]:

(4) Ar(k) = Z cpy /a2 (k)d"?

d>0; d[c(T); (N,d)=1
where Dy = det(27') and, for T = (U72 Uf), e(T) := ged(u,v,w). Of course, the
only d’s contributing to the above sum are those for which (—1)¥/2Dy/d? = 0,1
mod 4. For later use, we also let

g=g2:=0(f) = > cp(2)g”

D>1; -D=0,1 mod 4

denote the Shintani lifting of f = f5, as usually well-defined only up to scalars. We
also denote by F' = Fj the Saito-Kurokawa lifting of f, which is a Siegel modular
form of weight 2 and level I'3(Np). The Fourier expansion of F is

F(z)= Y Ar(2)d"

T>0

with the same conventions as above. By [10, §3.4], the Fourier coefficients of F'
satisfy the following relation

(5) Ap(k) = > a2 (k)d/?.

d>0; d|c(T); (d,Np)=1

Remark 2.3. Equations (4) and (5) can be interpreted as an analogue for arbitrary
level of the Maaf relations describing the image (called the Maaf Spezialschar) of
the Saito-Kurokawa lifting in level 1. See [7, Chap. 6], [13, Proposition 3] and [1]
for precise references. For general levels, we refer to the discussion in [10] on the
possibility of describing the image of the Saito-Kurokawa lifting in terms of such
relations.

To correct the asymmetry in (4) and (5), for integers k > 4 in U, define the
Siegel modular form:

Fi(Z) = F{(Z) - p*/*F (pZ).
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By [10, Prop. 3.7], we know that F} is a modular form of weight k£/2 4 1 and level
I'2(Np). Also, define for any positive integer k € U:

AP (k) = 3 cpy /a2 (k)d*?
d>0; d|c(T); (d,Np)=1

obtained from Ar(k) by excluding the coefficients such that p | ¢(T"). The definition

of the coefficients Ag? )(k) is motivated by the following well-known interpolation
property of the Saito-Kurokawa lifting. Although we will not use this result in the
paper, we add it for completeness. Define for k € U

ar(k) = > Bpyyaz (k)

d>0; d|c(T); (Np,d)=1

Theorem 2.4 (Li). The formal power series expansion:

defined for k € U satisfies

for any positive integer k € U, where the p-adic numbers Q. are defined in Theorem
2.2.

Proof. An easy computation shows that, for any integer £ > 2 in U,
MIREZ) = 3 Y oy (R)d? | g
T>0; ple(T); \p|d and d|c(T)

from which we have:

(6) Fp =" AP (k)q".
T>0
The result now follows from Theorem 2.2 and Equation (6). O

Remark 2.5. The family of modular forms obtained in Theorem 2.4 above inter-
polates the modular forms Fj, for even integers k > 2 in a suitable neighborhood
of 2 in X. However, F}, is not the Saito-Kurokawa lifting of fj if the integer k
is > 4, and it is not, in general, an ordinary form (in the sense that F} does not
need to be an eigenform for p-Hecke operators such that the eigenvalues are p-adic
units). One may ask for (semi-)ordinarity conditions by considering another family
of Siegel modular forms interpolating p-adic stabilizations (in a suitable sense) of
the Saito-Kurokawa lifting of the classical forms fj in the Hida family. This is the
point of view taken in Kawamura’s paper [11]. See [11, Sec. 4] for the notion of
p-stabilization and [11, Theorem 4.4] for the construction of the A-adic family of
Siegel modular forms interpolating suitable p-stabilizations of the Ikeda lifting of
the classical forms fi in the Hida family. However, for the purpose of this paper,
only the family appearing in Theorem 2.4 above will play a role.
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3. NORMALIZED FOURIER COEFFICIENTS

In this section we modify the Fourier coefficients A(f )(k) introduced in the pre-
vious section in order to relate them with the work of Darmon-Tornaria [6]. We
first recall a corollary of Theorem 2.2, cf. [6, Proposition 1.3]. Choose Dy such that

