A REFINED BEILINSON-BLOCH CONJECTURE
FOR MOTIVES OF MODULAR FORMS

MATTEO LONGO AND STEFANO VIGNI

ABSTRACT. We propose a refined version of the Beilinson-Bloch conjecture for the motive
associated with a modular form of even weight. This conjecture relates the dimension of the
image of the relevant p-adic Abel-Jacobi map to certain combinations of Heegner cycles on
Kuga—Sato varieties. We prove theorems in the direction of the conjecture and, in doing so,
obtain higher weight analogues of results for elliptic curves due to Darmon.

1. INTRODUCTION

Let N > 3 be an integer, let & > 4 be an even integer and let f € SV (I'o(N)) be a
normalized newform of weight k& and level I'g(/V), whose g-expansion will be denoted by

flg) = Z anq".
n>1
Let p t N be a prime number and let p|p be a prime ideal of the ring of integers Op of the
totally real field F' generated by the Fourier coefficients a,, of f. Finally, let K be a number
field. To these data we may attach a p-adic Abel-Jacobi map

AJg : CHM2(EF2 /K, ® Fy — H}(K, V)

where F}, is the completion of F' at p, g]l%—z is the Kuga—Sato variety of level N and weight k,
V}, is a twist of the p-adic representation associated with f and H} (K, V,) is its Bloch-Kato
Selmer group over K (here the subscript “f” stands for “finite” and should not be confused
with the modular form f). The Beilinson—Bloch conjectures ([1], [11]) connect the values
of the L-functions of algebraic varieties over number fields to global arithmetic properties
of these varieties (see, e.g., [51] for an introduction). In particular, they state that the Fj-
dimension of the image X,(K) of AJk is equal to the order of vanishing of the complex
L-function L(f ® K, s) of f over K at its center of symmetry s = k/2. Moreover, if p, denotes
this dimension then the leading term of the derivative of order p, of L(f ® K,s) at s = k/2
is predicted up to multiplication by elements of Q*. When K is an imaginary quadratic
field of discriminant coprime to Np or K = Q, important results towards this conjecture
(at least in low rank situations) have been obtained by combining Nekovai’s generalization
of Kolyvagin’s theory to Chow groups of Kuga—Sato varieties ([39]) with Zhang’s formula of
Gross—Zagier type for higher weight modular forms ([54]). More recently, the Beilinson—Bloch
conjectures have been subsumed within the Tamagawa number conjecture of Bloch and Kato
([12]), which predicts (by using Fontaine’s theory of p-adic representations) the value of the
non-zero rational factor that was not made explicit in the original conjectures.

The goal of the present article is to investigate refined — or equivariant — analogues of these
conjectures in which, roughly speaking, L-functions are replaced by Heegner cycles.

To better explain our work, let us recall that refined versions of the Birch and Swinnerton-
Dyer conjecture (BSD conjecture, for short) for a rational elliptic curve E were first proposed
by Mazur and Tate in [37]. In that article, the role of L-functions was played by certain
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combinations of modular symbols with coefficients in the group algebra Q[Gal(Q(¢ar)/Q)],
called “theta elements” and denoted by 0g as; here M > 1 is an integer and (j/ is a primitive
M-th root of unity. The Mazur-Tate refined conjecture of BSD type states that 0 ps belongs
to a power r of the augmentation ideal I of Q[Gal(Q({xs)/Q)] that can be predicted in terms
of the rank of the Mordell-Weil group E(Q) and the number of primes of split multiplicative
reduction for E dividing M. This conjecture describes also the leading value of 0 s, which
is defined as the image of 6 s in the quotient I"/I 7+l Extensions and analogues of this
conjecture for Artin L-functions and for L-functions of more general motives have also been
formulated, and partial results have been proved (see, e.g., [14], [15], [21], [23], [48] and the
references therein).

Moving from [37] and the observation that modular symbols and Heegner points enjoy
similar formal properties, Darmon proposed in [18] refined versions d la Mazur—Tate of the
BSD conjecture, where modular symbols are replaced by Heegner points. Later on, Bertolini
and Darmon began a systematic study of p-adic analogues of the BSD conjecture in which
the relevant p-adic L-functions are defined in terms of distributions of Heegner (and Gross—
Heegner) points on Shimura curves attached either to definite or to indefinite quaternion
algebras (see [4], [5], [6], [7], [8]).

Our aim in this paper is to formulate and study refined versions of the Beilinson-Bloch
conjecture for the motive associated with the modular form f; in this context, the role of the
Heegner points appearing in [18] is played by higher-dimensional Heegner cycles in the sense
of Nekovar ([39]). We hope that our work, offering an equivariant refinement of the above
mentioned conjectures in which the complex L-function of a modular form is replaced by an
algebraically defined one, can be viewed as complementary to the results of Burns and of
Burns-Flach on Stark’s conjectures and Tamagawa numbers of motives (see, e.g., [14], [15]).

In order to state our main results more precisely, we need some notation. Let K be an
imaginary quadratic field of discriminant coprime to Np in which all the primes dividing N
split, let T be a square-free product of primes that are inert in K and do not divide Np and
let K7 be the ring class field of K of conductor T'. Write O, for the completion of O at p. As
recalled in §2.1 and §2.3, there is a natural way to introduce an Op-lattice A, inside V},, and to
all these data we may attach a Heegner cycle yr, € Ap(K7) C HL (K7, Ap) where Ap(K7)
is the image of the Op-integral version of the Abel-Jacobi map AJg, and H} , denotes
continuous cohomology (see §2.4 and §3.1). Set Gr := Gal(Kr/K;) and I'r := Gal(K7/K),
consider the theta element

QT,p = Z U(yT,p) ®o e Ap (KT) X0, Op [GT]

ceGp

and let 0* be the image of 67, via the involution sending o € G to o~ *. Taking suitable
trace- hke operators to K we obtain elements (7, and CTp that may be naturally viewed as
belonging to Ay(Ks) @0, Op[I's] whenever T'| S.

Now let S be a square-free product of primes that are inert in K and do not divide Np,
then define the arithmetic L-function attached to S and p as

TS T|S

where ar and a. are explicit elements of Oy[I's] that are defined in (59) below in terms of
the M6bius function and the quadratic character of K.

The finite-dimensional F,-vector space X,(K) splits under the action of the non-trivial
element of Gal(K/Q) as a direct sum

Xp(K) = Xp(K)" @ Xy (K)~
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of its eigenspaces. Set p;t := dimp, (X,(K)¥) and

max{py,py } =1 if pi # pp
Pp =
p; otherwise.
As a consequence of the Beilinson-Bloch conjecture, the function p — p, is expected to be
constant and, since the order of vanishing of L(f ® K, s) at s = k/2 is odd, the case p;L =Py
should never occur. Let Iy be the augmentation ideal of Oy[I's] (to simplify our notation,
we suppress dependence on p). Finally, write J(S) for the cokernel of the map

1 1
Hy (K, Ap/pAy) — @ Hy (K, Ap/pAp)
s
where Ky is the completion of K at the unique prime A above £. Our results apply to all prime
numbers p outside a finite set ¥ that we introduce in §3.5; in fact, one crucial feature that we
require of the prime p is that the Galois representation Vj, be irreducible with non-solvable
image.

Theorem 1.1. Let p be a prime number such that p & 33, let S be a product of primes that
are inert in K and do not divide Np, and let p be a prime ideal of O above p.

(1) Lsp € Ap(K5)? @0, 17
(2) Suppose that p|€+1 for all prime numbers £|S. If |p5 — p, | =1 then the image /jg;
Of Es,p m
(Mp(Ks)®? /pAp(K5)?) @0, (Iﬁgp/lggpﬂ)
belongs to the natural image of

(Ap(E)®*/pAy (K)?) @0, (I20 /1201,

(3) Let IL,(K, Ay ® Qp/Zy) be the p-part of the Shafarevich-Tate group of Ay ® Qp/Zy
over K and assume that p| ¢+ 1 for all prime numbers €| S. If |pf — p, | =1 and p
divides |IL,(K, Ay ® Qp/Zp)| - |J(S)| then £2) = 0.

Theorem 1.1, which corresponds to Corollary 4.16 in the main body of the text, provides
a higher weight analogue of a theorem of Darmon for elliptic curves over Q ([18]), and at
the same time may be viewed as a partial result towards a refined Beilinson—Bloch conjecture
for modular forms. This perspective is approached in a series of conjectures (Conjectures
4.3, 4.10 and 5.1) that study the order of vanishing and the leading coefficient of Lg,. In
particular, in Conjecture 5.1 we relate Lg, to a theory of regulators of Mazur-Tate type that
we call Nekovdr requlators. These regulators can be explicitly defined using Nekovai’s theory
of p-adic height pairings ([40], [43, Ch. 11]) and represent a generalization to our setting
of those introduced by Mazur and Tate in [36] and [37]. We plan to further investigate the
theory of generalized regulators in future work.

In a related, albeit different, circle of ideas, Mazur and Rubin proved in [35] a refined class
number formula for real quadratic fields (proposed by Darmon in [19]) that, in a very special
case, is an analogue of Gross’s conjecture ([23]) involving first derivatives of L-functions at
s = 0. The techniques of Mazur and Rubin, which are based on their theory of Kolyvagin
systems ([34]), do not seem to lend themselves to be extended directly to the context of [18]
or to our Heegner cycle setting, and thus do not appear to suggest a proof of the conjectures
formulated in [18] or in the present paper. Broadly speaking, the obstruction to such an
extension is accounted for by the difference between the Euler systems used in [18] and the
Kolyvagin systems of [34] and [35] arising from (or modeled on) circular units. However, it
would be very interesting to understand how to modify the Mazur—Rubin approach to obtain
a proof of the conjectures in [18] and in this paper.
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Theorem 1.1 is a consequence of analogous results for the elements (g, (Theorem 4.15).
It is worth pointing out that all these results are based on a congruence property enjoyed by
Heegner cycles (Theorem 3.34); namely, generalized Kolyvagin derivatives (called Darmon—
Kolyvagin derivatives here and studied in §3.4) of Heegner cycles are zero modulo p™ if their
order is less than the Oy /p™Op-rank of H}(K ,Ap/p™Ayp). As a by-product of Theorem 3.34,
if £ is a prime not dividing N, inert in K and such that p|¢ + 1 then in Theorem 4.18
we give a bound (in terms of p and the dimension of H}(K , Ap/pAy) over O,/pO,) on the
Oy /pOp-dimension of the Galois module generated by Heegner cycles inside Ap(Ky)/p Ap(Ky).

We conclude by remarking that W. Zhang has recently obtained in [55] a converse to
Kolyvagin’s theorem on the rank of rational elliptic curves, thus providing a purely Galois-
theoretic criterion (involving Selmer groups) for a Heegner point to be non-torsion. In a
future project, building on the techniques developed in the present paper, we will investigate
generalizations of Zhang’s results to forms of higher weight and similar criteria for Heegner
cycles of codimension greater than 1.

Notation and conventions. Unless specified otherwise, unadorned tensor products ® are taken
over Z.

The cardinality of a (finite) set X is denoted either by #X or by | X|.

If K is a field then set Gk := Gal(K/K), where K is a fixed algebraic closure of K. For
any continuous G -module M let H*(K, M) denote the i-th cohomology group of Gx with
coefficients in M. If K/F is a field extension then

resgp : H'(F,M) — H'(K, M), coresy /g : H'(K, M) — H'(F, M)

denote the restriction and corestriction maps in cohomology, respectively. Recall that for
K/F finite and Galois there is an equality

(1) resy /g o coresg/p = Ny /p

where Ny¢/p 1= 3 cqaix/r) 0 18 the Galois norm (or trace) operator acting on HY(K,M).

Fix algebraic closures Q of Q and Q; of Qp for any prime number ¢, and then fix field
embeddings Q — Qy for every £. Let Qy" be the maximal unramified extension of Q, inside
Q¢ and write F, for the arithmetic Frobenius in Gal(Q})"/Q,). With an abuse of notation,
when dealing with a Gg-module that is unramified at £ we shall often adopt the same symbol
to denote a lift of Fy to G, (and its image in Gyg).

Finally, if L/F is a Galois extension of number fields, \ is a prime of E that is unramified in
L and X is a prime of L above X then Frob//y € Gal(L/E) denotes the Frobenius substitution
at \'; the conjugacy class of Froby/,, in Gal(L/E) will be denoted by Froby (notation not
reflecting dependence on L).

Acknowledgements. It is a pleasure to thank Jan Nekovéfr for enlightening conversations on
some of the topics of this paper. We would also like to thank Masataka Chida for helpful
comments on Abel-Jacobi maps.

