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3h. Each question is 4 points (total 32 points).

Exercise 1. (1) Find an integral basis and the discriminant of Q[
√
m], where m > 1 is a

square-free integer.
(2) Show that {1, 3

√
2, 3
√
4} is an integral basis of Q[ 3

√
2], and calculate the discriminant.

Exercise 2. (1) Find the units of the ring of integers OK of the field K = Q[
√
−3] and

the isomorphism class of the group O×
K .

(2) Find the units of the ring of integers OK of the field K = Q[
√
5] and the isomorphism

class of the group O×
K .

Exercise 3. (1) Show that Q[
√
−3] has class number equal to 1.

(2) Let K/Q be a number field. Show that there exists an integer h such that for any ideal
a ⊆ OK , where OK is the ring of integer of K, the ideal ah is principal.

Exercise 4. (1) Let K = Q[
√
2]. Find a prime number `1 which splits in K, a prime

number `2 which does not split and does not ramify in K (i.e. is inert in K) and a
prime number `3 which ramifies in K.

(2) Let K/Q be a Galois extension, and suppose that the Galois group is non-cyclic. Show
that there are at most a finite number of non-split primes (namely, primes ` of Q such
that (`) = `OK is a prime ideal of the ring of integers OK of K).
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