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Abstract
This paper presents a generalization of the Euler systems consid-

ered in [BD2] to the context of Hilbert modular forms. Arithmetic
applications are given.
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1 Introduction

Euler systems can be used to relate the rank of abelian varieties defined over
number fields to the behavior of the associated Hasse-Weil L-series. Many
definitions of Euler systems have been proposed in the past: see for example
[K3] and [Ru]. To fix notations, let A/K be an abelian variety defined over
a number field. Let I be an ideal in the endomorphism ring End(A) of A
and denote by A[I] the I-torsion of A. For a prime ideal q of K of good
reduction for A, define the singular cohomology

H1
sing(Kq, A[I]) := H1(Iq, A[I])Gal(Kunr

q /Kq),

where Kq is the completion of K at q, Iq is the inertia subgroup of the
absolute Galois group Gal(Kq/Kq) of Kq and Kunr

q is the maximal unramified
extension of Kq. Note that, since q is a prime of good reduction for A, the
kernel of the restriction map H1(Kq, A[I]) → H1

sing(Kq, A[I]) is the image
Im(δq) of the local Kummer map:

δq : A(Kq)/IA(Kq) ↪→ H1(Kq, A[I]).

For any ideal q, let resq : H1(K,A[I]) → H1(Kq, A[I]) be the restriction
map in cohomology. For our purposes, an Euler system relative to A/K
and I will consist, roughly speaking, of a collection of cohomology classes
{κ` : ` ∈ L} ⊆ H1(K, A[I]) indexed by a set L of prime ideals of K of good
reduction for A, satisfying the following 3 conditions:

1. The set L controls the I-Selmer group SelI(A/K) of A/K in the sense
that for any non-zero element s ∈ SelI(A/K), there exists ` ∈ L such
that res`(s) 6= 0. The definition of Selmer group is recalled, at least
when I is a power of a prime ideal, in Section 4.1.

2. If q 6= ` is a prime ideal of K, then resq(κ`) ∈ Im(δq).

3. The image of res`(κ`) in H1
sing(Kq, A[I]) can be expressed in terms of

the central critical value of the Hasse-Weil L-series L(A/K, s), divided
by a suitable period.
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The first example of Euler system is that used by Kolyvagin [K1], [K2]
and Kolyvagin-Logachëv [KL1], [KL2] to obtain important results on the
rank of modular abelian varieties. These results, combined with the work
of Gross [Gr] and Gross-Zagier [GZ], extended by [Z1] and [Z2], lead to the
proof of the Birch and Swinnerton-Dyer conjecture for many modular abelian
varieties A defined over totally real number fields F when the analytic rank
of A over F is at most one. In particular, these results apply to all elliptic
curves defined over Q. These Euler systems are constructed by applying the
Kolyvagin derivative operator to π(Pn) ∈ A(Kn), where Kn is the ring class
field of K of conductor n, positive integer, π : JX → A is a parametrization
of A by the Jacobian variety of a modular curve or a Shimura curve X and
Pn ∈ JX(Kn) is an Heegner point, that is, a point corresponding via the
interpretation of X in terms of moduli space, to an abelian variety with
complex multiplication by Kn.

More recently, Bertolini-Darmon [BD2] have used the theory of congru-
ences between modular forms to construct an Euler system which they use to
prove one of the two divisibility properties predicted by the Iwasawa’s Main
Conjecture for elliptic curves defined over Q. In this case, the set L consists
of pn-admissible primes, where p is a rational prime and n ≥ 1 an integer,
whose definition is recalled, in the context of Hilbert modular forms, in Def-
inition 3.1 below. In the case of elliptic curves defined over Q, for a fixed
rational prime p and a fixed quadratic imaginary extension K/Q, a prime
` of Q is said to be pn-admissible if: (i) ` it is inert in K; (ii) ` does not
divide Np, where N is the conductor of E; (iii) p does not divide `2− 1; (iv)
pn divides ` + 1 + a` or ` + 1 − a`, where a` is the eigenvalue of the Hecke
operator T` acting on the eigenform associated to E. The local behavior of
κ` at ` is encoded in a certain p-adic L-function. In particular, it is possible
to prove that if LK(E, 1) 6= 0, then res`(κ`) is not trivial and does not belong
to the image of the local Kummer map for all but a finite number of ideals
pn.

The construction of [BD2] can be generalized to the context of Hilbert
modular forms of parallel weight 2 with rational eigenvalues under the action
of the Hecke algebra. This generalization, performed for p-admissible primes,
is used by the author in [L2] to prove the Birch and Swinnerton-Dyer conjec-
ture for modular elliptic curves E with everywhere good reduction, analytic
rank zero, without complex multiplication and defined over a totally real
number field F of even degree over Q. It is worth to point out that this case
can not be treated by Kolyvagin’s method because E does not appear as the
quotient of the Jacobian variety of a Shimura curve: see [L2, Introduction]
for a compete discussion. Observe moreover that the argument in [L2] uses
only p-admissible primes because this is enough to bound the Selmer group
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Selp(E/K) and obtain a result on the rank of E(K), where K/F is a totally
imaginary quadratic extension of a totally real number field F .

The propose of this paper is to provide the construction of Euler systems
associated to Hilbert modular newforms φ when L is the set of ℘n-admissible
primes and ℘ is a prime ideal in the ring generated by the eigenvalues of
the Hecke algebra acting on φ. There are two main applications of this
construction:

1. Generalize the argument in [BD2] to the context of the Iwasawa’s Main
Conjecture for Hilbert modular forms: see [L3].

2. Use the Euler system relative to ℘-admissible primes (that is, n = 1) to
extend the result of [L2] to the context of abelian varieties of GL2-type:
see Section 4.

We now fix the notations and assumptions which will be used throughout
the paper. Let F/Q be totally real of degree d = [F : Q] and n an integral
ideal of the ring of integers OF of F . Let φ ∈ S2(n) be a Hilbert modular
newform for the Γ0(n)-level structure, trivial central character and parallel
weight 2 which is an eigenform for the Hecke algebra Tn generated over Z
by the Hecke operators Tq and the spherical operators Sq for primes q - n

and the Hecke operators Uq for primes q | n. See [Z1, Section 3] for precise
definitions.

Let K/F be a totally imaginary quadratic extension. If the absolute
discriminant dK/Q of K over Q is prime to n, there is a factorization

n = n+n−,

where n+ (respectively, n−) is divisible only by primes which are split (re-
spectively, inert) in the extension K/F . The extension K/F is required to
satisfy the following:

Assumption 1.1 (on K). The absolute discriminant dK/Q of K/Q is prime
to n. Moreover, the ideal n− appearing in the above factorization of n is
square-free and the the number of primes dividing it has the same parity as
d.

Assumption 1.1 has an important consequence: the sign of the functional
equation of the Hasse-Weil L-series LK(A, s) of A/K is +1. This is equivalent
to say that the order of vanishing of LK(A, s) at the central critical point
s = 1 is even. Hence, this condition is compatible with the non vanishing of
the special value LK(φ, 1) of the Hasse-Weil L-series.

For any Hecke operator T ∈ Tn, denote by θφ(T) the eigenvalue of T act-
ing on φ. Let Kφ = Q(θφ(T), T ∈ Tn) be the finite extension of Q generated
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by the eigenvalues of the action of the Hecke algebra Tn on φ. Denote by Oφ

its ring of integers. For a prime ideal ℘ of Oφ, denote by Kφ,℘ and Oφ,℘ the
completions of Kφ and Oφ at ℘ and by Fφ,℘ the residue field of Oφ,℘ at ℘.
For any prime ℘ ⊆ Oφ, denote by

ρφ,℘ : Gal(F/F ) → GL2(Kφ,℘)

the ℘-adic representation associated to φ by [Ca], [Wi] and [Ta]. Since the
image of ρφ,℘ is compact, it is possible to choose a Gal(F/F )-stable lattice

Tφ ' Oφ,℘ ×Oφ,℘ ⊆ Kφ,℘ ×Kφ,℘

such that ρφ,℘ is equivalent to the representation

ρ̃φ,℘ : Gal(F/F ) → Aut(Tφ) ' GL2(Oφ,℘)

of Gal(F/F ) on Tφ. Let

ρ̄φ,℘ : Gal(F/F ) → GL2(Fφ,℘)

be the reduction of ρ̃φ,℘ modulo ℘. Note that ρ̄φ,℘ depends on the choice of
the Galois-stable lattice Tφ. Its semisimplification ρss

φ,℘ (i.e. the unique semi-
simple representation with the same Jordan-Hölder factors as ρφ,℘) does not
depend on the choice of Tφ. If ρφ,℘ is irreducible, then it coincides with
its semisimplification ρss

φ,℘. Say that ρφ,℘ is residually irreducible if ρφ,℘ is
irreducible.