2. BEILINSON—BLOCH CONJECTURE FOR MODULAR FORMS

As in the introduction, f € Si(I'g(N)) is a normalized newform of (even) weight k£ and level
Io(N). Let F' (respectively, Of) denote the totally real field (respectively, the commutative
ring) generated over Q (respectively, over Z) by the Fourier coefficients of f, and write Op
for the ring of integers of F'. It follows that Oy is an order of F’; let ¢y = [OF : Oy] be the
conductor of Oy. Finally, let p be a prime number such that p { 2N (k — 2)!¢(N)cs, where ¢
is Euler’s function.
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Remark 2.1. For the arguments developed in this section, a more natural choice of p would
simply require that p { 2Nc¢y and p > k — 1, as explained in [41, §6.5]. However, in this
case the notation becomes more complicated and some neatly stated results, for instance
[39, Proposition 2.1], require substantial modifications to make them consistent. In order to
emphasize the new aspects of our paper without indulging in unenlightening technicalities,
we therefore decided to work under the above simplifying assumption.

2.1. Galois representations. Denote by Yy the affine modular curve over Q of level I'(NV)
and let j : Yy — Xy be its proper smooth compactification.
For any integer n > 1 define the sheaves
Fo = Sym" ?(R'm(Z/p"2))(k/2 = 1),  F:=lmF,
n

(both F,, and F depend on p, but we suppress this dependence to simplify the notation).
Let B :=I'(N)/To(N), consider the projector Il := (#B)~' >, 5 b € Zy[B] and define

Jp =T Hi (XN ® Q, 5. F)(k/2).
Denote by T the Hecke algebra generated over Z by the standard Hecke operators T, for
primes £ { N. Let §; : T — Op be the morphism of algebras associated with f. The Hecke
algebra T acts on J,, as explained in [39, pp. 101-102]. Set Iy := ker(fs) and define
Ap={w ey |If-z=0}.

Then A,, which should be regarded as a higher weight analogue of the Tate module of an
abelian variety, is equipped with a continuous Oj-linear action of the absolute Galois group
G := Gal(Q/Q) and is (isomorphic to) the k/2-twist of the representation attached to f by
Deligne ([20]). More precisely, A, is a free Op ® Z,-module of rank 2 such that for every
prime ¢ { Np the arithmetic Frobenius Fy at ¢ acting on A, satisfies

(2) det(1 - XFy|Ap) =1

Here we are implicitly using the canonical identification Oy ® Z, = Of ® Z,, which is a
consequence of the fact that, by assumption, p { cy. As pointed out in [39, p. 102], there is a
map J, — A, that is both T-equivariant and Gg-equivariant.

2.2. Kuga—Sato varieties. In this subsection we briefly recall basic definitions and facts
about Kuga—Sato varieties, along the lines of [20], [39, §2], [52, §1] (see also [9, Appendix A]
by Conrad for a generalization to the relative situation).

Let 7 : Ey — Y be the universal elliptic curve and 7 : £y — Xy the universal generalized
elliptic curve, which is proper but not smooth. Define

Th—9 : g]k\:[—Q — XN

to be the fiber product of k — 2 copies of Ey over Xy. If k > 4 then é_’ ~2 is singular and we
call its canonical desingularization €% 2 constructed by Deligne ([20]) the Kuga-Sato variety
of level N and weight k. Then dlm(Ek 2) =k — 1 and there is a map 7j_s : Ejlf, — Xn.

The level N structure on €y induces a homomorphism (Z/NZ)? x Xy < &y of group
schemes over X, where &y is the Néron model of Ey over Xy. Therefore (Z/NZ)? acts by
translations on £y. Moreover, Z/27 acts as multiplication by —1 in the fibers, and this gives
an action of (Z/NZ)? x (Z/ZZ) on £y. Finally, the symmetric group Si_o on k — 2 letters
acts on g]’%_z by permutation of the factors, and this gives an action of

Uiy = (Z/NZ)? % (Z/22))" % % Sp_s

on c‘:’]’fo by automorphisms on the fibers of 7;_s, which extends canonically to an action of
ck—2
o on &y~
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Now define the homomorphism € : Iy_y — {£1} to be trivial on (Z/NZ)>*=2)  the product
map on (Z/27)*=2 and the sign character on Sj_o. Finally, let

I, € Z[1/2N(k — 2)!][Ty_o]

be the projector associated with e.
Then, by [39, Proposition 2.1] (see also [52, Theorem 1.2.1] and [41, II, Proposition 2.4] for
the analogous result with coefficients in Q,), we have

HLY(Xn ©Q,5Fn)(1) = LHE T (E2 0 Q. 2/p"Z) (k/2).

Furthermore, thanks to [39, Lemma 2.2], we know that H} (Xy,j.F) is torsion-free and
H}.(XnN,j:F/p™j.F) is canonically isomorphic to H} (Xn, j«F)/p™H}(Xn, j«F) for every
integer m > 1. Combining these facts we obtain a map

(3) HEN(ET2 @ Q,2,(k/2)) — Jp — A,

that factors through HGH,f;1 ((‘:’]lffz ®Q,Z/p"Z)(k/2).

2.3. Abel-Jacobi maps. Fix a field L of characteristic 0, denote by L an algebraic closure
of L and let

(4) 1 0 CHY2(E52/L) ) — Hln (L, HEYEN 2o L, Zp(k:/2)))

be the p-adic Abel-Jacobi map (see [25, §9]). Here CH*/2 (c‘f]]f,_Q / L)o is the group of homolog-
ically trivial cycles of codimension k/2 on g’J’ifQ defined over L modulo rational equivalence

and HL . denotes continuous cohomology. Equivalently,

(5) CHY2(E572/1), = ker (CHM2(E572/L) — HE(ER? @ L,2,(k/2))),

where CH*/2 (c‘f]l‘f,_Q /L) is the group of cycles of codimension k/2 on E,N'Jlif_2 defined over L modulo
rational equivalence. Indeed, using the Lefschetz principle and comparison isomorphisms
between étale and singular cohomology over C, it can be proved that the right hand side of
(5) does not depend on p (see, e.g., [42, §1.3] for details).

Composing (3) and (4) and extending Z,-linearly, we get a map
(6) AJypr  CHY2(ENT2 /L) @ Zy — Hii (L, Ap).

ont

Now we localize (or, rather, complete) the representation A, at a prime ideal p of Op
dividing p. More precisely, if p is such a prime then denote by O, the completion of O at p
and set Ay := Ay ®opez, Op, which is a free Op-module of rank 2 equipped with a Gg-action.
It follows that A, = Hp ‘pAp, the product being taken over all prime ideals of O above p.
Fix once and for all a prime ideal p as above. Composing the map AJy,, ; introduced in (6)
with the one induced by the canonical projection A, —» A,, we get an Op-linear map

If L is a Galois extension of L’ then AJy, 1 is Gal(L/L')-equivariant with respect to the
natural Galois actions on domain and codomain ([39, Proposition 4.2]). For simplicity, from
here on we write AJy, for AJy, 1, understanding that we are fixing a prime p of I above p.

Finally, let us introduce another map that will be used in §3.1. Since the Abel-Jacobi
map commutes with automorphisms of the underlying variety, the map AJy, 1, in (6) factors
through

e (CHM2(E82/ 1), @ 2,) = T (CHMA (52 T) 02,
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here the equality follows from [39, Proposition 2.1], see also [39, p. 105]. Thus (7) yields a
map

®) Uy pII (CHW‘ E2/n) Op) — HL (L, A,).

This map is T-equivariant and if L is Galois over Q then it is Gal(L/Q)-equivariant as well
(use [39, Proposition 4.2] and apply the projection A, — A, which is both T- and Gal(L/Q)-
equivariant).

2.4. Selmer groups. Let E be a number field and denote by G := Gal(E/E) its absolute
Galois group. Let V be a p-adic representation of Gg (i.e., a finite-dimensional Q,-vector
space V equipped with a continuous action of Gg) unramified outside a finite set = of places
of F/ containing all the archimedean primes and the primes above p. If v is a prime of E above
p then, as in [12, Sections 3 and 5|, define

H}(Ey, V) i= et (o (B, V) — g (B, V ©, Beri) ),

where Bs is Fontaine’s crystalline ring of periods (see, e.g., [12, Section 1], and do not
confuse the subscript “f” in H} with our fixed modular form f!). If v is a prime of E not
dividing p then write I, := Gal(E,/EY) for the inertia subgroup of Gal(E,/E,), where EX*
denotes the maximal unramified extension of F,. The unramified cohomology of V at v is
defined as

H! (E,,V):= H!

cont

(Gal(E™ /E,), V) ~ ker (H1

cont

(EU7 V) — Hclont(ITH V)) )

the isomorphism coming from the inflation-restriction exact sequence (i.e., the exact sequence
of low degree terms in the relevant Hochschild—Serre spectral sequence). Finally, for such a
prime v of E set

Hi(Ey, V) = Hy (B, V).

Definition 2.2. The Bloch-Kato Selmer group H} (E,V) is the Q,-subspace of H!

cont

(E,V)
consisting of those classes whose localizations lie in H}(EU, V) for all primes v of E.

Let G = denote the Galois group over F of the maximal extension of £ unramified outside
Z; then V is a representation of Gg= and H} (E,V) is a subspace of the finite-dimensional

Qp-vector space HL ,(Gr=,V), hence H} (E,V) has finite dimension over Q,,.

G

Now we specialize the previous discussion to the case where
(9) V=HEN? @ E,Qp(k/2)).

It is well known that V is unramified outside the primes of F dividing Np; in light of this,
from here on we take

(10) Z:={vplace of E | v|Nporv|oo}.

Remark 2.3. With V as in (9), the Selmer group H}(E, V) of Definition 2.2 is equal to the one
originally defined in [12] and later studied, e.g., by Besser in [10]. In particular, it is smaller
than the group considered by Nekovar in [39]; this is due to the fact that no local conditions
at the places of E dividing N are imposed in [39] (cf. [39, p. 118]).

Let
(1) @pp©Q,: CHYA(E2/E), 8 Qp — Hiow (B, HE (6572 0 B, Qp(k/2)))

be the map induced by the Abel-Jacobi map in (4).
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Theorem 2.4 (Niziol, Nekovar, Saito). There is an inclusion
(12) im(®,r ®Q,) C H} (E HY(E2 R E, @p(k/z))).
In particular, im(®, g ® Qp) is a finite-dimensional vector space over Q.
Proof. Let v be a prime of E and, for simplicity, set
Vo = Hy 7 (Ey7 @ By, Qp(k/2)).
We need to show that there is an inclusion
im(®p, 5, @ Qp) C Hi(Ey, V),

where the map ®, 5, ® Q, is defined as in (11) with E replaced by E,. If v { p then the
weight-monodromy conjecture ([50, p. 238]) is known to hold for compactified Kuga—Sato
varieties over E, ([49], [50]), and so HL . (E,,V,) = 0 by [42, Proposition 2.5]. On the other

% cont 2
hand, if v |p then 51’3_2 has good reduction at v (recall that 51@_2 has good reduction outside

N and p { N), hence im(®, g, ® Q) C H}(EU,VU) by [46, Theorem 3.2]. Finally, the last
assertion follows from the finite dimensionality over Q) of the right hand side of (12). O
Remark 2.5. The result used above was proved in [46] under a projectivity assumption on the

relevant algebraic varieties, but this stronger condition can be dispensed with, as explained
in [42, Theorem 3.1].

We will now consider Selmer groups of A, and of quotients of it, and use Theorem 2.4 to
describe them. For simplicity, assume that the prime number p does not ramify in F'. Define
the Fp-vector space V}, := Ap ®p, Fp. For every integer m > 1 define W, := Ap ® Q,/Zy, so
that Wy[p™] = A, /p™Ay. For any place v of E there are maps

¢y : H(Ey, Ay) — HY(E,, V), Ty : HY(Ey, Ay) — HY (B, Wy[p™))
induced by the canonical arrows A, <V, and A, — W, [p™]. Set
Hi(Ey, Ap) == o, (Hi(Ey, V), Hp(Ey, Wy[p™) =m0y (H}(Ey, 4p)).

In the following definition M denotes either A, or W,[p™].

Definition 2.6. The Bloch—Kato Selmer group H}(E,M) of M over E is the subgroup of
Hl

cont

(E, M) consisting of the classes whose localizations lie in H}(EU, M) for all v.
If = 1is as in (10) then A, is a Ggz-module and H}(E7 W,[p™]) is a subgroup of the finite
group H'(Gg =z, W [p™]), hence H} (E,Wy[p™]) is a finite O /p™ Op-module.

As in (9), set V = Hé“t_l(g]]f,_2 ® E,Qp(k/2)). To clarify the various relations between
Abel-Jacobi maps and Selmer groups, observe that there is a commutative diagram

~ [}

(13) CHM2(EK72/E), @ Qp o O H}(E,V)

A

k)2 ( Gk—2 AJp®@Fp 1 1

CH (EN /E)[)®FP Hcont(Eu‘/P) <—>Hf(E7Vp)

@ @
CI‘Ik/2 (5§_2/E)0 & Op Alr Hclont(E7 AP) (—)H}<Ea Ap)
ck— m Alg.m m m

CHM?(E)7%/E), ® (Op/p™Op) Hiont (B, Wp[p™]) <———H (B, Wy [p™])

where
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e the map A comes from the map V — V) that is obtained by tensoring both sides of
(3) by Qp over Zj, noting that A, ®z, Q, = ququ and then composing with the
projection onto Vj;

e the maps ¢ and @ are induced by A, — V,, and A, — W, [p™], respectively;

e the unlabeled vertical arrows are induced by the natural maps Q, — F,, Op — F,
and Op — O, /p™ Op;

e the maps AJg ® F, and AJg ,, are induced by multiplication by elements of F}, and
of O, /p™ Oy, respectively.

