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ABSTRACT. Given a newform f, we extend Howard’s results on the variation of Heegner
points in the Hida family of f to a general quaternionic setting. More precisely, we build
big Heegner points and big Heegner classes in terms of compatible families of Heegner points
on towers of Shimura curves. The novelty of our approach, which systematically exploits
the theory of optimal embeddings, consists in treating both the case of definite quaternion
algebras and the case of indefinite quaternion algebras in a uniform way. We prove results on
the size of Nekovai’s extended Selmer groups attached to suitable big Galois representations
and we formulate two-variable Iwasawa main conjectures both in the definite case and in the
indefinite case. Moreover, in the definite case we propose refined conjectures a la Greenberg
on the vanishing at the critical points of (twists of) the L-functions of the modular forms in
the Hida family of f living on the same branch as f.
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1. INTRODUCTION

The purpose of this work is to extend Howard’s results on the variation of Heegner points
in Hida families of modular forms ([25]) to a general quaternionic setting. Analogues of the
constructions by Howard of systems of big Heegner points on towers of classical modular
curves have been proposed by Fouquet ([12], [13]) for Shimura curves attached to indefinite
quaternion algebras over totally real number fields; on the contrary, the case where modular
curves need to be replaced by Shimura curves coming from definite quaternion algebras has
never been investigated. However, the philosophy behind the so-called “parity conjectures”
suggests that the definite and indefinite cases are equally significant from an arithmetic point
of view, so it would be desirable to have both sides of the quaternionic setting well understood
and developed. With this goal in mind, in this article we offer a systematic construction of
big Heegner points and classes attached to Hida families which treats simultaneously both
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the definite case and the indefinite case over QQ, and we study the arithmetic of the relevant
extended Selmer groups as defined by Nekovaf. Now let us describe the subject of the paper
more in detail.

Fix an integer N, a prime p{ 6N and an ordinary p-stabilized newform

o
F(@) = ang™ € Sp(To(Np),w)
n=1
where w is the Teichmiiller character and j = k (mod 2). Let F' be a finite extension of Q,
containing all the eigenvalues of the Hecke operators acting on f and let O denote its ring of
integers. Assume also that the residual representation attached to f is absolutely irreducible.

Fix an imaginary quadratic field K of discriminant prime to Np and consider the factor-
ization N = NTN~ induced by K: a prime number ¢ divides N* (respectively, N7) if and
only if ¢ splits (respectively, is inert) in K. Assume throughout that N~ is square-free and
say that we are in the definite (respectively, indefinite) case if the number of primes dividing
N~ is odd (respectively, even). For simplicity, in this introduction we suppose that p does
not divide the class number of K.

Hida’s theory ([20], [21]) incorporates the modular form f and the p-adic Galois represen-
tation py : Gg := Gal(Q/Q) — GLo(F) attached to f by Deligne into an analytic family of
modular forms and Galois representations. More precisely, Hida defines the universal ordi-
nary Hecke algebra hoo by taking the inverse limit over m of the (classical) Hecke algebras
hm over Of acting on weight 2 cusp forms with coefficients in O of level I'1 (Np™) and then
projecting to the ordinary part. Out of ho one then constructs a local domain R, finite
and flat over the Iwasawa algebra A := Op[1 + pZ,], such that certain prime ideals p of R
(called arithmetic) correspond to modular forms f, of suitable weight k, level I'i (Np™) and
character 1), with coefficients in the residue field F, of the localization of R at p; moreover,
f5 = f for a certain arithmetic prime p of weight k. Finally, taking inverse limits over m of
the p-adic Tate modules of the Jacobian varieties of the modular curves X;(/Np™) one can
introduce a Gg-representation T which is free of rank two over R and has the property that
Vo :=T ®r F) is a twist of the representation V'(f,) associated with f;.

1.1. Big Selmer groups. In recent years, the systematic study of certain Selmer groups
attached to the Gg-representation T has been pursued, among others, by Nekovai and Plater
([35]), Nekovar ([34]), Ochiai ([37]), Howard ([25]) and Delbourgo ([11]). More precisely, the
Gq-representation T admits a twist T' which has a perfect alternating pairing Tt x Tt —
R(1), and for every arithmetic prime p of R the representation V;,T =TT ®g F, is a self-dual
twist of V(). Then, using Nekovai’s theory of Selmer complexes ([34]), for any number field

L one can define extended Selmer groups Ef} (L, TT) and ﬁ} (L, VJ)7 whose arithmetic is the
main theme of the present paper.

Now we briefly sketch the work of Howard which was the original inspiration for our article.
In order to study the arithmetic of Nekovai’s Selmer groups, when all primes ¢|N split in K
(i.e., when N~ = 1) Howard introduced in [25] canonical cohomology classes

X. € H}(H,, T,

which he calls “big Heegner points”, where ¢ > 1 is an integer prime to N and H, is the ring
class field of K of conductor c¢. These classes are constructed by taking an inverse limit of
cohomology classes arising from Heegner points in the Jacobians of classical modular curves
via Kummer maps, and satisfy suitable Euler system relations in the sense of Kolyvagin: see
[25, §§2.2-2.4]. These objects are used to obtain various results on the arithmetic of the above-
mentioned Selmer groups; in particular, a vertical nonvanishing theorem (generalizing results
of Cornut and Vatsal in [9]) is proved in [25, §3.1 and §3.2], while an horizontal nonvanishing
conjecture is formulated in [25, §3.4]. Moreover, in [25, Conjecture 3.3.1] Howard proposes
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a two-variable Iwasawa main conjecture for fl} Tw (Koo, TT) which extends the Heegner point
main conjecture formulated by Perrin-Riou in [39]. Here

Hjy, (Koo, T') := lim H} (K, T')

is a module over the Iwasawa algebra R := R[G] attached to the Galois group G of the
anticyclotomic Zy,-extension Ko, of K as described in [25, §3.3], and K, is the n-th layer of
K, i.e. the subfield of K such that Gal(K,/K) ~ Z/p"Z.

In this paper we are interested in results and conjectures of the type described above in
the more general case where one allows for the existence of primes dividing N which are inert
in K. In other words, the integer N~ is not necessarily equal to 1. In the indefinite case
(i.e., when the number of primes dividing N~ is even) our constructions and results should
be compared with those obtained by Fouquet in [12] and [13] for Shimura curves over totally
real fields; on the contrary, as far as we know the definite case (corresponding to an odd
number of primes dividing N ™) is considered here for the first time. The ability of performing
constructions which apply equally well to both the two cases is the most significant novelty in
our approach, and we hope that this represents a first step towards the development in a Hida
context of a theory of Bertolini-Darmon type ([1], [2], [3], [4]), where the interplay between
definite and indefinite settings (manifesting itself, for example, via Cerednik’s interchange of
invariants, congruences between special values, explicit reciprocity laws) plays a crucial role
for studying the arithmetic of modular forms.

In the rest of the introduction we give a brief description of the paper, referring to the main
body of the text for all details.

1.2. Families of optimal embeddings on Shimura curves. Let B denote the quaternion
algebra over Q of discriminant N~ (thus B is split at the archimedean place oo of Q in the
indefinite case and is ramified at oo in the definite case) and for every integer m > 0 choose
an Eichler order R,, of B of level NTp™ such that R,, C R,,_1 for all m > 1. If the hat
denotes adelizations, one then defines open compact subgroups U,, C ﬁﬁl by imposing an
extra I'1 (p™)-level structure on ﬁm and considers the Shimura curves )?m associated with U,
(precise definitions in terms of double cosets are given in §2.1 and §2.2). In the definite case
these are disjoint unions of genus zero curves defined over @, while in the indefinite case they
are compact Riemann surfaces admitting canonical models over Q. For any integer ¢ > 1
prime to N and the discriminant of K we define the Heegner points of conductor ¢ on X, as
those pairs [(g, f)] in the subset

X .= U, \ (B* x Hom(K, B)) /B* C X,,(C)

such that f is an optimal embedding of the order O, of K of conductor ¢ into the Eichler
order BN (g7 R;g) of B and the local component f, of f takes optimally the elements of
O, ® Zy congruent to 1 modulo p™ Ok ® Z,, to the local component of U,, at p (see Definition
3.1 for a more precise statement). In §3.3 we prove that in the indefinite case these Heegner
points are rational over H.(p,m ), where H. is the ring class field of K of conductor ¢ and p,,m

is the group of p-th roots of unity. If a € K* and f : K* — B* is the adelization of f,in
both the definite and the indefinite cases the map

[(9, )] — [(9/(a), f)]
induces a (free) action of Gal(Hc(p,m)/K) on the set of Heegner points of conductor c.

Furthermore, the group Div ()A(:m) of divisors on )Z'm is endowed with an action of the usual
Hecke operators Ty for primes ¢ 1 Np™ and U, for primes ¢|Np™ and of diamond operators
() for £ € (Z/p™Z)*. In Section 4 we provide an explicit construction of suitably compatible
families of Heegner points on our tower of Shimura curves. The main features of our system
of points are summarized by the following
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Theorem 1.1. For every integer m > 0 and every integer ¢ > 1 prime to N and the discrim-
inant of K there is a Heegner point P.,, € XTS@K) of conductor cp™, rational over Hepm (pt,m)

in the indefinite case, such that the following conditions are satisfied.
(1) Vertical compatibility. If m > 2 then the equality

Up (ﬁqm*l) = &m7* (trHcpm (l"’pm )/Hcpmfl (,u,p'm) (ﬁqm))

holds in Div ()?m_l), where 0y, « 15 obtained from the covering map oy, : )N(m — )A(:m_l.
(2) Horizontal compatibility. Let m > 1 and n > 1 be integers. Then the equality

Up (ﬁcpnfl,m) = trHcpm-‘rn (l“pm+n)/Hcpm+n71 (l"pm+1) (PCpn7m)

holds in DiV()N(m). Furthermore, assuming OSDm = {1}, for primes £ 1 ¢cNp which
are inert in K one has

68 Hy gy (g Hom sty (Petin) = Tt (Pen) -

(3) Galois compatibility. Set p* := (—1_)(p*1)/2p, let €cyc :+ Gg — Z, be the p-adic cy-
clotomic character and let ¥ : Gal(Q/Q(v/p)) — Z) /{£1} be the unique continu-

ous homomorphism such that ¥? coincides with the restriction of ecyc. Then for all
o € Gal(Q/H¢pm) the equality

ﬁgm = <79(U)>P6,m

holds in Div (Xm) .

Proof. Part (1) is Proposition 4.9, part (2) is Proposition 4.10 plus Proposition 8.3 and part
(3) is equality (15). O

The existence of compatible sequences of CM points as in Theorem 1.1 was shown by
Howard in [25] when the X, are classical modular curves (using the interpretation of modular
curves as moduli spaces for elliptic curves with suitable level structures) and by Fouquet in
[12] for Shimura curves attached to indefinite quaternion algebras over totally real fields F
having exactly one split archimedean place.

As remarked before, in this paper our families of CM points are introduced via a systematic
use of the theory of optimal embeddings as described in [17] and [1], and this approach
(although technically more intricate than those of Howard and Fouquet) has the advantage of
offering a uniform setting for dealing with both the definite case and the indefinite case, as in
[1]. The importance of dealing with the definite case as well when studying the representation
associated with a Hida family stems from the fact that, conjecturally, the indefinite case
should take care of situations in which the rank of the Selmer group is odd (typically, one),
while the definite case should describe even rank (typically, rank zero) settings. Observe,
moreover, that the definite case cannot be treated by means of the tools developed in [25],
[12] and [13].

We use these families to construct big Heegner points and classes that are the counterparts
of those defined in [25], and then we prove results and formulate conjectures which generalize
those obtained in loc. cit. by Howard. In the rest of the introduction we focus our attention
on the main results obtained in our work. For clarity of exposition, it will be convenient to
treat the definite case and the indefinite case separately.

1.3. The definite case. As already observed, an adequate setting for dealing with arbitrary
quaternion algebras represents the newest contribution of the paper.

The literature on the arithmetic of (extended) Selmer groups attached to modular forms
of arbitrary weight which are associated with forms on definite quaternion algebras via the
Jacquet—Langlands correspondence is not so vast as that on the indefinite case (for instance,
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no analogue in rank 0 of the results of Nekovar in [33] is available); as a consequence, the
applications of our Theorem 1.1 we can presently offer are either conjectural or conditional.

Let w € {1} be the common root number of the L-functions of the modular forms f, for
all but finitely many arithmetic primes p of R. It is expected that for almost all arithmetic
primes p of R the dimension over of ﬁ} (K, Vj) is 0if w =1 and is 2 if w = —1. Likewise,

the rank over R of ff} (K, TT) is expected to be 0 if w =1 and 2 if w = —1. Let us focus our
attention on the case w = 1. We consider the Hecke modules

(1) Jm = Op[Un\B* /B*] ~ Pic(X,,) @z O
and define the inverse limit J, := 1£1 Jm with respect to the canonical projection maps. By

the Jacquet-Langlands correspondence, the ordinary part Jggd of this Op-module is endowed
with an action of the N ~-new quotient T, of the universal ordinary Hecke algebra h%d. One
can then introduce the finitely generated R-module J := J¥4 @1 _ R. Under a reasonable
hypothesis (Assumption 9.2), we prove that J is free of rank one over R and fix an isomorphism

(2) J~R.

The compatible sequence of Heegner points on the tower of definite Shimura curves whose
existence is guaranteed by Theorem 1.1 can be combined with isomorphisms (1) to produce
canonical elements in J. By isomorphism (2) one then obtains an element Jy € R. In light
of the conjectural formulas for the dimension of Selmer groups that we recalled above, we
predict that if w = 1 then Jy # 0 (Conjecture 9.5). In fact, the element Jj is the counterpart
in our context of the divisor introduced by Gross in [17, §11], hence it is naturally expected
to be related to the special values of the L-functions over K of the forms f,. When w = 1 the
functional equations suggest that these special values are non-zero for almost all arithmetic
primes p, whence the (conjectural) non-triviality of Jy. We elaborate on this circle of ideas in
§9.4, where we propose general conjectures on the vanishing of the special values of twists of
the (classical) L-functions over K of the modular forms living on the Hida branch of f. These
conjectures can be viewed as a refinement of the conjectures on the generic analytic rank of
the forms f, made by Greenberg in [15].

For every arithmetic prime p of R let F}, be the residue field of the localization of R at p
and let my : R — F}, be the canonical map. The following is (part of) Conjecture 9.6.

Conjecture 1.2. Suppose that w = 1. If my(Jo) # 0 then ﬁ[} (K, VpT) =0.

We expect that Conjecture 1.2 can be proved (at least for arithmetic primes of weight
2) by suitably extending the arguments of [3] and [27] to the case of forms with non-trivial
character. In general, we can say that this conjecture plays in our definite setting a similar
role to one of Nekovai’s theorems ([33]) in the context considered by Howard. More precisely,
just as Nekovdi’s work extends the classical results of Kolyvagin (see, e.g., [18]), Conjecture
1.2 should be viewed as a generalization of (a portion of) the theory of Bertolini and Darmon
([2], [3]) to modular forms of higher weight. In this direction, see work in progress by Chida
([7], [8]). Now Theorem 9.8 can be stated as follows.

Theorem 1.3. Suppose that w = 1 and assume Conjecture 1.2. If Jy # 0 then ﬁ} (K, TT)
s a torsion R-module.