Let ℘ be a prime ideal of Oφ of residue characteristic p. The modular
form φ is said to be ordinary at a prime ideal p | p of OF if there exists a
root αp of the Hecke polynomial at p which is a unit in the completion Oφ,℘

of Oφ at ℘.
Say that φ is ℘-isolated if there are no non trivial congruences between φ

and other forms of the same level and weight. By the finiteness of the space
of modular forms of given level and weight, φ is ℘-isolated for all ℘ except,
possibly, a finite number of them.

To state the main result of this paper and better explain the above con-
ditions on φ to be ordinary al all q | p and residually irreducible at ℘, assume
that there exists an abelian variety A defined over F of GL2-type such that:

1. The arithmetic conductor of A is n.

2. End(A) ' Oφ.

3. The representation of Gal(F/F ) on the ℘-adic Tate module of A is
equivalent to ρφ,℘, where ℘ is a prime ideal of Oφ.
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This type of abelian variety is considered in Section 4. The abelian variety A
has good reduction outside n. The residual irreducibility of ρφ,℘ for infinitely
many ℘ stated in Assumption 1.2 can be translated into the irreducibility of
the Galois representation ρ̄A,℘ of Gal(F/F ) on the ℘-torsion A[℘] of A. If A
has ordinary reduction at the prime ideal p | p, then the associated modular
form φ is also ordinary at p. Denote as above by

δq : A(Kq)/℘
nA(K) ↪→ H1(Kq, A[℘n])

the local Kummer map, where q is a prime ideal of OK .
Let q be a prime ideal of residue characteristic q. Then, by a theorem

of Mattuck, A(Kq) ' Zdim(A)[Kq:Qq ]
q × H, where H is a finite group. Hence,

Im(δq) = 0 for all prime ideals ℘ and all n, except possibly a finite number
of them, i.e. those ℘ dividing q and the order of H.

Assumption 1.2 (on ℘). Suppose that the prime ideal ℘ of residue charac-
teristic p ≥ 5 satisfies the following conditions:

1. ρφ,℘ is residually irreducible.

2. φ is ordinary at all prime ideals p | p.
3. φ is ℘-isolated.

4. Im(δq) = 0 for all prime ideals q | n but q - p.

Remark 1.3. Conditions 3 and 4 in Assumption 1.2 are verified for all prime
ideals ℘ except possibly a finite number of them. Conditions 1 and 2 are more
delicate. In the case of elliptic curves without complex multiplication, the
existence of infinitely many prime ideals ℘ verifying 1 and 2 is ensured by
[Se]. Similar results hold for more general modular abelian varieties. In any
case, in the following it will be convenient to assume the existence of infinitely
many prime ideals ℘ verifying Assumption 1.2. This is done, for example, in
the next Corollary 1.7 on the rank of A(K).

Define a prime ideal ` ⊆ OF to be ℘n-admissible (see Definition 3.1) if:

1. ` does non divide np;

2. ` is inert in K/F ;

3. ℘ does non divide |`|2 − 1;

4. ℘n divides |`|+ 1− εθφ(T`), where ε = ±1.
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By [BD2, Theorem 3.2], the set of ℘n-admissible primes controls the Selmer
group Sel℘n(A/K) in the above sense: for any s ∈ Sel℘n(A/K), s 6= 0, there
exists a ℘n-admissible prime ` such that res`(s) 6= 0.

To state the main result, denote by LK(φ) the algebraic part of the special
value LK(A, 1) = LK(φ, 1) of the Hasse-Weil L-series LK(A, s) = LK(φ, s).
This is an element of Oφ whose definition is given in Definition 3.6, such
that:

LK(φ) 6= 0 if and only if LK(φ, 1) 6= 0.

Then the main result of this paper can be expressed as follows:

Theorem 1.4. Suppose that Assumption 1.1 on K is verified. Let ℘ be a
prime ideal verifying Assumption 1.2. Then for any ℘n-admissible prime `
there exists a class κ` ∈ H1(K,A[℘n]) with the following properties:

1. For primes q 6= `, resq(κ`) ∈ Im(δq).

2. The image of res`(κ`) in H1
sing(K`, A[℘n]) ' Oφ/℘

n is equal to LK(φ)
(mod ℘n), up to multiplication by invertible elements in Oφ/℘

n.

Remark 1.5. As observed above, the condition LK(A, 1) 6= 0 in Theorem
1.4 is consistent with Assumption 1.1 because, as a consequence of this as-
sumption, the sign of the functional equation of the Hasse-Weil L-function
is +1. Suppose that LK(A, 1) 6= 0. Then LK(φ) 6= 0. Let ℘ be a prime ideal
of Oφ satisfying Assumption 1.2 and such that ℘ - LK(φ). Then the image
of res`(κ`) in H1

sing(K`, A[℘]) is not trivial, hence do not belong to the image
of the local Kummer map δ`. For each of these primes ℘, it is possible to
prove that Sel℘(A/K) = 0. This result follows by applying standard tech-
niques involving the Euler system relative to A/K and ℘, which exists by
Theorem 1.4, the non-vanishing of res`(κ`) in the singular cohomology and
the non-degeneracy of the local Tate pairing. For a proof and more details,
see Theorem 4.4 in the text.

Remark 1.6. An other way to state Theorem 1.4 is the following: Suppose
that Assumption 1.1 is verified. Then for all prime ideals ideals ℘ verifying
Assumption 1.2 and for any n there exists an Euler system relative to A/K
and ℘n.

Theorem 1.4 corresponds in the text to Theorem 4.3. This result can
be obtained combining Theorem 3.10 with the discussion in Section 4 on
abelian varieties. It is worth to point out that Theorem 3.10 is stated in a
purely theoretical Galois representation setting. In other words, the Euler
system may be attached to a modular form φ without any reference to abelian
varieties.
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The following arithmetic application of Theorem 1.4 to the Birch and
Swinnerton-Dyer conjecture is explained in Section 4.2:

Corollary 1.7. Suppose that Assumptions 1.1 is verified and that there are
infinitely many prime ideals ℘ verifying Assumption 1.2. If the special value
LK(A, 1) of the Hasse-Weil L-series LK(A, s) of A over K is non-zero, then
the rank of A(K) is zero.

Corollary 1.7 correspond in the text to Corollary 4.6. The proof of this
result is based on the possibility of choosing (among infinitely many) one
prime ideal ℘ verifying Assumption 1.2 and such that ℘ - LK(φ). In this
case, as observer in Remark 1.5, the ℘-Selmer group Sel℘(A/K) is trivial
and the result on the rank of A(K) follows from the injectivity of the global
Kummer map

δ : A(K)/℘A(K) ↪→ H1(K, A[℘]).

The existence of infinitely many such primes ℘ is ensured by the existence of
infinitely many prime ideals verifying Assumption 1.2 and the non vanishing
of LK(A, 1), which implies the non vanishing of LK(φ).

Remark 1.8. Since to prove Corollary 1.7 only the Euler system relative
to the chosen prime ℘ is involved, the hypothesis in Corollary 1.7 regarding
Assumption 1.2 can be slightly relaxed by requiring the existence of at least
one prime ideal ℘ not dividing LK(φ) and verifying Assumption 1.2. For
details, see Corollary 4.5.

Acknowledgements. The main results contained in this paper are pre-
sented in the author’s Ph.D. thesis [L1]. It is a pleasure to thank his Ph.D.
advisor Professor Massimo Bertolini for having proposed this problem and for
very helpful suggestions and improvements during the work. This paper has
partly been written while the author was visiting the Centre de recherches
mathématiques de l’Université de Montreal: the author thanks Professor H.
Darmon for having invited him. The author also thanks the referee for very
helpful comments which led to corrections and significant improvements in
the exposition.

2 Shimura curves

2.1 Basic definitions

Let B be a quaternion algebra defined over F which is split at exactly one
of the archimedean places, say µ. Denote by c− its discriminant, that is, the
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product of the finite places q where the completion Bq = B⊗F Fq of B at q is

a non-commutative field. For any Z-algebra E, denote by Ê := E ⊗Z
∏

q Zq

the profinite completion of E, where q ranges over the set of prime ideals of
Z. For any open subgroup U ⊆ B̂× which is compact modulo F̂×, denote by
XU the model over F of the Shimura curve whose complex points are given
by

XU(C) = U\(B× ×H±)/B×,

where H± = C − R. The curve XU is connected but not geometrically
connected; denote by JU the connected component subgroup of Pic(XU) over
F . Finally, let XU → Spec(OF ) be the integral model of XU and denote by
JU → Spec(OF ) the Néron model of JU . For more details on these definitions,
see [Z1, Section 1].

For any ideal c+ ⊆ OF prime to c−, choose an Eichler order R(c+) ⊆ B
of level c+ and denote XF̂×R̂(c+) simply by Xc+,c− . Note that Xc+,c− does not
depend on the choice of Rc+ . Adopt the same convention for the Jacobian
variety, its Néron model and the integral model of Xc+,c− .