Corollary 2.7. There are inclusions
(1) im(AJp ® Fy) C H{(E,V,);
(2) im(AJg) C H}(E, Ap);
(3) im(AJpm) C Hy(E, Wy[p™]).
In particular, the Fy-vector space im(AJg ® Fy) has finite dimension.

Proof. All the inclusions follow easily from the definitions and the commutativity of diagram
(13). To check the last assertion, note that H} (E,V,) is finite-dimensional over F}, because

V} is unramifed outside the finite set = introduced in (10). O
For any number field E define

(14) Ap(E) :=1im(AJg) C H}(E, Ay)

and

Xp(E) == o(Ay(E)) ®o, Fp C H}(E, V).
If E is Galois over Q then A, (E) and X,(E) are equipped with Gal(E/Q)-actions.
Proposition 2.8. There is an isomorphism
Ap(E)/p™ Ap(E) ~ im(AJgm)
of finite Oy /p™Op-modules.
Proof. Taking continuous cohomology of the short exact sequence of Galois modules
0— Ay 25 4, — A, /p™A, — 0,

where the second arrow is the multiplication-by-p™ map and the third arrow is the canonical
projection, and using the identification W, [p™] = A, /p™ A, yields an injection

i Hooi(E, Ay) ®0, (0, /p"0p) — H'(E, W, [p™))

of Op/p"Op-modules. If j : H} (B, W,[p™]) — HY(E,W,[p™]) denotes the natural inclusion
then part (3) of Corollary 2.7 implies that AJg ,, factors through j, and therefore the diagram

CHM2(EK72/E) | @(0p/p™Op) — 2 Hlon(E, Ay) ®0, (Op /07 Oy)
\LAJEJ,L 7
HHE, W,y[p™])C d HY(E, W,[p™),

where ¥ is the O,/p™Oy-linear extension of AJg, commutes. Thus im(i o ¥) is equal to
im(j o AJg ), and the injectivity of ¢ and j shows that im(¥) ~ im(AJg,,). On the other
hand, im(¥) = Ap(E)/p™ Ay(E), and we are done. O

In particular, Proposition 2.8 implies that there is an injection
(15) Ap(E)/p" Ap(E) — H}(E, Wp[p™])

of finite O, /p™Op-modules; this map is Galois-equivariant if £ is Galois over Q.
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Remark 2.9. By an abuse of notation, we will often adopt the same symbol to denote an
element of Ap(E)/p™ Ay(E) and its image in H}(E, Wp[p™]) via (15).

2.5. Beilinson—Bloch conjecture. Now we recall the Beilinson—Bloch conjecture in this
setting. Let E' be a number field and let L(f ® E, s) be the complex L-function of f over E.

Conjecture 2.10 (Beilinson-Bloch, [1], [11]). dimp, (X,(E)) = ord,_xL(f ® E, s).
2

For details, see [25, pp. 158-168]. For generalizations to L-functions of motives, see [12].
The main result of [39], combined with the Gross—Zagier type formula for higher weight
modular forms due to Zhang ([54]), gives the following result in the direction of the Beilinson—
Bloch conjecture.

Theorem 2.11 (Nekovar, Zhang). Let K be an imaginary quadratic field in which all the
prime numbers dividing N split and assume that the Abel-Jacobi map Al is injective. If
ord_+L(f ® K,s) =1 then dimp, (X,(K)) = 1.

2

See [54, §5.3] for other results on the Beilinson—Bloch conjecture, especially when the base
field is Q.

3. DIVISIBILITY PROPERTIES OF HEEGNER CYCLES

After reviewing the basic properties of Heegner cycles and the formalism of Darmon-—
Kolyvagin derivatives, we construct Kolyvagin classes attached to Heegner cycles and study
their properties. The main result of this section (Theorem 3.34) is a congruence relation
satisfied by these cohomology classes.

Fix throughout this paper an imaginary quadratic field K of discriminant D in which all
the primes dividing NV split (in other words, K satisfies the so-called “Heegner hypothesis”
relative to V). Denote by Ok the ring of integers of K and by hg its class number. For the
sake of simplicity, assume also that O% = {1}, i.e., that K # Q(v/—1) and K # Q(v/-3).
Finally, fix an embedding K — C.

3.1. Heegner cycles. We review construction and basic properties of Heegner cycles on
Kuga—Sato varieties. In doing this, we follow [39] and [41] closely (for Heegner-type cycles on
more general varieties that are fibered over modular curves, see [9, Section 2]).

Fix an ideal N' C Ok such that O /N =~ Z/NZ, which exists thanks to the Heegner
hypothesis satisfied by K. For any integer 7' > 1 prime to NDp let Op := Z + TOf be the
order of K of conductor T. Let Xo(N) be the compact modular curve of level I'g(N); the
isogeny C/Op — C/(Or N N)~1 defines a Heegner point z7 € Xo(N) that, by the theory
of complex multiplication, is rational over the ring class field K7 of K of conductor T' (in
particular, K is the Hilbert class field of K).

Write k : Xy — Xo(IV) for the map induced by the inclusion I'(N) C I'o(N) and choose
I € /fl(mT). The elliptic curve E7 corresponding to 7 has complex multiplication by Orp.
Fix the unique square root & = v/ —DT? of the discriminant of O with positive imaginary
part under the chosen embedding of K into C. For any a € Or let I'r, C E7 x Er denote

the graph of a and let iz, : 7?,;_12(53T) = Eéi_Q — g]]f,_Q be the canonical inclusion. Then

T7£T

and we define the Heegner cycle

(16) 5 (iz,), (r(H)/ 2) € plL (CH’W(S]’“V_Q /K1) ® Zp>

YTp € Hclont(KT7 AP)

to be the image of the cycle in (16) via the map Wy, g, introduced in (8). This class is
independent of the choice of z7 ([39, p. 107]) and, by [41, Ch. II, §3.6], does not change if
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I'rge, is replaced by I're, N [(Er x {0}) U ({0} x E7)] in (16), which is the choice made in
[39, §5]. Finally, note that

yrp € Ap(Kr)

because the Abel-Jacobi map AJg,. factors through Wy, ..
Define

(17) S := {¢ prime number | £ is inert in K and £{ Np}.

For each ¢ € S the extension K;/K; is cyclic of order ¢+ 1 and unramified at primes different
from £. Also, if £ # ¢’ are in S then K; and K, are linearly disjoint over K;. Fix a product
T = [1;_, 4 of distinct primes ¢; € S, then put Gp := Gal(Kp/K;) and I'r := Gal(Kp/K).
The field K7 is the composite of the fields Ky,, which are linearly disjoint over K, and so
there is a decomposition Gr = [[;_; G¢,. In particular, if 7|7 then there is a canonical
inclusion G+ C G, using which we identify the elements of G+ with their images in Gr.
Finally, set I'y := Gal(K1/K), so that I'; ~ Pic(Ok) and |I'1| = hx.

Let us recall two basic properties of Heegner cycles, which extend those of Heegner points
and are due to Nekovar ([39]). Before stating them, we fix some notations that will be used
in the rest of the paper.

Choose a complex conjugation ¢ € Gg and use the same symbol to denote the images of ¢
in quotients of Gg; in other words, ¢ is a lift to Gg of the generator of Gal(K/Q). We shall
also write Frobs, for the conjugacy class of ¢ in Gal(E/Q), relying on the context to make
clear which number field £ we are considering. Finally, recall that coresg,, k. denotes the
corestriction map from H'(Kry, Ay) to H'(Kr, Ay) and let € be the sign of the functional
equation of L(f,s).

Proposition 3.1. Let T be a square-free product of primes in S.

(1) If£€ S, £4T then coresg,, k. (Yrep) = (ag/fk/z_l) “YTp-
(2) There exists o € I'r such that c(yryp) = —€ - o(yryp).

Proof. Upon applying the projection A, — Ay, part (1) is [39, Proposition 6.1, (1)], while
part (2) is [39, Proposition 6.2]. (Note the misprint in loc. cit., since the Hecke action is
twisted by k/2 — 1.) O

Remark 3.2. The relations stated in Proposition 3.1, together with the Key Formula appearing
in [39, §9] (which will be used in the proof of Proposition 3.20 below), describe an Euler system
for modular forms of weight k£ > 2. Euler systems for higher weight modular forms can also be
constructed by using Howard’s work [24] on the variation of Heegner points in Hida families,
later extended to the case of indefinite Shimura curves in [22] and [32], by specialization to
weight k. The relation between the two systems has been investigated by Castella in [16], and
we expect that a similar approach could be adopted in the case of indefinite Shimura curves
as well. We finally remark that, in yet another direction, it would be interesting to generalize
to higher weight the Euler systems of Heegner points introduced by means of congruences
between modular forms in [8] and developed in [26], [27], [28], [29], [30], [45]. In connection
with this, see recent work by Chida and Hsieh ([17]).

3.2. t+-eigenspaces. Recall that if M is an abelian group endowed with an action of an
involution 7 and 2 is invertible in End(M) then there is a decomposition M = M+ & M~
where M* is the subgroup of M on which 7 acts as +1.

Let p be a prime number as in the introduction and let p a prime ideal of O above p.
Since Gal(K/Q) acts on X,(K), the above formalism applies and there is a decomposition

X,(K) = X,(K)" @ X,(K).
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Define pf,t := dimp, (X,(K)¥) and

max{pf. oy} =1 i g £ oy

(18) Py =
p; otherwise.

Two remarks on these definitions, both related with the Beilinson—Bloch conjecture, are now
in order.

Remark 3.3. 1) Conjecture 2.10 predicts, among other things, that the Fj,-dimension of X,(E)
does not depend on p, and therefore p; + pp is conjecturally independent of p. Moreover, let
f ® ex be the twist of f by the quadratic Dirichlet character ex attached to the extension
K/Q. It can be shown (see [33, §6.1] for details; in [33] a p-ordinarity assumption is made,
but this condition plays no role in the results about Selmer groups that we are interested in)
that

Xp(K)" = Xp(Q) = im(Tpp) ®0, Fpy, Xp(K)™ = im(Tpee, p,0) R0, F.

Therefore Conjecture 2.10 (for f and E = Q or f ® ex and E = Q) implies that p;' and py,
do not depend on p.
2) As before, let L(f ® K, s) denote the L-function of f over K, so that

(19) L(f@K,S):L(f,S)'L(f®EK,S).

Since the orders of vanishing of L(f,s) and L(f ® €k, s) at s = k/2 have opposite parities
(cf., e.g., [13, p. 543]), it follows from (19) that L(f ® K, s) vanishes to odd order at s = k/2.
Therefore Conjecture 2.10 predicts that the F,-dimension p; + pp of Xp(K) should be odd,
hence we expect the second possibility in (18) not to occur.

3.3. Rank inequalities. As a consequence of the structure theorem for finitely generated
modules over principal ideal domains, a finite O, /p™Op-module M can be decomposed as

(20) M =~ (O, /p™Oy) M) @ N

where the exponent of M divides p™ strictly and the integer 7y, (M) does not depend on
such a decomposition (see Lemma 3.4 below).

Let Fp, := O, /pO, be the residue field of Op. In the sequel we will make use of the following
auxiliary result.

Lemma 3.4. Let M, M', M" be finite O, /p™Op-modules.

(1) If there is an injective homomorphism M — M’ then 1y (M) < 1y m(M').
(2) If there is a surjective homomorphism M — M’ then 1y (M) > ry m(M').
(3) If there is an exact sequence of O, /p™ Op-modules

00— M — M — M"
then
Tp’m(M) S prm(M,) + dlm[F'p (M// ®Op/pmop FP)

Proof. An injection M — M’ of O, /p™O,-modules induces an injection P IM — pm MY
of Fyp-vector spaces, hence

rpm(M) = dimg, (p™ ' M) < dimp, (p™ M) = rp (M),

which shows part (1). On the other hand, a surjection M — M’ of O, /p" Op-modules induces
a surjection p™ 1M — p™ 1M’ of [Fp-vector spaces, and part (2) follows similarly. Finally,
part (3) can be proved as [18, Lemma 5.1]. O
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As before, let K be our imaginary quadratic field where all the prime factors of N split.
With notation as in (20), set

Fom = Tpam (H (K, Wy[p™)).
Moreover, recall the integers p,gi introduced in §3.2 and define
(21) pp = pf +p, = dimp, (X,(K)).
A direct computation proves the following
Lemma 3.5. 2p, > p, — 1, with equality holding if and only if |p — py | = 1.
Observe that there is an obvious inequality
(22) o < Tpum (Ap () /D™ Ay (K).
Proposition 3.6. p, < 7y .
Proof. 1t follows from Proposition 2.8 and Lemma 3.4 that
(23) Tpm (Ap(K)/p™Ap(K)) = rp.m (im(AJ g m)) < Tpim (H} (K, Wy[p™))) = Fp.m-
Combining (22) and (23) gives the desired inequality. O
Since p is odd, there is a splitting
HHK, Wylp™)) = Y, Wylp™)* © H(K, Wylp™])~
under the action of complex conjugation ¢ € Gal(K/Q). Set
1= o (H} (K, Wa[p™]) )

p
and define
~+ ~— . ~+ ~—
max{rp’m,rpym} =1 if 7, # Tym,
Tpm -=
F; m otherwise.