Another application of Theorem 1.1 is to the formulation of a conjecture in the Iwasawa
theory of our Hida family. Set G, := Gal(K,/K) for all integers n > 1; essentially by
corestricting to the finite layers of K, one also gets elements Q7 € R for all 0 € G,, and all
n > 1. The compatibility properties of these points allow us to define

O =0, > Q@0 €R[GL], oo :=lim0, € Reg

oeGy n
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where o, € R* is the image of the Hecke operator U, under the natural map hoed - R. As

in §9.3, one introduces an R,.-module fl} Iw (Koo, AT) where AT := Hom(TT, upoo). Finally,

write = + x* for the involution of R, given by o + o~! on group-like elements. The following

statement (which is Conjecture 9.12) must be seen as a main conjecture of Iwasawa theory in
the definite setting.

Conjecture 1.4. Assume that the local ring R is reqular. The group ﬁI}JW (KOO,AT) s a
finitely generated torsion module over R, and there is an equality

(00 - 02) = Charg., (H g (Koo, AT))
of ideals of Reo-

Here the symbol ¥ denotes the Pontryagin dual and the product 6. - 6% is interpreted as a
p-adic L-function. Note that these definitions are reminiscent of the constructions performed
by Bertolini and Darmon in, e.g., [1] and [3].

1.4. The indefinite case. This is the direct generalization of the classical modular curves
setting originally studied by Howard in [25], and has also been considered, along a different
line of investigation, in [12] and [13] by Fouquet (who works in the broader context of Shimura
curves attached to indefinite quaternion algebras over totally real fields). The reader is sug-
gested to compare our approach to Fouquet’s, since the goals and results of his work and of
ours are of different (and, in many respects, complementary) natures.

By taking the inverse limit of the p-adic Tate modules of the Jacobian varieties of )Afm
as in [21], we construct a Gg-representation Tg, which is free of rank two over R, and

prove isomorphisms of Gg-modules T ~ Tgj, and TT ~ Tgh. Following [25], the compatible
sequence of Heegner points of Theorem 1.1 can then be used to define cohomology classes
ke € H? (HC,TT). In this general quaternionic setting, the problem of showing that these
classes belong to Nekovai’s Selmer group presents extra complications. More precisely, due
to the possible presence of primes dividing N which are inert in K and so split completely in
H./K for all ¢ (prime to N), we are only able to show that -k, € H} (H¢, TT) for any choice

of A € R in the annihilator of the R-torsion module HZ\N* H! (Kg, TT)tors. We fix once and
for all a non-zero A in this annihilator and define, in analogy with [25], the classes

Xei=A K. € ﬁ}(HC,TT), 30 := CorHl/K(:{l) S ﬁ}(K, TT).

The following two results generalize theorems of Howard (for the definition of “non-exceptional
primes”, in the sense of Mazur—Tate—Teitelbaum, see §5.6).

Theorem 1.5. Let p be a non-exceptional arithmetic prime of R with trivial character and
even weight. If 3o has non-trivial image in ﬁ} (K, VJ) then dimp, ﬁ} (K, VJ) =1.

This is Theorem 10.4 in the text.
Theorem 1.6. If 3y is not R-torsion then ﬁ} (K, TT) is an R-module of rank one.

We prove this statement in Theorem 10.6, and we expect the condition on the class 3g
to be always true. We finally remark that a main conjecture of Iwasawa theory is proposed
in Conjecture 10.8; this can be viewed as the counterpart of Conjecture 1.4 in the indefinite
setting and extends both the conjecture [25, Conjecture 3.3.1] of Howard and the classical
Heegner point main conjecture for elliptic curves formulated by Perrin-Riou in [39].
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Hida, Ben Howard and Jan Nekovar for helpful discussions and correspondence on some of
the topics of this paper. We especially wish to express our gratitude to Olivier Fouquet for
his interest in our work, for a careful reading of some portions of Parts 2 and 3 and for several
valuable suggestions.
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2. TOWERS OF SHIMURA CURVES

For any ring A denote by A= A®y [1,Z; its profinite completion, where the product is
over all prime numbers ¢, by A, := A ® Z, its f-adic completion at a prime number ¢ and by
Ao := A®R its archimedean completion. An element z € A is denoted by (z¢),.

Let N~ be a positive square free integer and N a positive integer prime to N~. Define

N:=N"N-
and let p + N be an odd prime number. Denote by B the (unique, up to isomorphism)
quaternion algebra over QQ of discriminant N~. If the number of primes dividing N~ is odd
(respectively, even) then B is definite (respectively, indefinite), that is, Boo is isomorphic to
the Hamilton skew field (respectively, to the matrix algebra My(R)). Fix once and for all an
isomorphism
¢p : Bp — M2(Qp)

of Qp-algebras. Moreover, for every integer m > 0 let R,, C B be an Eichler order of level
NTp™ such that Rj41 C R; for all j > 0 and

om0 2,) = { (0 1) €MalEy) [ =0 (moa ™).

Finally, for all m > 0 let U,, C Rfl be the subgroup of elements (z¢); with ¢,(x),) = ((1) g)
(mod p™) for some b € Z, and some d € Z, .

Convention. In order not to burden the notation, in the rest of the paper we will often
identify B, with M2(Q)) via the isomorphism ¢, — we will do so according to convenience,
without explicit warning. Thus the reader should always bear in mind that when we write,
for example, “the adele b € B has p-component b, equal to (a ) € M2(Qp)” we really mean

Y
that b, is equal to qS;l((: g))

2.1. Definite Shimura curves. Let B be definite. Denote by P = Py~ the curve of genus
0 defined over Q by setting

P(A) :={z € B®g A | z # 0, Norm(z) = Trace(z) = 0} /A*

for any Q-algebra A, where Norm and Trace are the reduced norm and trace of B ®g A. The
group B* acts on P by conjugation and this action is algebraic and defined over Q. Note
that P(C) is canonically identified with Homg(C, By,), where Hompg denotes homomorphisms
of R-algebras. Explicitly, if z — Z denotes complex conjugation then with each embedding
f : € = By one associates the image xy of the unique C-line on the quadric {x € BaC|
Norm(z) = Trace(x) = 0} on which f(C*) acts via the character y — 7/y. Observe that xy is
one of the two fixed points of f(C*) acting on P(C). In fact, this recipe allows one to identify
P(K) with Homg(K, B) for any imaginary quadratic field K (cf. [17, p. 131]). Define the
definite Shimura curve of level Ry, (respectively, Uy,) and discriminant N~ to be the double
coset space

X = RX\(B* x P)/B* (respectively, X, := Up,\(B* x P)/B%),

where fiﬁl and U,, act by left multiplication on B* and trivially on P, while B* acts by

conjugation on P and by right multiplication on BX.
If K is an imaginary quadratic field write

X = RX\(BX x P(K))/B*, X\ .= U,\(B* x P(K))/B*.

As remarked in [17, p. 131], X0 = Xm(K) and X = X,n(K). However, in the following
we use the above symbols in order to keep our notation uniform with the one adopted in the
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)

indefinite case (see below), where the points in anK or )Z}(nK) are in general rational only over

(abelian) extensions of K.

By strong approximation, choose representatives gi, ..., gp(m) and gi, .. ., gh(m) of the dou-
ble cosets RX\B*/B* and U,,\B* /B>, respectively. Define the finite arithmetic groups
T’ =g, 'R%g;N B, 7, :=§; 'Ung; N B*

with i € {1,...,h(m)} and j € {1,...,h(m)}. Then X,, and X,, can be expressed as disjoint
unions

h(m) h(m)
i=1 i=1
of curves of genus 0.

2.2. Indefinite Shimura curves. Let B be indefinite. In this case, for all m > 0 both
RX\B*/B* and U,,\B*/B* consist of a single class. Fix an isomorphism ¢ : Bso —
Ma(R); then ¢oo(R)) is a discrete subgroup of GL2(R). Denote by I',, the subgroup of
oo (R)) consisting of matrices with determinant 1 and let T, be the analogous subgroup of
¢oo(Um N B). Define the Riemann surfaces

Yio(C) :=H /Ty Yy :=H/T

where H is the complex upper half plane and the groups I';,, and fm act on ‘H by Mébius (i.e.,
fractional linear) transformations. Let X,,(C) (respectively, X,,(C)) denote the Baily-Borel
compactification of ¥;,(C) (respectively, ¥, (C)). If B # My(Q) then X,,(C) = Y;,,(C) and
Xn(C) = Y,,,(C). The Riemann surface X,,(C) (respectively, X,,(C)) has a model over Q
which will be denoted by X,, (respectively, )A(;m) and referred to as the indefinite Shimura
curve of level Ry, (respectively, Uy,) and discriminant N~. Setting P := C — R for the union
of the complex upper and lower half-planes yields

Y(C) = RX\(B* x P)/B*,  Y,(C) = U,\(B* x P)/B*

where, as above, ﬁ,fl and U, act by left multiplication on B* and trivially on IP, while B> acts
by Mo6bius transformations via ¢, on P and by right multiplication on BX. Observe that there
is a B*-equivariant identification P = Hompg(C, B,) (here B* acts on the homomorphisms
by conjugation): similarly to the definite case, with an embedding f : C — B., we associate
the unique fixed point of f(C*) lying in the upper half-plane, i.e., the fixed point ¢ such that
the induced action of f(C*) on the cotangent space of IP at x is via the character y — y/y.

It follows that Y;,,(C) and Y;,(C) can also be described as
Y,n(C) = R\ (B* x Homg(C, Bx,)) /B
and N R
Yim(C) = Uy \ (B* x Homg(C, By)) /B*.
Finally, for any imaginary quadratic field K fix an embedding K — C; there are injections

XK .= RX\ (B> x Homg(K, B))/B* « X,,(C),
XK .= U,,\ (B* x Homg(K, B)) /B>« X,»(C)

m
induced by the map Homg(K, B) — Homg(C, B) which is obtained by extending scalars
from Q to R. Actually, the subsets XT(nK) and )~(,(nK) are contained in X,,(Q) and Xm(@),
respectively, where Q is the algebraic closure of Q in C.
As a piece of notation, both in the definite case and in the indefinite case write Div(X,,) and

Div(X,,) for the groups of divisors on the Riemann surfaces X,,,(C) and X,,(C), respectively.
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2.3. The tower of curves. The inclusions R,,+1 C Ry, Unt+1 C Uy and U, C Ry, for
m > 0 yield a commutative diagram of curves

&m+1 ~ Qm ~ 8“'mfl
(3) a Xm X1
lﬂm iﬁm—l
Am+41 Xm (6779 Xm_l am—1

in which all maps are finite coverings that are defined over Q.

2.4. Hecke operators. We briefly review the standard description of the Hecke operators
Ty and U, in the case of our interest. Let m > 0 be an integer and let £ be a prime number
which does not divide Np™. In particular, the case m = 0 and ¢ = p is allowed. For all
a € {0,...,£ — 1} denote by Ao the idele whose f-component is equal to A\, := ((1) ‘;) and
whose components at all other places are equal to 1. Let Moo be the idele whose {-component
is equal to Ay 1= (S (1)) and all other components are 1. Then

-1 -1
RXMES = | RiAU RS A, UnhoUnm = | Unda UUnA.
a=0 a=0

The action of Ty on Div(X,,) and Div(X,,) can be defined as

L

To([(9, ) = Y _[(Rag )] + [(Aecgs £)]-

a=1

The action of the Hecke operator U, on Div(X,,) and Div(X,,) for m > 1 will be especially
important for us. For all a € {0,...,p—1} denote by 7, the idele whose p-component is equal
to my 1= ((1) ;) and whose components at all other places are equal to 1. Then

p—1 p—1
RX#oRY = | | R4 UpfioUm = | | Un#
mT0Lty, = mTas mT0 - mTa-
a=0

a=0
The action of U, on Div(X,,) and Div(X,,) is given by

p—1

Up([(g, D)) =D _[(Fag £)].

a=1

Observe that, as pointed out also in [1, §1.5], the single terms in the sums expressing 7; and
Up depend on the choice of representative for [(g, f)], but their collections do not.

3. HEEGNER POINTS

Let K be an imaginary quadratic field of discriminant D = Dy prime to p/N and denote by
O its ring of algebraic integers. Assume that the following Heegner hypothesis is satisfied:

e a prime number £ divides N (respectively, N~) only if £ splits (respectively, is inert)
in K.

No conditions are imposed on p.
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3.1. Heegner points on X,, and )N(m For any order O C K and any Eichler order R C B,
a morphism f € Homg (K, B) is said to be an optimal embedding of O in R if

fO)=RNf(K) (e, fTH(R)=0).

We say that a point P = [(g, f)] € X7(nK) for some integer m > 0 is a Heegner point of conductor

cond(O) on X,, if f is an optimal embedding of O into the Eichler order g_llA%mg N B, where
cond(O) is the conductor of O. Note that both in the definite and in the indefinite case

Heegner points are contained in X,,,(Q). More precisely, suppose that P is a Heegner point
of conductor cond(O) on X,,: if B is definite then P € X,,(K), while if B is indefinite then
P € Xm(Heong(o)) where Heonq(o) is the ring class field of K of conductor cond(O). It can
be shown that the set Heeg,,(cond(Q)) of Heegner points on X,, of conductor cond(Q) is
always finite (possibly empty) and to compute its cardinality as cond(O) and X,,, vary: see
[38, Theorem 1] and [46, Ch. III, Théoreme 5.11].

For the next definition, for all integers m > 0 let Uy, , denote the p-component of U,,.

Definition 3.1. We say that a point P = [(g, f)] € X% s a Heegner point of conductor

cond(O) on Xy, if B (ﬁ) e X\ is a Heegner point of conductor cond(O) and

5 (0@ Zp) ) N gy ' Unmpgp) = (0@ Zyp)* N (1 + p" O @ Zp) ™.

In other words, Heegner points on X, are lifts of Heegner points on X, satisfying a suitable
local condition at p.

3.2. Hecke relations on X,,. Define an action of Gal(K?*"/K) ~ I?X/KX on X\ by the
formula

(4) P*:= [(9f(a), f)]

foralla € I?X/KX and all P = [(g, f)] € XT(nK), where f : KX — B* is the map obtained from
f by passing to the adelizations of K and B. Let Pic(O) := KX JK* O* be the Picard group of
O. By class field theory, Pic(O) ~ Gal(Hona(0)/K) and (4) defines an action of Pic(O) on the
set Heeg,,, (cond(Q)). By Shimura’s reciprocity law ([44, Theorem 9.6]), if B is indefinite the
action of Pic(Q) defined in (4) corresponds under the isomorphism Gal(Heona(oy/K) = Pic(O)
to the usual Galois action of Gal(Hconq(0)/K) on Xm(Heond(0y). If B is definite, formula (4)
may be regarded instead as the definition of the Galois action on the set Heeg,,(cond(O));
note that this action is not induced by the natural action of Gal(Q/Q) on the geometric points
of Xy, since in this case X&) = Xm(K) as remarked before.

For every integer ¢ > 1 prime to N and every integer n > 0 let Ocpn := Z + cp" Ok be the
order of K of conductor cp”.

Proposition 3.2. Let P be a point in X&K) for some m > 1. Suppose that P is a Heegner

point of conductor cp™ for some integer n and that Q) € X}nK) belongs to support of the divisor
Up(P). Then

Upl(P) = trs_ 110 (@)
in Div(Xom).

Proof. Let P be represented by (g, f) € B* x P and suppose that Q = [(7tag, f)] for some
a€{0,...,p— 1} (note that a depends on the choice of the representative (g, f) for P). Let

o € Gal(Hyn+1/Hepn) be represented by the element a € @CXpn under the isomorphism
Gal(Hepnr /Hopn) = O /O 111 Ol
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Since f is an optimal embedding of Oy into g_lﬁmg N B, we see that f(a) = g~ xg for some

x € ]3%2 So we have

Q" = [(fagf(a), )] = [(Fazg, f)]
for some x € Rfl, which gives another element in the support of the divisor Uy(P). Since
Gal(H,

pn+1/Hepn) acts without fixed points and the cardinality of this group is p — 1, the
result follows. O

3.3. Fields of rationality. Define an action of Gal(K?’/K) ~ I?X/KX on X\ by the

formula X
P% = [(gf(a)af)]
for all a € K*/K* and all P = [(g, f)] € X9 Define
Zm = {a=(ar) € @é;m lap=1 mod p™(Ok ®Zp)}.