2.2 Admissible curves

This paragraph collects the basic facts on admissible curves in the sense of
[JL]. Let R be a discrete valuation ring with fraction field K and residue field
F perfect of characteristic p > 0. Let XK be smooth proper geometrically
connected curve over K and suppose that X is a nodal model of XK over R.
More precisely, X is a proper flat R-scheme whose generic fiber is XK , the
only singularities of the special fiber XF are ordinary double points and the
multiplicities of the irreducible components of XF are one. Following [JL],
such a curve XK is called admissible. Let G be the dual graph associated to
XF: the set of vertices V is the set of irreducible components of XF̄ := XF⊗FF̄,
the set of edges E(G) is the set of singular points of XF̄ and two edges e, e′

meet at the vertex v if and only if the corresponding components intersect
at v. Here F̄ denotes an algebraic closure of F. Denote by π an uniformizer
of R and let e ∈ E be a singular point; then locally for the étale topology e
is given by an equation as uv = πn(e) for some positive integer n(e). Define
a pairing

〈, 〉 : Z[E ]× Z[E ] → Z
extending by Z-linearity the following rule: for any pair (e, e′) ∈ E2, set

〈e, e′〉 := n(e)δe,e′ ,

where δe,e′ is the Kronecker symbol. This pairing induces an embedding
j0 : Z[E ] → Z[E ]∨, where the superscript ∨ denotes the Z-dual. Let JK be
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the jacobian variety of XK and let J be the Néron model of JK over R. Denote
by JF its special fiber and by J0

F the connected component of JF containing
the origin. Finally denote by Φ the group of connected components JF̄/J

0
F̄,

by T the maximal torus of JF̄ and by X = Hom(T,Gm) its character group.
Fix an orientation s, t of E , that is a pair of maps s, t : E → V such that for
any edge e, s(e) and t(e) are the vertices joined by e. The character group
fits into the following exact sequence:

0 → X→ Z[E ]
∂∗−→ Z0[V ] → 0, (1)

where ∂∗ is the map defined by ∂∗(e) := t(e) − s(e) for any edge e. The
previous exact sequence gives rise by restriction the so called monodromy
pairing

〈, 〉 : X× X→ Z.

Denote by j : X → X∨ the embedding induced by this pairing. By [Gt,
Theorems 11.5 and 12.5] there is an exact sequence:

0 → X j−→ X∨ → Φ → 0. (2)

There exists a natural non-trivial map

ω : Z0[V ] → Φ (3)

defined as follows. Taking Z-duals of the exact sequence:

0 → X i−→ Z[E ]
∂∗−→ Z[V ] → Z→ 0

yields:

0 → Z→ Z[V ]
∂∗−→ Z[E ]

i∨−→ X∨ → 0,

where the group rings are identified with their Z-duals and ∂∗ is defined by
∂∗(v) :=

∑
t(e)=v e is v is odd and ∂∗(v) := −∑

t(e)=v e is v is even. Define j0

to be the map induced on Z[E ] by the pairing 〈, 〉; then there is a commutative
diagram:

Z0[V ]
↑ ∂∗
Z[E ]

j0−→ Z[E ]∨

↑ i ↓ i∨

0 −→ X j−→ X∨ τl−→ Φ −→ 0.

Choose an element x ∈ Z0[V ] and choose y such that ∂∗(y) = x; then define

ω(x) := (τl ◦ i∨ ◦ j0)(x).
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It is immediate that ω is well-defined and non-trivial. For more details on
this map, see [BD2, Corollary 5.12] or [BD1, Section 1 of Appendix].

Let Div(X) be the group of divisors of XK = X(K) with Z coefficients
and Div0(X) be the subgroup of Div(X) consisting of divisors which have
degree zero on each connected component of X. Denote by r : X(K) → E∪V
the reduction map defined by sending a point P to the connected component
containing its image in XF if P does not reduces to a singular point and to
the image of P in XF otherwise. Fix a divisor D =

∑
nP P ∈ Div0(X) such

that r(D) ∈ Z0[V ]. Denote by ∂` the specialization map ∂` : J(K) → Φ. The
basic relation between ω`, ∂` and r is the following equality in Φ:

∂`([D]) = ω`(r`(D)), (4)

where [D] denotes the image of D in J(K). This result follows from Edix-
hoven’s description [BD1, Section 2 of Appendix] of the map ∂`.

2.3 The Čerednik-Drinfeld Theorem

Let l | c− be a prime ideal and denote by XU ,l the fiber of XU over Spec(OF,l).

Define the formal group X̂U ,l over OF,l to be the completion of XU ,l along its
special fiber. Let B/F be the quaternion algebra ramified at all archimedean
places and whose discriminant is c−/l. The quaternion algebra B is said
to be obtained from B by interchanging the invariants l and µ. If E is a
OF -algebra, the notation Ê(q) means that the q-component in Ê has been
removed. Fix an isomorphism

ϕ : B̂
∼−→ B̂(l)M2(Fl)

and choose Eichler orders R and Rl of B of level c+ and c+l such that R ⊇ Rl

and, under the above isomorphism, R̂(l) corresponds to R̂(l) = R̂
(l)
l . Finally,

set:

U := F̂× · ϕ(U (l)) · (R× ⊗OF
OF,l) and Ul := F̂× · ϕ(U (l)) · (R×

l ⊗OF
OF,l).

Denote by Cl the completion of an algebraic closure of Fl and let Ĥl be the
Deligne’s formal scheme over Spec(OF,l) obtained by blowing-up the projec-
tive line over Spec(OF,l) along its rational points in the special fiber over the

residue field Fl of OF,l. The generic fiber of Ĥl is a rigid analytic space whose
Cl-points are Hl := P1(Cl) − P1(Fl). For more details, see [BC, Chapitre
I]. Finally, let Frobl be the Frobenius automorphism of Gal(Ounr

F,l /OF,l). The

Čerednik-Drinfeld Theorem states that there exists an isomorphism of formal
schemes over Spec(OF,l):

X̂l ' U (l)\(Ĥl⊗̂OF,l
Ounr

F,l × B̂(l)×)/B×,
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where b ∈ B× acts on Ounr
F,l by Frob

−vall(b)
l . This result can be obtained by

combining Čerednik’s description [Ce] of Xl as moduli space for certain formal
groups with the Drinfeld’s description [Dr] of Hl: see [Z1] for more details.

Fix representatives g1, . . . , gh of U (l)\B̂(l)×/B× and define the following
subgroups for each j = 1, . . . , h:

Γ̃j,0,l := g−1
j (U (l)GL2(Fl))gj ∩B×; Γj,0,l := Γ̃j,0,l/

(
Γ̃j,0,l ∩ F×

)
;

Γ̃j,+,l := (Γ̃j,0,l)e; Γj,+,l := (Γj,0,l)e,

where the subscript e means elements whose norm has even l-adic valuation.
Denote by OF,l2 is the ring of integers of the quadratic unramified extension
Fl2 of Fl. Define XU ,l2 := XU ,l ⊗OF,l

OF,l2 , where XU ,` is the fiber of XU at

l. The Čerednik-Drinfeld Theorem can be combined with [JL, Section 4]
to deduce that there exists an isomorphism of rigid analytic schemes over
Spec(OF,l2):

XU ,l2(Cl) '
h∐

j=1

Hl/Γj,+,l,

where the arithmetic subgroups Γj,+,l ⊆ PGL2(Fl) (for j = 1, . . . , h) act on
Hl by fractional linear transformations. For details, see [L2, Section 4.2].
From this description it follows that XU ,l2 is a disjoint union of admissible
curves. Set Xj := Hl/Γj,+,l and denote by Gj, (respectively, Xj and Φj)
the arithmetic graph (respectively, the character group and the group of
connected components) associated to Xj as above. Moreover, let Vj and Ej

be respectively the set of vertices and edges of Gj.
By the results in [L2, Section 4.3] it is known that Gj ' Tl/Γj,+,l, where

Tl is the Bruhat-Tits tree of PGL2(Fl). Choose the following orientation in
Tl: define v0 to be the vertex corresponding to the maximal order M2(OF,l)
and say that a vertex v is even (respectively, odd) if its distance from v0 is
even (respectively, odd). Since the determinant of the elements of Γj,+,l have
even l-adic valuation, the choice of this orientation in Tl induces in a natural
way an orientation in Gj again denoted by s, t. The exact sequences (1) and
(2) can then be rewritten respectively as

0 → Xj → Z[Ej]
∂j,∗−→ Z0[Vj] → 0 (5)

and
0 → Xj → X∨j → Φj → 0. (6)

Define the the arithmetic graph Gl :=
∐h

j=1 Gj, the group of connected

components Φl :=
∏h

j=1 Φj and the character group Xl :=
∏h

j=1Xj associated
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to XU ,l2 . Make analogous definitions for Vl :=
∐h

j=1 Vj and El :=
∐h

j=1 Ej.
Then there are exact sequences:

0 → Xl
i−→ Z[El]

∂∗−→
h∏

j=1

Z0[Vj] → 0 (7)

and
0 → Xl

j−→ X∨l
τl−→ Φl → 0, (8)

where the maps are obtained by taking the product for j = 1, . . . , h of the
corresponding maps in the exact sequences (5) and (6), so that, for example,
∂l =

∏h
j=1 ∂j,∗. Taking the product of the maps ωj associated to each Xj as

in Equation (5) yields a natural non-trivial map

ωl :
h∏

j=1

Z0[Vj] → Φl. (9)

2.4 Hecke modules

All the objects defined above are variously endowed with a Hecke module
structure.