CDg (2) # 0.
Proposition 3.1. There is a p-adic neighborhood U C U of 2 such that:

(1) cpy(k) #0 for k € ZNU with k > 2.
(2) The function k — ¢p(k), defined for integers k > 4 in U, by:

o (B et o) oy
cp(k) == (1 - (%) ap(k:)*lpk/%l) cp, (k) N cpop2 (k)

extends to a p-adic analytic function on U satisfying:

cpp2(2) _ cp(2)
cpop2(2)  epy(2)

cp(2) =

In order to relate our coefficients Ag? )(k) with Prop. 3.1, we proceed as follows.
Fix a fundamental discriminant d with (—1)¥/20 > 0 and an integer n # 0. Define,
for any even integer k > 4 with (—1)*/20 > 0

pon(k) = Z p(d) (Z) dk/z_lan/d(k);

d|n; (d,N)=1

where p(d) is the Mobius function. Thanks to [12, (11)], for all even integers k > 2
we have:

(7) Clo|n2 (k) = C|a|(k)Pa,n(k)~

Also, recall that if cp|(k) # 0 then (=1)*/?3 = 0,1 mod 4.

We now assume that p = 1 mod 4. If a positive integer k belongs to U, then
k =2 modulo p — 1 and hence k/2 is always odd. So, if we fix 9 < 0 a fundamental
discriminant, we see that (7) holds for all integers k € Y with k > 2.

Since p = 1 mod 4, we see that c¢p(k) = 0 for all D such that —D = 2,3 mod 4
and for all positive integers k € U. It then follows that ¢p(k) is identically zero on
U for all D such that —D = 2,3 mod 4. Define

Sy :={d € Z such that d | ¢(T), (d, Np) = 1, =Dz /d*> = 0,1 mod 4}.
We can thus write

(8) AP (k) = 3 d"ep, g (k).
deSrt

We now use (7) to simplify the above sum (8). For this, we need the following
preliminary discussion. For any integer D we can write D = 0f? with 0 the funda-
mental discriminant of the quadratic field Q(1/d) and § > 0 an half-integer. In this
case, we say that 0 is the fundamental discriminant associated with D. Also, note
that f € Zif D =0,1 mod 4. More precisely, if we denote by § the maximal integer
such that 62 | D, then 0 = D /6% and § = § except if D =0 mod 4 and D/§* = 2,3
mod 4, when 0 = D/(§/2)? and § = §/2. If D = 2,3 mod 4, then 0 = 4D/§?
and f = 6/2 ¢ Z. More generally, let d | 6, so that d*> | D. Write D = 2pf%
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and D/d* = 0p/az (fD/dz)2, with 0p and 9p /4> the fundamental discriminants as-
sociated with D and D/d, respectively. First note that the maximal integer whose
square divides D/d? is §/d. We then have 9p = 0p 42 and fp = dfp,q2 except if
D =0 mod 4, D/6> =1 mod 4 and D/d* = 2,3 mod 4, when 40p = 0p/q2 and
fo = 2dfp/a.

As anticipated, we now use (7) to simplify (8). For any matrix T' > 0 write

9) —Dr =077,

with 07 < 0. We have —Dp = 0,1 mod 4, so, in particular, the above discussion
shows that fr € Z. We thus have

cpy (k) = clopiz (k) = o (k) por.jr (k)
for all integers k € U with k > 2. More generally, fix d € Sp. For T = (JQ Uf),
define T'/d := (17/2%1 1;1//2:;) Then Drp/q = Dy /d?. Under the assumption that
—Dz/d? = 0,1 mod 4, the above discussion shows that fr/a € Z and that 07 = 074
and fr = dfr/q. We can thus write:

(10) ¢pr /a2 (k) = €pry(K) = Cop a1z, (F) = oz (K)por ra(F)
for all integers k € U with k > 2. Inserting (10) into (8) we get
(11) AL (k) = e (k) Y d"2pay 5, jak).

deSt

for all integers k € U with k > 2.