If [(g, f)] € X8 is a Heegner point of conductor ¢p™ then it follows directly from Definition
3.1 that

FHF(O%m) N g7 Uing) = Zin.
For any number field F' denote by I its idele group (so F* is the finite part of Ir). Write
H_pm for the class field of Z,, o := Z;, x C*, so that

Gal(Hepm /| K) ~ K* | K* Zy.
Proposition 3.3. Let P € )A(/?(nK) be a Heegner point of conductor cp™. Then
(1) Pe HO(Gal(Kab/ﬁcpm),)?m(K)) in the definite case;
(2) P € Xy (Hepm) in the indefinite case.

Proof. Use the fact that P is fixed by the action of Gal(K?"/ ﬁcan) and that in the indefinite
case P is rational over K2 by, for example, [9, Lemma 3.11]. O

We give a more explicit description of ﬁcpm. As a general notation, for every integer n > 1
let p,, be the n-th roots of unity. Set p* := (—1)®~=1/2p,
Proposition 3.4. ﬁcpm = Hepm (pm ).
Proof. Write Gal(K/Q) ~ Ig/Q*C where C := Norm g I is the norm group of K. Define
W, i= HZEX x{a€Z,|a=1 (modp™)}
t#p
and set Wy, o := Wy, x Ry where R, is the group of positive real numbers. The extension

K(p,m)/Q is abelian, and since Gal(Q(p,m)/Q) =~ Ig/Q* Wi oo it follows by global class
field theory (cf. [36, Ch. IV, Theorem 7.1]) that

Gal(K (pym)/Q) ~ Ig/Q™ (C'N Wi o0)-
Now Gal(K (pym)/K) =~ K */K*V,, where V,, denotes the finite part of the norm group
NOTmK(uI,m)/K (IK(Hpm)) . Hence
(5) Gal(Hepm (pym )/ K) = KX /K> (Vi 1 O%m).
Since the finite part of Normp(, ,.)/q (1 K (pym )) equals Norm g q(V;n) and

Q* NormK(upm)/Q(IK(upm)> =Q*(Cn Win,oo),

it follows that R
Vin C {z € K* | Norm g(z) € Q*Wp, }.
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Let x € V;,, N @Cxpm and write z = a + cp™B with a € Z and 8 € Og. Then Normpg q() €
Q*W,, N 7" = Wi On the other hand, locally at p one has the congruence
Normg, /g, (7p) = az (mod p™).

It follows that o, = +1 (mod p™), and the description of Z,, provided by Lemma ?7 gives
the inclusion

K*(Vin N O%m) € K* Zp,.
Isomorphism (5) finally yields

(6) Hepn C Hepm (pm)-

It is easily seen that the Galois group Gal(Hepm (ft,m )/ Hepm) is isomorphic to @CXpm /O Zm
Since @CXpm/Zm is isomorphic to (Z/p™Z)* via the map which sends a = (aq)q € @Cxpm to ap
(mod p™) € (Z/p™Z)*, and OJm = {£1} for m > 1, we get that

(7) [Hepm : Hepm| = (p™) /2.
The result follows from (6) and (7) upon noticing that [Hepm (poym) : Hepm] < ¢(p™)/2 because
Q(v/p*) C Hepm. O

In light of Proposition 3.4, from now on we adopt the explicit notation H, cp™ m ( Hpm =) in place of

the shorthand Hcpm The reason for doing so is that whenever p|c we have H o F H (¢/p)p™+1s
so the previous notation would be ambiguous.

3.4. Hecke relations on X,,. Let r,s > 1 be integers. Then
Gal(Heps (p,)/K) = KX /K> (V, N OF.)

where V. is the finite part of the norm group Norm g )/ K (I K(“pr)). Hence for every pair
of integers t,u with t > s and u > r there is an isomorphism

KX (Ve n 0% ) /KX (Vun OF,) = Gal(Hopt () / Heps (1))

As pointed out in the proof of Proposition 3.4, every element x = o + ¢cp®g € V. N (/’)\cxps (with
a€Zand BeO K ) satisfies the local conditions

Normg /g, (2p) = 0412) (mod p"), Normpg g, (2p) =1 (mod p").

Fix 6 € Gal(H gyn+1 (ppnr1)/Hepn (pn+1)) and let it be represented by a € @CXpn. By the above
discussion, we have

(8) a=a+cp"p, ap =1 (mod p").

Since
Gal( epntl (y,pn-u)/Hcp (upn+1)) C Gal( epntl (Hpn+1)/Hcp )

it makes sense to consider the projection o of & to Gal(H,n+1/Hepn ), which is represented by
the same a. _ _

Fix a Heegner point P = [(g, f)] € X of conductor cp™ with n > m and set P := (3,,(P).
Fix also QQ € X,,,, set @ := Bm(Q) and suppose that @ belongs to the support of Uy(P).
Proposition 3.2 shows that there exist a,i € {0,...,p — 1} and £ € R}, with §, = (3 ?) such
that the p-component of a representative of Q7 is given by

(0 p)wi@n=(25) (0 ,)w
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By (8) we have fy(a) =g, ' (4 5)g, with (4 5) =

1 0
0 1
1 a\ (A BY _ B
0 p C D) \v ¢ '
from which we deduce that £ € Up,. It follows that
(9) Q7 € Uy(P).

Proposition 3.5. Let P be a Heegner point of conductor cp™ on X for some n > m and

set P := B, (P ) Suppose that Q € X( ) is such that Q = ﬁm(Q) belongs to the support of
Up(P). Then

(mod p™). Thus we obtain

Q

Up(P) =081 (1) Hopn (1) (@)
i Div ()?m)
Proof. Since the fields H_,n+1 and Hepn (uan) are linearly disjoint over H,», the projection

Gal (Hcpn+1 (an+1)/Hcp” (Hpn+1)) ;> Gal(HCpn+1 /Hcp’n)

is an isomorphism. Thus Gal(H yn+1(ppn+1)/Hepn (pyn+1)) is isomorphic to Z/pZ, and the
claim of the proposition follows from (9). O

4. FAMILIES OF HEEGNER POINTS

The purpose of this section is to construct a family of Heegner points on the tower of
Shimura curves which satisfies suitable compatibility properties with respect to the natural
covering maps in the tower. These points will be the building blocks in our definition of big
Heegner points and classes that will be performed in Section 7. Unlike what is done in [25], to
achieve our goal we systematically adopt the language and formalism of optimal embeddings,
and this approach allows us to treat in a uniform way both the definite and the indefinite
case.

4.1. Heegner points of conductor ¢p™ on X,, and X, In order to introduce the systems
of Heegner points that we shall work with, we need to recall some auxiliary results and
definitions. As a preliminary remark, note that the Heegner hypothesis and [38, Theorems
1 and 2| ensure that the set Heeg,,(cp™) of Heegner points of conductor ¢p™ on X, is not
empty.

Let O be an order of K and R an order of B. Let £ be a prime number. Define K, := K®zZ,
and By := B ®yz Zy. An injective homomorphism ¢ : K, < By of Qp-algebras is said to be an
optimal embedding of O ® Z, into R ® Z, if

0(O®Zy) = o(Ky) N (R® Zy) (ie., 0 Y R®QZ) = O R Zy).

Two optimal embeddings ¢ and ¢ of O ® Z, into R ® Z, are said to be equivalent if there
exists an element u € (R ® Zg)* such that ¢ = v~ u.

If f: K — B is an injective homomorphism of (Q-algebras and ¢ is a prime number, denote
by fo = f ®idg, : K; — By the homomorphism which is obtained from f by extension of
scalars. The next lemma says that, for a global injection, the property of being an optimal
embedding is local.

Lemma 4.1. An injective homomorphism of Q-algebras f : K — B is an optimal embedding
of O into R if and only if f; is an optimal embedding of O ® Zy into R®Q Zy for all primes £.

Proof. A routine verification; see [41, Lemma 4.9] for a quick proof using the elementary
divisor theorem. O
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Let R be an Eichler order of B, let I1,..., I be representatives of all the distinct classes of
left R-ideals and denote by R; the right order of I; for ¢ = 1,..., h. The number h depends
only on the level of R and the discriminant of the quaternion algebra, and the set {R1,..., Ry}
consists of representatives for all the conjugacy classes of Eichler orders in B with the same
level. For every i € {1,...,h} fix an element ~; € B* such that R =" R% and write 7; ¢
for the f-component of ~; at a prime /.

Proposition 4.2. Let O be an order of K and R an Fichler order of B, and let {¢x¢}¢ be a
collection of optimal embeddings of O ® Zy into R ® Zy for all primes £. Then there exists
an optimal embedding f : K — B of O into R; for some i € {1,...,h} such that ’7i7gfg’y;£1 18
equivalent to oy for all L. 7

Proof. This is essentially a consequence of Eichler’s trace formula ([46, Ch. III, Théoreme
5.11]). For further use, we give here a direct proof (see [46, Ch. III, §5] or [40, §3] for more
details). By the construction of B, there exists an injective homomorphism g : K < B of
Q-algebras. By the Skolem-Noether theorem, for every prime ¢ there exists a; € B, such
that g, = a[lgpgag. For almost all primes ¢ which do not divide the discriminant of B, the
level of R and the conductor of O the map gy is an optimal embedding of O ® Z, into R® Z,:
this is so because g(O) is contained in a maximal order whose ¢-adic completion is equal to
R®Zy for almost all £. Hence we can assume that ay € (R® Zy)* for almost all ¢; in fact, by
[46, Ch. II, §3], if £ does not divide the discriminant of B and the level of R there is only one
equivalence class of optimal embeddings of O ® Z; into R® Z;. Write a for the idele (ay),. By
the strong approximation theorem, there exist a unique index ¢ € {1,...,h}, a global element
b € BX and a unit u € R such that a = uy;b. Then f := bgb~! is a global embedding of K
into B such that f; is conjugate to ¢, for all primes £. In fact, for every prime ¢ one has

Vit FeVig = Yiwbgeb™ iy = (iebag V)oe(vieba; )T = uy toguy,
which shows that ~; ¢ fr; el is equivalent to y. In particular, f; is an optimal embedding of
O ® Zy into 7, gl (R® Zy¢)vip = Ri ® Zy for every prime ¢, hence f is an optimal embedding of
O into R; by Lemma 4.1. O
For every integers k,m > 0 define the Eichler order R,(Cm)
local conditions:

of level N*p* by the following

R™®Zy=Ry®Z; forall £ # p;
R @z, = ("2 7% = ( S i) (Re0Z,) (07 ™)
P"ZLy Ly p™ 0 P/\1 0
where, for the last equation, recall that we identify B, with My(Q,) via ¢, as described above.
In particular, we have R,, = Rg N R(()m) and R&T ) = R,,.
Proposition 4.2 reduces the construction of global optimal embeddings to that of local
ones. In the following the local component at p is studied. Let p” be the power of p dividing

c exactly (i.e., p"|c but p"*1 { ¢). Write K = Q(v/—D) with D > 0, so K, = Q,(v/—D) if p is
inert in K and K, = Q, ® Q, if p is split in K. Then we consider the following embeddings

b5 : K, < By:

1) p inert
K, — B,
Vo o —Dﬁph>.
at V=D — (ﬁ/ph a )’
2) p split
K, — B,

@8) > ((abyem §)-
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Recall that Uy, , denotes the p-component of U,. For all integers n > 0 an easy calculation
shows that

° z/;z(f) is an optimal embedding of Oy ® Z), into R, ® Zy;

° I(JC))_I( Z(DC)((OCp" X Zp)x) A Un,p) = (Ogpr @ Zp)* N (1 +p" Ok @ Zyp) ™.
Define
(10) ey = () (§ ).
Since c is fixed in the following discussion, we simply set cp,(Jm) = gol(f’m). Define

UG = (—pm 6)Una(§777).

For all integers m,n > 0 it follows from the above equations for w}()c) and the definition of
Rﬁ{”) that
° %()m) is an optimal embedding of of Ogyn ® Z), into Rﬁf’”‘) ® ZLp;
o @) (@ (Oan ©Z)7) NUNY) = (Opn @ Z)* 1 (149" O © Z,)".
Lemma 4.3. Fiz an integer m > 0. Then
(1) Lpém) is an optimal embedding of Ocpm @ Zy, into Ry, @ Zy,.
@) (@) (" (O ©2)*) N Unyp) = (O © Zy)* N (1 +p" Ok © Z)*.
Proof. Since R,&T ) — R,,, and
2" (Opm ® Zp)*) NUnp = @™ (Opm ® Z,)*) VUL,
both claims are immediate consequences of the above formulas for n = m. O

For all primes £ # p choose an optimal embedding ¢, : Ky — By of O ® Zy into Ry ® Zy:
this can be done by [38, Theorem 2]. For primes ¢ { Np it is possible to choose ¢, in such a way
that for every integer n > 0 it induces an optimal embedding of Oy ® Zy into a maximal order
R(¢,n) of Ma(Qy) with the property that the collection {v;}i—o, .n, where v; is the vertex of
the Bruhat—Tits tree Ty of GL2(Qy) representing R(¢,17), determines a path of length n with
no backtracking. See [1, §2.4] for details.

Remark 4.4. This choice of ¢, allows us to show the horizontal compatibilities for big Heegner
points in §8.2. Analogous choices of ¢, could be made also for primes ¢ # p such that ¢|N,
and these would yield similar horizontal compatibilities for these primes too.

Let ¢ be an integer prime to N fixed as above. For every prime ¢ # p with ¢|c let n(c,¥)
denote the exponent of the highest power of ¢ dividing c¢. For all m > 1 define

R (c) :( II REneo) ]I Rm®zg>m3.

£ pand {c {=porlic
The Eichler order R,,(c) has the same level as R,,. Denote by Ry 1,. .., Ry p(m) the right
orders of a set of representatives of the left Ry,-ideals and take Ym 1, ..., Y nm) € B* such

that ]/%mﬂ- = ’y;llzl/%mvmz foralli e {1,...,h(m)}.

For primes ¢ # p such that ¢|c the map ¢, is an optimal embedding of Ogpm ® Zy =
Opn(ery @ Zyp into Ry(c) @ Zy = R(E,n(c, E)) For primes ¢|N the map ¢, is an optimal
embedding of Ogm ® Zy = O ® Zy into Ry (c) ® Zy = Ry, @ Zy (to see this, use the fact
that R, ® Zy = Ry ® Zy if ¢ # p). Finally, goz(,m) is an optimal embedding of Oym ® Z, into
Ry (¢)®Zy = Ry ®Z,y,. Hence, since Ry, (c) and Ry, have the same level, by Proposition 4.2 we
can choose an optimal embedding f™¢) of Oym into Ry, , for some ky, . € {1,...,h(m)}

such that (’ym,km,c)efe(m’c) ('Ym,kmm);l is equivalent to ¢, for £ # p and to goj(om) for £ = p (here
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fem’c) is the (-component of f(™)). Since ¢ is fixed, in the following we simply set k,, := Em.c
and f(m) — f(m,c).
Proposition 4.5. Fix an integer m > 0. Then

(1) £ is an optimal embedding of Ogpm into BN 7;11km§m7m,km ;

@) (") ("™ (Oem ©25)°) 0 (it Jo U Cimen Jp) = (Oepm @Z)* N (149" O @

Lp)™.