Fix an ideal c ⊆ OF . Denote by Tq (respectively, Uq) the Hecke operator
corresponding to the prime q - c (respectively, q | c). Denote also by Sq the
spherical operator at the prime ideal q. Let Tc denote the Hecke algebra
generated over Z by the Hecke operators Tq and Sq for q - c and Uq for q | c.
The Hecke algebra Tc acts on the space of Hilbert modular forms S2(c) for
the Γ0(c)-level structure of parallel weight 2 and trivial central character.
Let c1 and c2 be two pairwise coprime ideals such that c = c1c2. Let Tc1,c2

be the quotient of Tc acting faithfully on the C-subspace Snew
2 (c1, c2) of S2(c)

consisting of forms which are new at primes dividing c2. Finally, for a square-
free ideal s, denote by T(s)

c1,c2 the subalgebra of Tc1,c2 generated by the Hecke

operators Tq, Uq and Sq for q - s. Write simply T(s)
c for T(s)

c,1.
Let c+ and c− be as above and define c := c+c−. The Jacobian variety

Jc+,c− of the Shimura curve Xc+,c− has a structure of Tc+,c−-module. The
action of Hecke operators is defined as usual via double coset decomposition.
Moreover, let s ⊆ OF be a square-free ideal prime to c; if the local component
Uq of U at q is isomorphic to the local component at q of F̂×R̂(c+)× for all
prime ideals q - s, then the Jacobian variety JU of the Shimura curve XU has

a natural structure of T(s)

c+,c−-module.
The strong approximation theorem [Vi, page 60] yields the following iden-

tifications:

Vl ' (U\B̂×/B×)× {0, 1} and El ' Ul\B̂×/B×.

13



If the local components of U are equal to those of F̂×R̂c+ for primes q not
dividing the ideal s prime to c, then there is a natural action of T(s)

c+,c−/l

(respectively, T(s)

c+l,c−/l) on Z[U\B̂×/B×] (respectively, Z[Ul\B̂×/B×]) defined

by double coset decompositions. See [L2, Section 3.2] for precise definitions.

Once chosen a set of representatives of the double coset space U\B̂×/B× or

Ul\B̂×/B×, this action is described by the generalized Brandt matrices. See
[L2, Section 3.2] for details. It follows that Z[Vl] (respectively, Z[El]) has a

structure of T(s)

c+,c−/l-module (respectively, T(s)

c+l,c−/l-module).

2.5 Eisenstein modules

Let φ ∈ S2(c) be a normalized Hilbert modular eigenform over F of parallel
weight 2, trivial central character and Γ0(c)-level structure. Let Kφ be the
finite extension of Q generated by the eigenvalues of the action of the Hecke
algebra Tc on φ and let Oφ be its ring of integers. Denote by

θφ : Tc → Oφ

the morphism associated to φ such that T(φ) = θφ(T)φ for all T ∈ Tc. For
any prime ideal ℘, let Oφ,℘ be the completion of Oφ at ℘ and denote by

ρφ,℘ : Gal(F/F ) → GL2(Kφ,℘)

the Galois representation attached to φ. Choose a Galois-stable lattice

Tφ ' Oφ,℘ ×Oφ,℘ ⊆ Kφ,℘ ×Kφ,℘

and denote by
ρ̃φ,℘ : Gal(F/F ) → GL2(Oφ,℘)

the representation on Tφ. Then ρφ,℘ is equivalent to ρ̃φ,℘. Reduction modulo
℘ defines a morphism

θ̄φ : Tc → Fφ,℘ := Oφ/℘

and a residual representation

ρ̄φ,℘ : Gal(F/F ) → GL2(Fφ,℘)

which depends on the choice of Tφ. Denote by mφ,℘ the kernel of θ̄φ and for

any square-free ideal s ⊆ OF , let m
(s)
φ,℘ = mφ,℘ ∩ T(s)

c .

Definition 2.1. A T(s)
c -module E is said to be Eisenstein if its completion

E
m

(s)
φ,℘

is zero for any maximal ideal m
(s)
φ,p such that the residual representation

ρ̄φ,℘ is irreducible.
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There is a characterization of Eisenstein modules introduced by [DT] for

F = Q and generalized by [J3]. An ideal I of T(s)
c is said to be Eisenstein

if there exists some integral ideal f of OF so that for all but finitely many
prime ideals q of OF which are trivial in the narrow ray class group Cl(f)+

of f the following relations hold:

Tq ≡ 2 (mod I) and Sq ≡ 1 (mod I).

A T(s)
c -module E is Eisenstein if and only if all maximal ideals in its support

are Eisenstein. For more details and the proof of the last assertion, see [J3,
Section 3] and [DT, Proposition 2]. These results are in fact generalizations
of [Ri, Theorem 5.2, part c].

Let now JU be a T(s)

c+,c−-module for some ideal s prime to c = c+c−.
Define the Hodge class of XU to be the unique element ξ ∈ Pic(XU) such that
ξ has degree one on each connected component of XU and for any prime ideal
q ⊆ OF so that q - cs, the action of Tq ∈ T(s)

c+,c− on ξ is given by multiplication
by |q| + 1. For existence and uniqueness of this class, see [Z1, Section 4.1].
Denote by PicEis(XU) the subgroup of Pic(XU) consisting of those elements
whose restriction to any connected component of XU is a multiple of ξ. By
[Z2, Section 6.1]

Pic(XU) = PicEis(XU)⊕ Pic0(XU).

By [Ri, Theorem 5.2, part c] and its generalization [J3, Section 3], PicEis(XU)

is Eisenstein. It follows that if I ⊆ T(s)

c+,c− is an Eisenstein ideal, than the

canonical inclusion Pic0(XU) ⊆ Pic(XU) yields an isomorphism:

Pic0(XU)/I ' Pic(XU)/I. (10)

2.6 Eisenstein pairs

Let S ⊆ B̂× be U or Ul defined above. Choose a basis g1, . . . , gh of S\B̂×/B×

(which is finite set by a compactness argument: see [Vi, V.2]) and define

W (S) := {#(Γgi
∩ Γgj

)/O×
F : i, j ∈ {1, . . . , h}},

where Γg = g−1Sg ∩B.

Definition 2.2. The pair (F, S) is said to be Eisenstein if at least one of the
following conditions is verified:

(i) The class number of F is one and for any n ∈ W (S) defined as above,
the norm map from the ideals of F (ζn) to the ideals of F is injective,
where ζn is a primitive n-root of unity.
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(ii) W (S) = {1}.
Denote by δj,∗ the restriction of ∂j,∗ to Z0[Ej] and define δ∗ :=

∏h
j=1 δj,∗.

Let U and Ul be defined as above from a open subgroup U ⊆ B̂× which is
compact modulo F̂×. Assume as above that JU is a T(s)

c+,c−-module for some

ideal s prime to c, where c := c+c−. Note that Im(δ∗) is a priori a T(s)

c+,c−/l-

module because it is a submodule of Z0[U\B̂×/B×]. On the other hand, the

source of ωl is a T(s)

c+l,c−/l-module because it is contained in Z0[Ul\B̂×/B×].

From this it follows that Im(δ∗) is also a T(s)

c+l,c−/l-module and the relation

between the operators Tl ∈ T(s)

c+,c−/l and Ul ∈ T(s)

c+l,c−/l can be explicitly com-

puted: see [L2, Equation (9)]. In the following proposition, Im(δ∗) is endowed

with this structure of T(s)
c -module.

Proposition 2.3. Let ωl be the map defined in (9).

1. The restriction of ωl to Im(δ∗) induces a T(s)
c -equivariant map

ωl : Im(δ∗)/(U2
l − 1) → Φl.

2. If (F, U) (respectively, (F,Ul)) is Eisenstein, then the kernel (respec-
tively, the cokernel) of ωl is Eisenstein.

3. If d = [F : Q] is odd or d is even and c−/l 6= OF , then the kernel and
the cokernel of ωl are Eisenstein.

Proof. The first part follows from a calculation as in [BD2, Proposition 5.13].
The second part needs generalizations of [Ri, Proposition 3.12] and [Ri, The-
orem 5.2, part c] which can be performed when U or Ul are Eisenstein. The
third part follows form [Ra, Corollary 4]. For details, see [L2, Proposition
4.4].