Recall the integer p, defined in (18).
Proposition 3.7. p, < rp .
Proof. Combine the Gal(K /Q)-equivariance of the Abel-Jacobi map with Proposition 3.6. [

3.4. Darmon—Kolyvagin derivatives. In this subsection we consider the general formalism

of Darmon—Kolyvagin derivatives in the case of ring class fields of square-free conductor.
Fix a square-free product S = szl ¢; of primes ¢; in Sym. For a prime ¢|S let o, be a

generator of Gy. For any integer k such that 0 < k < ¢ = #Gy — 1 define the derivative

operator
1

A
D} = Z% <l<:> oy € Z|Gy] C Op[Gy).
=
If kK = (k1,..., k) € Z! with 0 < k; < ¢; then the Darmon—Kolyvagin k-derivative is

D, :=Dj' - D} € Z[Gs] C Oy[Gs].
The order, the support and the conductor of D, are defined as

t
ord(Dy) := Zki’ supp(Dy) := S, cond(D,) := H 4,
i=1

respectively, and we set

n(x) := min{ord,(n;) | ki > 0}.
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Finally, given k = (k1,...,ks) and &' = (k,... k) we say that D,y is less than D, if k] < k;
for all 7, and we write &' < k in this case. Moreover, we say that D, is strictly less than D,
written £’ < k, if ¥’ < k and K’ # k.

Now we collect some basic facts about these derivatives. Most of them will not be used
until Section 4, but we prefer to gather them here for the sake of clarity. The proofs are
straightforward computations and will be omitted: see [18, §3.1 and §4.1] for details.

3.4.1. Taylor’s formula. The resolvent element associated with an element m of an O,[Gsl-
module M is defined as

O = Z o(m)®o € M ®p,0[Gs].

0ceGg
Then
0, = ZDn(m) @ (o1 — DR (op — 1),
K
where the sum is taken over all t-tuples of integers k = (k1, ..., k), with the convention that

only those k with 0 < k; < ¢; for all ¢ appear in the above sum.

3.4.2. Divisibility criterion. Let Ig4 be the augmentation ideal of Op[Gs] and let © < p be an
integer. If D(m) = 0 (mod p"*)) for all x with ord(k) < r then 6, belongs to the natural
image of M ®o, I(;,-

3.4.3. Action of complex conjugation. The action of ¢ € Gal(K/Q) on I's = Gal(Kg/K) by

conjugation sends ¢ to o~!. This induces an action of ¢ on Op[Gg] by linearity, and the

formula
eD, et = (=1)rPRD, 4 Z Dy
K<k

holds for suitable integers ..

3.4.4. Some formulas. For any prime ¢|S and any integer k with 0 < k < ¢ we have

(41 _
(J@—l)D§:< i )—ang L

In particular, since p™ |£ + 1, for all 0 < k < p we have

(24) (o — 1)D§ = —JgDI;_I (mod p™).

3.4.5. Special bases. An element £ € Z[Gy], for a prime £|S, can be written as a Z-linear
combination of the derivatives D? for k= 0,...,¢. Since this is not justified in [18], we give

a short proof. Write & = Zf:o amé. By rearranging the sums, one can check that a linear
combination Zi:o oD of derivatives can be written as Zf:o (2220 Qg (;)) o). Therefore

we have to prove that we can find coefficients ap € Z such that Zz::o Qg (,’C) = qa; for all
1=20,...,£¢. The generic equation in this system is

ap + 1o + ag+ -+ | o1 + o = ay,
2 1—1

and the desired solution can be found recursively.
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3.5. The set of exceptional primes. The main result of this section, Theorem 3.34, applies
to all primes p outside a finite set ¥ that we describe below.
Let ¥ be the set of prime numbers p satisfying at least one of the following conditions:
e p|6ND(k —2)!¢(N)cy and p ramifies in F;
e the image of the p-adic representation

prp: Go — GL2(OF ® Zp)
attached to f by Deligne ([20]) does not contain the set
{9 € GLy(Op ® Z,) | det(g) € (Z})F'}.
Lemma 3.8. The set X is finite.

Proof. The only non-trivial fact to check is that there are only finitely many prime numbers
satisfying the last condition, and this follows from [47, Theorem 3.1]. O

For a prime number p € ¥ and an integer m > 1 define
(25) Sym := {{ prime number | £ is inert in K, £ N and p™ | {+ 1}.

Notice that Spm C S with S defined in (17). As a piece of notation, when we write that a
(non-zero) prime ideal of Z belongs to a set © of prime numbers we mean that the positive
generator of this ideal belongs to ©. Let p,m denote the p™-th roots of unity in Q. By [18,
Lemma 3.14], a prime £ belongs to Sym precisely when Frob, = Froby in Gal(K (u,m)/Q),
hence Sy is infinite by Cebotarev’s density theorem. Furthermore, there is an inclusion
Hym C K for every prime A of K such that ANZ € Spm.
With ¥ as above, fix from now to the end of this section a prime number p ¢ ¥ and a
quadruplet (p™, S, Dy, ¢) consisting of
e a prime ideal p of O above p;
e an integer m > 1;
e a square-free product S = [[, ¢; of primes ¢; in the set Spm introduced in (25);
e a derivative D, with supp(D,) = S;
e an auxiliary prime ¢ € Spym.
3.6. Kolyvagin classes attached to Heegner cycles. In this subsection we introduce
classes d(¢) € H'(K,W,[p™]) depending on the data S, p™, D, and .
Recall that V, = Ay ®p, F, and let

9y : Gg — Aut(4y), 9 : Gg — Aut(Vy)

be the Galois representations attached to A, and Vj, respectively. If 7 : Aut(A,) — Aut(V})
denotes the natural injection defined by extending Fj-linearly an automorphism of A, then
), = 7 0 ¥y, which induces an inclusion im () C im(vy).

For every integer m > 1 the group Gg acts on W, [p™] via its action on Ay, and reducing
¥y modulo p™ gives a representation

In particular, 1§p = ﬁp,l is a residual representation of Gig over the finite field Fy.

For any subfield L of Q and for M € {A,,V,, W,[p™]} we write M(L) as a shorthand for
HY

cont (L, M); similar conventions apply when L is a completion of a number field.

Lemma 3.9. IfpNZ & X then 19;3 and 19,3 are irreducible and have non-solvable images.

Proof. By [10, Proposition 6.3, (1)], the representation 9, is irreducible, and this implies
the irreducibility of ¥}, ([31, Proposition 2.5]). Finally, by [10, Lemma 6.2], the image of
in Aut(Ay) ~ GL2(O,) contains a subgroup that is conjugate to GL2(Z,). But the groups
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GL(Z,) and GLy(F,) are not solvable because p > 3, hence the images of ¥, and of ¥, are
not solvable. Since im(d,) C im(4;), the claim follows. O
Lemma 3.10. IfpNZ ¢ ¥ and the extension E/Q is solvable then

(1) Va(E) = 0;

(2) Wpp"|(E) =0 for alln > 1.
Proof. Let us prove part (1). Since pNZ ¢ X, Lemma 3.9 ensures that 9 is irreducible

with non-solvable image. The submodule V,(E) of V; is Gg-stable, hence if V,(E) # 0 then
Vo(E) =V, by the irreducibility of ¢, Thus ; factors through Gal(E/Q), which is solvable

by assumption. It follows that im(+J) is solvable, which is a contradiction. Finally, in order

to prove part (2) it is of course enough to prove the claim for n = 1, and this can be done
mutatis mutandis in the same way, using again Lemma 3.9. U

Write Ly, := K(W,[p™]) for the composite of K and the subfield of Q fixed by ker(d ).
With notation as in §3.1, define a set Spm of prime numbers as

Spm = {6 prime number ‘ ¢+ NDp and Froby = Froby, in Gal(Lm/Q)}.
Again by Cebotarev’s density theorem, Spm is infinite.

Lemma 3.11. A prime £ not dividing D belongs to S’pm if and only if £ belongs to Sym and
p™ divides ap in Op.

Proof. Equating the minimal polynomials of Fy (see (2)) and of ¢ acting on W, [p™], one finds
the divisibility relations p” |ay and p™ | ¢+ 1 in Op. Since p is unramified in F', the second
relation gives an inclusion (¢ + 1) C (p™) of principal ideals of Op; this immediately implies
that p™ | ¢+ 1 in Z, which concludes the proof. O

With notation as before, let £ € Spm and put T := S¢. Define
P(¢) := DDy (yry) € Ap(Kr),

then denote by
P(f) € Ap(Kr)/p™ Ap(K7)

the image of P(¢) under the canonical projection.
With the exception of §3.8, from here till the end of §3.9 we will work under the following
technical assumption on (p™, S, Dy, ().

Assumption 3.12. For all D, strictly less than D, D} we have D (yr,) = 0.
With this condition in force, we can prove
Lemma 3.13. The class P({) is fized by the action of Gr.
Proof. Let 0 = 0y, or 0 = 0y. Congruence (24) shows that
(0 —1)P(f) = —oDw(yrp) (mod p™)
for some D, strictly less than DHD;, which concludes the proof. O
Recall from (15) that there is an injective, Galois-equivariant map of O, /p™Op-modules
Ay (K1) 5™ Ap(Kr) s HM K, Wylp™]) © H (K, Wy [p™]).

By Lemma 3.13, the image of P(¢) via this map belongs to H}(KT,Wp[pm])GT, hence to
HY(K7, W,[p™])¢7. Since K7/Q, being generalized dihedral, is solvable, part (2) of Lemma
3.10 and the inflation-restriction exact sequence give an isomorphism

resyer, « H (K1, Wylp™)) — H' (K, Wy[p™])™.
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Let N = Ng, /i := > ,cr, 0 € Z[I'1] denote the norm operator from Kj to K. The abelian
group H'(Ky, W,[p™]) is naturally a I';-module, so N induces a map

N HY (K1, Wy [p™)) — H' (K1, Wylp™)'.
Since p 1 hg, inflation-restriction shows that there is an isomorphism
Tesg, /K - Hl(Kv Wp[pm]) = Hl(KlaWp[Pm])Fl
Consider the diagram

res

K /K
HY (K1, Wy[p™) S HY(Kp, Wy [p™])¢7
|
lN I B
resl_%/K Y

H (K, Wy[p™)"

where the broken arrow § is defined so as to make the resulting square commute. Thus we
can attach to P(¢) € HY(K7, W,[p™])¢" a Kolyvagin class

d(¢) := B(P(¢)) € H' (K, W,[p™])

H (K, Wy[p™])

such that
(26) TeSK, /K (d(ﬁ)) = Nr (P(E))

where N € Z[I'7] is an arbitrary lift of N via the canonical projection I'r — T’y (if N/, is
another such lift then N7(P(¢)) = N.(P({)) by Lemma 3.13). Furthermore, since resg, /x
is an isomorphism, d(¢) is the only class in H*(K, W,[p™]) satisfying (26).

3.7. Action of complex conjugation on Kolyvagin classes. Recall that e is the sign of
the functional equation of L(f,s) and set e, := (—1)°"d(Pr)e,

Proposition 3.14. The class d({) belongs to the e,-eigenspace of H'(K, Wy[p™]) under the
action of c.

Proof. By §3.4.3 and Assumption 3.12, there is an equality
c(P(0)) = (~1)**®PPID, Dic(yr,).
Since the ring Z[I'7| is commutative, part (2) of Proposition 3.1 then shows that
c(P()) = —e(—1) PP (p(p))
for a suitable o € I'r. Applying any lift Np = ZZ 1 0i € Z[I'v] of N on both sides gives
(27) NT<c<P<e>>> — —e(~ 1) PPINL (o(P(0))).

Now ZZ | 0iC = CZZ L 0; . Moreover, since N/, := ZZ 107 L and N7 = Zl | 00 are two
lifts of N, equality (26) 1mphes that

(28) N7 (P(£)) = res,/k (d(£)) = N7.(P(£)).
By definition of €., combining (27) and (28) gives
C-TeSK. /K (d(ﬁ)) = €xTeSK,. /K (d(ﬁ)),

and the conclusion follows from the Gal(K/Q)-equivariance of the isomorphism resg, /. O
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3.8. Tate duality. In this subsection we do not suppose that Assumption 3.12 holds. Let A
denote the unique prime of K above £. By [39, Proposition 3.1, (2)], there is a Gg-equivariant
skew-symmetric pairing
[ Ay X Ay — Zp(1)
such that the induced pairing
[l s Walp™] X We[p™] — papm
is non-degenerate. With notation as before, combining cup product in cohomology with the
map Wy[p™] ® Wy [p™] — ptym induced by [-,-],, gives rise to a pairing
(s '>)\ : Hl(K)w Wp[pm]) X Hl(K)w Wp[pm]) — HQ(K/\, [,me) = Z/me’

with the equality on the right coming from the invariant map of local class field theory. By a
result of Tate, this pairing is non-degenerate (cf. [38, Ch. I, Corollary 2.3]).