Proof. Set k := ky,,. By Lemma 4.1, to prove that f("™ is an optimal embedding as in part (1)
it is enough to show that ff(m) is an optimal embedding of O¢pm ®Z, into (B ﬂ’y;fkﬁm'ym,k) RZy
for all primes £. Recall that fz(m) is an optimal embedding of Ogm ® Zy into R, ; ® Zyg for
each £. For / # p we have R, ® Zy = (B N fy;lkﬁmym,k) ® Zy, hence fe(m) is an optimal
embedding of Ogpm ® Zy into (B N 'y;llk]/%m'ymk) ® Zy for all such ¢. For the prime p, observe
that there exists an element u € (’ymk);l(Rm ® Zp)™ (Ym k), such that

(11) f}gm) = ufl(’Ym,k)gl%(om) (V) U
Both statement in the proposition now follow from Lemma 4.3 combined with equation (11)
and the fact that U,,, is a normal subgroup of (R, ® Z,)*. O

Corollary 4.6. The class [(’ym’km, f(m))] represented by the pair (’ymkm, f(m)) 1s a Heegner

point of conductor cp™ both on anK) and on )?,(nK)

Proof. Both statements are immediate consequences of Proposition 4.5. O

4.2. Compatible families of Heegner points. We slightly modify the sequence of points
m [(’ymkm, f (m))] in order to make them compatible with respect to the Hecke action
(84.3) and the Galois action (§4.4). We use the notations in the proof of Proposition 4.2. Fix

an injection ¢ : K < B of Q-algebras and for every integer m > 1 write f(™) = bmgb,,} with

g = a;l}egpgam,g for £ # p, gp = a;ﬁp@,(gm)am,p and an, = (Am0)e = UmYm k,nbm (here w,, € R

and b, € B*). Set m, := ((1] 2) and 7 := 7, so that the p-component of & is 7, and the
components outside p are all equal to 1. Note that goz(gm) = prémfl)wg LA direct calculation
— (m—1)

shows that the product 7, Ya pa

Amp = wpcpl(,mfl)(cp)am_lyp for some ¢, € pr. It follows that there exists ¢, € K> such that

its p-component ¢, p is equal to ¢, and

m—1,p commutes with every element in ¢, ' (Kp), thus

(12) UmVm,km = 7ATUmf1’7m—1,l<:m,1f(m_l) (Cm)bmflb;ll-
On the other hand, since f(™ = bmgb,,} and flm=1) — bm,lgb,;f_l, it follows that
(13) £ = bbb D, bt

Lemma 4.7. Fiz an integer m > 1. If ¢ € K* then for every integer r > 0 the equality
[V o £ (@), FU™)] = [(From—1¥m1 gy [ (), fO70)]

holds both on X, and on )N(r.

Proof. Straightforward from (12) and (13). O

Set
Peo = Peg := [(uovo.k0, fV)] € XéK) = X(()K)-
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For all integers m > 1 define elements z.,, € KX by requiring inductively that
(14) T = cl_l, CmTm = Tm—1 1f m > 2.
Then define
P = [ ™ ), )] € XS0, B = [t ™ (), £)] € KO,

The point 1507m is a suitable lift of P, ,, to )?T(nK) We first note the following property enjoyed
by these points.

Proposition 4.8. The point P.,, € X, (respectively, ﬁc,m € )?m) is a Heegner point of
conductor cp™.

Proof. A direct consequence of Corollary 4.6, where for ]Sm’c we use again the fact that U,, ),
is a normal subgroup of (R, ® Zj,)*. O

4.3. Hecke relations in compatible families. The results we prove in this § justify our
choice of the points P, ,, and F.,,. Write

Qm « : Div(X,,) — Div(X,,—1), Qe Div()?m) — Div()?m_l)
for the maps between divisor groups induced by «,, and &,, by covariant functoriality. In
other words, am «(P1 + -+ 4+ Ps) 1= am(P1) + - - + o (Ps) for all points Py, ..., P on X,
and similarly for oy, «.

Proposition 4.9. Let m > 2. Then
(1) Up(Pc,m—l) = Qm % (trHCpm/Hcpm_l (Pc,m)) mn DiV(Xm—l);
(2) Up(Peam—1) = Gmos (40 ym (1) H a1 () (Pein)) i1 Div (Xim—1).

Proof. Thanks to the recursive formula (14), Lemma 4.7 shows that for every a € K* the
€ )?,(HK)) in anK_)l (respectively, )Z'T(nK_)l) is represented
by [(ﬁum_lfym,mmflf(m_l)(xm_la), f(m_l))]. Hence ayy,(P.m) (respectively, &m(]ggm)) be-
longs to the support of Up,(P..m—1) (respectively, Up(ﬁc’m,l)). The two claims then follow

from Propositions 3.2 and 3.5, respectively. (|

a
c,m

image of P¢,, € X0 (respectively, P

Proposition 4.10. Let m,r > 1. Then
(1) Up(Pcprfl,m) = trHCpm+r/HCpm+r—l (Pcpr’m) m DlV(Xm),
(2) Up (PCPTflam) = trHcpm-&-r (l‘pm+r)/Hcpm+r—1(l‘pm+1) (Pcpr,m) in Div (Xm) .

Proof. With notation as in (10), a direct computation shows that (péc’mﬁ) = apl(fp ™) for all

m,s > 1. From this equality one obtains that Pps », (respectively, Peps ) is the image of
P, yn+s (vespectively, Peps ) under the maps in (3). Thus we have
Up(PcpT_l,m) = Qm+1,% (trHcpr+m/HCpr+m,1 (Pcpr—l,m+1>) = trHcprer/Hcprer—l (Pcpr,m)
where the first equality comes from Proposition 4.9 and the second from the above discussion.
The same argument works for the relation between P.,r—1,,, and Pepr m. O
4.4. Galois relations in compatible families. Set Gg := Gal(Q/Q) and let
€cye : Gg — Z;

be the cyclotomic character describing the action of the absolute Galois group of Q on the
group f, of roots of unity of p-power order. Since the restriction of ecye to Gal(Q/Q(v/p))
takes values in (Z;)z, there is a unique continuous homomorphism

0 Gal(Q/Q(y/p*)) — Z) /{£1}
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such that 92 = €cye(5). Fix o € Gal(Hepm (pym)/Hepm). Since Gal(Hepm (pym)/Hepm) is
isomorphic to @cxpm /Oiym Zm, it follows that o can be represented by an element 2 € (7)\Cxpm
such that xy = 1 for £ # p. Write ;, = a + p™ with a € Z; and 8 € Ox ® Z,. The image

o of o via the map

Gal(Hepm (1) /Hepr) © Gal(Hepr (p,m) /Q(/p*)) — Gal(Q(pm) /Q(Vp)),

where the arrow on the right is the canonical projection, is represented by Normg () and,

by class field theory, NormKi/Qp (zp) = €cyc(d). Hence €cye(G) = a2 (mod p™), so the map
o+ x is equal up to +1 to the restriction of ¥ to Gal(Hepm (ptym)/Hepm). Thus

P = [(tmYm s £™)] = [(m Y, 9(0), F™)] (mod £1).

For any ¢ € (Z/p™Z)* let (¢) denote the diamond operator acting on X,,,, whose action may

be defined by the map [(g, 2)] — [(g¢, z)]. Since the action of (—1) on Div(X,,) is trivial, it
follows that for all o € Gal(Q/Hpm ) there is an equality

(15) PZp = (9(0)) Pean

in Div(X,,).

5. HIDA THEORY ON GLo

Throughout this paper we choose an (algebraic) isomorphism C ~ C, where C, is the
completion of an algebraic closure of @), and view any subring of C, as a subring of C via
this fixed isomorphism.

5.1. Ordinary Hecke algebras. In the next few lines we use Shimura’s notations 7'(n) and
T(n,n) (with n an integer) for the (abstract) Hecke operators defined as in [44, §3.1-§3.3] by
double cosets.

Fix an isomorphism Z; ~ I'x A with A ~ p,,_; the torsion subgroup of Z; and I' := 1+pZj,.
Define the two Iwasawa algebras

A=0p[l], A:=0p[Z)]

where F' is a finite extension of @, (which will eventually contain the Fourier coefficients of
our modular form f) and Op is its ring of integers, so that we have a natural inclusion A C A.
Finally, denote by z +— [z] the inclusions of group-like elements I' < A and Ly — A.

For any ring A, any subgroup G' C SLa(Z) and any character ¢ : G — Q) let Si(G, ¢, A)
be the A-module of cusp forms of level G, weight k& and character ¢ with coefficients in A.
We follow [25] for the presentation of Hida’s Hecke algebras. Define

Lo (N,p™) :=To(N)NT1(p™)

and write by, ., for the Hecke algebra with Op-coeflicients acting on Sy (Fo,l(N, ™), (C). The

Op-algebra by, ,, is a finite product of complete local rings. Let hzrf}l be the ordinary part of

Bk m, i.e., the product of those local factors on which the image of U, is a unit. Define the

Hecke algebras of weight k& as by o = @hk,m and hifgo = @hgﬁn, the projective limits
m m

being taken with respect to the canonical maps. The Op-algebras by o, and h%fgo can be
endowed with structures of A and A-algebras in such a way that if @ is an integer prime to Np
and T'(a, a);, denotes the image of T'(a,a) in by ., then the image of [a] in by, is the diamond
operator (a);, defined by the formula T'(a,a), = a*~2(a); (here we adopt the conventions of
[25] rather than those of [20]). Since this A-algebra structure commutes with the Up-action,
the algebra hzfgo inherits a structure of A-algebra. Finally, the inclusion A C A induces a
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A-structure on hirgo. The A-algebra hzrgo is finite and flat over A. For all weights k, k" there
is a unique isomorphism of algebras

(16) Pt BRe — b
taking the images of T'(¢) and T'(¢,¢) in hord to the images of the same operators in f)ord It

ord

will usually be convenient to identify the Hecke algebras hzfgo for all weights k£ by means of

the isomorphisms (16), so we simply set h2%Ld := h3's .

5.2. New quotients. We are especially interested in the C-vector space Sp°% (Fo,l(N ,p™), (C)
consisting of those forms which are new at all the primes dividing N~. Write Ty m for the
image of by, in the endomorphisms ring End (S’}gew (Fo,l(N ,p™), (C)) and set

Thoo = imThm, T =€t Tim,  Ths i= €7 Thoo = <h— m T},
m

where €24 and e°d are Hida’s ordinary idempotent projectors. Isomorphisms (16) yield
isomorphisms of A-modules Tord Tzfd for all weights k, k', so we identify the algebras

’]I‘°rd for all weights k and set Tord = ']Tord

5.3. Maximal ideals of Hecke algebras. Following [35, §1.4.4], we briefly describe the
decompositions of our Hecke algebras into products of local components. Since h&d and T4
are finitely generated A-modules, they split as finite products

(1 7) ord H bgé?ﬁa Tord H Tord

of their localizations at their (ﬁmtely many) maximal ideals m and m. Every summand
appearing in these decompositions is a complete local ring, finite over A. If £ is the fraction
field of A then bord ®A L and Tord @A L are finite dimensional artinian algebras over L,

so they are sums of local artinian algebras. If m (respectively, m) is a maximal ideal of hHod
(respectively, of T%4) then bg;dfﬁ ®a L (respectively, Tord ®a L) is a direct factor of h%I @, L

(respectively, of T @ £). There are splittings of E—algebras

(18) b @a L = <HE>@M, TO @ L = (chj) PN

icl jeJ
where F; and K; are finite field extensions of £ while M and A are nonreduced. According to
Hida’s terminology, F; and K; are called the primitive components of hUd@p L and TL @, L,
respectively. As explained in [20, §3], one has I = J and there are canonical isomorphisms

(19) Fi — K
for all i € I. We say that F; (respectively, ;) belongs to m (respectively, m) if it is a direct
summand of hg;dﬁ ®a L (respectively, of ']I"’rd ®p L).
Now fix a modular form
(20) f=>ang" € Si(To(Np),w’,Op)
n>1

with j =k mod 2, where w : (Z/pZ)* — p,_; is the Teichmiiller character (here g, ; is the
group of (p — 1)-st roots of unity). Assume that f is a normalized eigenform for the Hecke
operators Ty (with £{ Np) and U, (with ¢|Np). Here, as before, F' is a finite extension of Q,
and Op is its ring of integers. Let ps : Gg — GLa(F) be the p-adic Galois representation
attached to f by Deligne.

Assumption 5.1. Throughout this article we assume that
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i) the modular form f is an ordinary p-stabilized newform in the sense that a, € OF
and the conductor of f is divisible by N (cf. [16, Definition 2.5]), i.e., f arises from
a newform of level N or Np (this implies, in particular, that py is ramified at all the
primes dividing N);

ii) the residual representation py is p-distinguished and absolutely irreducible.

Here we recall that py is said to be p-distinguished if its restriction to the decomposition
group Gq, := Gal(Q,/Qp) at p can be put in the shape Pilag, = (% 2,) for characters e1 # €3
(see, e.g., [14, §2]).

Duality between modular forms and Hecke algebras yields morphisms

Qf:ngd—)OF, éf:f)géd—)OF

such that 0 factors through ']I‘gff and is characterized by 6(T'(¢)) = a, for all primes ¢,
0¢(10]) = wkHi=2(8) for 6 € A, 04([]) = v*2 for v € T, while 9~f is the composition of the
canonical projection h%&d — T4 with 6 ¢. Let my and my be the maximal ideals corresponding
to the unique local factors of h2™4 and T2 through which 6 ¢ and 6 factor. Since f satisfies i)
in Assumption 5.1, we can consider the unique primitive component X of hgg‘}af ®A L appearing
in (18) to which f belongs in the sense of [20, Corollary 3.7] or [22, pp. 316-317] (see also [25,
p. 95] for the more general type of arithmetic groups we are working with here). Thanks to
isomorphisms (19), there is a unique primitive component of Tgé‘fm ; ®a L (appearing in (18))
which is isomorphic to K: denote this component by the same symbol K. Finally, let R be
the integral closure of A in K.

Proposition 5.2. The ring R is a complete local noetherian domain which is finitely generated
as a A-module.

Proof. See, e.g., [45, Theorem 4.3.4]. O

Observe that R is an hg;fiﬁf—algebra. Indeed, the field K is an hggiiﬁf—algebra; moreover,

hgéflaf identifies by (17) with a A-subalgebra of h%4, hence it is integral over A by (16), and

this implies that h2 w, breserves the subring R of . Analogous arguments show that R is

an ngflm f—algebra.

Now consider the composition

d d
foo B2 — pAL R

in which the first arrow is the natural projection and the second arrow is the structure map
of R as an hgziiﬁf—algebra. The map fo is univocally determined by the primitive component

K to which f belongs.

Definition 5.3. The local A-algebra b2’ ey is the Hida family of f and R is the branch of the
Hida family on which f lives. Finally, we call the map f., the primitive morphism associated
with f.

5.4. Critical characters. Factor ey : Gg — Z;; as a product €cyc = €tame€wild With €tame :
Gg = Hp_q and eyilq : Gg — T' and define the critical character © : Gg — A* by

0 = ctome ' [exia]

where e‘lN/ﬂQd is the unique square root of eyjq taking values in I'. If ¢ € Z/(p — 1)Z then the
idempotent
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satisfies the relation
(21) eil¢] = (e

for all ¢ € p, 1. Since f(e;) = 0if i # k + j — 2, we have 6k+j_2(h2fgo)ﬁ‘1f = ( ifgo)ﬁf
Therefore

(22) et j—2(TRS)my = (TS my s

and it follows that in (T )y, ; we have

[€tame ()] = 6?:5;2(0)

for all 0 € Gg. Furthermore, by definition of ©, in (Tgfgo)m ; there are also equalities

0%(0) = €tarie - (0)[Ewitd(0)] = [€cyc(0)]
for all o € Gg.