3 Construction of the Euler system

3.1 Congruences between Hilbert modular forms

Let φ be a parallel weight 2 Hilbert modular newform with trivial central
character and Γ0(n)-level structure which is an eigenform for the Hecke alge-
bra Tn. Fix a prime ℘ of the ring of integers Oφ of the field Kφ generated by
the eigenvalues of the action of Tn on φ. Let F℘ := Oφ,℘/℘ be of characteristic
p ≥ 5. Denote by

f : Tn → Oφ/℘
n
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the reduction modulo ℘n of the morphism θφ : Tn → Oφ associated to φ. Let
If be the kernel of f and mf be the maximal ideal which contains If .

Let K/F be a quadratic totally imaginary extension. Assume from now
to the end of Section 3 that

K satisfies Assumption 1.1.

For any ideal r ⊆ OF , denote by |r| its norm.

Definition 3.1. Define a prime ideal ` of OF to be ℘n-admissible prime if:

1. ` does non divide np;

2. ` is inert in K/F ;

3. ℘ does non divide |`|2 − 1;

4. ℘n divides |`|+ 1− εf(T`), where ε = ±1.

Fix an integer n ≥ 1 and let ` be a ℘n-admissible prime. Set T := Tn+,n−

and T` := Tn+,n−`. Recall the factorization n = n+n− associated to K as in
the Introduction: n+ (respectively, n−) is divisible only by prime ideals which
are split (respectively, inert) in K. By Assumption 1.1, n− is square free and
the number of prime ideals dividing it has the same parity as the degree d of
F over Q. It follows that n−` is again square free and the number of primes
dividing it and d have opposite parity. Hence, it is possible to define the
Shimura curve

X(`) := Xn+,n−`

as in Section 2.1. Let Φ` and Im(δ∗) be the objects defined as in Section 2
relatively to X(`).

By the Jacquet-Langlands correspondence [JL], φ can be associated to a
modular form of level n+ on the quaternion algebra B defined in Section 2;
in other words, there is a function

F̂×R̂×
n+\B̂×/B× → Oφ

which does not factor through the adelization of the norm map and has the
same eigenvalues of φ under the action of the Hecke algebra T defined via
double coset decomposition.

Definition 3.2. φ is said to be ℘-isolated if the completion of the group ring
of R̂×

n+\B̂×/B× at mf is free of rank one over Oφ.

17



The condition in the above definition simply asserts that there are no
non-trivial congruences between φ and other forms of level n which are new
at n−. If φ is ℘-isolated, it follows as in [BD2, Theorem 5.15] from Definition
3.1 (℘n-admissible primes) that

Im(δ∗)/〈If , U
2
` − 1〉 ' Oφ/℘

n. (11)

Let T (respectively, T′) denote Hecke operators in T (respectively, in T`).

Theorem 3.3. Assume that φ is ℘-isolated and the residual representation
ρ̄φ,℘ associated to φ and a choice of Galois stable lattice Tφ as in Section 2.5
is irreducible. Then there exists a morphism

f` : T` → Oφ/℘
n

such that:

1. Primes q - n`: f`(T
′
q) = f(Tq);

2. Primes q | n: f`(U
′
q) = f(Uq);

3. f`(U
′
`) = ε.

Proof. If n = OF and d is even, this result is contained in [Ta, Theorem
1]. In the other cases, including the cases when both (F, U) and (F,U`) are
Eisenstein, the proof is a variation of [Ri, Section 7] based on Proposition
2.3, Equation (11) and the discussion of the Hecke operators in Section 2.6.
More precisely, recall that Im(δ∗)/〈If , U

2
` − 1〉 is a Tn+`,n−-module by the

discussion in Section 2.6. So, the action of the Hecke algebra on it is via a
surjective homomorphism

f ′` : Tn+`,n− → Oφ/℘
n

by Equation (11). Denote by If ′` the kernel of f ′`. Since kernel and cokernel
of ω` are Eisenstein by Proposition 2.3, there is an isomorphism

Oφ/℘
n ' Im(δ∗)/〈If , U

2
` − 1〉 ' Φ`/If ′` . (12)

On the other hand, the action of Tn` on Φ`/If ′` is via its `-new part by the
discussion in Section 2.5; it follows that f ′` factors through T` giving the
character

f` : T` → Oφ/℘
n.

For more details (when n = 1 but the general case is completely analogous)
see [Ra, Theorem 3 and Corollary 4].
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Assume from now on that the assumptions in Theorem 3.3 hold. Let
R := Rn+ and R` := Rn+` be Eichler orders in B of level, respectively,
n+ and n+`. Let If`

be the kernel of the map f` defined in Theorem 3.3.
Equation (12) and the final step in the proof of Theorem 3.3 imply that in
many cases

Φ`/If`
' Im(δ∗)/〈If , U

2
` − 1〉 ' Oφ/℘

n

where the first isomorphism is induced by the map ω`. The next proposition
provides in the remaining cases aOφ/℘

n-module free of rank one inside Φ`/If`

which is isomorphic via ω` to Im(δ∗)/〈If , U
2
` − 1〉.

Proposition 3.4. If n− = OF and [F : Q] is even, then there is a com-
ponent C` ' Oφ/℘

n ↪→ Φ`/If`
and an isomorphism induced by ω` between

Im(δ∗)/〈If , U
2
` − 1〉 and C`.

Proof. For any prime ideal q0 - n` denote by U(q0) the subgroup of B̂×:

U(q0) := U (q0)Γ1(q0),

where Γ1(q0) is the subgroup of the matrixes A ∈ GL2(OF,q0) so that

A ≡
(

1 0
0 1

)
(mod q0).

Denote by X(q0) → Spec(F ) the Shimura curve of level U(q0) and let
X (q0) → Spec(OF ) be its integral model. Choose q0 so that:

(i) There are no congruences between forms of level n and forms of level
U(q0) which are new at q0.

(ii) The integral model X (q0) is regular.

This is possible by [J2, Section 12]. See also [J1, Section 6]. Note that φ,
viewed as a modular form of level U(q0), is a modulo ℘n eigenform for T(q0)

with eigenvalues in Oφ/℘
n; denote by

f (q0) : T(q0) → Oφ/℘
n

the associated morphism and by I(q0)
f its kernel. Let G`(q0) =

∐h
j=1 Gj(q0)

be the dual graph of the special fiber at ` of X (q0). Denote by

V(G`(q0)) =
h∐

j=1

Vj(q0) and E(G`(q0)) =
h∐

j=1

Ej(q0),
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respectively, the vertexes and the edges of G`(q0). Define as above a map
δ∗(q0):

h∏
j=1

Z0[E(Gj(q0)]
δ∗(q0)−→

h∏
j=1

Z0[V(Gj(q0))]

and denote by
ω`(q0) : Im(δ∗(q0)) → Φ`(q0)

the resulting map, where Φ`(q0) is the group of connected components of the
Jacobian of X (q0) at `. Since X (q0) is regular, the weights of the singular
points are all equal to one, so kernel and cokernel of ω` are Eisenstein and,
as in the proof of Theorem 3.3, there is an isomorphism:

Im(δ∗(q0))/〈I(q0)
f , U2

` − 1〉→Φ`(q0)/I(q0)
f`

. (13)

There are maps:

Im(δ∗)× Im(δ∗) → Im(δ∗(q0)) and Φ` × Φ` → Φ`(q0);

denote by Im(δ∗(q0))
old and Φ`(q0)

old the respective images. Since there are
no congruences between forms of level n and forms of level U(q0) which are
new at q0, there are isomorphisms:

Im(δ∗(q0))
old/〈I(q0)

f , U2
` − 1〉 ' Im(δ∗(q0))/〈I(q0)

f , U2
` − 1〉

and
Φ`(q0)

old/I(q0)
f`

' Φ`(q0)/I(q0)
f`

.

It follows that the map (13) yields an isomorphism:

Im(δ∗(q0)
old)/〈I(q0)

f , U2
` − 1〉 ω`(q0)−→ Φ`(q0)

old/I(q0)
f`

.

The following diagram, whose vertical arrows are surjections:

Im(δ∗)/〈I(q0)
f , U2

` − 1〉 × Im(δ∗)/〈I(q0)
f , U2

` − 1〉 ω2
`−→ Φ`/I(q0)

f`
× Φ`/I(q0)

f`

↓ π1 ↓ π2

Im(δ∗(q0)
old)/〈I(q0)

f , U2
` − 1〉 ω`(q0)−→ Φ`(q0)

old/I(q0)
f`

.

implies the result. Indeed, choose a generator P of Φ`(q0)
old/I(q0)

f`
' Oφ/℘

n.
Then there is

(Q1, Q2) ∈ Im(δ∗)/〈I(q0)
f , U2

` − 1〉 × Im(δ∗)/〈I(q0)
f , U2

` − 1〉
such that [ω`(q0) ◦ π1](Q1, Q2) = P . Then also [π2 ◦ ω2

` ](Q1, Q2) = P ; since
P is a generator of Oφ/℘

n, it follows that the Oφ/℘
n-submodule generated

by one of the Qj’s, say Q1, is isomorphic to Oφ/℘
n. The desired component

can be defined to be C` := 〈ω`(Q1)〉.
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3.2 Galois representations

Let J (`) be the jacobian of X(`) and X` the character group associated to X(`)

as in Section 2.1. Denote by Tap(J
(`)) the p-adic Tate module of J .