Since A, is unramified at A, the group H}(K,\,Wp[pm]) = HL.(K), Wy[p™]) is its own
annihilator in H' (K, W,[p™]) under Tate’s pairing (-,-), ([10, Lemma 4.4]). The singular
part of the cohomology is then defined via the short exact sequence

0 — Hi(Kx, Wy[p™)) — H' (Kx, Wy [p™]) — Hg, (Kx, Wy[p™]) — 0,
and (-,-), induces a Gal(K/Q)-equivariant perfect pairing
(29) (-10x t Hp (K, Wolp™]) x Hy,, (Kx, Wy[p™]) — Z/p"Z.
It follows that there are natural identifications
(30) H i (Kx, Wy[p™]) = H' (KY, Wy [p™]) = Hom cont (Gal(Kx/KY"), Wp[p™])

sin
where K}" is the maximal unramified extension of K. Let K! denote the maximal tamely
ramified extension of K. The wild inertia group Gal(Ky/K}) is a pro-f-group and ¢ # p,
hence equalities (30) yield a further identification

(31) H (K, Wo[p™]) = Hom cont (Gal(KS /KYY), W [p™]).

sin
Fix a (topological) generator 7 of Gal(K§/K}"), so that 7 and a lift to Gal(K}/K)) of the
Frobenius F) € Gal(K}'/K)) generate Gal(K}/K)) topologically. In light of (31), evaluating
homomorphisms at 7 gives an isomorphism
ax i Hy (K, Walp™]) — Wylp™].

On the other hand, by [10, Lemma 6.8], if £ € Sym then evaluation at Froby gives a Gal(K/Q)-
equivariant isomorphism

B Hi(Kx, Wy[p™]) = Wy [p™].
It follows that for every ¢ € Spm there is an isomorphism
(32) va = a3t o By Hi(K\, Wy[p™]) — H, (K, Wyl[p™])
of O, /p™Op-modules.
As a piece of notation, for a Z/p™Z-module M write
M* := Hom(M,Z/p™Z)

for the Pontryagin dual of M. Note that if M is endowed with a Z/p™Z-linear action of an
involution 7 then M™* inherits a Z/p"Z-linear action of 7 by setting

(7 f)(m) := f(r-m)
for all f € M™ and all m € M. Letting the superscripts + denote the +-eigenspaces under

the actions of 7, there are canonical isomorphisms

(33) (M*)F = (M=)
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of Z/p"Z-modules.
With this notation in force, the pairing in (29) is equivalent to an isomorphism

(34) H g (Fx, Wy [p™]) ==+ Hp (K, Wy ™))"

By composing isomorphism (34) with the dual of the natural (localization) map
H (K, Wy[p™]) — Hp(Kx, Wy[p™]),

we obtain a map

P Hslm(K/\a Welp™]) — H}(K7 Wy [p™])".
Analogously, for every Z/p™Z-submodule . C H} (K, Wy[p™]) we obtain by restriction a
map HL (K, Wp[p™]) — -7, which will be denoted by the same symbol. Observe that ¢
is Gal(K/Q)-equivariant.
Remark 3.15. In light of the perfect pairing (29), when dealing with Tate’s duality we shall
often use the same symbol to denote d(¢), and its image in HY,, (K, W [p™]).

3.9. Local behaviour of Kolyvagin classes. By class field theory, A splits completely in
Kg/K; choose a prime Ag of Kg above A. Furthermore, \g is totally ramified in Kp/Kg;
write Ar for the unique prime of K above it.

As before, if v is a place of K then write K, for the completion of K at v. There is a
localization (restriction) map

res, : H' (K, W,[p™]) — H'(K,, Wy[p™])
and if s € H' (K, W,[p™]) then we write s, for res,(s).
Proposition 3.16. If v is an archimedean place of K then d({), = 0.
Proof. The quadratic field K is imaginary, hence K,, = C. The proposition follows because C
is algebraically closed and so H'(C, W;[p™]) = 0. O

Now set S” := cond(Dy,).
Proposition 3.17. If v is a finite place of K not dividing S'¢ then
d(0)y € Hy(Ko, Wy[p™)).

Proof. By construction, P(¢) belongs to H}(Kglg,Wp [p™]). If v 1 p is a prime of K and v’
is a prime of Kg/ above it then P(¢) belongs to HY, (Kgig, Wp[p™]). By definition, the
restriction of d(¢) is P(¢). In particular, the restriction of d(¢), under the map

HY (Ko, Wy[p™) — H (Ksre,00, Wy[p™])
lies in HY, (Kgp, Wy[p™]). By inflation-restriction, the kernel of the above map is

HY (K [ Ko, Wo [P (Ksr0,00)),

and the extension Kgry,/ /K, is unramified, therefore d(¢), is unramified too. On the other
hand, if v |p then the claim follows from the de Rham conjecture for open varieties (now a
theorem of Faltings), as explained in [39, Lemma 11.1, (2)]. O

Now we begin the study of d(¢), (recall that A is the unique prime of K above the prime
number ¢ € Sym). For this, we need some preliminaries.

Lemma 3.18. [f/ € S’pm then there are isomorphisms of Op-modules
Hiip (K3 Wy p™ )™ = O /07O, HF(E5, Wylp™ )™ = O /p™ Op.

sin
Proof. This is [10, Lemma 6.9, (2)]. (Notice that the first three conditions listed on [10, p.
36] are equivalent to the condition ¢ € Spm by [10, Remark 3.1] and that the fourth condition

on [10, p. 36] plays no role in the proof of [10, Lemma 6.9]). O
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Lemma 3.19. If{ € Spm then the expressions (ag +(0+1) FrobA)/pm define endomorphisms
of HY, (Kx,Wy[p™]). Furthermore, if (ag + 0+ 1))/pm are both p-adic units then the above
maps are invertible.

Proof. Since ¢ € Spm, there is an equality Frob, = Frobs, of conjugacy classes in Gal(K/Q),
so Froby acts on HL (Ky, Wy[p™])* as multiplication by £1. Then Lemma 3.11 shows
that (a¢+ (¢+ 1) Froby) /p™ are indeed well-defined endomorphisms of the O, /p™Op-module
HL (Kx,Wy[p™]), and the last claim is obvious. O

sin
In the proof of the next result we use the isomorphism v, defined in (32) (keep Remarks
2.9 and 3.15 in mind for our notational conventions).

Proposition 3.20. Suppose that £ € Spm and that (ag + L+ 1))/pm are both p-adic units.
Then d(0) # 0 in HL, (Kx, Wy[p™)]) if and only if Dy(ysp), # 0 in H}(K,\, Wy[p™]).

in
Proof. Applying the Key Formula in [39, §9] with y a 1-cocycle representing D (ys¢,), and

using Proposition 3.14 plus the relations £ +1 = a; =0 (mod p") to simplify the right hand
side, we get

)R 2 e — (041 ay — (£ + 1) Frob

(Note the difference of sign with respect to loc. cit.; the correction can be found in [44,
Proposition 5.16].) But Pl)kmi;ﬁ,’iwf(ﬂl) € (Op/p™O,)* by assumption, and the proposition

follows because %=(E1)Froby (Kx, Wy[p™]) by Lemma 3.19. O

. . . 1
o is invertible on H;,

Recall that the data (p™,S,Dy,¥¢) satisfy Assumption 3.12. As before, L,, is the field
K (Wy[p™]) and S’ is the conductor of D,. Define

(35)  Hpo(K.Wylp™]) = ker (HNK. Wylp™]) — @) HHE, Wylp™) ).
vl|S!
Proposition 3.21. The class d({)y lies in the kernel of
O+ Hy (Kx, Wylp™ )™ — (Hj (K, Wy [p™])")™
for all m > 1.

Proof. To begin with, d(¢)y € HL, (Kx, Wy[p™])* by Proposition 3.14. Pick an element

s € H}’S,(K, Wy[p™]), so that sy € H}(K)\, W,[p™]); we need to show that

(36) (sx,d(£)x)y = 0.
By [10, Proposition 2.2, (2)], one has
(37) > (s0,d(0)), =0,

v

where the sum is taken over all (finite) places of K. Now observe that if v { S’/ then
(sp,d(£)y), = 0 by Proposition 3.17. On the other hand, if v|S’ then s, = 0 because
s € H} o (K, Wy[p™]). Therefore (36) is an immediate consequence of (37). O

3.10. Applications of Cebotarev’s density theorem. Recall that L,, is the composite of
K and the field Q *(V»m) fixed by ker(p,,,). Similarly, define Lg,, := Ks(W,[p™]) to be the
composite of Kg and Qler(Wp.m),

We need some cohomological lemmas.

Lemma 3.22. H'(Gal(Ly,/K), W,[p™]) ~ H'(Gal(Lgm/Ks), Wy[p™]) for all i > 0.
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Proof. The fields K and Q(W,[p™]) are linearly disjoint over Q, and the same is true of Kg
and Q(W,[p™]). This holds because Q(W,[p™]) N K and Q(W,[p™]) N Kg are extensions of
Q that are everywhere unramified, which is a consequence of the fact that Q(W,[p™])/Q is
unramified outside Np while Kg/Q is unramified outside SD and (pN,SD) = 1. It follows
that the restriction maps induce canonical isomorphisms

Gal(Ly/K) ~ Gal(@(Wy[p™])/Q),  Gal(Lsm/Ks) ~ Gal(Q(W,[p™])/Q).

Therefore both groups appearing in the statement of the lemma are isomorphic to

H' (Gal(Q(W,[p™)/Q), W, [p™).,

and this concludes the proof. O
Lemma 3.23. H'(Gal(Ly,/K), W,[p™]) =0 for all i > 0.
Proof. This is [10, Proposition 6.3, (2)]. O

Lemma 3.24. The restriction map
HY (K, Wy[p™]) — H'(Ks, Wy[p™])
18 1njective.
Proof. By the inflation-restriction exact sequence, the kernel of this map is
H' (Gal(Ks/K), Wy[p™](Ks)),
which is trivial because W,[p™](Kg) = 0 by part (2) of Lemma 3.10. O
Lemma 3.25. The restriction map
HY (K, Wy[p™)) — H'(Ls.m, Wy[p™)
18 1njective.
Proof. The kernel of this map is H'! (Gal(LS’m/KS), W, [pm]), which is trivial by a combination
of Lemmas 3.22 and 3.23. O

Lemma 3.26. The restriction map
HY (K, Wy[p™]) — H'(Lg,m, Wy[p™])
18 injective.
Proof. Combine Lemmas 3.24 and 3.25. (|
Keep the notation of (20). Now we can prove

Proposition 3.27. Suppose that
e D, (ysyp) is not trivial in H'(Kg, Wy[p™]);
[ ] T’F,’m(H},S/(K, Wp[pm])ER) 2 1.
Then there exist infinitely many prime numbers £ such that
(1) £¢pNDS and Froby = Frob, in Gal(Lg,/Q);
(2) £+1+a,#0 (mod pmTt);
3) the image of De(ysy) in HE(Ky, W,[p™]) is not zero, where X is the unique prime of
» f p
K above {;
(4) the map of Oy /p™Oy-modules

Hj o (K, Wylp™ )™ — H(Kx, Wy[p"™])""

in surjective.
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Proof. By assumption, Dy (ysp) # 0 in H'(Kg, W,[p™]), hence Lemma 3.25 implies that
the same is true of its image in H'(Lgm, Wp[p™]), denoted by the same symbol. Since
p is odd, H'(Lgm, W,[p™]) splits as the direct sum of its +-eigenspaces for the action of
c € Gal(K/Q), so there is § € {£} such that the projection of D (ysy) to the d-eigenspace
of HY(Lgm, Wy[p™]) is non-zero. Let us fix such a sign ¢ and write d for the corresponding
projection of D (ysp).

Let s € H} o (K, Wy[p™])e* be an element of exact order p™, which exists by assumption.
By Lemma 3.26, the image of s in H'(Lg,, W,[p™]) has order p™ as well. Since the relevant
Galois action is trivial and W,[p™] is abelian, there is a canonical identification

H'(Lgm, Wp[p™]) = Hom(Gal(LZ,,/Lsm), Wp[p™]),

where L%‘?m is the maximal abelian extension of Lg ,,. Denote by 1) and ¢ the homomorphisms
corresponding to d and to the image of s in H I(Lg,m, W,[p™]), respectively.

Denote by 1~}57m the smallest extension of Lg,, that is cut out by ¢ and ¢ and is Galois
over Q. There is an isomorphism

Gal(Lgm/Ks) =~ Gal(Lsm/Lsm) % Gal(Lg,m/Ks).