5.5. Arithmetic primes and Galois representations. For every integer m > 0 denote
by Xo,1(N,p™) the compactified modular curve of level structure I'g 1 (N, p™), viewed as a
scheme over Q, by Jac (X071(N, pm)) its Jacobian variety and by Ta, (Jac (XOJ(N, pm))) the
p-adic Tate module of the Jacobian. As in [25, §2.1], for every integer m > 1 we define the
hrd-modules
Tag's, = egr(Tay (Jac(Xo1 (N,p™))) @2, Or ), Ta™ := lim Tag’s
m

p,m P,
Tag{;i = Taord ®hgéd hgg?fﬁf’ T = Tag:f;i ®hg§;?r?|f R
All these modules are endowed with h%4-linear actions of the Galois group Gq. The R-module
T is free of rank two. Let RT denote R viewed as a module on itself with G acting through
©~! and define the critical twist of T to be the Gg-module
TT = T ®R RT = Ta%f;i (ghord~ RT

o0, f
The Gg-module T is unramified outside Np and the arithmetic Frobenius at a prime £{ Np
acts with characteristic polynomial X2 — T, X + [/]¢. For a proof of these facts see, e.g., [25,
Proposition 2.1.2] and [32, Théoreme 7).
Write mg for the maximal ideal of the local ring R and set

]FR = R/mR’ }Fbg&i(ﬁf = hgg(,iﬁlf/fﬁfhgg,iﬁf
for the residue fields of R and f)gédﬁf. Since R is finite over A by Proposition 5.2, the map

ord
boo,fﬁf

and hence of IF,,. The next result will be exploited in Section 10.

— R is also finite, hence integral. Thus Fg is naturally a finite extension of Fyora_

oo, m ¢

Proposition 5.4. The residual Gg-representation T /mgT is equivalent up to finite base
change to the residual representation py of f. In particular, it is absolutely irreducible.

Proof. First of all, if the claimed equivalence of representations is true then the absolute
irreducibility follows from condition ii) in Assumption 5.1. With notation as above, there are
canonical isomorphisms of Gg-modules

T/mgT ~ (Ta%ff/ﬁlfTa%f;i) ®]1rhord~ Fr.
oo,m ¢

As explained in [20, p. 251], all modular forms in the Hida family hg;dﬁf have residual

representation equivalent to py. On the other hand, by [25, Proposition 2.1.2], the local
ring h‘;ﬁdﬁf is a Gorenstein A-algebra, and then [21, §9] (see also [32, §3]) shows that the
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residual Gg-representation Ta%r;i /m fTa%f}fl

proposition is proved. O

is equivalent (up to finite base change) to py. The

Now recall that I' := 1 4 pZ,,. If A is a finitely generated A-algebra then a homomorphism
of Op-algebras k : A — Q, is said to be arithmetic if its restriction to (the image of) I is of
the form v +— ¢(7)7" 2 for some integer r > 2 (called the weight of x) and some finite order
character 1 of " (called the wild character of k). The kernel of an arithmetic homomorphism,
which is a prime ideal of A, is said to be an arithmetic prime of A. If k has weight r and
wild character v then p is said to have weight r and character . In particular, for any
integer > 2 and character ¢ as above there is a unique arithmetic prime of A of weight r
and character ¢. If p is an arithmetic prime of A and, as usual, A, is the localization of A
at p then the residue field F, := A,/pA, is a finite extension of F. The homomorphisms of
Op-algebras éf and 0 that were attached in §5.3 to the modular form f are arithmetic of
weight k£ and trivial character.

Let p be an arithmetic prime of R of weight 7, and character ¢, and set

(23) my := max{1, ordy(cond(¢y)) }.
By [21, Corollary 1.3|, the morphism obtained by composing the maps
pord L= R s R,
factors through b?;d and determines, by duality, an ordinary p-stabilized newform

(24) fo = Zan(fp)qn € Sr, (FO,I(N7Pmp)aXpan)

n>1

where, for simplicity, we put x, := wpwkﬂ' L

Denote by V(f,) the Gg-representation over F, attached to f, by Deligne. Thanks to a
result of Ribet ([42, Theorem 2.3]), it is known that V'(f,) is (absolutely) irreducible. Define
the Gg-modules Ty := T ®g Ry, and V}, := T}, /pT, and their critical twists T; =TI o Ry
and VpT = T ®r Fy. Then VpT is a twist of the classical representation attached to fp- See
[25, §2.1] and [35, §1.5 and §1.4] for proofs details. Let now v be a place of Q above p, let
D, C Gg be a decomposition group at v and let I, C D, be the inertia subgroup. Denote by
My : Dy /I, — R* the character defined by sending the arithmetic Frobenius to U,. Then [25,
Proposition 2.4.1] ensures that there is a short exact sequence of R[D,]-modules

0— FH(T)—T—F, (T)—0

where F,F (T) and F, (T) are free R-modules of rank one and D, acts on F*(T) (respectively,
on F, (T)) through n, tecyclecye] (respectively, through 7,). Furthermore, if M denotes one

of Ty, V,, T; and V;f then twisting by © ! and tensoring the above exact sequence by Ry or
F, yields another short exact sequence of D,-modules

0— Ef (M) — M — F, (M) — 0,
where FF(M) and F, (M) are free modules of rank one over either R, or F,, depending
on whether M € {TP,T;} or M € {Vp,VpT}, respectively. Finally, the Galois group Gg
acts on F)f (M) and F, (M) either by nv_lecyc [€cye) and 7, or by @_117;160yc [€cyc) and 0 1n,,
depending on whether M € {Tp, Vp} or M € {TT, VPT}, respectively.

5.6. Selmer groups. We recall the definitions of the various Selmer groups that are relevant
for our purposes. The reader may also wish to consult [25, §2.4] and [35, §2.1].

Let L be a number field and for any prime v of L let L, the completion of L at v and Lj""
the maximal unramified extension of L,. Let M be one of the left R[Gg]-modules T, TT, T,

T;g, Ve, VpT where R denotes the ring R in the first two cases, the ring R, in the middle two
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cases and the field F}, in the last two cases. Fix a prime v of L and define the Greenberg local
subgroup at v by
ker(H'(Ly,, M) — HY(LY™, M)) if v 1 p,
H, (Ly, M) =
ker(H'(Ly,, M) — HY(L,, F, (M))) ifv|p.
Then the Greenberg Selmer group is by definition the group

Sely (L, M) := ker (Hl(L, M) — [[ B (Lo, M)/ H, (Lo, M)).

Let AT := Homg, (TT7 upoo). For M =TT, Af or VpJr one can also consider the Nekovdr Selmer
group ﬁ} (L, M), which for M = Tt or VpT sits in the short exact sequence

(25) 0 — @ HO(Ly, Fy (M) — H(L, M) — Selgy(L, M) — 0,

vlp
the direct sum being extended over the primes of L above p. The reader is referred to [34,
Ch. 6] for definitions and to [34, Lemma 9.6.3] for a proof of (25).

If M =V, or Vj one has the Bloch-Kato Selmer group H}(L, M) as well, whose definition
(in terms of Fontaine’s ring Be;s) can be found in [5, §3 and §5]. In particular, if M = V;j
and p has even weight then, by [34, Proposition 12.5.9.2], this group fits into the short exact
sequence

(26) 0 — P H (Lo, F, (V) — H}(L, V) — H} (L, V) — 0.

vlp
An arithmetic prime p of R is said to be exceptional if rp, = 2, the character 1, is trivial and
the image of U, under the map R — F, is equal to 1. The relations between the Selmer

groups that we introduced above are then summarized by the exact sequences (25) and (26)
and the following result.

Proposition 5.5. (1) If p is a non-exceptional arithmetic prime of R then ﬁ} (L,V;)
and Selgy (L, V;JT) are isomorphic.
(2) If p is an arithmetic prime of even weight then H} (L, VJ) and Selgy (L, V;JT) are iso-
morphic.

Proof. The first assertion is [25, (22)], which follows from [25, Lemma 2.4.4]. The last claim
is [25, (23)], which is immediate from (25) and (26). O

6. HIDA THEORY ON QUATERNION ALGEBRAS

Recall the quaternion algebra B over QQ of discriminant N~ introduced at the beginning of
the paper. In the following (in slight conflict with the conventions of Section 5) we use Hida’s
notations 7'(n) and T'(n,n) for the (abstract) Hecke operators defined as in [22, p. 309] by
double cosets. In this section we always assume that B is a division algebra, the theory for
the split case B ~ My(Q) having been considered earlier.

Fix an integer m > 0. Recall that Div(X,,) and Div®(X,,) denote the groups of divisors
and of degree zero divisors, respectively, on X,,. Let Pr(X,,) be the group of principal divisors
on X,, and define, as usual, the Picard groups

Pic(X,n) = Div(X,n)/Pr(Xn),  Pic®(Xy,) := Div?(X,,)/Pr(X,n).
The groups Pic(X,,) and Pic?(X,,) are connected by the short exact sequence
(27) 0 — Pic%(Xm) — Pic(Xm) 2 7 — 0,
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where deg is the degree map.

6.1. Hecke modules in the definite case. Assume that B is definite and fix an integer
m > 0. As pointed out in [1, §1.4] and [17, §4], in this case Pic(X,,) can be identified with
the free abelian group Z[Um\EX/BX] on the finite set of double cosets Um\EX/BX and
Pico()me) corresponds to the degree zero elements in this group. With notation as in §2.1,
the sequence m — h(m) is unbounded because the same is true, by [40, Theorem 16], of the
sequence m — h(m), and h(m) < h(m). Hence the ranks of the free abelian groups Pic(X,)
and Pic? ()A(;m) are unbounded as m varies. Now define

I = Pic(Xp) @2 Op,  JO := Pic®(X,n) ®z Op.

Tensoring (27) with O over Z yields a short exact sequence of Op-modules

(28) 00— J° — Jo 25 0p — 0.
By what has been said a few lines before, there is an identification of Op-modules
(29) Jm = Op[Un\B*/B*],

which will usually be viewed as an equality. The abelian group Pic()N(m) is finitely generated,
so, by [28, Theorem 7.11], it follows that Endy, (Pic()?m)) ®z O is canonically isomorphic to
Endo, (Jm). A similar remark also applies to J3..

In [1, §1.4] (see also [17, §4]) it is explained how equality (29) can be used to define an
Hecke algebra with Op-coefficients, which we denote by B,,, acting (via Brandt matrices) on
Jm and JO,.

Let us now assume m > 1. Since B, is a finitely generated Op-module, we can define an
idempotent €24 € B,, attached to the Hecke operator U, and introduce the ordinary parts
xord .= eord. ¥ for X € {IB%m, Jms JT?Z}. So Jp, and Jo' are Bo'-modules. Since U, has degree
p, exact sequence (28) implies that there is an isomorphism of ]B%%d—modules

Jﬁfd ~ ng’ord.

The maps oy, : X, — X1 induce (by covariant functoriality) maps o« : Jm — Jm—1 and
Qs @ JO, — JO | preserving the ordinary parts, so one can consider the projective limits
Joo = lim Sy, J%=lmJp, IR = lim o
m m m

with respect to these maps. Define

Boo — @ij Bord L ]Bord

with respect to the canonical maps. Then J2¢ is a B%%-module, while J,, and J2, are
Bso-modules.

6.2. Hecke modules in the indefinite case. Now suppose that B is indefinite and fix an
integer m > 0. Then Pic’(X,,) can be identified with the Jacobian variety Jac(X,,) of X,
which is an abelian variety defined over Q whose dimension equals the genus of )Zm, while
(27) shows that Pic(X,,) is an extension of Z by Pic® (X, ) More precisely, Pic(X,,) identifies
with the Q-points of the Picard scheme of X,, and Pic? (Xm) with the identity component
of this scheme. If L is an extension of Q then we denote by Pic(X,,)(L) and Pic®(X,,)(L)

the L-rational points of Pic(X,,) and Pic®(X,,), respectively. Unlike what was done in the
definite case, in the indefinite case by J,, and JO we mean the Op-module schemes defined
over Q which associate with any field extension L/Q the Op-modules

Jm(L) = Pic(Xm)(L) ®z Op,  JO (L) := Jac(Xm)(L) ®z OF,
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respectively, which are endowed with a canonical action of Hecke operators via Albanese
functoriality. Denote by B,,, the Hecke algebra with Op-coefficients acting by correspondences
on J,, and JY,.

Let L be an algebraic extension of Q and set G, := Gal(Q/L). Since Jac(X,,) is defined
over Q, the Op-module JO, (L) has a natural left G-action and so is canonically a left B,,[GL]-
module. Furthermore, the ordinary part

T (L) = e - T (L)

inherits a canonical structure of left B94[G'1]-module, where ¢2'd denotes as above Hida’s
ordinary projector (note that B,, is a finitely generated Op-module because J,,,(L) is finitely
generated).

Suppose that L is a number field. Tensoring (27) (with values in L) by Op over Z yields,
as above, a short exact sequence of left Op[G]-modules

(30) 0 — JO(L) — Jm(L) 2% 0p — 0.

Since J,,(L) is a finitely generated Op-module, it makes sense to introduce the idempotent
e'd in B,, attached to the Hecke operator U, and define the ordinary part of .J,,(L) to be

m

JoYL) = e g, (L).
Now observe that, since U, has degree p, sequence (30) shows that
(31) Ty = I (1)
for every m > 0 and every number field L. Let now L/Q be an arbitrary field extension,
which can be written as a direct limit L = lim L; of finite extensions. Since the J,,(L;) have
ordinary parts which are compatible with direct limits, we can define the ordinary part of
JIm(L) as

J(L) = liny S,

i

Thanks to (31), and the fact that JO, (L) = @J%(Li) because direct limits commute with
tensor products, we see that
Je(L) = Joe(L)

for every m > 0 and every extension L/Q. So Jo'(L) is a B24-module for every m and every
field extension L/Q, where as above B4 := ¢ord . B, .

As above, for every extension L/Q and every m > 1 we can define by covariant functoriality
maps &mx  Jm(L) = Jm—1(L) and & @ JO,(L) — JO_;(L) which preserve the ordinary
parts, so we can form the projective limits

Joo L) = Yim b (L), Joo(L) i= Ym (L), JEH(L) o= fm (L)

m

with respect to these maps. Form the Op-modules

Boo := limB,,, B2 :=lim B9,
% oo % m

In particular, JO (L) is a left By [G]-module and~J§£d(L) is a left BXY[Gr]-module. Write
Tay (Jac(Xy,)) for the p-adic Tate module of Jac(X,,) and define

T := Tay,(Jac(Xpm)) ®z, OF, T = lim

T

where the inverse limit is with respect to the canonical projection maps. Then T, and T},
are B, and B,,-modules, respectively, and one can define the ordinary parts

ord .__ _ord ord .__ _ord ord
T =epn" - Tm, TS =e”" - T,

which are left BO*4[Gg] and BZ4[Gg]-modules, respectively.
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6.3. Jacquet—Langlands correspondence. In order to simplify notations, set T, := T,
and T .= Tgff for x an integer m > 0 or the symbol co: this is an extension of the convention
introduced at the end of §5.2.

The Jacquet-Langlands correspondence (see [24, §4]) gives an isomorphism of Op-algebras

(32) JLp : Ty — By
taking T'(£)2 and T'(¢,{)s to the images of T, and T'(£,£) in B4, respectively. We define a

~ m
continuous structure of A-algebra on B, and IB%ggd as in [24, §3.2.8], and denote [z] — (z) the
image of group-like elements of A. We normalize this action so that if n is an integer coprime
with Np then T'(n,n) = (n) as operators in B,, (as in the case of elliptic modular forms, we

adopt the normalization in [25] instead of the one usually found in Hida’s papers).