Since X(`) is a disjoint union of admissible curves, it is possible to use the
Mumford-Kurihara theory of `-adic uniformization (see [GP]) and produce
an exact sequence:

0 → X`
j−→ X∨` ⊗F`2

F `2 → J (`)(K`) → 0, (14)

where j is the injection X` ↪→ X∨` induced by the monodromy pairing, F`2 is
the unramified quadratic extension of F` and F `2 is its algebraic closure. By
the same argument as [BD2, Section 5.6], taking cohomology and tensoring
by T`/If`

yields an exact sequence:

Φ`/If`
→ H1(F`2 , Tap(J

(`))/If`
) → H1

unr(F`2 ,X`/If`
). (15)

Fix a choice of Galois-stable lattice Tφ ' O2
φ,℘ relative to the ℘-adic

representation ρφ,℘ : Gal(F/F ) → GL2(Oφ,℘). For any integer n ≥ 1, denote
by Tφ,n ' Oφ,℘/℘n the module obtained by reducing Tφ modulo ℘n. Let
mf`

be the maximal ideal containing If`
and K/F a quadratic imaginary

extension as in Section 3.1. Define the singular (or ramified) part of the
cohomology group H1(K,Tφ,n) at ` to be:

H1
sing(K`, Tφ,n) := H1(Kunr

` , Tφ,n)Gal(Kunr
` /K`),

where for a field k and a Gal(k̄/k)-module M , the group H1(k, M) is the
usual continuous cohomology of Gal(k̄/k) with values in M . Using that Tφ,n

is unramified at ` and the fact that the eigenvalues of the absolute Frobenius
FrobF (`) of F at ` acting on Tφ,n are ±|`| and ±1 because ` is ℘n-admissible,
it is possible to show as in [BD2, Lemma 2.6] that

H1
sing(K`, Tφ,n) ' Oφ/℘

n.

Proposition 3.5. Assume that φ is ℘-isolated and that ρφ,℘ is residually irre-
ducible. There exists an integer k ≥ 1 such that Tap(J

(`))/mf`
' T k

φ,1 as Ga-

lois modules. Moreover, there is a direct summand D` ' Tφ,n ⊆ Tap(J
(`))/If`

such that the natural image of C` in H1(K`,D`) via the map (15) is not triv-

ial and isomorphic to H1
sing(K`, Tφ,n). Finally, if both the pairs (F, R̂×) and

(F, R̂×
` ) are geometric, then k = 1, so that Tap(J

(`))/If`
' Tφ,n.

Proof. Since ρφ,℘ is residually irreducible, the description of the structure of
Tap(J

(`))/mf`
follows from [BLR] combined with the Eichler-Shimura rela-

tion, the Cebotarev density Theorem and the Brauer-Nesbitt Theorem. For
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the structure of Tap(J
(`))/If`

, first note that there is a natural Gal(F/F )-
equivariant projection map:

π : Tap(J
(`))/If`

→ Tap(J
(`))/mf`

' T k
φ,1.

Since the Gal(F/F )-module Tφ,1 is irreducible, for each j = 1, . . . , k it is
possible to choose elements t̄j ∈ Tφ,1 and gj ∈ Gal(F/F ) so that {t̄j, gj(t̄j)}
form a F℘-basis for Tφ,1. For any j, choose tj ∈ Tap(J

(`))/If`
so that

π(tj) = t̄j. By Nakayama’s lemma, Tap(J
(`))/If`

is generated over Oφ/℘
n

by {tj, gj(tj), j = 1 . . . , k}. Define Aj to be the Oφ/℘
n[Gal(F/F )]-module

generated by tj for j = 1, . . . , k. Note that π induces for any j = 1, . . . , k a
natural projection map:

πj : Aj → Tφ,1.

Again by Nakayama’s lemma, Aj is generated by tj and g(tj). Since ρφ,℘ is
irreducible, the Oφ,℘/℘n-submodules generated by tj and g(tj) have trivial
intersection for any j = 1, . . . , k. This implies that Aj ' (Oφ/℘

nj)2 for
some nj ≤ n, so Aj ' Tφ,nj

. Finally, since two distinct copies of Tφ,1 in

Tap(J
(`))/mf`

have trivial intersection, it follows that Ai ∩ Aj = 0 for i 6= j,
so

Ta(J (`))/If`
' ⊕k

j=1Tφ,nj
.

By the same argument as in [BD2, Lemma 5.16], the generator of C` can be
lifted to a non-zero element t ∈ Tap(J

(`))/If`
, so that at least one of the nj

is n. Choose one of them, say j̄ and define D` ' Tφ,n to be the component
on the above decomposition corresponding to j̄. Since C` corresponds to
〈t〉 ' Oφ/℘

n, the exact sequence (15) shows that the natural projection of
C` in H1(K`,D`) corresponds to the ramified cohomology H1

sing(K`, Tφ,n).
The last part of the proposition is a direct generalization of [BD2, Theo-

rem 5.17], since in this case Φ`/If`
is isomorphic to Oφ/℘

n and k = 1.

3.3 The Gross-Zhang formula

Keep the same notations as above. Let φ be an eigenform of level n. Recall
from Section 3.1 the factorization n = n+n− associated with the totally
imaginary extension K/F . Form the L-series LK(φ, s) attached to φ and
K. If ε is the unique non-trivial quadratic character associated with the
extension K/F , then LK(φ, s) is defined to be the base change

LK(φ, s) = L(φ, s)L(φ, ε, s),

where L(φ, s) is the usual L-series attached to φ and L(φ, ε, s) is its twist.
By [S1], LK(φ, s) can be continued to an entire function and has a functional
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equation. More precisely, define

ΛK(φ, s) = (D2
F/Q|DK/F · n|)s−1

(
Γ(s)

(2π)s−1

)2d

LK(φ, s),

where DF/Q (respectively, DK/F ) is the discriminant of F overQ (respectively,
of K over F ), Γ(s) is the usual complex Γ-function and | · | is the norm map
on ideals. The the functional equation is the following:

ΛK(φ, s) = (−1)dε(n)ΛK(φ, 2− s).

For more details, see [Z1, Sections 3 and 6]. The sign

εn,K(φ) := (−1)dε(n) = ±1

of the functional equation is related to the order of vanishing of LK(φ, s) at
its central point s = 1; more precisely, this order is even if εn,K(φ) = 1 and is
odd otherwise. Since the number of primes dividing n− and d have the same
parity by Assumption 1.1, then

εn,K(φ) = 1. (16)

Let B be the quaternion algebra over F which is ramified at all the
archimedean places of F and at all the primes dividing n−. Fix an Eichler
order R of level n+ in B. By the Jacquet-Langlands correspondence, there
exists (unique up to multiples) a modular form

f : F̂×R̂×\B̂×/B× → Oφ

with the same eigenvalues as φ. Since all primes dividing n− are inert in K,
it follows by [Vi, III.3.8], that there exists a monomorphism Ψ : K → B.
Assume that Ψ is an optimal embedding of the integers OK of K into the
Eichler order R, that is, Ψ(OK) = Ψ(K) ∩R. Adelization Ψ̂ : K̂ → B̂ yields
a map, denoted by the same symbol,

Ψ̂ : F̂×Ô×
K\K̂×/K× → F̂×R̂×\B̂×/B×.

Definition 3.6. The algebraic part LK(φ) of LK(φ, s) is:

LK(φ) :=
∑

a

(f ◦ Ψ̂)(a),

where the sum is extended over a set of representatives a ∈ Pic(OK).
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Theorem 3.7. LK(φ, 1) 6= 0 if and only if LK(φ) 6= 0.

Proof. For a reference of this result in this form, see [Va, Theorem 6.4]. For
a more precise statement, see [Z2, Theorem 1.3.2], which is a generalization
of [Gr, Proposition 7.7].

Remark 3.8. By Equation (16), the sign of the functional equation of
LK(f, 1) is +1, so this condition is compatible with the non vanishing of
LK(φ, 1). Moreover, if L(φ, 1) 6= 0, then by [Wa] it is possible to find K
satisfying Assumption 1.1 and such that LK(φ, 1) 6= 0.