Complex conjugation ¢ acts on Gal(f)gm /Lgs ) by inner automorphisms, and we denote by
Gal(Lg,/Lsm)" the subgroup of Gal(Ls ,/Ls,m) that is fixed by c. Set

& := H'(Gal(Lsm/Lsm), Wy[p™]) = Hom (Gal(Lsm/Lsm), Wy[p™)-

By definition of Lsm, the maps ¥ and ¢ factor through Gal(LSm /Lsm) and so determine
maps ¢ and @ in ®. The group Gal(Lg,,/Ks) acts canonlcally on ®, and ¢ and @ are
fixed by this action as they are restrictions of classes in H!(Kg, W,[p™]) and HY(K, W,[p™]),
respectively. There is also an action of ¢ on ® and, since s belongs to H' (K, W,[p™]), the
map @ belongs to ®¢=, while ¢ belongs to ® by construction.

Now we claim that both 1) and p™ '@ are non-zero on Gal(f}57m/L57m)+. To show this,
let o denote either ¢ or p™ 1@, If o = 0 on Gal(Lgm/Ls.m)t then o maps Gal(Lg m/Ls.m)
to one of the eigenspaces W, [p™]; this is true because o factors through the p-primary part
of Gal(f)sm /Lsm), which splits as the sum of the two eigenspaces for the action of ¢, and
o0 belongs to an eigenspace of ®. Since p is non-zero and fixed by Gal(Lg ,,/Kg), it follows
that im(p) is a non-zero, proper submodule of W,[p™] that is stable under the action of
Gal(Lsm/Ks) ~ Gal(Q(W,[p™])/Q). Multiplying im(o) by a suitable power of p, we obtain
a non-zero, proper submodule of W,[p] that is stable under Gal(Q(W, [pm]) /Q) and this
contradicts the irreducibility of 19,, (Lemma 3.9). We conclude that both p™ '@ and ¢ are
necessarily non-zero on Gal(Lg ., /Lsm)*.

It follows that we can find g € Gal(Lg,n/Lsm)" such that 1(g) # 0 and $(g) has exact

order p™. Let ¢ be a prime number unramified in Lg ,/Q such that
(38) (1 NDSp, Froby = Froby, g.

Here Frobs, g denotes the conjugacy class of cg in Gal(Lg,,/Q). By Cebotarev’s density
theorem, the set of primes satisfying (38) is infinite.

Clearly, (1) is satisfied by any ¢ as in (38). In particular, ¢ is inert in K and we denote by
A the unique prime of K above ¢, which splits completely in Lg ([10, Lemma 6.7]). Choose
a prime )\Sm of Lsm above A such that Frob =g and let \g,, be the prime of Lg,,

below )\Sm, the completion LAS of Lg, at )\Sm is then equal to K.
Now we show that every prime /£ satisfying (38) satisfies also (3) and (4) in the statement
of the proposition. If o =1 or o = p™ 1@ then, since g¢ = ¢, one has

(39) o(Frobs . ) =o(Froby ) =olg°9) = olg*) # 0.
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Therefore the restriction of g to Gal(f];\sm/L)\S,m) is non-zero and hence, since Ly, = K},

taking o = v gives (3). As for (4), note that, by Lemma 3.18, it suffices to find an element
of H}’S,(KA, W,[p™])* whose image in H} (Kx, Wy[p™])¢= has exact order p™. But it follows
from (39) with o = p™ 1% that the order of the image of s in H} (K x, Wy[p™])e= is p™, and
we are done.

Finally, we show that one can choose infinitely many primes ¢ as in (38) such that (2) is
true. Fix a prime ¢’ satisfying (38) but not (2), so that '+ 1 = eap (mod p™*!) for a suitable
e € {£1}. Tt is known that tr(Fy | Ap) = ap/€*/?~1 and det(Fy | A,) = ¢'. Take any o € Z)
such that a =1 (mod p™) and set M := (¢ ). By [10, Lemma 6.2], the matrix M lies in the
image of the representation v, of G on Ay, hence there is 0, € Gg having M as its image.
Then

tr(Froa | Ap) = aagf/élk/%l, det(EFpog | Ap) = 0.

Let ¢ be a prime such that ¢ { NDSp and Froby = Froby oa|z iy D Gal(Lgm11/Q), where
we denote by Froby o] Lomin the conjugacy class of f -0, Lsmit for any choice of f € Froby.

Again, Cebotarev’s density theorem guarantees that there exist infinitely many such ¢. Then
ag/ﬁk/Q_l = ozag//é’kﬂ_l (mod p™*t), (=a* (mod p™tl),

and one deduces that there exists an o as above such that £+ 1+ ay # 0 (mod p™tl). This
shows that ¢ satisfies (2). But the image of Frob, in Gal(Lg,,/Q) is equal to that of Froby,
and so / satisfies (38) too. O

3.11. Divisibility properties of Heegner cycles. The arguments in this subsection follow
those in [18, §5.1]. As before, £ belongs to Spm and A is the unique prime of K above /.
Moreover, recall the shorthand F, = O,/pO, and for any O, /p™Oy-module M set

rp(M) := dimg, (M ®0, jymo, Fp).
To use uniform notations, put also ry := 7y 1.
Lemma 3.28. 7, (H}(K,\,Wp[pm])i) <1.

Proof. To ease notations, in this proof we use the symbol ® to denote tensorization over
O, /p™O,. With this convention in mind, note that for any O,/p™Oy-module M equipped
with an action of Gal(K/Q) there are injections

(40) M* @F, — (M @ F,)*.

If Z is the profinite completion of Z then Gal(K\'/K)) ~ Z, hence well-known results in
group cohomology (see, e.g., [53, Ch. XIII, Proposition 1]) show that there is a short exact
sequence

(41) 0 — (Froby —1)W,[p™] — W[p™] — H (K, W,[p™]) — 0.
Tensoring (41) with F, produces an exact sequence
(42) (Froby —1)Wy[p™] @ Fy — Wy [p™] @ Fy — H}(Kx, Wy [p™]) @ Fy — 0.

By [10, Proposition 6.3, (4)], W,[p™]* is free of rank 1 over O, /p™O,, and then (40) with
M = W,[p™] gives

(43) dimg, (W,[p"] @ Fp)*) = 1.
If im(¢) = 0 then (42) induces isomorphisms

(44) (Wolp™ @ Fy) ™ o (H}(Kx, Wylp™]) @ Fy) ™,
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and the inequalities 7y (H}(KA, Wy[p™])*) < 1 follow by combining (43), (44) and (40) with
M = H}(K)\,I/V,g [p™]). Finally, W,[p™] ® Fy, has dimension 2 over Fp, so if im(¢) # 0 then
(42) implies that r, (H}(KA, W,p™])) < 1 and, a fortiori, ry (H}(KA, Welp™)*) < 1. O
Remark 3.29. If £ € Spm then Lemma 3.18 shows that equality holds in Lemma 3.28.
To simplify our notation, for every integer S’ > 1 define
(45) A(S') = D Hj (K, Wy[p™).
A7
Of course, the module A(S’) depends on m, but no confusion is likely to arise.
Lemma 3.30. If { € Sym then
oo (H} 0 (K. Wolp™)E) < 1y (H (K. Wolp™)®) + g (A(S'0)E) =y (A(S)*).
Proof. There is an exact sequence
0 — Hj gro(K, Wy[p™])* — Hj (K, Wy[p™])* — Hp(Ey, Wylp™])*
where X is the prime of K above ¢. Combining part (3) of Lemma 3.4 and the obvious
inequality
oo (0 W0 %) < 7y (HTH (K, 5167 )
we find
Tp,m (H},S’(K7 Wy [Pm})i) < Tpm (H},s'e(Ka Wy [pm])i) +7p (H}(Km Wy [pm])i)-
Applying Lemma 3.28 to the above inequality yields
(46) rpn (Hf g (K, Wy [p™)F) < rpn (H f g0p (B, Wy [p™)*) + 1.
Now ¢ belongs to Spm, so by Lemma 3.18 one has
rp (Hf(Kx, Wy [p™)F) = 1,
and we deduce that
o (A(S'0)F) = 1y (A(S))*) + 1.
Hence inequality (46) becomes
Ppm (H f g (K Wy [p™)F) < g (H 500 (K Wy [p™])F) + 1 (A(S"0)F) = (A(S)F),
as was to be shown. g
Proposition 3.31. Let D, be a derivative of support S and conductor S’. If
ord(Dy) < 7p.m (H},S’(K7 Wolp™) ) + 7 (A(S")™)
then Dy (ysy) =0 (mod p™).
Proof. Define the weight of Dy to be
wt(Dy) := ord(D,) — #{¢ prime number ‘ ¢|S and ¢ € Spm}.

To prove the proposition we proceed by induction on wt(D,).

First of all, observe that if wt(D,) < 0 then the result is true. Indeed, in this case Dy
contains at least one factor of the form DY for some prime ¢ € Spm. By part (1) of Proposition
3.1, and the relation (1) between restriction, corestriction and Galois trace, we have

DY (yrep) = resicy, iy (yrp) - (ae/¢*71) =0 (mod p™),

where the congruence holds because ¢ € Spm (here resg,, /i, denotes the restriction map in

cohomology from H'(Kr, Ap) to HY (K¢, Ay)). Then the result follows (without assuming
any condition on the order of D).



A REFINED BEILINSON-BLOCH CONJECTURE 25

Now set k := wt(D,) and assume by induction that the theorem is true for all derivatives
D,/ such that wt(D,s) < k. We argue by contradiction, supposing that

(47) Dy (ysp) #0 (mod p™).
We first show that the inequality in the statement of the proposition plus (47) imply that
(48) To.m (H g (K, Wy[p™])) > 1.

In fact, if this were not the case then there would be an inequality
ord(D,.) < rp(A(S)).

By Lemma 3.28, the right hand side of this inequality is less than or equal to the number
of primes dividing S’; but each of them contributes at least for 1 unity in the sum defining
ord(Dy), so the above inequality does not occur and we conclude that (48) holds.

Equations (47) and (48) show that the assumptions in Proposition 3.27 are fulfilled and
therefore, with the usual notation, one can find a prime number £ such that

e (tpNDS and Frob, = Froby in Gal(Lg,,/Q);
o p" Ly (04 1) + ay;
e the image of Dy (ys,) in H}(KA, W,[p™]) is not zero;
e the map of O,/p™ Op-modules
(49) Hj g (K, Wolp™]) — Hp(Kx, Wylp™])*
is surjective.

Dualizing the map in (49) and using (33) and (34), we see that the map
(50) O+ H (K, Wy [p™)™ — (H 5 (K, Wy [p™])") "

is injective. Now we want to show that the derivative DHD} satisfies Assumption 3.12. Fix
D, strictly less than D,QD}. Then

ord(D,) < ord(D,D}) = ord(D,) + 1,

hence
(51) ord(D,/) < ord(Dy).
By Lemma 3.30, one has

o (FL s (K Wy ™)) < g (1 (K W [p7])%) 1y (A(S'0)°%) — ry (A(S))%).
Combining this inequality with the one in the statement of the proposition we find

ord(Dy.) < rp.m (Hf g1(K, Wy[p™])*) + rp (A(5"0))

and therefore, applying (51), we get
(52) ord(Dy/) < rpym (H},S,Z(K, Wo[p™])) + rp (A(S"0)).
Furthermore, since the support of D, is divisible by an extra prime £ € Spm, we see that
(53) wt(Dyr) < wt(Dy).

Equations (52) and (53) show that D, satisfies the induction hypothesis, and we conclude
that D,/ (ysep) = 0 (mod p™). This shows that Assumption 3.12 is satisfied in our setting,
hence we may apply the construction of §3.6 and obtain a class d(¢) € H'(K, W, [p™]). Since
the image of Dy (ysy) in H}(K)\, W,[p™]) is not zero, it follows from Proposition 3.20 (which

we can apply because p™*1 { £ + 14 a,) that the image of d(¢)y in HL, (K, W,[p™]) is non-
zero too. Therefore, since d(¢) belongs to the €,-eigenspace for ¢ thanks to Proposition 3.14,

Proposition 3.21 ensures that the map
Ox + Hyjp (K\, Wy [p™ ) — (Hj g (K, Wy[p™])*)™
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is not injective. But this contradicts (50), and the proposition is proved. O

Now we keep notations and assumptions as in Proposition 3.31 and prove two corollaries.

Corollary 3.32. If

ord(Dy) < 1p.m (H}cﬂ/(K, W, [pm])fe”) +ry (A(S’)*E“) -1
and ord(Dy) < p then Dy (ysp) =0 (mod p™).
Proof. Suppose Dy (ysp) # 0 (mod p™) and pick a prime ¢ such that Froby, = Froby in
Gal(Ls,»/Q) and the image of Dy(ys,p) in H}(KA, W,[p™]) is not zero (that such a choice
is possible can be checked along the same lines as in the proof of Proposition 3.27, and the

arguments are actually simpler).
Now we show that

(54) D,.Dj(ysey) is not zero in H'(K, W,[p™]).