Proposition 6.1 (Jacquet-Langlands). There is a canonical isomorphism of A-algebras
d d = d
JLEC : TS — BE.
Proof. For m > 1 there are commutative diagrams
ord

T;)rll‘d ILm S Bord

m

b e

where the vertical arrows are the canonical projections. The claim of the proposition then
follows by taking inverse limits and noticing that the two A-algebra structures agree on the
set of integers prime to Np, so (by a continuity argument) they must be equal. O

In light of (32) and Proposition 6.1, from here on we identify the algebras B} with the
corresponding T}, and use the latter symbols to denote both Hecke algebras. Similarly, we
identify the maximal ideal m; and the ring R with their images via Jngd.

Finally, we write TS®" and TS for the twisted Gg-modules T%d and T, respectively,
where the action of Gg is via oL

6.4. Critical twists. Recall the subsets X\ defined in §2.1 (definite case) and §2.2 (in-
definite case), where K is an imaginary quadratic field admitting injections K < B. In
both cases, let us denote by DiV(Xy(nK)) and Div? (Xq(nK)) the submodules of Div(X,,) and
Divo()?m), respectively, supported on points in )A(/,(ﬂK) The group G2 := Gal(K?"/K) acts

naturally on )NC,(WK), SO Div()N(r(nK)) and Div® ()N(&K)) are Z[G?}’]—modules. Furthermore, they

are also ’Hﬁf )—modules, so one can define the T,,[G%]-modules
Dy :=Div(X(Y) @, 5 Ty Dy i= DivO(X59) @, ) T
and the T%4[G]-modules
D= Dy @1, Tord, Dy = DY), @r,, T,

For m > 2, the maps a,, : 5(7(”1() — X(K)

m—1
functoriality which respect the ordinary parts, so we can define the T [G4]-modules

Do :=lm Dy,  DJ :=limDj,
m m

induce maps &y, : Dy, — Dp,—1 by covariant

and the TZ4[G]-modules

ord ._ 1: ord O,ord .__ 7: 0,ord
D2 i=lim DY, DO = Jim DR,
m m
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In the indefinite case, when we want to emphasize the field of definition H C K?P of a divisor
or a limit of divisors we write D, (H) and D"4(H), for x = m or oo, respectively. (In the
definite case, all the points in D,, are rational over K, so there is no need to specify fields of
definition.)

In the following, let W2 denote one of the left T9*4[Gg]-modules D™, DpYord op gord
(definite and indefinite case) and T°' (indefinite case), for « an integer m > 1 or the symbol
oo. Since T is a quotient of TLY, it follows that Word is naturally a T%%-module via the

o0 )

projection map. The critical twist W™ of W is the left T2 [GgJ-module
Wrdt := W @pora TR
With notation as in §6.3, define also the left T94[Gg]-modules
WP, o= W @pga T, Womt = W @ T W = Wi, Brgd, R

*,my * oo,my? *,my oo,my?

Finally, let Rt stand for the Galois module R on which the action of Gq is via O~ L. The
critical twist Wfl;g’T of W*‘”g% is the left TY4[Gg]-module

*,my

WIRT = Wik or RN = WXL @pge R
To further simplify the above notation, set
(33) D, =D3%, D =D, D:=D3%  Df.=DIY
Finally, define Tgy, := ng% and Tgh = Tg%r.
6.5. Galois representations in the indefinite case. In this subsection, as in [12], we

work under the following assumption, whose analogue for the Hida family hggdﬁf is true by
[25, Proposition 2.1.2].

Assumption 6.2. The A-algebra T%d ~is Gorenstein, that is ']I‘gg?m ; ~ Homy (TZ, ., A) as

oo,m ¢ oo,my?
ord
Too’mf—modules.

Let p be an arithmetic prime of R and set
Tsh,yp := Tsn Or Ry, Vahp := Tsnp/PTsh p-

Analogous notations will be adopted for twisted modules. As before, let mz be the maximal
ideal of the local ring R. The next assumption plays the role of [12, Hypothese 1.4.26].

Assumption 6.3. The residual Gg-representation Tgp,/mzTgp is absolutely irreducible.

We keep Assumptions 6.2 and 6.3 for the rest of this §. We first recall the basic properties
of the representations Tgy.

Proposition 6.4. (1) The R-module Tgy, is free of rank two.
(2) The Gg-representation Tgy is unramified outside Np and the arithmetic Frobenius at
a prime £ 4 Np acts with characteristic polynomial X2 — T, X + [(]¢.
(3) For any arithmetic prime p of R denote by V(f,) the Gg-representation over F,
attached to f,. Then the Gg-representation Vgp, is equivalent to the dual V*(f,) of

V(fp), hence to V(fp)(rp — 1) ® [xp -

Proof. Keeping our assumptions on the form f in mind, it can be checked that the hypotheses
made in [12, §1.4.5] and used in the proof of [12, Théoreme 1] are verified. We just remark
that, in our context, [12, Hypotheése 1.4.28] is the analogue for Shimura curves of the main
result of [30], whose generalization to Shimura curves when N* =1 and N~ = pq (with p,q
distinct primes) is provided by [43, Theorem 2]. Assuming that the representation associated
with f is ramified at all primes dividing N, we expect that this result holds in our more
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general situation as well (details will be given elsewhere). Since all assumptions are verified,
the statements of the proposition follow from [12, Théoréme 1]. O

Now recall the R-module T defined in §5.5. The following consequence of Proposition 6.4
will be crucial for our arguments.

Corollary 6.5. There are isomorphisms of Go[T%4, |-modules T ~ Tgy, and TT ~ Tgh.

oo,m ¢

Proof. First of all, by §5.5 and part (1) in Proposition 6.4, both T and Tgy, are free R-modules
of rank two. Moreover, Proposition 5.4 and Assumption 6.3 guarantee that the residual G-
representations T /mz T and Tgy/mg Tgy are absolutely irreducible. Finally, by §5.5 and part
(2) in Proposition 6.4, the arithmetic Frobenius at a prime ¢ { Np acts on T and Tgy with
the same characteristic polynomial. Putting all these statements together, the isomorphisms
of Gg-modules T ~ Tg; and T ~ T;h follow from, e.g., [29, §5, Corollary]. The Hecke
equivariance is immediate from the definitions. O

Corollary 6.5 implies that for every arithmetic prime p of R there are isomorphisms of
GQ[ngflmf]—modules Ty ~ Tshyp, T; o~ Tgh,p Vo =~ Vany, V];r ~ VsTh,w so in the following we
will unify these notations and write T in place of Tgy, and analogously for the other Galois
and Hecke-modules.

7. B1IG HEEGNER POINTS AND CLASSES

In this section we introduce big Heegner points and big Heegner classes, and prove their
main compatibility properties. Note that the first three § apply both to the definite and to
the indefinite case. These results generalize the construction of Galois cohomology classes out
of Heegner points on classical modular curves achieved by Howard in [25]. The reader is also
referred to the work of Fouquet ([12], [13]) for an extension of some of Howard’s results to the
broader setting of Shimura curves attached to indefinite quaternion algebras over totally real
fields.

For every integer d > 0 we introduce the notation

Gq := Gal(K?"/Hy)
where, with a slight abuse, we set Hy := K, so that Go = Gal(K®/K) is the abelianization
of the absolute Galois group Gal(Q/K) of K.

7.1. Galois relations. Let o € Gal(Q/Hm). The inclusion Q(/p*) C H.ym implies that o
is the identity on Q(y/p*), so it follows that there exists &, € H,_1 such that €2 = €tame(0).
Hence

(34) Eocyiial0) = +9(0),

with ¥ as in §4.4. By definition, O(c) = 52 [e‘IN/ﬂzd(a)]. From (21) it follows that
(35) O(0)en i = E T2 e (0)] eisa = enija[Eoerim(o)]

in A. Equations (22), (34) and (35) imply that

(36) O(0)P = [+0(0)|P = (¥(0)) P

for all P € Do where (¢) is the diamond operator at £ as in §4.4.

m,mf7
Recall Ehe point P, € X&K) defined in §4.2 and write P, for its image in D,,. For all
o € Gal(Q/Hgym), equations (15) and (36) give the equality P7,, = O(c)Pc;, in Dy, from
which it follows that

P.m € H(Gepm,D}).
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7.2. Hecke relations. For any integers s,t > 1 write cory,, /g, for the corestriction map

from Hg to Hs. Explicitly, for all n € Gal(Hg/H,) choose an extension 7 € Gal(K?/H,) of
n; if Q € HO(Qst,Dm) then

(37) corp,,/m,(Q) = Z o ")Q".
neGal(Hst/Hs)

As usual, the maps @, : X, — )~(m_1 induce maps
G = G 2 H*(Gepm, DY) — H (G, DI )
by covariant functoriality.
Proposition 7.1. The equality
Om (corHCpm JH 1 (Pcm)) =Up(Pem—1)
holds in HO(Ggym-1, D!, ) for all m > 1.

Proof. Since Heym and Hym—1(p,y00) are linearly disjoint over Hgm-1, we can fix a finite set
Sm C Gal(K® /Hm-1) of extensions of the elements in Gal(Hepm /H,m-1) such that every
o € Sy acts trivially on p,c. Applying ek+j_ge°rd to the equation of Proposition 4.9 yields
the analogous relation

dn( D Plw) = Up(Pen-):

oESm
Now we calculate the corestriction cory o /H by choosing the elements 7 of (37) in Sy,
c, cp

and this yields

m—1

&m(corHcpm/Hcpm,l(qu)) = 52m< Z Pgm)

O'ESm
The result follows. O

Define
Pem 1= COTHCpm/HC(Pc,m) e HY (gc, DI,L)
for all m > 1.

Corollary 7.2 (Hecke relations). The equality
am(Pc,m) — Up(,Pc,mfl)-
holds in HY (gc,Djn_l) for allm > 1.

Proof. Straightforward from Proposition 7.1 on applying cory . /g,- U
cp

7.3. Big Heegner points. Thanks to Corollary 7.2 and the isomorphism
lim H°(G,, D},) ~ H(G., D),

the following definition makes sense.

Definition 7.3. The big Heegner point of conductor c is the element

Pe = U; " (Pe) € H(Go DY),
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7.4. Big Heegner classes in the indefinite case. Suppose we are in the indefinite case.
Let Hc(Np ) be the maximal extension of H_. unramified outside Np and set

GNP .= Gal(HNP) /H..).
If 5, := Jo%' then define the twisted Kummer map
O+ HO(He, 31, (Hepm (pym))) — H (GNP, T )
as in [25, p. 101], write
Pem € H (He, 3}, (Hepr (ym)))

for the image of P,.,,, € H 0 (gc, D,Tn) under the natural map and set k¢, == 5m(7507m). Because
of the U,-equivariance of the Kummer map, the Hecke relations of Corollary 7.2 imply the
corresponding relations

(38) am(“c,m) = Up(ﬁc,mfl)-
Thanks to (38) and the isomorphism of TEH modules

(39) lim A (G, 1) ~ HY (G, T),

we can give the following
Definition 7.4. The big Heegner class of conductor c is the element

ke = mU, ™ (kem) € H' (GNP, TT),

Put Hepeo (Hyee) := Up>1Hepm (pym) and Ji = Jgg%r. By isomorphism (39), taking the
inverse limit with respect to the maps §,, yields a twisted Kummer map

S0 : HY(GVP) JT (Hepoo (pyee))) — HY(GIVP), TH).
Write
Pe € H(Ge, I (Hepoo (p1)) )

for the image of P. € H° (gc, DT) under the natural map. The next lemma will be used in
the proof of Corollary 8.2.

Lemma 7.5. 05 (P.) = ke.

Proof. Recall that, by definition, 6,,(Pem) = Ke,m and pass to the inverse limit over m. 0O

Remark 7.6. In the special case where N~ =1 (i.e., when B ~ M3(Q)) we expect that our
system of big Heegner classes essentially coincides with the system of big Heegner points
considered by Howard in [25]. On the contrary, we have not investigated the existence of an
explicit relation between our indefinite cohomology classes and the specialization to the base
field F' = Q of the ones introduced by Fouquet in [12].

8. EULER SYSTEM RELATIONS

This section is devoted to the proof of the “Euler system” relations satisfied by the classes
Peom and P introduced above. The formulas obtained, which are the counterparts in our
definite/indefinite quaternionic setting of the results in [25, §2.3], will be used in §10.2 to
control the size of certain Selmer groups.
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8.1. The operator U,. We begin with an analysis of the action of the Hecke operator U,.
Proposition 8.1. For all m > 1 the equality

COTH_ i1 /Hepm (Pcp,m) =Up (Pc,m)
holds in HO(Gepm, Dly).

Proof. The proof is similar to that of Proposition 7.1. Applying ek+j_ge°rd to the equation

of Proposition 4.10 yields the analogous relation »_ g P¢,,, = Up(Pcm) in D),, and cal-

culating corestriction cory . /p m by choosing the elements 7 of (37) in S,,+1 gives the
cp c

result. O

Corollary 8.2. The following relations hold for every integer ¢ and every integer m > 1:
(1) corp,, /i, (Pepm) = Up(Peym) in HO(Ge, Dl).
(2) COl“Hcp/Hc(Pcp) = U,(P.) in H° (gc, DT).
(3) cory, m, (Kep) = Up(kc) in H? (G((;Np),TT).
Proof. Relation (1) follows easily from Proposition 8.1 and the equality
COI'HCP/HC ¢} COTHepm+1/HCp = COI'HCpm /Hc (¢] CorHcperl/Hcpm

Relation (2) follows from (1) by passing to the inverse limit over m. Finally, relation (3) is a
consequence of Lemma 7.5 and the equivariance of the twisted Kummer map with respect to
the action of U. O

8.2. The operators T;. Fix an integer m > 0 and a prime number ¢ t Np™ which is inert
in K. Recall the description of Ty on Heegner points of X,, given in [1, §2.4], to which the
reader is referred for details. As before, let ¢ be an integer prime to N/. For simplicity, we
assume in this section that (’)Cxpm = {£1} (this excludes only the case where ¢ =1, m = 0

and K = Q(i) or K = Q(v/=3)). By the choice of the local embedding ¢, made in §4.1, the
equality

tp i  Hopm (Pet;m) = To(Pem)
holds in Div(X,,). Since the fields Heym and Hepm (p,m) are linearly disjoint over Heym, the
canonical projection induces an isomorphism

(40) Gal(Hegpm (ym )/ Hepm (pym)) — Gal (Hegym [ Hepm).

Fix a Heegner point P = [(g, f)] € X9 of conductor cp™ and set P := Bm(P). Fix also

Qe X, set Q = Bm(Q) and suppose that @ belongs to the support of Ty(P). We can find

a€{0,...,0 —1}U{oc} such that Q is represented by (Aqg, f) (note that a depends on the
choice of the representative for P). Take now

o € Gal (Hegpm (ptym )/ Hepm (pym) )

and let it be represented by an element a € O . under isomorphism (40). Then there

clp
exist i € {0 L —=1} U {oo} and & € RX such that \gf(a) = E\ig. By (8) we have

fp( a) = 9p ( )gp with ( ) = (0 1) (mod p™), so & € Uy,. It follows that
(41) QU € Tg(P).

Proposition 8.3. Fiz an integer m > 0, a prime £+ Np™ which is inert in K and an integer
¢ prime to N{. Let P be a Heegner point of conductor cf™p™ on X, and set P := = Bm(P).