3.4 Heegner points on Shimura curves

Recall the complex analytic description from Section 2.1 of the Shimura curve
X(`) considered in Section 3.1:

X(`)(C) = F̂×R̂×\B̂× ×H±/B×,

where B is a quaternion algebra over F of discriminant n−` which is split in
precisely one of the archimedean places of F , say µ, and R is an Eichler order
of level n+. The existence of a factorization such as n = n+n− implies that
the set of F -homomorphisms Hom(K,B) is not empty. Each point P = (g, ψ)
of the double coset space

X(K) := F̂×R̂×\B̂× × Hom(K,B)/B×

defines naturally a point P ∈ X(K1) by [S2, Chapter 9, Theorem 9.6], where
K1 is the Hilbert class field of K. Define an Heegner point by OK to be a
point (g, zψ) ∈ X(K1) defined by the previous construction from a pair

(g, ψ) ∈ F̂×R̂×\(B̂× × Hom(K,B))/B×,

where ψ is an optimal embedding of OK into Rg := g−1R̂g ∩ B.
Define the action of Pic(OK)/Pic(OF ) on X(K) as follows. For any ele-

ment a of
F̂×Ô×

K\K̂×/K× ' Pic(OK)/Pic(OF )

and any point (g, ψ) ∈ X(K), define:

a(g, ψ) := (gψ(a), ψ).

By [S2, Theorem 9.6], the action of Pic(OK)/Pic(OF ) on Heegner points is
free and corresponds via class field theory to the Galois action of Gal(K1/K).
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Let P be an Heegner point by OK and define the Heegner divisor

DK :=
∑

σ

P σ ∈ Div(X)(K1),

where the sum is extended over all σ ∈ Gal(K1/K). By the isomorphism
induced by the inclusion (10), it follows that DK defined a point

PK ∈ J (`)(K)/If`
.

3.5 The reciprocity law

To simplify notations, denote by C` (respectively, D`):

• the component group Φ`/If`
(respectively, the Galois module Tφ,n) if

[F : Q] is odd or [F : Q] is even and n− 6= OF ,

• the component in Proposition 3.4 (respectively, in Proposition 3.5) oth-
erwise.

Since the completion of K1 at a prime ideal above ` is isomorphic to K`

because ` is inert in K, it follows that DK can be viewed as an element in
Div(X (`)

` (K`)), where X (`)
` is the fiber at ` of X (`). By the same reason, PK

defines a point in J (`)(K`)/If`
.

Define X (`)

`2 := X (`)
` ⊗OF,`

OF,`2 . (Recall the definition given in Section 2.3).
Using the `-adic description of Heegner points obtained from the Cereknik-
Drinfeld Theorem, it is possible to show that an Heegner point P ∈ X(K1)

reduces to a non singular point of the special fiber XF`2
of X (`)

`2 . It follows
that DK defines a divisor vK ∈ Im(δ∗)/〈If , U

2
` − 1〉.

Denote by ∂` the reduction map J(K`) → Φ`. Combining Equation (4)
and the isomorphism coming from the inclusion (10) yields the following
relation in C`

∂`(PK) = ω`(vK). (17)

(Recall that the image of ω` is always contained in C`). The following propo-
sition is the reciprocity law connecting Heegner points and the special value
of L-series.

Proposition 3.9. The equality

∂`(PK) = LK(φ)

holds in C` ' Oφ/℘
n up to multiplication by invertible elements.

Proof. The `-adic description of Heegner points recalled in [L2, Section 5.2]
implies that the action of a ∈ Pic(Oc)/Pic(OF ) on Heegner points corre-
sponds to right multiplication by a. The result follows by comparing the
right hand side of Equation (17) with the definition of LK(φ).
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3.6 The Euler system

From now on assume that ρφ,℘ is residually irreducible and that φ is ℘-
isolated. Assume moreover that p is prime to n and the absolute discriminant
of K. Taking tensor product by Oφ and quotients by If`

, the Kummer map
δ : J (`)(K)/pnJ (`)(K) → H1(K, J (`)[pn]) yields a map:

d : J (`)(K)/If`
→ H1(K, Tap(J

(`)))/If`
) '

k∏
j=1

H1(K,Tφ,nj
).

Let

π` :
k∏

j=1

H1(K, Tφ,nj
) → H1(K`,D`) ' H1(K`, Tφ,n)

be the projection map to D`. Define κ` := π`(d(PK)).
To describe the behavior of κ` and show that it has the property of Euler

systems described in Section 1, it is necessary to study the local structures
associated to Tφ,n. Denote as above by Tφ ' O2

φ,℘ the Gal(F/F )-stable lattice
associated to the representation ρφ,℘ and define Vφ := Tφ⊗Kφ ' K2

φ,℘. Define
as above

Tφ,n := Tφ/℘
nTφ ' (Oφ/℘

n)2

so that the multiplication by ℘: Tφ,n → Tφ,n−1 yields a projective system and
Tφ = lim←n Tφ,n. Define:

Aφ := Vφ/Tφ ' (Kφ,℘/Oφ,℘)2

and denote by Aφ,n ' (Oφ/℘
n)2 its ℘n-torsion. The natural inclusion

Aφ,n ↪→ Aφ,n+1

yields an inductive system and Aφ = lim→n Aφ,n. Note that the Galois mod-
ules Tφ,n and Aφ,n are isomorphic and they correspond to the Galois module
associated to the reduction modulo ℘n of the representation ρφ,℘.

For a Gal(F/F )-module M and a prime ideal q of OF , let H1(Kq,M)
denote the direct sum ⊕q′|qH1(Kq′ ,M) of the local cohomology groups al all
prime ideals q′ of K dividing q.

Define the following finite/singular structures, where M = Aφ,n or Tφ,n:
Let q ⊆ OF be a prime ideal such that q - np. The singular part of H1(Kq,M)
is

H1
sing(Kq,M) := ⊕q′|qH

1(Iq′ , M)
Gal(Kunr

q′ /Kq′ ),

where the sum is extended over the primes q′ ⊆ OK dividing q, Gq′ ⊆
Gal(K/K) is the choice of a decomposition subgroup at q′ and Iq′ ⊆ Gq′
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denotes the inertia subgroup. The finite part is defined by the exactness of
the following sequence:

0 → H1
fin(Kq,M) → H1(Kq,M)

∂q−→ H1
sing(Kq,M).

The groups H1
fin(Kq, Aφ,n) and H1

sing(Kq, Tφ,n) are annihilators of each other
under the local Tate pairing 〈, 〉q. See [Mi, Chapter I] for the definition of
the local Tate pairing and its properties.

Let p | p be a prime ideal of OK and suppose that φ is ordinary at p. Then
there is an exact sequence of Ip-modules (where Ip is the inertia subgroup of
Gq):

0 → A
(p)
φ → Aφ → A

(1)
φ → 0

such that Ip acts on the free of rank one Oφ,℘-module A
(p)
φ by the cyclotomic

character ε and it acts trivially on the quotient A
(1)
φ , which is also free of

rank one over Oφ,℘. Let

λp : ⊕p′|pH
1(Kp′ , A

(p)
φ ) → ⊕p′|pH

1(Kp′ , Aφ)

be the map of cohomology groups induced by the inclusion A
(p)
φ ⊆ Aφ, where

the sum is over all prime ideals p′ of K dividing p. Define the ordinary
part H1

ord(Kp, Aφ) of H1(Kp, Aφ) to be the maximal divisible subgroup of
Image(λp). Define

H(p, n) := H1
ord(Kp, Aφ) ∩H1(Kp, Aφ,n).

For any subgroup H ⊆ H1(Kp, Aφ,n), use the isomorphism Aφ,n ' Tφ,n

to define a subgroup H∗ ⊆ H1(Kp, Tφ,n) such that H ' H∗. Then de-
fine H1

ord(Kp, Aφ,n) to be the maximal subgroup of H1(Kp, Aφ,n) containing
H(p, n) and such that H1

ord(Kp, Aφ,n) and H1
ord(Kp, Aφ,n)∗ are the exact an-

nihilators of each other under the local Tate pairing at p.
For any prime ideal q ⊆ OF , let resq : H1(K,Mφ,n) → H1(Kq,Mφ,n) be

the restriction map. For primes q - np, denote ∂q(resq(κ)) simply by ∂q(κ),
where κ ∈ H1(K, Mφ,n).

Theorem 3.10. Suppose that φ is ℘-isolated, ρφ,℘ is residually irreducible
and φ is ordinary at every prime ideal p dividing the residue characteristic p
of ℘. Then the class κ` ∈ H1(K, Tφ,n) satisfies the following properties.

1. For q - np`, ∂q(κ`) = 0.

2. For p | p, resp(κ`) ∈ H1
ord(Kp, Tφ,n).
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3. The equality ∂`(κ`) = Lφ(K) holds in Oφ/℘
n up to multiplication by

invertible elements.

Proof. For primes not dividing np`, this follows by [Mi, Chapter I, Section
3]. The second part follows form the description of the Kummer map given
by [CG, Proposition 4.5]. For the last part, first note that by Proposition
3.5, C` ' H1

sing(K`, Tφ,n) ' Oφ/℘
n. By Equation (17), the image of κ` is

then contained in the singular cohomology group. The result follows by
Proposition 3.9.