If there is a derivative D,, strictly less than DHD} such that D,/ (ysep) is not zero in
HY(K,W,[p™]), using formula (24) recursively one easily shows that (54) holds (use here
the fact that ord(D,) < p). On the contrary, if for all derivatives D, strictly less than D, D}
we have D, (ysep) = 0 in H'(K, W,[p™]) then one can construct the class d(¢) which, by
Proposition 3.20, is not locally trivial at A\. Hence, a fortiori, d(¢) is not globally trivial, and
therefore also P(¢) = DD} (ys¢yp) is not trivial.

At this point we make use of our assumptions. Since

(55) ord(D,D}) = ord(D,) + 1,
it follows that
ord(D,Dy) < rpm (H} g (K, Wy[p™) ™) + rp (A(S) ™).
By Lemma 3.30, the right hand side of the above inequality is less than or equal to
To.m (H g0 (K, Wo[p™]) ™) + rp (A(S"0) ™)
and therefore we obtain the inequality

ord(D,D}) < Tpm (H}yS,E(K, Wy[p™]) ™) + 1 (A(S"€) ™).

By (55), we have (—1)°rd(D“D%) = —¢,. Therefore we can apply Proposition 3.31, which shows
that DD} (ysep) =0 (mod p™). In light of (54), this is a contradiction. O

Corollary 3.33. If one of the two conditions
(1) ord(Dy) < rpm (H}(K, Walp™)),
(2) ord(Dy) < rpm (H}(K, Walp™])~) — 1 and ord(Dy) < p
holds then Dy(ysy) =0 (mod p™).
Proof. Part (3) of Lemma 3.4 implies that
rpn (H (I, W [p™) ) < 7 (H 50 (K, Wy [D™))) + 1 (A(S) ).

The corollary follows from Proposition 3.31 if condition (1) holds and from Corollary 3.32 if
condition (2) holds. O

We are now in a position to state and prove the main result of this section.

Theorem 3.34. Let S be a square-free product of primes in Sym. If ord(Dy) < min{ry m,p}
then Dy (ysy) =0 (mod p™).
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Proof. Since ord(Dy) < 7y m and
Tpm = Tpan (H (K, W [p™])) + rpm (H 7 (K, Wy [p™]) ™),

at least one of the conditions in Corollary 3.33 is satisfied (in (2) we also need the condition
ord(Dy) < p, which is not needed for (1)), and we are done. O

4. THETA ELEMENTS AND REFINED BEILINSON—BLOCH CONJECTURE

In this section we prove our main result on the order of vanishing of certain combinations
of Heegner cycles.

4.1. Theta elements and arithmetic L-functions. For any square-free product T of prime
numbers belonging to the set S defined in (17) consider the resolvent element

Orp = Z o(yry) ® 0 € Ay(Kr1) @0, Op[Gr].

g€GT

Our main result relates these elements to the dimension of X,(K') over Fj.

We also need to introduce suitable variants and combinations of the above elements. To
begin with, we trace them down to K as follows. As in §3.6, fix any lift N7 € Z[I'7| of the
norm N = 37 . o; in other words, for every o € I'y choose o' € I'7 such that 0’| = 0.
Define

(56) (rp == Nr(frp) = Z oN7(yry) ® 0 € Ap(Kr) @0, 04 [Gr].
c€GT

Note that these elements depend on the choice of N7, but for simplicity we shall drop this
dependence from the notation.

Let x — x* denote the involution of Op[Gr] induced by the map o + o~! on Gr and
denote by G,p the element obtained by applying to (7, the map induced by this involution.

Fix a square-free product S of primes belonging to S. As before, fix a lift Ng of N to Z[['g].
By projection, this gives lifts N7 for all 7'|.S that may be used to define (7, and C%,p as in
(56). Since the extension Kg/Q is generalized dihedral and hence solvable, part (1) of Lemma
3.10 ensures that A, (Kg) = 0, so for every T'| S the inflation-restriction exact sequence yields
an injection Ay(K7) < Ap(Kg). On the other hand, the natural inclusion Gr C Gg (see
§3.1) induces an injection Oy[Gr] — Op[Gs] of (free) Op-modules, and therefore we obtain
an injection

(57) Ay (K1) @0, OplGr] — Ap(Ks) ®0,Op[Gs]
of Op-modules. Furthermore, the canonical inclusion Gg C I'g induces an injection
(58) Ay (Ks) ®o, Op [Gg] — Ay (Ks) ®o, Op Cs]

of Oy-modules. The composition of (57) and (58) allows us to view (7, and (7., as elements
of Ap(Ks) ®0,Op['s], which from here on we shall do without any further warning.
For S fixed as above and every T'| S set

(59) ar = p(T) Z o, ap = xx(T)ar
oc€Gal(Kg/Kr)

where p is the Mobius function and xx is the quadratic character attached to K. Define the
arithmetic L-function attached to S and p as

(60) Lsp = <Z aTCT,p) ® ( > a*TC?,p) € Ap(K5)®? ®0, Op[Ls].
T|S T|S
Here we are using the canonical identification
Ap(K$)®? @0, 0p[Ls] = (Ap(Ks) ®0, Op[L's]) ®o,rg) (Ap(Ks) ®0, Op[T's]),



28 MATTEO LONGO AND STEFANO VIGNI

the superscript “®2” denoting tensorization over O,. Note that if 7'| .S and
ps,r s Ap(Ks5)®? ®0,0p[Ts] — Ap(Ks)®? @0, Op[T'r]

is the map induced by the canonical projection I'g — I'7 then

(61) psr(Lsp) =Lrp- [ @+€—ag/t?7) - (L4 0+ ag/7?7).
0(S/T)

Remark 4.1. One could define an element Lg, as in (60) by replacing the coefficients ar
and af. with any choice of by and b/, in Oy[I's], obtaining compatibility relations similar to
(61). Our preference is motivated by the existence of a regulator of Mazur—Tate type, called
Nekovdr* requlator and denoted by 2NK(S) in Section 5, that enjoys properties analogous to
those of the regulator defined in [36] and [37] and used in [18]. The regulator ZN°(S) is
predicted to appear in the expression of the leading coefficient of Lg, for this specific choice
of ar and a}. However, it is reasonable to expect alternative choices of coefficients br and
b/, to be related to other types of regulators having formal properties different from those of
Mazur-Tate regulators. Finally, observe that the results for L£g, proved in this paper still
hold for any choice of by and b/.: see Remarks 4.8 and 4.17 below.

4.2. Results on the order of vanishing. Recall that I, and Ir, are the augmentation
ideals of Op[Gs] and O, [I's], respectively. The powers of Iz, define a decreasing filtration

(62) OplGs) =1, D14, D14, D+ DIG D+

on Op[Gs]. On the other hand, since the Op-module A,(Kg) is not in general torsion-free, we
cannot expect tensorization of the sequence (62) by Ap(Kg) over O, to yield a filtration on
Ap(Ks) ®0, Op[Gs]. In light of this, when we write that an element 6 of Ay(Ks) ®o, Op[Gs]
belongs to Ay(Ks) ®0, I¢,, we really mean that ¢ belongs to the natural image of the Op-
module Ap(Ks) R0, I&S inside Ap(KS) X0, Op [Gs]

Definition 4.2. Let r € N.
(1) An element 6 € Ap(Ks) ®0, OplGs] is said to vanish to order at least r if 6 €
Ap(Ks) @0, 15,
(2) An element 6 € Ay(Ks) ®o, Op|Gs] is said to wanish to order (ezactly) r if 0 €
Ap(Ks) ®0, 15, but 8 ¢ Ay(Ks) ®o, I

Analogous definitions and conventions apply to O, [I's] and Iy and, below, with A,(Kg)®?
in place of Ay (Kyg).
The first conjecture we formulate is

Conjecture 4.3 (“Weak vanishing”). The element Lg, vanishes to order at least p, — 1, and
vanishes to order exactly g, — 1 if and only if [py — p, | = 1.

A similar statement in the context of p-adic analogues of the Birch and Swinnerton-Dyer
conjecture for elliptic curves can be found in [4, Conjecture 4.2].

Remark 4.4. We explicitly observe that Conjecture 4.3 involves p, — 1, and not p,, because,
as in [18], the element Lg, should mirror the behaviour of the first derivative L'(f ® K, s) at
s = k/2 (in fact, to be somewhat more in line with the notation adopted in [18] we should
write LY, in place of Lg).

Corollary 4.7, which is a consequence of the next result, will provide a proof of part of
Conjecture 4.3.

Theorem 4.5. If p, < p then fs, € Ay(Ks) ®0, Ig”s.
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Proof. Let D, be a derivative with ord(Dy) < pp, supp(Dx) = S and cond(Dy)|S. Set
S’ := cond(Dy) and write D,, = D,/ - D,» where the derivative D,/ satisfies supp(D,/) =
cond(D,y) = S and the derivative D~ has order 0 and support in S/S’ (so Dy~ is nothing
other than the norm operator from Gg to Gg/). Part (1) of Proposition 3.1 combined with
the relation (1) between Galois trace, restriction and corestriction map shows that

(63) Dn(yS,p) =TIk, /Ks (DH/ (yS’,p)) ’ H aé/ekﬂil
€|(5/5")

where resg , /i; is the restriction from H'(Kg, Ay) to H(Kg, Ap). Let p™ = n(x) denote
the highest power of p dividing the orders of the groups Gy with ¢|S. By definition, all primes
dividing S belong to Sym. Since py < 1y, by Lemma 3.7, we have ord(Dy) < 7p,. Therefore
the assumptions of Theorem 3.34 are satisfied and then

(64) Dy (ysip) =0 (mod p™).

Combining (63) and (64), we see that if ord(D) < p, then n(x) | Dy(ys). The result follows
from the divisibility criterion in §3.4.2, which we can apply thanks to the condition p, < p. 0O

Corollary 4.6. (5,5, € Ay (Ks) ®o, Ig"s.

Proof. The element (g is the image of 6, via the endomorphism of Ay (Kg) ® I, g”s defined
by x ®i — (Ng(a:)) ® 1. Since the Abel-Jacobi map commutes with Galois actions, it follows
from Theorem 4.5 that (g, belongs to Ap(Kg) ® Igfs. Applying the main involution, one
obtains that (g, belongs to Ay(Kg) ® Ig"s as well. O

Corollary 4.7. Lg, € Ap(KS)®2 ®o, II%’S)‘“.

Proof. Since Lg, is a linear combination with coefficients in Op[I's] of the elements (7 and
C}p for T'| S, the result is a consequence of Corollary 4.6 applied to these elements. 0

In light of Lemma 3.5, Corollary 4.7 implies the first part of Conjecture 4.3 and is, in fact,
equivalent to it when |p — p, | = 1. On the other hand, if |py — p, | > 1 then 2p, > p, — 1,
and Corollary 4.7 shows more than what is predicted by the first part of Conjecture 4.3. In
other words, if |p;r — py | > 1 then there is extra vanishing of Lg .

Remark 4.8. More generally, the result of Corollary 4.7 is valid (with the same proof) for any
linear combination with coefficients in Oy[I's] of the elements (7, and (7., with T'| S. See
Remark 4.1 for a detailed discussion of our specific choice of coefficients for Lg .

4.3. Results on the leading terms. We study, in some particular cases, the reductions
modulo p of the leading terms of (s, and Lg,. Here S is a square-free product of primes in
Sp and pp < p.

We first consider the leading coefficient (or leading term) g, of 0g,, which is defined to
be G{c}ze image of 05, in Ap(Ks) ®0o, (Igps /1 g”:l). Analogous definitions can be given for (g,
an S7p

Remark 4.9. A more accurate choice would be to call ésm the pyp-th coefficient of Og,, as
Theorem 4.5 only shows that fg, vanishes to order at least p,. However, we find this slight
abuse to be convenient and the resulting terminology to be more suggestive of the global
underlying philosophy, and we are confident that this convention will cause no confusion.

Together with Conjecture 5.1, the following conjecture takes care of the leading coefficient
of Lgp, which is the image Lg) of Lg; in AK35)®?® (Iﬁg‘l/lﬁg); the reader is suggested to
keep Conjecture 4.3 in mind.
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Conjecture 4.10 (“Rationality of the leading coefficient” ). The element ljsm belongs to the
image of the natural map
(65) A2 @ (12711 ) — A(Ks)®? @ (127 /I2).
When | p{f — pyp | = 1 and all the prime factors of S belong to Sy, a weaker, mod p version

of Conjecture 4.10 will be proved in part (2) of Corollary 4.16.
By Theorem 4.5, there is a congruence

(66) fsp = Dy(ysp) ® (01— 1) ... (or — 1) (mod p)

where the sum is over all the x with ord(x) = pp. Denote by
D (ysp) € Ap(Ks)/pAp(Ks)
the reduction modulo p of D (ys,) for ord(x) = pp.
Lemma 4.11. D’ (ysyp) € (AP(KS)/pAp(KS))GS.
Proof. Combine Theorem 4.5 and formula (24), for which the condition p, < p is needed. O
Recall that Ng € Z[I'g] is a lift of the norm operator in Z[I'1].