Suppose that Q € X K) s such that Q= ,Bm(Q) belongs to the support of Ty(P). Then
trHc(pm ([me)/Hcpm (/"pm) (PcZ,m) = TZ (Pcvm)
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i Div ()N(m)
Proof. Combine (40) and (41). O
Proposition 8.4. Let the notation be as in Proposition 8.3. Then
COT H pym (ptym )/ Hogm (m) Petim) = Te(Pe.m)
in H°(G, D).

Proof. Similar to that of Proposition 8.1. Choose a set S C Gal(C/Hgm) of extensions of
Gal(Hegpm /Hepm) such that every o € S acts trivially on ... Proposition 42 gives

(42) > P, =Ti(Pem)

oc€eS
in D}, Applying ek+j_ge°rd and calculating cory,, .. /m,,» by choosing the elements 7 of (37)
in S yields the desired result. O

Corollary 8.5. Let the notation be as in Proposition 8.3.

(1) COr'y ., /H, (Pcé,m) - Tf(Pc,m) in H° (gw D;rn) .

(2) CorHCg/HC(PCf) = TZ(PC) Zn HO (gC7 DT) :

(3) corpr, . (ket) = Tolke) in HY(GEP,TT).
Proof. Same proof as for Corollary 8.2, but this time to obtain relation (1) one uses the
equality

CorHcl/HC ° CorHcépm/HcZ = CorHcpm /HC © CorHchm /Hcpm ?

and for relation (3) one uses the equivariance of the twisted Kummer map with respect to the
action of Tj. O

8.3. The Eichler—Shimura congruence relation. Let ¢ { cNp be a prime which is inert
in K. By class field theory, ¢ splits completely in the extension H./K. Fix a prime \ of H,
above . Note that X is totally ramified in He, so A - Oy, = ML for a prime ideal X of the
ring of integers Oy, of H. above £. For every prime number ¢ and every integer k£ > 1 denote
by F . the field with ¢* elements, and for every number field H and every prime ideal q of
the ring of integers of H denote by Frob; a Frobenius element at q and by Fy ¢ the residue
field of H at q. Then there are canonical isomorphisms

Fpo~Frp~Fpg, >~ IF'H[ 3
Write X ¢ for the canonical (smooth, proper) integral model of X,, over Zg By the valuative

criterion of properness, any point z € X extends uniquely to a point in Xm ¢, which will be
denoted in the same fashion. As in §8.2, we assume that O,m = {+1}.

Lemma 8.6. Let {1 cNp be a prime number which is inert in K. Then in )?ml we have:
P.¢m = Froby (Pc,m) (mod ;\)
Proof. Choose Sy, as in the proof of Proposition 8.4. For any ¢ € S, there is a congruence
ctm =Pem  mod A
because A is totally ramified in H.y. Hence, by (42), it follows that
Ty(Pem) = (£ +1)Peyy  mod A

The Eichler—Shimura congruence relation (see, e.g., [6, §10.3]) shows that T, = Frob, + Frobj
(mod /), hence at least one of the points in the divisor T} (Pc,m) is congruent to Frob) (Pc,m)

modulo A. Thus the same holds for all the points in the divisor T} (qu), and in particular
for Pep .- O



QUATERNION ALGEBRAS, HEEGNER POINTS AND THE ARITHMETIC OF HIDA FAMILIES 33

Remark 8.7. See [18, Proposition 3.7] for the same argument applied in the context of Heegner
points on (classical) modular curves.

Proposition 8.8. Let £ 1 ¢cNp be a prime number which is inert in K. Then ke and
Froby(kee) have the same image in H! (Hd;\, TT).

Proof. Proceed as in the proof of [25, Proposition 2.3.2], using Lemma 8.6. O

9. ARITHMETIC APPLICATIONS AND CONJECTURES: THE DEFINITE CASE

From here to the end of the paper, fix a modular form f of weight k as in (20) and let
foo 1 HE — R

be the primitive morphism associated with f. If p is an arithmetic prime of R then f, is the
modular form introduced in (24). Recall that R is a complete local noetherian domain which
is finitely generated as a A-module (Proposition 5.2) and that if p is an arithmetic prime of
R and P :=pNA then Ap C R, is an unramified extension of discrete valuation rings (see
[21, Corollary 1.4] or [34, §12.7.5]).

The purpose of the following sections is to apply our constructions of big Heegner points
and classes to various arithmetic situations. While so far we have strived to adopt a uniform
approach to the definite and indefinite cases, at this point it is inevitable to distinguish between
these two settings. In fact, the philosophy behind the so-called “parity conjectures” suggests
that the definite case deals with even rank (most typically, rank zero) situations while the
indefinite case takes care of odd rank (most notably, rank one) contexts.

Throughout this section we assume that we are in the definite case, i.e. that the quaternion
algebra B is definite.

9.1. Algebraic results. Recall the notations introduced in (33). Let m > 0 be an integer.
Since X, is a disjoint union of h( ) curves of genus zero, we can fix an isomorphism of Op-
modules between Ho( m(C), OF) and J,, where H, denotes singular homology. The above

isomorphism endows Hy (Xm (©),0 F) with a canonical Hecke action. Passing to the ordinary
parts, one thus obtains an isomorphism of Hecke modules

(43) H (X, (C), OF) := e - Hy(X,,,(C), OF) =~ Jor.

The cohomology module H° ()Z'm(C), F/Op) with coefficients in the p-divisible group F/Op
is also equipped with a canonical Hecke action, and its ordinary part is defined in the usual
way. For any Op-module M let

M* := Homp, (M, F/OF)

denote its Pontryagin dual, with induced Hecke action whenever M is a module over the
Hecke algebra. Then (see, e.g., [23, §1.9]) there is a canonical isomorphism of Hecke modules

HO()?m(C),F/OF) NHO( (C) OF)
which induces an isomorphism of Op-modules
(44) HY (Xi(C), F/OF)" ~ H™ (X,n(C), OF).

Following [22, Definition 8.5], set

Vi=lim H 4 (Xn(C), F/OF), V=V~
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Then (43) and (44) yield isomorphisms of Op-modules
V = Homo, (ﬁgmH&d (Xn(C), F/OF),F/OF)

(45) = r%anrd ()?m((c)vF/OF)*

~ lim H§" (X, (C), Op) ~ lim Jyr¢ = JZ.

Recall that I' := 1 4 pZ, and define I';,, := 1 + p""Z,; in particular,
A= OF[[F]] = @OF[F/Fm]
m

The group I' acts on B* via multiplication on the p-component, and this induces an O p-linear
action of T'/T', on J,,. Thus JZ9 is endowed with an action of A which is, of course, the
one induced by its T%4-module structure. Furthermore, isomorphisms (45) are A-equivariant,
the structure of A-module of V' being defined as in [22, §9]. By [22, Corollary 10.4], the
A-modules V' and J¢ are free of finite rank. It follows immediately that J'¢ is a finitely
generated T%4-module, hence J := Jg;%z is a finitely generated R-module. If p (respectively,
P) is an arithmetic prime of R (respectively, A) and M is an R-module (respectively, a A-
module) then we set M, := M ®g R, (respectively, Mp := M @5 Ap), where R, (respectively,
Ap) is the localization of R at p (respectively, of A at P). To lighten the notation, put also

rd
T :=Tx".
Proposition 9.1. Let p be an arithmetic prime of R. The Ry-module Jy, is free of rank one.

Proof. By [22, Theorem 12.1], there are isomorphisms of Tp-modules Vp ~ Tp for all arith-
metic primes P of A. Since there are isomorphisms of Rp-modules Jp ~ Vp @1 R and
Rp >~ Tp & R, we conclude that

(46) JP ~ RP

as R p-modules. Fix an arithmetic prime p of R and let P := pN A be the arithmetic prime of
A which lies below p. There is a canonical map of rings Rp — R, defined by the composition

Rp =Ry Ap — RO\ Ry — RO Ry = Ry.

There are isomorphisms of Ry-modules

(47) Jp@rp Ry =~V 1Ry~ (VarR)®r Ry =J g Ry = Jp.
Furthermore, thanks to (46), Jp ®z, Ry ~ R, as Rp-modules. Comparing this with (47)
yields the result. 0

From here until the end of the section we make the following assumption, which is coherent
with the result proved in Proposition 9.1.

Assumption 9.2. Let mz be the maximal ideal of the local ring R and let Fr := R/mg be
its residue field. The Fg-vector space J/mgJ has dimension one.

With this condition in force, we can prove
Proposition 9.3. The R-module J is free of rank one.

Proof. Since J is finitely generated over R and Assumption 9.2 holds, Nakayama’s lemma
ensures that there is a surjective homomorphism R — J of R-modules. If this map is not
an isomorphism, there is a non-zero ideal I C R such that R/I ~ J as R-modules. By [28,
Theorem 6.5], the localization (R/I), is non-zero only for a finite number of arithmetic primes
p of R. Hence J, = 0 for almost all arithmetic primes p, contradicting Proposition 9.1 (of
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course, the local vanishing at just one such prime p would suffice). Thus I is the zero ideal,
and the proposition is proved. O

In light of Proposition 9.3, fix an isomorphism
(48) J =R

of R-modules. If H/K is a finite abelian extension then composing the canonical map
HO(Gal(K**/H),D') — D with the surjection D — J and isomorphism (48) produces a
map

(49) ng : H°(Gal(K**/H),DT) — R.

To simplify notations, for every integer d > 0 set g := np,, with the convention (introduced
at the beginning of Section 7) that Hy = K. These maps will be used in the next subsection to
state our results on Selmer groups. In particular, §9.2 and §9.3 are motivated by [2, Theorems
A and B] and [1, Corollary 4], respectively, where classical Heegner (or, better, Gross) points
on definite Shimura curves are used to control certain Selmer groups.

9.2. Root numbers and bounds on Selmer groups. To begin with, for later reference
we point out the following algebraic result.

Proposition 9.4. If x € R is non-zero then there are only finitely many prime ideals p of R
such that x € p, i.e., such that my(x) = 0.

Proof. Since it is an integral extension of A, the local domain R has Krull dimension 2. It
follows that the height of a prime ideal p # 0 of R is either 1 or 2, the latter possibility
occurring if and only if p is the maximal ideal of R. To prove the proposition it thus suffices
to show that an intersection I := Npcsp of infinitely many height one prime ideals of R
(indexed by a set §) is necessarily trivial. If this were not the case then every p € S, having
height one, would be minimal among the prime ideals of R containing I. But the set of prime
ideals of R containing I has only finitely many minimal elements by [28, Exercise 4.12], and
we are done. O

Recall the class P, € HY (QC,DT) introduced in Definition 7.3. For every integer d > 0
define

Gq = Gal(Hy/K)
with the convention that Hy = K as before. Set

Joi=Y mP))eR,  Joi= > n(P)@o ' €R[G] ife>1.

0’6@1 O'eéc

Fix a character x : G, — O* where O is a finite extension of O and ¢ > 1 is an integer.
After enlarging F' if necessary, without loss of generality we can assume that O = Op. Extend
X to an R-linear homomorphism Yy : R[Gc] — R, then define

(50) L(fso/ K, X) = X(T) ER,  L(foo/K,X,0) := mp(L(f/ K, X)) € Fp

where p is an arithmetic prime of R. In particular, if y = 1 is the trivial character of G; then
L(fo/K,1) = To.

We make two conjectures, the first of which concerns the non-vanishing of £(fs /K, x). To
formulate them, let p be an arithmetic prime of R and write wy for the root number (i.e., the
sign in the functional equation) of the L-function of the modular form f,,. Except for finitely
many primes p (which were explicitly determined by Mazur, Tate and Teitelbaum in [31] and
correspond to the exceptional primes of §5.6), the number wy is constant as p varies (see, e.g.,
[35, §3.4.4] for details); we denote this common root number by w.

Conjecture 9.5. If w =1 then L(fx/K,Xx) # 0. In particular, if w =1 then Jy # 0.
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In light of Proposition 9.4 and Conjecture 9.5, we expect that if w = 1 then L(fs/K, X, P)
does not vanish for all but finitely many p. As anticipated in the introduction, Conjecture
9.5 can be justified as follows. Suppose for simplicity that ¢ = 1 and y = 1 is the trivial
character. The element Jy € R is the analogue in our Hida setting of the divisor ¢; (where,
in the notation of [17], 1 is the trivial character of the group Pic(Q)) introduced by Gross
in [17, §11], hence it is natural to expect that it encodes, via the “specialization” maps my,
the (non-)vanishing of the special values of the classical L-functions of the modular forms f,
in the family. When w = 1 the functional equations of the L-functions suggest that these
special values are non-zero for almost all arithmetic primes p, so in this analytic situation it
is natural to predict (cf. Proposition 9.4) the non-triviality of Jy. We refer the reader to §9.4
for conjectures a la Greenberg on the vanishing of the special values of twisted L-functions
over K of the forms in the Hida branch of f.

The next conjectural statement is about the size of Nekovai’s Selmer groups .FNI} (K , VJ)
and their y-twists. If € is the quadratic character of the extension K /Q then the generic root
number of the twisted forms f, ® € is —e(/N)w, hence is w in the definite case and —w in the
indefinite case (see, e.g., [19, Ch. IV]). In particular, if we are in the definite case (which is
the situation considered in this section) and w = —1 then we expect that

dimp, ﬁ[} (Q, V;f) = dimp, I;'} (Q, V; ® 6) =1
with only finitely many exceptions, so that the equality
dimp, Hj (K, Vyf) = dimp, H}(Q. ) + dimp, H}(Q, V) @ ¢) =2

should hold for all but finitely many arithmetic primes p. For analogous reasons, when w = 1
it is expected instead that

Hj (K, V) =0
for almost all arithmetic primes p. 3
As a piece of notation, if M is a Z[Gc] -module then set

MX = M ®Z[éc} OF

where the tensor product is taken with respect to x : Z[Gc] — Op.

In accordance with the above discussion, we can thus state the following
Conjecture 9.6. Let d > 0 be an integer and fiz a character x : Gq — O5.

(1) The equality

0 ifw=1
2 ifw=-1
holds for all but finitely many arithmetic primes p of R. In particular, if w =1 then
ﬁ} (Hd, V;,T)X = 0 for all arithmetic primes p of R such that L(feo/K, x,p) # 0.
0 ifw=1
2[H;: K] ifw=—1

dimp, H}(Hy, VY = {

(2) ranknff} (Hg, TT) = {

Remark 9.7. We expect that when w = 1 and d = 0 part (1) of Conjecture 9.6 for p of weight
2 can be proved by extending the techniques and the results of [3]. Similarly, if w = 1 then
the general weight 2 case may be dealt with by extending the techniques of [27].

In the case of root number w = 1 and d = 0 we can prove that if Jy # 0 then part (1) of
Conjecture 9.6 implies part (2) of the same conjecture.

Theorem 9.8. Suppose that w = 1 and assume part (1) of Conjecture 9.6. If Jo # 0 then
the R-module H} (K, TT) is torsion.
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Proof. Since Jj is non-zero, Proposition 9.4 implies that m,(Jy) # 0 for all but finitely many
arithmetic primes p of R. Thus, by part (1) of Conjecture 9.6, we get that I;'} (K, V;JT) =0
for almost all arithmetic primes p.