4 Arithmetic applications

4.1 Modular abelian varieties

Let A/F be an abelian variety of GL2-type, that is, [EndQ(A) : Q] = dim(A),
where EndQ(A) := End(A) ⊗Z Q. Set E := EndQ(A) and assume that
End(A) ' OE, where OE is the ring of integers of E. For any prime ideal
℘ ⊆ OE, denote by A[℘n] the ℘n-torsion in A and by T℘(A) its ℘-adic Tate
module. Denote by

ρA,℘ : GF → Aut(T℘(A)) ' GL2(OE,℘)

the associated representation. Finally, denote by n ⊆ OF the arithmetic
conductor of A/F .

Definition 4.1. An abelian variety A/F is said to be modular if there exists
a newform φ ∈ S2(n), which is an eigenform for the Hecke algebra Tn, such
that E = Kφ and ρA,℘ is equivalent to ρφ,℘, where ℘ is a prime ideal of Oφ.

Let K/F be a quadratic totally imaginary extension and assume A/F be
modular. Fix a prime ideal ℘ of Oφ of residue characteristic p. The Selmer
group Sel℘n(A/K) is defined by the exactness of the following sequence:

0 → Sel℘n(A/K) → H1(K, A[℘n]) → ⊕qH
1(Kq, A[℘n])/Im(δq),

where the direct sum is over the set of prime ideals q of OF and Im(δq) is
the image of the local Kummer map

δq : A(Kq)/℘
nA(Kq) ↪→ H1(Kq, A[℘n]).

Note that the image Im(δq) of the Kummer map can be described in terms
of the representation Aφ,n as follows:
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1. Primes q - np: Im(δq) = H1
fin(Kq, Aφ,n). This follows from [Mi, Chapter

I, Section 3].

2. Primes p dividing p and such that A/K has ordinary reduction at p:
Im(δp) = H1

ord(Kp, Aφ,n). This follows from [CG, Proposition 4.5].

Finally, define the ℘-primary part Sel℘∞(A/K) of the Selmer group to be:

Sel℘∞(A/K) := lim
→n

Sel℘n(A/K),

where the direct limit is computed by means of the inclusion maps

A[℘n] ↪→ A[℘n+1].

4.2 Bounding Selmer groups

Let A/K be a modular abelian variety and let φ its associated Hilbert mod-
ular form. Define L(A, s) := L(φ, s) and LK(A, s) := LK(φ, s) to be the
Hasse-Weil L series of A over F and K. Fix a positive integer n and denote
as above by δq : A(Kq)/℘

nA(Kq) ↪→ H1(Kq, A[℘n]) the local Kummer map.
Recall the conditions on the prime ideal ℘ of residue characteristic p

stated in Assumption 1.2. For convenience, these conditions are restated
and briefly commented in the following:

Assumption 1.2, Condition 1. ρφ,℘ is residually irreducible. This is equiv-
alent to require that the representation of Gal(F/F ) on the ℘-torsion A[℘]
of A is irreducible. If A is an elliptic curve without complex multiplication,
thanks to [Se] it is known that A[p] is irreducible for all rational primes p
except possibly a finite number of them.

Assumption 1.2, Condition 2. φ is ordinary at all prime ideals p | p.
If the modular abelian variety A is ordinary at p | p, then the associated
Hilbert modular form φ is also ordinary at p. For a proof, see for example
[Go, Chapter 3, §6.2].

Assumption 1.2, Condition 3. φ is ℘-isolated. Since the dimension of
the space of Hilbert modular forms of given weight and level is finite, this
condition is verified by all prime ideals ℘ except, possibly, a finite number of
them.

Assumption 1.2, Condition 4. Im(δq) = 0 for primes q | n and q - p,
where p is the residue characteristic of ℘. This condition is verified by all
prime ideals ℘ except, possibly, a finite number of them. This follows from a
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theorem of Mattuck which states that, for an abelian variety A of dimension
g defined over a finite extension K of Ql, where l is a prime of Q, there is an
isomorphism A(K) ' Zg[K:Ql]

l ×H, where H is a finite group. For references,
see for example [CG, Section 4].

Remark 4.2. Suppose that Assumptions 1.1 is verified and that the special
value LK(φ, 1) is not zero. Suppose also that there are infinitely many prime
ideals ℘ verifying Assumption 1.2. Then there are infinitely many prime
ideals ℘ verifying Assumption 1.2 and such that ℘ - LK(φ).

The following theorem corresponds to Theorem 1.4 of the Introduction
and proves the existence of Euler systems relative to A/K and ℘n, where ℘
satisfies Assumption 1.2.

Theorem 4.3. Suppose that K/F satisfies Assumption 1.1. If ℘ satisfies
Assumption 1.2, then for every positive integer n the set

{κ` : ` is a ℘n-admissible prime}

is an Euler system relative to A/K and ℘n. More precisely:

1. The set of ℘n-admissible primes controls the Selmer group Sel℘n(A/K).

2. Primes q 6= `: resq(κ`) ∈ Im(δq).

3. The equality ∂`(κ`) = Lφ(K) holds in H1
sing(K`, A[℘n]) ' Oφ/℘

n up to
multiplication by invertible elements in Oφ/℘

n.

Proof. By the generalization of [BD2, Theorem 3.2], the set of ℘n-admissible
primes controls the Selmer group Sel℘n(A/K). The equality of ∂`(κ`) and
LK(φ) up to invertible elements follows from Theorem 3.10, statement 3. The
description of resq(κ`) for primes q - n and primes p | p comes from Theorem
3.10, statements 1 and 2, combined with Condition 2 of Assumption 1.2
enjoyed by ℘. Since, by Condition 4 in Assumption 1.2, the image of the
Kummer map at primes dividing n but not p is trivial, the result follows.

The following theorem explains how to use the Euler system of Theorem
4.3 to control the Selmer group of A/K.

Theorem 4.4. Suppose that K/F satisfies Assumption 1.1 and the central
critical value LK(A, 1) of LK(A, s) is not zero. If ℘ satisfies Assumption
1.2 and ℘ - LK(φ), then Sel℘n(A/K) = 0 for every n. It follows that the
℘-primary part Sel℘∞(A/K) of the Selmer group is trivial too.
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Proof. Assume that Sel℘n(A/K) 6= 0 and fix s ∈ Sel℘n(A/K) a non-zero
element. As in [BD2, Theorem 3.2], choose, among infinitely many, a ℘n-
admissible prime ` so that res`(s) 6= 0 and consider the class κ` built in
Section 3.6. By the choice of ℘ and Theorem 4.3, it follows that resq(κ`) is
orthogonal to resq(s) with respect to the local Tate pairing 〈, 〉q for all prime
ideals q 6= `. By the global reciprocity law of class field theory, it follows that

〈∂`(κ`), res`(s)〉` = 0. (18)

Since ` is ℘n-admissible, it follows as recalled above that

H1
sing(K`, Tφ,n) ' Oφ/℘

n

and, by the same argument as in [BD2, Lemma 2.6], its orthogonal com-
plement H1

fin(K`, Aφ,n) is isomorphic to Oφ/℘
n too. Since ∂`(κ`) 6= 0 by

Theorem 4.3 and res`(s) 6= 0, Equation (18) contradicts the non degeneracy
of the local Tate pairing. It follows that the Selmer group Sel℘n(A/K) is
trivial. The last statement follows from the definition of Sel℘∞(A/K).

Corollary 4.5. Suppose that K/F satisfies Assumption 1.1 and the central
critical value LK(A, 1) of LK(A, s) is not zero. Suppose also that there exists
at least one prime ideal ℘ verifying Assumption 1.2 and such that ℘ - LK(φ).
Then the rank of A(K) is zero.

Proof. Let ℘ be as in the statement. Then, by Theorem 4.4, the Selmer
group Sel℘(A/K) is trivial. Since the Kummer map

A(K)/℘A(K) ↪→ Sel℘(A/K)

is injective, the rank of A(K) is zero.

Under stronger hypotheses on A such that the existence of infinitely many
prime ideals ℘ verifying Assumption 1.2, it is possible to prove the following
more compact result. The first statement corresponds to Corollary 1.7 of the
Introduction.

Corollary 4.6. Suppose that Assumption 1.1 is verified. Suppose also that
there exists infinitely many prime ideals ℘ satisfying Assumption 1.2.

1. If LK(A, 1) 6= 0, then the rank of A(K) is zero.

2. If L(A, 1) 6= 0, then the rank of A(F ) is zero.
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Proof. To prove the first statement about the rank of A(K), choose, among
infinitely many, a prime ideal ℘ satisfying Assumption 1.2 and such that
℘ - LK(φ). This is possible by Remark 4.2. Then apply Corollary 4.5.

To prove the second statement on the rank of A(F ), choose, by Remark
3.8, a quadratic totally imaginary extension K/F verifying Assumption 1.1
and such that the special value LK(A, 1) is not zero. Then apply the first
part of this Corollary and use that A(F ) ⊆ A(K).
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