We are now ready to define our modified Fourier coefficients. Fix a matrix Ty
such that ¢(Tp) = 1 and cp,, (2) # 0, which exists by a combination of the explicit
formula of [14] relating ¢, (2) with special values of L-series and non-vanishing
results for L-series by [4], [21] (see for example [11, Lem. 2.4] for details). Define,
for integers in U with k > 2,

_ (1= (%) ap(r)1p4721) AP (k)
(12) Ar(k) = o S
(1= (B22) apt)=1ph2-1) AR (1)

To simplify notations, define, for all integers k € U with k > 2:

nr(k) =Y d*pyy 5. /a(k).
deSr

Putting (11) into (12) we get, for all integers k € U with k > 4:
(1= (%) ap(®)19*/271) o (k)
(1= (22) ay(h) 194721 ) ey, (K)

Proposition 3.2. Let p =1 mod 4. The function k — /NlT(k), defined for integers
k> 2 inlU, extends to a p-adic analytic function on U. Moreover, for k = 2 we get
the equality:

gT(k) =

nr(k) = Clop | (k)nr (k).

Clor| (2)

(13 Ar(2) = nr oy (2) = np - 2L

where ny = np(2).
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Proof. Clearly, py n(k), defined for integers k > 2 in U, can be extended analytically
to all of U because the same is true for the Fourier coefficients a,, (k). We denote by
Po.n (k) the resulting function. Likewise, we set iy (k) the obvious analytic extension
of ny(k) obtained from that of py, 5./4(k) for all d € S7. We can thus define for
allkeld

(14) Ar (k) = o, (k)iir (k)
which is, thanks to Proposition 3.1, the sought for extension of Ar(k). The value
at 2 is then a consequence of the second part of Proposition 3.1. (]

Remark 3.3. The integer nr above can be explicitly written as

nr=Y > dople)- (a:) G/ (de) (2)

deSr elfr/d; (e,N)=1

and, at the moment, it has no clear geometric meaning to us. We simply note that
nothing prevents a priori nr to be zero.

4. GLOBAL POINTS ON ELLIPTIC CURVES

In this section, we compute the p-adic derivative of the explicit formula for the
Fourier coefficients of the Saito-Kurokawa family exhibited in Section 3, and relate
it to global points on elliptic curves via the fundamental results of [2] and [3].

4.1. Global points associated to the Shintani lifting. We start by recalling
the work of Darmon and Tornarfa [6], for which we need to introduce some extra
notations. Recall that g = g5 denotes the Shintani lifting of f = f2, as usually well-
defined only up to scalars, with Fourier coefficients ¢p(2). For any prime number
¢ | Np, denote by w, € {£1} the eigenvalue of the Atkin-Lehner involution W
acting on f. Accordingly with [6], we introduce the following terminology:

(I) We call discriminants of type (I) those fundamental discriminants d < 0

such that
3 —w
7 ) = we
for all primes ¢ | Np.

(IT) We call discriminants of type (II) those d such that

(3)-
(3)--»

If 9 is of type II, then ¢;(2) = 0 and then ¢(2) = 0 too. In this latter case, it
becomes interesting to look at the value at 2 of the derivative of ¢, (k) with respect
to k.

Let E/Q denote the elliptic curve of conductor Np associated with f via the
Eichler-Shimura construction. Let 0 < 0 be a fundamental discriminant and, to
simplify notations, define the imaginary quadratic field

K, .= Q).

for all primes ¢ | N and
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Denote by E(K;)~ the submodule of the Mordell-Weil group E(K5;) on which the
non-trivial involution of Gal(K,/Q) acts as —1.

Since p does not divide IV, the curve F has multiplicative reduction at p and we
let

(bTate : (C;; /qZ — E((Cp)

denote Tate’s p-adic uniformization, where g is Tate’s p-adic period. Let log, denote
the branch of the p-adic logarithm such that log,(q) = 0 and, for any P € E(C,),
define

(15) log 5 (P) := log, (q)';;te(P))'

We extend logy by Q-linearity to E(C,) ®z Q.
For a fundamental discriminant 9 < 0, let L(f, x»,s) denote the complex L-
function of F twisted by the quadratic character

Xo(n) = (Z)

of Ky. So, if the real part of s is sufficiently large, we have
L(fv X0, 8) = Z X0 (n)anni‘i
n=1

We now state a result of Darmon-Tornaria ([6, Theorem 1.5]).