If p is an arithmetic prime of R then there is a short exact sequence

1 1 1 T 72
0— Hj(K, TT)p/pr (K, TT)p — Hi(K,Vy') — H} (K, TT)p[p] —0
(see the proof of [25, Corollary 3.4.3]), which shows that
1 1

(51) Hj(K,T'), /pH}(K,T") =0

for all but finitely many arithmetic primes p of R. As pointed out at the beginning of the
proof of loc. cit., the R-module H} (K, TT) is finitely generated, hence if some x € H} (K, TT)
were non-torsion then, by [25, Lemma 2.1.7], we would have that = ¢ pﬁ} (K , TT)’D for all but
finitely many arithmetic primes p. This contradicts (51), whence f[} (K ) TT) is R-torsion. [J
Remark 9.9. Taking the first part of Conjecture 9.6 for granted when w = 1 and d > 1,

one could presumably derive the second part by using arguments which are similar to those
employed in the proof of Theorem 9.8 for d = 0.

9.3. Iwasawa theory. The goal of this § is to formulate a “main conjecture” of Iwasawa
theory for Hida families (Conjecture 9.12) in our definite setting.

Set Hpoo := Up>1Hpm, denote by Ko, C Hp~ the anticyclotomic Z,-extension of K and
for every integer n > 0 let K, be the n-th layer of K, i.e. the (unique) subfield of K, such
that

G, = Gal(K,/K) ~Z/p"Z.
For every integer n > 1 set
d(n) :=min{m e N| K,, C Hym }.

For example, if p does not divide the class number of K then d(n) = n+ 1 for all n > 1.
Let G = Gal(Ks/K) (so that Go ~ Z,, the isomorphism depending on the choice of a
topological generator of G, ) and define the completed group algebra

Roo = I%HR[GH] = R[Gx],

where the inverse limit is computed with respect to the canonical maps. Throughout this §
we make the following

Assumption 9.10. The local ring R is regular.

In our Iwasawa-theoretic context, this simplifying hypothesis is a natural condition to
require (see, e.g., [25, §3.3] and [11, Ch. X]) and gives us some control on the behaviour of R
and R under localizations. For any finitely generated R.-module M let

MY :=Homg, (M,Q,/Z,)

be its Pontryagin dual, M, its torsion submodule and Charg_ (M) its characteristic ideal.
Recall that, by definition, Charg (M) is the ideal of Ro given by

Hht(‘ﬁ)il ‘Blength(Mm) if M = Miors
Charg_ (M) :=
{0} otherwise

where the product is made over all height one prime ideals of Ro,. Note that, thanks to
the assumption that R is regular, the localization R g is a discrete valuation ring for every
prime ideal P of height one in R.
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Finally, define the Ro,-module
Hry (oo, T1) 1= fim H (K, T),
n

where the inverse limit is taken with respect to the corestriction maps, and the R,.,-module

E[},Iw (Ko<>7 AT) = %ﬂﬁ} (Kn, AT),

where the direct limit is taken with respect to the restriction maps.
As before, for all integers n > 1 take the element Ppn € H 0 (gpn, DT) and set

Qn = COLH 4, /K, (Pyae) € HO(Gal(K*/K,), D).

In other words, consider the classes P.r with ¢ varying in the set of powers of the prime p
and take their traces on the anticyclotomic Z,-extension K, of K. For every integer n > 1
we introduce the theta-element

On 1= a," Z Nk, (Q3) ® o™t € R[G).
oeGyp,

Here 1, is the map of (49) with H = K,, and o, € R* is the image of the Hecke operator
Up under the morphism f, : ho'd — R. Thanks to the compatibility relations enjoyed by
big Heegner points (see §8.1), for all integers m > n > 1 one has vy, n(0p) = 0,, where
Umn @ R[Gm] = R[Gy] is the map induced by the natural surjection G, — G, so one can
define

O :=1im6, € Ryo.
iy
Note that the element 6., is not entirely canonical, since it is independent of the choice of the
compatible system of big Heegner points {Ppn}n>1 only up to multiplication by an element
of Gs. To get rid of this ambiguity, we proceed as follows. Denote by z + z* the canonical

involution of R, acting as o — o~ ! on group-like elements. We associate a two-variable
p-adic L-function with the primitive morphism f., and the imaginary quadratic field K.

Definition 9.11. The two-variable p-adic L-function attached to fo and K is the element
Ly(foo/K) =0 - 05 € Roo.

Always assuming that R is regular, now we formulate our “main conjecture” relating
Ly,(fs/K) to the characteristic ideal of the Pontryagin dual of H}’IW (Koo, AT).

Conjecture 9.12. The group I;T} Iw (KOO,AT) s a finitely generated torsion module over Reoo
and there is an equality

(£ (foe/K)) = Charg,, (Hj g (Koo, AT)")

of ideals of Reo.

The reader should compare Conjecture 9.12 with the Main Conjecture of Iwasawa theory
for elliptic curves in the ordinary and anticyclotomic setting that was partially proved by
Bertolini and Darmon in [3] and with the main conjectures over the weight space formulated
by Delbourgo in [11, §10.5].
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9.4. Vanishing of special values in Hida families. The aim of this short subsection is to
formulate two conjectures on the vanishing at the critical points of (twists of) the L-functions
over K of the modular forms in the Hida family of f living on the same branch as f. As in
the previous section, we work in the definite case. In fact, our conjectures will involve the
elements L(fo/K, x,p) € F, and the p-adic L-function £,(fs/K) € Roo introduced in §9.2
and §9.3, respectively. We remark that results on the vanishing of special values were obtained
by Howard in [26], where it is shown that if there exists a weight two form in a Hida family
whose L-function vanishes to exact order one at s = 1 then all but finitely many weight two
forms in the family enjoy this same property (see [26, Theorem 8]; see also [26, Theorem 7]
for the analogous result for order of vanishing zero, which is a consequence of work of Kato,
Kitagawa and Mazur).

To begin with, recall the fixed isomorphism C ~ C, which induces an embedding @p — C
of an algebraic closure of Q, into the complex field, and choose embeddings Fj, — Qp for all
arithmetic primes p of R, so that we can view the g-expansion coefficients of the forms f, as
(algebraic) complex numbers. Then fix a character x : G. — O < C*, where ¢ > 1 is an
integer and O is a finite extension of O, and for every arithmetic prime p of R let L (fy, X, 5)
be the L-function of f, over K twisted by x (see, e.g., [19, p. 268] for the definition). Finally,
recall the element L(foo /K, x,p) € Fp defined in (50) and, as in §9.2, denote by w the common
root number of the L-functions of (almost all) the modular forms f,. As explained in [19, Ch.
IV], one can check that w is also the root number of the twisted L-functions Lg/(f, x, s) for
all but finitely many arithmetic primes p.

Motivated by [10, Theorem 1.11] and [47, Theorem 1.3.2] (which extend [17, Proposition
11.2] and [2, Theorem 1.1]), we propose the following

Conjecture 9.13. Let p be an arithmetic prime of R of weight ky, > 2 and let x be as above.
Assume that w = 1. The special value Lg (fp, X, kp/2) is non-zero if and only if L(foo /K, X, P)
18 non-zero.

In other words, we conjecture that Lg(fy,X,s) vanishes at the critical point s = k,/2
precisely when the element £(fs/K,x) € R introduced in (50) lies in p. In particular, the
L-function Lg(fy,x,s) is expected not to vanish at s = k,/2 for all but finitely many p.
The reader is suggested to compare the above statement with the conjectures on the generic
analytic rank of the forms f, made by Greenberg in [15], of which Conjecture 9.13 can be
viewed as a refinement.

Now we want to formulate an analogous conjecture for twists by characters of the Galois
group Goo > Zyp. Thus let x : Goo — O be a finite (i.e., p-power) order character of G,
where O is a finite extension of Op. If p is an arithmetic prime of R then the canonical map
R — F, gives a map Roo — Fy[Goo]; composing this with the map Fy[G] — Q) induced
by x yields a map

Xp : Roo —>@p.

The analogue of Conjecture 9.13 in this Iwasawa-theoretic context is the following

Conjecture 9.14. Let p be an arithmetic prime of R of weight ky, > 2 and let x be as above.
Assume that w = 1. The special value Lx (fy, X, kp/2) is non-zero if and only if x, (Cp(foo/K))
1S Mon-zero.

10. ARITHMETIC APPLICATIONS AND CONJECTURES: THE INDEFINITE CASE

In this section we assume that we are in the indefinite case, i.e. that the quaternion algebra
B is indefinite.

Results in the vein of some of those which follow were also obtained by Fouquet in [12]
and [13] over totally real fields. However, our perspective is different, and (as apparent in the
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previous sections) the Jacquet—Langlands correspondence plays a much more prominent role
in our paper than in the work of Fouquet.
Throughout this section we suppose that Assumptions 6.2 and 6.3 hold.

10.1. Galois representations. Let /|N~ be a prime number. Since ¢ is inert in K, the
completion K, of K at the prime (¢) is the (unique, up to isomorphism) unramified qua-
dratic extension of Q. By [34, Proposition 4.2.3], the group H'(K,, T) is a finitey gener-
ated R-module, hence (since R is noetherian) the R-torsion submodule H'! (Kg,TT) tors OF

H! (K 05 TT) is a finitely generated R-module too. Define ar to be the annihilator in R of
the finitely generated torsion R-module Hz\ N-H 1 (K 05 TT) - Recall the big Heegner class

to
ke € HY (Gng ), TT) introduced in Definition 7.4 and denote by the same symbol its image
in H' (HC,TT) under inflation. The next result is a variant of [25, Proposition 2.4.5], to the
proof of which we refer for the details we omit.

Proposition 10.1. If XA € ag and c is prime to N then \- k. € Selg, (Hc, TT).

Proof. For any place v of H. and any Gal(Q/H.)-module M let us denote by
ves, : H'(He, M) — H'(Hc,, M)

the restriction map. Fix an interger ¢ > 1 prime to N. If v { Np then k. satisfies the
Greenberg local condition at v because its unramifiedness at v.
Now let us assume that v|Np and choose a place w of Q above v. Let p be an arithmetic

prime of R of weight 2 and recall the integer m := m,, defined in (23). Then the natural map
Ta®d — V, factors through Tagrd (Jac(Xm)). Let fcp denote the image of . in H? (Hc, V;JT).
After restriction to Hepm (p,m ), we see that V, ~ V;f. Furthermore, the restriction of k., to

H' (Hepm (pym), V) is contained in the image of the classical (untwisted) Kummer map
Jac()zm) (Hcpm(upm)) — H? (ﬁcpm, Ta,, (Jac()?m))) — H! (Hepm (Hpm ), Vs)-
Therefore, by [5, Example 3.11], the restriction of r.p to H! (Hcpm(ppm),vp) lies in the
Bloch—Kato Selmer group H} (Hcpm (ym), Vp) of V,. Thus, by Proposition 5.5, the isomor-
phic image in H* (Hcpm (kpm), Vp) of the restriction of .y to H! (Hcpm (kpm), Vp) belongs to
Selay (Hepm (#4ym ), VJ). Following the arguments in the proof of [25, Proposition 2.4.5], we

thus conclude that
Kep € Selay (He, Vi)
for all arithmetic primes p of R of weight 2.

Once again by [25, Proposition 2.4.5], if v|pN* then res,(k.) belongs to H¢, (HC’U,TT),
while if v| N~ one can only show that res,(k.) is an R-torsion element in H* (Hcﬂ), TT). In
the latter case, let ¢ be the rational prime below v. As ¢ is inert in K, the prime (¢) of K
splits completely in H,, so H., = K, and

H'(H.,,T") = H' (K, T7).
Since A € ag, the result follows. O

Remark 10.2. As clear in the proof of Proposition 10.1, the obstacle towards proving that .
belongs to Selgy (Hc, TT) is the lack of control on the restriction of k. at places dividing N .

With notation as above, fix once and for all a non-zero A\ € ag. Thanks to [25, (21)], for
every integer ¢ > 1 prime to N the class A - k. defines a class

(52) Xe =\ ke € Sel, (He, TT) = H} (H,, T').

These cohomology classes are the arithmetic objects in terms of which we will formulate our
results and conjectures in this indefinite setting.
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10.2. Bounding Selmer groups. Define the two cohomology classes

Ko 1= corg, /(K1) € H'(K, TJf)7 30 = corg, /x(X1) = A+ ko € ﬁ}(K, TT).
The following conjecture is the counterpart of [25, Conjecture 3.4.1].
Conjecture 10.3. The class 3g is not R-torsion.

Note that Conjecture 10.3 is equivalent to the assertion that kg is not R-torsion. The Euler
system relations satisfied by the classes k. (proved in Section 8) yield a proof of the following

Theorem 10.4. Let p be a non-exceptional arithmetic prime of R with trivial character and
even weight. If 3o has non-trivial image in H} (K, VJ) then dimg, H} (K, V;) =1.

Proof. Our Euler system of big Heegner classes specializes to an Euler system for V; which
enjoys the same properties as the system of cohomology classes considered, in a different
arithmetic context, by Nekovaf in [33]. Then, as in the proof of [25, Theorem 3.4.2], the
results in [33, §§6-13] yield the theorem. O

Remark 10.5. The definition of the class 3¢ depends on the choice of A € ag, which is not
made explicit in the notation. It might be possible that for different A; and As in ag the class
A1 - Ko 18 trivial in Ef} (K , V;,T) while the class Ao - kg is not. However, since ap is contained in
only finitely many arithmetic primes p, this occurrence can happen only for a finite number
of p. Furthermore, if Conjecture 10.3 is true then for any choice of A € ar the class A - kg
has non-trivial image in f[} (K , VpT) for all but finitely many primes p, by [25, Lemma 2.1.7].
Thus, under Conjecture 10.3, the different choices of A € ar are essentially equivalent.

The next result is a consequence of Theorem 10.4.

Theorem 10.6. Assume Conjecture 10.3. The R-module PNI} (K, TT) has rank one.

Proof. Mimic the arguments in the proof of [25, Corollary 3.4.3], replacing [25, Theorem 3.4.2]
with Theorem 10.4. O

10.3. Iwasawa theory. We formulate an Iwasawa-theoretic “main conjecture” (Conjecture
10.8) which is the counterpart of Conjecture 9.12 in the indefinite setting. The reader is
referred to [37] for results of Ochiai on the cyclotomic Iwasawa main conjecture for Hida
families.

Resume the notation of §9.3; in particular, for every integer n > 1 the field K, is the n-th
layer of the anticyclotomic Z,-extension K, of K and d(n) is the smallest natural number
such that K, is a subfield of H ). As in Assumption 9.10, we suppose that the local ring
R is regular. For every integer n > 1 define the cohomology class

o 1—d 1
3n = COTH ) /Ko (U, (n).’{pd(n)) € Hy (Ky, TT).
Since the classes 3, are compatible with respect to corestriction, we can give the following

Definition 10.7. The two-variable p-adic L-function attached to the family {3"}n>1 is the
element -

300 :=1im 3, € H} 1y (Koo, TT).

Recall that if M is a finitely generated Ro.-module then MV is the Pontryagin dual of M.
Now we propose our two-variable “main conjecture”. Since the class 3.,z depends on the
element A € ag appearing in (52), in order to state our conjecture we need to assume an
additional condition.
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Conjecture 10.8. The group ff} Tw (Koo, TT)/(SOO) is a finitely generated Roo-module. More-

over, suppose that kym belongs to H} (Hpm, TT) and set Xpm := Kkpm for all m > 0. There is
an equality

(53) Charg_ (f{r}JW (Koo, T1)/ (300))2 — Charg_ (ﬁ}JW (Koo, AT)” )

tors
of ideals of Roo.

Conjecture 10.8 extends both [25, Conjecture 3.3.1] and the classical Heegner point main
conjecture for elliptic curves formulated by Perrin-Riou in [39]. Observe that in the special
case where N~ =1 (or, more generally, for quaternion algebras over totally real number fields
satisfying suitable conditions) Fouquet shows in [13, Theorem A] that the right-hand side
divides the left-hand side in (53).
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