Lemma 4.12. D (Ns(ys,)) € (Ap(Ks)/pAy(Ks)) .
Proof. Immediate from Lemma 4.11. O
By (15), for all integers m > 1 there is an injection Ap(K)/p™Ap(K) — H}(K, Wy [p™]).

Define the p™-part II,m (K, W) of the Shafarevich-Tate group of W, over K as the cokernel
of this map, so that there is a short exact sequence

(67) 0 — Ap(K) /P Ap(K) — Hp (K, Wy[p™]) — Wlym (K, W) — 0.
Since H} (K, W,[p™]) is finite, the abelian group I,m (K, W,) is finite as well. By passing to

the direct limit over m in (67), we obtain the p>-part I, (K, W,) of the Shafarevich-Tate
group of W, over K, which sits in the short exact sequence

0 — Ap(K) ® Qp/Zy — H}(K, W) — Ml (K, W,) — 0.

Proposition 4.13. Suppose that ]p;f —pp | = 1 and let Dy, have order p, and support S. If

D.(ysp) # 0 (mod p) then
(1) ]‘HP(K7 WP) = 07'
(2) with A(S) defined as in (45), the natural map

H} (K, Wy[p]) — A(S)
18 surjective.

Proof. We first observe that, by definition, one has

(68) 2pp = dimp, (X,(K)) — 1.
Proposition 3.31 shows that
(69) Pp = Tp (H},S(K, Wolp™) ) 4 1 (A(S)™) > 1y (H}(K7 Wulp™) ),

while Corollary 3.32 implies that
(70)  pp =y (Hp g (B, W[p™) ™) + 1 (A(S) ™) = 1 2 1 (HF (K, Wy[p™]) ™) — 1

(for the last inequalities in the above chains, see the proof of Corollary 3.33). Since

(1) o (H (K W) 2 ry((A(K) /o8y (K)) ) = 5
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we obtain the inequalities p, > pp* and p, > p, “* — 1. Therefore we have the inequality
(72) 2pp > dimp, (X,(K)) — 1.

Comparing (68) and (72), we conclude that all the above inequalities are, in fact, equalities;
in particular, the first inequality in (71) is an equality, from which (1) follows immediately by
definition of II,(f/K’). Furthermore, the second inequalities in (69) and (70) are equalities,
and then

Tp (H}(K7 Wy [pm])) =Tp (H},S(K7 Wy [pm])) +1p (A(S))
Comparing this equality with the definition of H} (K, Wy[p™]) in (35) proves (2). O

Proposition 4.14. If |pf — p, | = 1 and ord(k) = p, then DY (Ns(ysyp)) lies in the image
of Ap(K)/pAy(K).

Proof. By (15), there is an injective map

(73) Ap(Ks)/pAp(Ks) — H(Ks, Wylp]) € H'(Ks, Wy[p).

Recall that restriction gives an isomorphism H'(K,W;[p]) ~ H(Kg, W,[p])'s and that

D,(.;p)(NSysvp) belongs to (Ay(Ks)/pAy(Ks))'s by Lemma 4.12. In light of these facts and the

I's-equivariance of the injection (73), write d for the image of DY (Nsys,) in HY(K, Wy[p]).
We first show that d € H} (K, Wy[p]). By an argument similar to those in Propositions 3.16
and 3.17, one can check that the restriction of d at all places v t S is finite. There is a map

(74) D Hiin (Ko Wylp]) — Hi (K, Wy[p])”
v|S

taking « = (2y),g to the linear function

S —> Z(w,resv(s»v

on H 1(K W,[p]) (recall that all the primes dividing S are inert in K). Since d is a global
class, Tate duality ensures that the image of d in @®,sH,,(Ky, Wy[p]) belongs to the kernel

S’L?’L(

of (74). With A(S) as in (45), part (2) of Proposition 4.13 shows that the map
Hj (K, Wylp]) — A(S)

is surjective and hence, dually, that the map in (74) is injective (here we are implicitly using
isomorphism (34)). It follows that d is locally finite everywhere and belongs to H}(K , W[pl).

Since I, (K, W,) = 0 by part (1) of Proposition 4.13, we conclude that d comes from a
class in Ap(K)/pAy(K). But there is a commutative diagram

Ap(K)/pAy(K) H (K, Wyp)) = H'(K, Wy p])

| i N

(Ap(E5)/pAp(Ks))" S e HH(Ks, Wylp))'s > H' (K, Wy p])™®

in which all the horizontal arrows are injective, and the proposition follows. O

The information collected above on D’ (Ns(ys,p)) when ord(k) = pp yields a result on the
reduction modulo p of the leading term 55,,) of (sp. More precisely, define 55’]3 as the image
of {5 in Ap(Ks) ®o, (Ip'“ /IppH) and consider its mod p reduction

() € (Ap(Ks)/pAp(Ks)) ®o, (122 /I2H).
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Finally, let J(S) denote the cokernel of the map H}(K, Walpl) — A(S); see (45) with S" = S
and m = 1 for the definition of A(S).

Theorem 4.15. Fiz a square-free product S of primes in S,.

(1) C¥) € (Ap(Ks)/pAp(Ks))"™ ®o, (12, /180).
(2) If \Pp —pp | =1 then C(p) belongs to the image of the map

(Ao (K) /9 (E) @0, (I8, /TE) — (85(Ks) /py(K)) = o0, (16,16,
(3) If Iy — py | = 1 and p divides [ILL,(K, Wy)| - |J(S)] then ) =0

Proof. Part (1) follows from (66) and Lemma 4.12, while part (2) follows from (66) and

Proposition 4.14. As for part (3), if 5&3 # 0 then a fortiori D,(Qp) (Nsys,p) # 0 for all x with
ord(k) = pp, and so Proposition 4.13 gives the triviality of both III, (K, W,) and J(S). O

Corollary 4.16. Fiz a square-free product S of primes in S,.
(1) The image Eg); of Lsy in

(Ap(Ks)® /pAp(K5)®%) @o, (I72 /17

belongs to the image of
(Ap(Ks)® /oAy (K$)®)" @o, (I /1),
(2) If \p;f —pp | =1 then ,C(p) belongs to the image of
(Ap(K)2 /pAp (F)P2) o, (I (1),
(3) If Iy — py | = 1 and p divides [ILL,(K, Wy)| - |J(S)| then L&) = 0.

Proof. The term Lgy is an Op[['s]-linear combination of the elements (rp and (7, for T'[ S,
and the result is obtained by applying Theorem 4.15 to each of them. O

Remark 4.17. In parallel with Remark 4.8, we observe that the results of Corollary 4.16 hold
more generally for any Op[I's|-linear combination of the elements (7, and C{pr for T'| S.

4.4. Galois module structure of Heegner cycles. Fix a prime number ¢ € S,. Define
H(K¢) to be the Op[G¢]-module generated by y,, inside Ay(K;) and denote by H,(K,) the
[Fp-subspace H(Ky)/pH(Ky) of Ap(Ky)/pAp(Ky). Finally, recall from §3.11 that ry = ;.

Theorem 4.18. dimg,(H,(K;)) <+ 1 —ry.

Proof. By §3.4.5, an Op-basis of H(K,) is given by {Di(ysp) | i = 0,...,¢}. Theorem 3.34
shows then that D} (y,p,) =0 (mod p) if k < ry, and hence at most £+ 1 — 1, elements of the
Oy-basis of H(K,) under consideration are non-zero. O

5. REGULATORS AND LEADING COEFFICIENTS

In this final section we propose a construction of regulators that are defined in terms of
Nekovéi’s p-adic height pairings and generalize those introduced by Mazur and Tate in [36]
and [37] and used in Darmon’s work [18].
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5.1. Nekovai’s regulator. Let K be an imaginary quadratic field of discriminant coprime
to Np and let S > 1 be a square-free product of primes that are inert in K, then define

(75) Aps(K) := ker (AP(K) — P H}(K,, Ap)>
AS

where the map is induced by (14) via localizations. Finally, recall the maps pg r introduced
in §4.1, which are defined for integers T'| S. We expect that Nekovai’s theory of p-adic height
pairings ([43, Ch. 11]; see also [40]) will yield a bilinear pairing

(76) (008" s Ap(K) X Mg s(K) — Ing /I,
satisfying the compatibility condition
(77) ns,T © < ) '>1§Iek = < ) '>¥6k

for all T'| .S and the equivariance

(78) (c(x), e(y)) g = c- (2, y)5% = —(z, y) ¥

for all z € Ap(K), y € Ay s(K) under the action of ¢ € Gal(K/Q). Details on the explicit
definition of pairing (76) will be provided in a future project; for now, we content ourselves
with assuming its existence and the validity of properties (77) and (78).

As in [18], we use this pairing to construct a regulator term. Let ¢ be a prime divisor of

S and, as before, let A\ be the unique prime of K above ¢, then write I’ for the arithmetic
Frobenius in Gal(Qy"/Ky). Recall from §2.4 that V, = A, ®0, F,. We have

det(F+1|Vp) = £+1F —,
12

which are non-zero thanks to the Weil bounds, hence
det(Fy —1|V,) =det(Fp +1|V,) - det(Fy — 1| V})
2
a
:(e+1)2—€k—f27éo.

Then [12, Theorem 4.1, (i)] implies that H}(KA, A,) is finite, so the codomain of the map in
(75) is finite and the ranks of A, g(K) and A,(K') over O, are equal. As in (21), this common
rank will be denoted by p,. Fix finite index subgroups A C Ay(K) and B C A, g(K) that are
Op-free and choose Op-bases { P, ..., P;,} and {Q1,...,Qz,} of A and B, respectively. Form
the matrix

R(4, B) = (P, Q;)5™)
with entries in I /Ilgs and let R; ;(A, B) be the (¢, j)-minor of R(A, B). Consider the element

i,jil,...,ﬁp

Py
i+j pp—1 /1P
Reg(4,B) := Y _(—1)"(P® Q;) ® det(R;;(A, B)) € Ay(K)®* @ (I /12 ),
ij=1
set j := [Ap(K) : A]- [Ap s(K) : B] and suppose that the multiplication-by-j map is invertible
on Ap(K)®? @ (I{lg‘l/ffl';), then define the Nekovds regulator #N(S) as

GN(S) = Reg(A, B)/(IAp(K) : A] - [Aps(K) : B).

This is independent of the choice of A and B. In fact, one can impose conditions on S that
ensure the existence of suitable A and B as above for which j is invertible (see [18, p. 127],
[37, p. 735]); for simplicity, here we shall just assume that this is the case.
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5.2. A refined conjecture for the leading coefficient. Let B(S) denote the cokernel of
the map in (75), so that there is an exact sequence

0 — Aps(K) — Ay(K) — @D Hf(K», Ay) — B(S) — 0.
AS

The analogue of part 3 of [18, Conjecture 2.3] in the present context is

Conjecture 5.1 (“Refined formula for the leading coefficient”). Assume that I, (K, W)
is finite. The equality

(79) Lsp = | (K, Wp)| - [B(S)] - ZV(S)

holds in A(Ks)®? ® ([1/3';*1/[1@;). Here %#N°%(S) denotes also the image of the regulator
FNK(S) via the map in (65).

Remark 5.2. Since the definition of (-, ->1;ek has not been given, the recipe of Conjecture 5.1
is still somewhat unsatisfactory. One may interpret it as predicting the existence of a suitable
regulator ZNK(S) that can be explicitly described in terms of a height pairing @ la Nekovai
such that equality (79) holds.

Thanks to the compatibility condition (77), one can show that

psr(IB(D)] - ZNHN(T)) = |B(S)| - 2K(S) - [ (14— ag/"7) - (14 £+ ag/*7)
(/)

whenever T'| S. Comparing with (61), one sees that Conjectures 4.3, 4.10 and 5.1 are all
compatible with the map pg7 when T'| S. Actually, as in [18], it is this compatibility relation
that suggests the definition of Lg), given above. However, different regulators might be
attached to different choices of the coefficients by and b/, as discussed in Remark 4.1. The
choice of correct regulators and L-elements is an open problem, although we believe that, in
light of (61) and the properties of Nekovai’s regulator, our definition of Lg, is in some sense
the “standard” one.

Let us finally observe that, by Lemma 3.5, if |p; — pp | > 1 then 2p, > py, hence the
leading coefficient £~5,p, as defined in §4.3, vanishes. On the other hand, it can be checked
(using (78) and proceeding as in [18, p. 145]) that if [py — p, | > 1 then ZN5(S) = 0 as well,
so Conjecture 5.1 is consistent. In order to obtain something non-trivial, in this situation
the leading coefficient ENS,p should be defined instead as the image of Lg, in the quotient

AKs)®? ® (IIZ“Z "/ Ilzfs) ”+1). Unfortunately, when |p) — p, | > 1 we cannot offer any prediction

about the exact value of E&p, but we expect that the study of Eg,p might be approached,
at least in some special cases, via a suitable theory of generalized Mazur—Tate regulators as
developed in [2] and [3].
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