Theorem 4.1 (Darmon-Tornaria). Let N > 1 and suppose that 0 < 0 is a funda-
mental discriminant if type II. Then there exists an element Py € E(Ky)™ ®7 Q
such that

(1) %Em(k)uc:z = logp(Ps).

(2) Py #0 if any and only if L'(E, x»,1) # 0.

Remark 4.2. The point P, in Theorem 4.1 comes, as already mentioned, from the
theory of Stark-Heegner points. These points were introduced in [5] as local points
on elliptic curves, and are conjectured to be global points, defined over ring class
fields of real quadratic fields. A special case of this conjecture, which is needed in
Theorem 4.1 above, is proved by Bertolini and Darmon in [3], using results from [2],
by establishing a connection between classical Heegner points and Stark-Heegner
points. For more details, we refer the reader to the discussion in [6, Section 3].

For the next result, let 9" < 0 be a fundamental discriminant of type I, prime
to 0, and define A(9,0’) := 00’. In the following lines, we simply write A when
the role of 0 and 0 are clear from the context. In particular, since 9 is of type II,
A is not a perfect square and is prime to Np. Let xa denote the genus character
associated to the pair of quadratic Dirichler characters y, and xos of Q(ﬁ) and
Q(V/?’). Then A is the discriminant of the real quadratic field Q(v/A) and the
field Q(v/, V') cut out by xa is a quadratic extension of Q(v/A) (unless ya is
trivial, in which case coincides with Q(v/A)). Since all primes £ | N are split in K,
we may choose an integer § such that §2 = A mod 4N. Recall from [6, §2] that
a primitive binary quadratic form Q(z,y) = Ax? + By + Cy? of discriminant A
is said to be a Heegner form relative to the level N if N | A and B = 6 mod N,
and let Fa denote the set of such forms. Let a + bV A denote a fundamental unit
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of norm one in Z[(A 4+ v/A)/2], normalized such that a > 0 and b > 0, and, for
Q(z,y) = Az? + Bay + Cy? € Fa, define the matrix

_(a+bB  20h
7@_( —24b a—bB)EFO(N)'

The group T'y(N) acts on Fa from the right by the formula

Q) (2, y) = Q(ax + by, cx + dy)
ab

for v = (c d). Let d = Q(m,n) be any integer represented by @ (namely, such
that there are integers (m,n) such that Q(m,n) = d) satisfying the condition
ged(d,0) = 1. The genus character xa defines a function, denoted by the same
symbol,

0 if ged(4, B,C,0) > 1

0

Xa : Fa/To(N) — {£1},  xa(Q) Z{ (3) otherwise.

For any integer k € U with k > 4, we consider the integrals

Ie(ff, Pors) = / T2 P()dz

where P is a polynomial of degree at most k — 2 with coefficients in C, r, s are in

P!(Q) and the above integral is along any path in the upper half plane connecting

and s. A result of Shimura shows that one can find a complex period Q;u, analogous
k

to Q;k considered in Remark 2.1, such that
I(f,g,P, r,8) = Ic(f,g,P, 1",5)/(2;}3

belongs to the field generated over Q by the Fourier coefficients of f,g, for all P, r
and s. Define

T, Porys) i= (1= ap(k)p")I(fE, Porys).

We fix now an embedding Q, < C, so that polynomials with coefficients in Q, will
be automatically viewed as polynomials with coefficients in C. By [3, Proposition
3.4], one knows that, for any choice of 7 € Q,2\Q,, where Q,2 is the quadratic
unramified extension of Q,, the function k — J( flg, P,r,s), a priori only defined
for integers k& > 2 in U, extends to a p-adic analytic function on I/ that vanishes at
k = 2. We shall denote k — J(k, P,r,s) this function.

Fix a square root VA of A in Qp2 and, for Q) € Fa as above, define

_ —B+VA
Q= 24
We may then define

d
J(f7 Q) = %'](lﬁ (Z - TQ)k72a r, ’YQ(T))\IC:?
Twisting J(f, Q) by xa, we may also define:
(16) J(f00) = > xal@J(fQ).
QEFa/To(N)

The second result we quote from the work of Darmon-Tornarfa is [6, Theorem 5.1],
which can be restated as follows:
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Theorem 4.3 (Darmon-Tornaria). Fizd < 0 is a fundamental discriminant if type
1.

(1) For any fundamental discriminant o' of type I, we have the relation:
o (2) log g (Py) = J(f,0,0).
(2) If N > 1 then the function o' +— J(f,0,0) is non-zero if and only if
L/(E7 X0 1) 3& 0.

4.2. Global points associated to the Saito-Kurokawa lifting. We combine
the explicit A-adic Saito-Kurokawa lifting with Darmon-Tornaria’s result. We first
introduce the L-function attached to SK(f). Denote by L(SK(f),s) the Adrianov
L-function associated with SK(f), whose definition can be found, e. g., in [16, p.

179], where it is denoted by Z3(s) for F' = SK(f). We have the following relation
between L(SK(f), s) and the standard L-function of f (see [16, Theorem 8])

from which it is apparent that the central critical point is s = 1. Accordingly, we
may consider the xp,-twisted L-functions

L(SK(f)7 XDT’ S) = L(XDT7 S)L(XDTa s — 1)L(f7 XaT» S).
Since 07 is of type II, L(f, xo,1) = 0 and we have

L'(SK(f), X0, 1) = L(x0,0)L(xo0, 1)L/(f7 Xo, 1)

In particular, since the factor L(xa,0)L(x,1) is non-zero, we see that
(17) L'(SK(f), X0, 1) # 0 <= L'(f, x0, 1) # 0.

Before stating the main result of this paper, let us recall the integer nr introduced
in Proposition 3.2 and define the point

QT =nr- P@T.
Thanks to Theorem 4.1, we already know that
Qr #0 = L/(SK(f)7 Xors 1) # 0.

However, the opposite implication is not true in general because the integer np
might be zero.

Theorem 4.4. Let N > 1 and p = 1 mod 4. Suppose that —Dy = dr - f%, where
0 < 0 is a fundamental discriminant of type II. Then:

(1) We have the following relation:
%AT(IC)U«:z = logp Qr.
(2) Suppose ny # 0. Then Qr is not zero in E(Ky,)” ®z Q if and only if
L'(SK(f), xor, 1) # 0.
Proof. Using (14) to compute formally the p-adic derivative of the Fourier coefli-
cients Ar(k), we find:

O ~

0 - - 0 -
%AT(/f)uc:z = %CIDTl(k)Ik:2 “n7(2) + Clop(2) - %nT(/f)wg:z-

Since 07 is of type II, we have ¢j5,.|(2) = 0, and thus Theorem 4.1 implies the result,
in light of the definition of Q7. For the second part, simply note that if P, # 0
then any non-zero multiple of it is non-zero and then use the relation (17). O
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Theorem 4.5. Let p =1 mod 4. Fix T such that —Dp = 0p - f?p with 07 < 0 a
fundamental discriminant of type II. For T such that —Dy/ = 07 - f%, with 07/ a
fundamental discriminant of type I, we have:

(1) A7/(2)logp(Poy) = npe J(f, 07, 077).
(2) If N > 1 then the function 37 — J(f,01,071/) is non-zero if and only if
L/(SK(f)aXDTv 1) ?é 0.

Proof. Combining (13) and Theorem 4.3, we have

A7 (2)10g(Poy) = G| (2007 log g (Poy) = npr J(f, 07, 05).

This shows the first part, while the second is just a restatement of the second part
of Theorem 4.3 combined with (17). O
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